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xf.kr (311) i

mPprj ekè;fed Lrj ij ,uvkbZvks,l dh ikB~;p;kZ

mPprj ekè;fed Lrj ij xf.kr (311) dh ikB~;p;kZ

1- ewyk/kj

mPprj ekè;fed Lrj ij vf/xe gsrq xf.kr ,d egRoiw.kZ fo"k; gSA xf.kr dh vo/kj.kkvksa ds tfj, f'k{kkFkhZ okLrfod thou dh
ifjfpr ,oa vifjfpr ifjfLFkfr;ksa esa leL;k lek/ku dh ;ksX;rk vftZr djrk gSA ifj'kq¼rk] foosdiw.kZ ,oa fo'ys"k.kkRed fparu tSlh
;ksX;rkvksa ds fodkl esa xf.kr dk eq[; ;ksxnku gSA mPprj ekè;fed Lrj fu.kkZ;d Lrj gksrk gS tgk¡ f'k{kkFkhZ igyh ckj fofo/rk
dh vksj vxzlj gksrk gSA bl Lrj ij f'k{kkFkhZ vius Hkfo"; esa dSfj;j ds laca/ esa mi;qDr fo"k; ds p;u gsrq egRoiw.kZ fu.kZ; ysus
ds ckjs esa lkspuk 'kq: dj nsrk gSA ;g og Lrj gS] tgk¡ ls f'k{kkFkhZ ;k rks xf.kr esa mPp 'kSf{kd f'k{kk dk p;u djrk gS] ;k fdlh
O;kolkf;d ikB~;Øe dk ;k fiQj i<+kbZ can dj nsrk gSA mPprj ekè;fed Lrj ij xf.kr lh[kus dk eq[; mn~ns'; f'k{kkFkhZ esa leL;k
lek/ku ds dkS'kyksa rFkk vius pkjksa vksj ifjek.ku vuqHkoksa dk fodkl djuk gSA blds vUrxZr leL;k fuekZ.k rFkk muds gy izLrqr
djus dh ;ksX;rk ,oa vfHkof̀r rFkk dk;Z djus dh 'kSyh 'kkfey gS (,u-lh-,iQ- 2005)A blds ihNs eq[; fopkj f'k{kkfFkZ;ksa dks ;g
vkRelkr djkuk gS fd xf.kr D;ksa ,oa dSls gekjs pkjksa vksj gS\ bu rF;ksa dks laKku esa j[krs gq, ;g egRoiw.kZ gS fd mPprj ekè;fed
Lrj ij xf.kr dh f'k{kk dks vf/d O;kid ,oa vFkZiw.kZ cuk;k tk,A blh otg ls xf.kr esa la'kksf/r ikB~;Øe dks bl izdkj rS;kj
fd;k x;k gS fd ;g vf/xedrkZvksa dh fofo/ vko';drkvksa dks iwjk dj ldsA la'kksf/r ikB~;p;kZ dh ikB~;oLrq ,oa :ijs[kk dks
O;kid :Ik ls ^Hkkjrh; fo|ky; f'k{kk cksMZ e.My* (COBSE) }kjk lq>k, x, leku ikB~;p;kZ ds vk/kj ij rS;kj fd;k x;k gSA
xf.kr dks jk"Vªh; eqDr fo|ky;h f'k{kk laLFkku ds f'k{kkfFkZ;ksa dh ifjfLFkfr;ksa ,oa nSfud thou dh okLrfod ifjfLFkfr;ksa ls tksM+us
ds fy, fofHkUu vo.kkj.kkvksa ds le> ds vk/kkj ij iz;ksx djus ij vf/d cy fn;k x;k gSA

2- mn~ns';

mPprj ekè;fed Lrj ij xf.kr lh[kus ds eq[; mn~ns'; f'k{kkFkhZ dks fuEu dk;ks± esa l{ke cukuk gS%

• vk/kjHkwr vo/kj.kkvksa] rF;ksa] fl¼kUrksa] inksa] izrhdksa vkSj izfØ;kvksa dks le>uk rFkk lacf/r Kku vftZr djukA

• vius ifjos'k esa ifjek.ku vuqHkoksa dks vftZr djuk rFkk mudk laca/ vius thou ls LFkkfir djukA

• rdZ izLrqr djuk rFkk ifj.kke izkfIr gsrq fn, x, rdZ dk mi;ksx djukA

• 'kkfCnd leL;kvksa dks xf.krh; :i esa :ikUrj.k djds mudk gy izLrqr djukA

• nh xbZ lwpuk dks fo'ysf"kr djus ds fofHkUu rjhdksa ls f'k{kkFkhZ dks :c: djk ldsa rFkk ifj.kke rd igq¡pus esa mudh enn
dj ldsaA

• xf.kr ds O;kid iz;ksx dh ljkguk djus ds volj iznku djuk rFkk bl izdkj ds iz;ksxksa dks iwjk djus esa vk/kjHkwr midj.kksa
ls ySl djukA

• foKku] O;kolkf;d vè;;u] vFkZ'kkL=k rFkk nSfud thou esa xf.kr dh vo/kj.kvksa ds iz;ksx ds izHkko ,oa mRoQ̀"Vrk dh
ljkguk gsrq fodflr djukA

• fofo/ leL;kvksa ds gy izLrqr djus esa xf.krh; dkS'kyksa ,oa Kku dks ykxw djukA

• xf.kr ,oa bldh vo/kj.kvksa ds iz;ksx ds izfr ldkjkRed vfHkof̀r dk fodkl djukA

3- ikB~;Øe lajpuk

xf.kr dh orZeku ikB~;p;kZ dks nks Hkkxksa rFkk nl ekWM;wyksa esa foHkkftr fd;k x;k gSA Hkkx 1 esa ik¡p ekWM;wy leqPp;] laca/ ,oa
iQyu] vuqozQe rFkk Jsf.k;ka] chtxf.kr&I] funsZ'kkad T;kfefr rFkk lkaf[;dh ,oa izkf;drk gSaA blh izdkj Hkkx 2 esa Hkh ik¡p ekWM;wy
chtxf.kr&II]  laca/ ,oa iQyu] dyu] lfn'k ,oa f=kfoeh; T;kfefr rFkk lkaf[;dh ,oa izkf;drk gSaA izR;sd ekWM;wy fofHkUu ikBksa
esa foHkkftr fd;k x;k gSA

vè;k;ksa dh la[;k] lq>kfor vè;;u vof/ rFkk izR;sd bdkbZ ds fy, fu/kZfjr vad bl izdkj gS%



ii xf.kr (311)

mPprj ekè;fed Lrj ij ,uvkbZvks,l dh ikB~;p;kZ

Hkkx 1

ekWM;wy@ ikB ikBksa dh la[;k vè;;u vof/ (?kaVksa esa)

ekWM;wy-I: leqPp;] laca/ ,oa iQyu 05 30

1- leqPp;

2- laca/ ,oa iQyu -I

3- f=kdks.kferh; iQyu -I

4- f=kdks.kferh; iQyu -II

5- f=kHkqt dh Hkqtkvksa ,oa dks.kksa esa laca/

ekWM;wy-II: vuqØe rFkk Jsf.k;ka 02 15

6- vuqØe rFkk Jsf.k;ka

7- dqN fo'ks"k Jsf.k;ka

ekWM;wy-III: chtxf.kr -I 05 30

8- lfEeJ la[;k,a

9- f}?kkr lehdj.k ,oa jSf[kd vlfedk,a

10- xf.krh; vkxeu dk fl¼kUr

11- Øep; rFkk lap;

12- f}in izes;

ekWM;wy-IV: funsZ'kkad T;kfefr 04 30

13- funsZ'kkadksa dh dkrhZ; iz.kkyh

14- ljy js[kk,a

15- or̀

16- 'kadq ifjPNsn

ekWM;wy-V: lkaf[;dh ,oa izkf;drk 03 15

17- izdh.kZu osQ ekid

18- ;kǹfPNd iz;ksx ,oa ?kVuk,a

19- izkf;drk

dqy 19 120



xf.kr (311) iii

mPprj ekè;fed Lrj ij ,uvkbZvks,l dh ikB~;p;kZ

Hkkx 2

ekWM;wy@ ikB ikBksa dh la[;k vè;;u vof/ (?kaVksa esa)

ekWM;wy-VI: chtxf.kr -II 03 30

20- vkO;wg

21- Lkkjf.kd rFkk blosQ vuqiz;ksx

22- vkO;wg dk izfrykse rFkk blosQ vuqiz;ksx

ekWM;wy-VII: laca/ ,oa iQyu -II 02 30

23- laca/ ,oa iQyu -II

24- izfrykse f=kdks.kferh; iQyu

ekWM;wy-VIII: dyu 08 60

25- lhek ,oa lkarR;

26- vodyu

27- f=kdks.kferh; iQyuksa dk vodyt

28- pj?kkrkadh rFkk y?kqx.kdh; iQyuksa dk vodyt

29- vodyt ds vuqiz;ksx

30- lekdyu

31- fuf'pr lekdyu

32- vody lehdj.k

ekWM;wy-IX: lfn'k ,oa f=kfoeh; T;kfefr 04 30

33- f=kfoeh; T;kfefr dk ifjp;

34- lfn'k

35- Lkery

36- ljy js[kk

ekWM;wy-X: jSf[kd izksxzkeu ,oa xf.krh; foospu 02 30

37- jSf[kd izksxzkeu

38- xf.krh; foospu

dqy 19 180



iv xf.kr (311)

mPprj ekè;fed Lrj ij ,uvkbZvks,l dh ikB~;p;kZ

Hkkx - 1

ekWM~;wy-I: leqPp;] lEcU/ ,oa iQyu

ikB 1% leqPp;

leqPp; rFkk mudk fu:i.k] leqPp;ksa dk oxhZdj.k] mileqPp;] okLrfod la[;kvksa osQ mileqPp; osQ :i esa vUrjky] ?kkr
leqPp;] le"Vh; leqPp;] osu vkjs[k] leqPp;ksa dk vUrj] leqPp; dk iwjd vkSj blosQ xq.k] leqPp;ksa dk lfEeyu rFkk loZfu"BA

ikB 2% laca/ ,oa iQyu&I

nks leqPp;ksa dk dkrhZ; xq.ku] okLrfod leqPp;ksa dk Lo;a osQ lkFk dkrhZ; xq.ku] laca/ dh ifjHkk"kk] laca/ osQ izkUr] lgizkUr rFkk
ifjlj] iQyu dh ifjHkk"kk] iQyu osQ izkUr] lgizkUr rFkk ifjlj] ,d iQyu dk vkys[kh; fu:i.k] oqQN fo'ks"k iQyu] iQyuksa dk
;ksx] vUrj] xq.ku rFkk HkkxA

ikB 3% f=kdks.kferh; iQyu&I

dks.k dh oÙ̀kh; eki] f=kdks.kferh; iQyu] oqQN fof'k"V okLrfod la[;kvksa osQ f=kdks.kferh; iQyu] f=kdks.kferh; iQyuksa osQ vkys[k]
f=kdks.kferh; iQyuksa dh vkorZrkA

ikB 4% f=kdks.kferh; iQyu&II

f=kdks.kferh; iQyuksa dk ;ksx rFkk xq.kk] xq.ku dks ;ksx esa :ikarfjr djuk vkSj foykser%] dks.kksa osQ xq.kt rFkk viorZd dks.kksa osQ
f=kdks.kferh; iQyu] f=kdks.kferh; lehdj.kA

ikB 8% f=kHkqt dh Hkqtkvksa rFkk dks.kksa eas lEcU/

T;k lw=k] dksT;k lw=k] iz{ksi lw=k] T;k ,oa dksT;k lw=k osQ lk/kj.k vuqiz;ksxA

ekWM~;wy&II: vuqozQe rFkk Jsf.k;k¡

ikB 6% vuqozQe rFkk Jsf.k;k¡

vuqozQe] lekUrj Js.kh] lekarj ekè;] xq.kksÙkj Js.kh] lekarj Js.kh ,oa xq.kksÙkj Js.kh osQ O;kid in] lekarj Js.kh ,oa xq.kksÙkj Js.kh osQ
n inksa dk ;ksx] vifjfer xq.kksÙkj Js.kh rFkk bldk ;ksx] xq.kksÙkj ekè;] lekarj ekè; ,oa xq.kksÙkj ekè; esa laca/A

ikB 7% oqQN fo'ks"k Jsf.k;k¡

Js.kh] fo'ks"k izdkj dh Jsf.k;ksa osQ n inksa dk ;ksx% Σn, Σn2 rFkk Σn3

ekWM~;wy&III% chtxf.kr&I

ikB 8% lfEeJ la[;k,a

lfEeJ la[;kvksa dks le>uk] i dh ?kkr] lfEeJ la[;k dk la;qXeh] lfEeJ la[;k dk T;kferh; fu:i.k] lfEeJ la[;k dk ekikad]
nks lfEeJ la[;kvksa dh lekurk] lfEeJ la[;kvksa dk ;ksx ,oa ?kVk] lfEeJ la[;k dk /qzoh; fu:i.k ,oa dks.kkad] nks lfEeJ
la[;kvksa dh xq.kk ,oa Hkkx] ,d lfEeJ la[;k dk oxZewyA

ikB 9% f}?kkr lehdj.k rFkk jSf[kd vlfedk,a

f}?kkr lehdj.k osQ ewy] xq.k[k.Mu rFkk f}?kkr lw=k osQ iz;ksx ls f}?kkr lehdj.k dk gy] f}?kkr lehdj.k osQ ewyksa ,oa xq.kkadksa
esa laca/] chtxf.kr dh ewyHkwr izes;A

4- ikB~;ozQe fooj.k



xf.kr (311) v

mPprj ekè;fed Lrj ij ,uvkbZvks,l dh ikB~;p;kZ

jSf[kd vlfedk,a] ,d pj dh jSf[kd vlfedkvksa dk chtxf.krh; gy rFkk gy dk la[;k js[kk ij fu:i.kA nks pjksa dh jSf[kd
vlfedkvksa dk vkys[kh; gyA nks pjksa osQ jSf[kd vlfedk fudk; dk vkys[kh; gyA

ikB 10% xf.krh; vkxeu dk fl¼kUr

dFku dks le>uk] xf.krh; vkxeu dk fl¼kUr vkSj blosQ lk/kj.k vuqiz;ksx

ikB 11% ozQep; rFkk lap;

x.ku dk ewyHkwr fl¼kUr] ozQexqf.kr n(n! or n )] ozQep; rFkk lap;] lw=kksa dh miifÙk vkSj muosQ lEcU/ rFkk lkèkkj.k vuqiz;ksxA

ikB 12% f}in izes;

izkoQ̀r ?kkrkad osQ fy, f}in izes;] f}in izlkj osQ O;kid ,oa eè; in] f}in izes; osQ lk/kj.k vuqiz;ksxA

ekWM~;wy&IV% funsZ'kkad T;kfefr

ikB&13% funsZ'kkadksa dh dkrhZ; iz.kkyh

vk;rkdkj funsZ'kkad v{k] nks fcanqvksa osQ chp dh nwjh] foHkktu lw=k] f=kHkqt dk {ks=kiQy] rhu fcUnqvksa osQ lajs[k gksus dk izfrcU/] ,d
js[kk dh vkufr (>qdko) rFkk izo.krk] nks fofHkUu fcUnqvksa dks feykus okyh js[kk dh izo.krk] js[kkvksa dh lekUrjrk vkSj yEcorrk
osQ izfrcU/] ,d js[kk }kjk v{kksa ij cus vUr%[k.M] nks js[kkvksa osQ chp dks.k] ewy fcUnq dk LFkkukUrj.kA

ikB 14% ljy js[kk,a

,d v{k osQ lekUrj js[kk] fofHkUu ekud :iksa esa ljy js[kk dk lehdj.k] izFke ?kkr dk nks pjksa dk O;kid lehdj.k] ,d fcUnq
dh js[kk ls nwjh] lekUrj vFkok yEcor~ js[kkvksa osQ lehdj.k] nks js[kkvksa osQ izfrPNsn fcUnq ls gksdj tkus okys js[kk ifjokj dk
lehdj.kA

ikB 15% or̀

or̀ dks ifjHkkf"kr djuk] ekud :i eas or̀ dk lehdj.k] or̀ dk O;kid lehdj.kA

ikB 16% 'kaoqQ ifjPNsn

'kaoqQ ijPNsn] nh?kZor̀] ijoy;] vfrijoy;] vk;rkdkj vfrijoy;] ijoy;] nh?kZor̀ ,oa vfrijoy; osQ ekud lehdj.k ,oa
lkèkkj.k xq.k/eZA

ekWM~;wy&V: lkaf[;dh ,oa izkf;drk

ikB 17% izdh.kZu osQ ekid

izdh.kZu dks le>uk] izdh.kZu osQ eki] ;FkkizkIr vkSj oxhZoQ̀r vkadM+ksa dk ekè; fopyu] izlj.k rFkk ekud fopyu] fofHkUu izlj.k
,oa leku ekè; dh ckjackjrk caVuksa dk fo'ys"k.kA

ikB 18% ;knf̀PNd iz;ksx rFkk ?kVuk,a

;knf̀PNd iz;ksx_ ifj.kke] izfrn'kZ lef"V] ?kVuk,a% ?kVuk dk ?kfVr gksuk] ^ugha*] ^vkSj* ,oa ^vFkok* ?kVuk,a] fujis{k ?kVuk,a] ijLij
viothZ ?kVuk,a] LorU=k vkSj vkfJr ?kVuk,a] leizkf;d ?kVuk,aA

ikB 19% izkf;drk

?kVuk,a vkSj mudh izkf;drk] ozQep; ,oa lap; osQ iz;ksx ls izkf;drk dk ifjdyu] ?kVuk dk iwjd] izkf;drk dk ;ksx ,oa xq.ku fu;e]
izfrca/h izkf;drk] LorU=k ?kVuk,a] oqQy izkf;drk fu;e] Bays izes;] ;knf̀PNd pj rFkk bldh izkf;drk caVu] ;knf̀PNd pj dk ekè;
,oa izlj.k] cjukSyh iz;kl rFkk f}in caVuA



vi xf.kr (311)

mPprj ekè;fed Lrj ij ,uvkbZvks,l dh ikB~;p;kZ

Hkkx - 2

ekWM~;wy-VI: chtxf.kr-II

ikB 20% vkO;wg

vkO;wg vkSj mudk fu:i.k] dksfV] lekurk] vkO;wgksa osQ izdkj] 'kwU; vkO;wg] ,d vkO;wg dk ifjorZ] lefer rFkk fo"ke lefer
vkO;wg] vkO;wgksa dk ;ksx] O;odyu xq.ku vkSj ,d vkO;wg dk vfn'k xq.ku] ;ksx] O;;dyu] xq.ku ,oa vfn'k xq.ku osQ lk/kj.k
xq.k/eZ] O;qRozQe.kh; vkO;wg] izkjafHkd lafozQ;k,a] izkjafHkd lafozQ;kvksa ls vkO;wg dk izfrykse (O;qRozQe)A

ikB 21% lkjf.kd rFkk blosQ vuqiz;ksx

,d oxZ vkO;wg dk lkjf.kd (3 × 3 vkO;wgksa rd)] lkjf.kdksa osQ xq.k/eZ] milkjf.kd] lg[kaM] lkjf.kd osQ xq.k/eks± osQ iz;ksx ls
lkjf.kd dk eku Kkr djuk] lkjf.kdksa osQ vuqiz;ksxA

ikB 22% vkO;wg dk izfrykse vkSj blosQ vuqiz;ksx

vO;qRozQe.kh; rFkk O;qRozQe.kh; vkO;wg ,oa vkO;wg dk lg[k.Mt rFkk izfrykse] jSf[kd lehdj.k fudk; dk gy] jSf[kd lehdj.k
fudk; dh laxrrk dh dlkSVh] vkO;wg osQ izfrykse osQ iz;ksx ls nks vFkok rhu pjksa osQ jSf[kd lehdj.k fudk; dk gy (osQoy
vf}rh; gy) Kkr djukA

ekWM~;wy-VII: laca/ ,oa iQyu

ikB 23% laca/ ,oa iQyu-II

laca/ dks le>uk] laca/ osQ izdkj] rqY;rk&laca/] ,oSQoQh rFkk vkPNknd iQyu] iQyuksa dk la;kstu] ,d iQyu dk izfrykse]
f}vk/kjh lafozQ;k,aA

ikB 24% izfrykse f=kdks.kferh; iQyu

ifjHkk"kk] ifjlj] izkUr] eq[; eku 'kk[kk,a] izfrykse f=kdks.kferh; iQyuksa osQ vkjs[k] izfrykse f=kdks.kferh; iQyuksa osQ xq.kèkeZA

ekWM~;wy-VIII: dyu

ikB 25% lhek ,oa lkarR;

,d iQyu dh lhek] ck;ka i{k rFkk nk;ka i{k lhek,a] lhekvksa dh vk/kjHkwr izes;] oqQN fo'ks"k iQyuksa dh lhek,a] fdlh fcUnq ij
,d iQyu dk lkarR;] lrr~ iQyuksa osQ xq.k/eZA

ikB 26% vodyu

,d iQyu dk vodyt] osx dh lhek osQ :i esa] 
dy

dx
 dk T;kferh; vFkZ fuoZpu] vpj iQyu dk vodyu] izFke fl¼kUr ls

,d iQyu dk vodyt] vodytksa dk chtxf.kr] iQyuksa osQ ;ksx] vUrj rFkk xq.ku dk vodyt] Hkkx fu;e] Ja[kyk fu;eA

ikB 27% f=kdks.kferh; iQyuksa dk vodyt

f=kdks.kferh; iQyuksa osQ vodyt] izfrykse f=kdks.kferh; iQyuksa esa vodyt] f}dksfV osQ vodytA

ikB 28% pj?kkrkadh rFkk y?kqx.kdh; iQyuksa dk vodyt

pj?kkrkadh rFkk y?kqx.kdh; iQyuksa osQ vodyt] izkpfyd iQyuksa osQ f}dksfV vodyt] jksy izes;A

ikB 29% vodyt osQ vuqiz;ksx

ek=kkvksa osQ ifjorZu dh nj] lfUudVu] Li'kZ js[kk rFkk vfHkyEc osQ lehdj.k] jksy izes; dk xf.krh; fu:i.k] ykxjkat dk ekè;eku
izes;] o/Zeku rFkk ßkleku iQyu] fdlh iQyu dh ,d fn"Vrk rFkk vodyt osQ fpUg esa laca/] ,d iQyu osQ mfPp"B ,oa fuEu"B
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eku] mfPp"B ,oa fuEu"B osQ izfrcU/] ,d mfPp"B rFkk fuEu"B eku Kkr djus osQ fy, f}dksfV vodyt dk iz;ksx] mfPp"B rFkk
fuEu"B osQ vuqiz;ksxA

ikB 30% lekdyu

lekdyu] vodyu dh foijhr fozQ;k osQ :i esa] lekdyksa osQ xq.k/eZ] lekdyu dh rduhosaQ] [kaM'k% lekdyu] ( (x) ( ))+ ′∫
x

e f f x dx

osQ :i osQ lekdyu] vkaf'kd fHkUuksa osQ iz;ksx ls lekdyuA

ikB 31% fuf'pr lekdyu

;ksx dh lhek osQ :i esa fuf'pr lekdy] izfrLFkkiu }kjk fuf'pr lekdyksa dk eku Kkr djuk] fuf'pr lekdyuksa osQ vk/kjHkwr
xq.k/eZ] lekdyu osQ vuqiz;ksxA

ikB 32% vody lehdj.k

ifjHkk"kk] dksfV rFkk ?kkr] jSf[kd rFkk vjSf[kd vody lehdj.k] vody lehdj.k cukuk] vody lehdj.k osQ O;kid rFkk
fof'k"V gy] vody lehdj.k dks gy djus dh fof/;k¡A

ekWM~;wy-IX: lfn'k ,oa f=kfoeh; T;kfefr

ikB 33% f=kfoe; T;kfefr dk ifjp;

funsZ'kkad fudk; rFkk varfj{k esa ,d fcUnq osQ funsZ'kkad nks fcUnqvksa osQ chp nwjh] ,d js[kk dks foHkkftr djus okys fcUnq osQ funsZ'kkadA

ikB 34% lfn'k

vfn'k rFkk lfn'k] lfn'k ,d fn"V js[kk[kaM osQ :i esa] lfn'kksa dk oxhZdj.k] lfn'kksa dk ;ksx] ,d fcUnq dk fLFkfr lfn'k] lfn'k
dk ½.k] ,d lfn'k osQ ?kVd] ,d lfn'k dk ,d vfn'k ls xq.ku] lfn'kksa dh leryh;rk] ,d lfn'k dk fo;kstu] foHkktu lw=k]
,d lfn'k osQ fnd HkksT;k rFkk fnd vuqikr] lfn'kksa dk vfn'k rFkk lfn'k xq.kuiQy] vfn'k f=kd xq.kuiQyA

ikB 35% lery

leryu dk lfn'k lehdj.k] vfHkyEc :i esa lery dk lehdj.k] lfn'k :i dks dkrhZ; :i esa ifjofrZr djuk] ,d fcUnq ls gksdj
tkus okys rFkk ,d lfn'k osQ yEcor~ lery dk lehdj.k] rhu vlajs[k fcUnqvksa ls gksdj tkus okys lery dk lehdj.k] vUr%[k.M
:i esa leryu dk lehdj.k] nks leryksa osQ chp dks.k] ,d lery ls ,d fcUnq dh nwjhA

ikB 36% ljy js[kk

ljy js[kk dk lfn'k lehdj.k] ljy js[kk osQ lehdj.k dks lefer :i esa ifjofrZr djuk] ,d js[kk ls ,d fcUnq dh nwjh] nks js[kkvksa
osQ chp dks.k] ,d js[kk vkSj ,d lery osQ chp dks.k] nks js[kkvksa osQ leryh; gksus dh izfrca/A

ekWM~;wy-X: jSf[kd izksxzkeu ,oa xf.krh; foospu

ikB 37% jSf[kd izksxzkeu

Hkwfedk (ifjp;)] jSf[kd izksxzkeu esa iz;qDr fofHkUu inksa dh ifjHkk"kk,a] jSf[kd izksxzkeu leL;k rFkk fofHkUu inksa dh ifjHkk"kk,a] jSf[kd
izksxkeu&T;kferh; fof/] jSf[kd izksxzkeu leL;kvksa dk gyA

ikB 38% xf.krh; foospu

xf.krh; :i esa Lohdkj dFku] la;ksth 'kCn@okD;ka'k ¶;fn vkSj osQoy ;fn¸ (vko';d rFkk i;kZIr) izfrca/ dh le> dks lesfdr
djuk] ¶iznku djrk gŞ ] ¶vkSj@vFkok¸] ¶ls izkIr gksrk gŞ ] ¶vkSj¸] ¶vFkok¸] ¶?kfVr gksrk gŞ ] rFkk xf.kr ,oa O;ogkfjd thou
dh vusd izdkj dh leL;kvksa esa budk iz;ksx] fojks/] foykse ,oa izfr/ukRed 'kCnksa esa vUrj tSls la;ksth 'kCnksa dks lfEefyr djus
okys dFkuksa dh oS/rk tkapukA
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5- vè;;u dh ;kstuk

xf.kr fo"k; vkidks fuEufyf[kr rjhdksa ls lh[kus ds volj iznku djrk gS%

• nks Hkkxksa (Hkkx 1 rFkk Hkkx 2) esa eqfnzr ,oa vè;;u lkexzhA

• vkfM;ks ,oa ohfM;ks dk;ZozQeksa osQ :i esa iwjd lkexzhA

• xf.kr esa ohfM;ks lkexzh ,uvkbZvks,l dh osclkbV (www.nios.ac.in) osQ lkFk ;w V;wc ij Hkh miyC/ gSA bu lkefxz;ksa ls
lacaf/r osclkbV rFkk fyaDl vè;;u lkexzh osQ vUrxZr lacaf/r ikB esa fn, x, gSaA

• f'k{kkFkhZ vè;;u osQUnz ij 30 O;fDrxr laioZQ dk;ZozQe l=kA oQ̀i;k vius O;fDrxr laioZQ dh ;kstuk dh lwpuk osQ ckjs esa irk
djus osQ fy, vius vè;;u osQUnz ij laioZQ djsaA

• vè;;u osQUnz ij vkius&lkeus osQ O;fDrxr laidZ dk;ZozQe ds vykok vkidks eqDr fo|k ok.kh osQ tfj, ykbo O;fDrxr laioZQ
dk;ZozQe oscdkLV fd, tkrs gSaA ftUgsa vki ,uvkbZvks,l dh osclkbV (www.nios.ac.in) ij tkdj ns[k ldrs gSaA

6- ewY;kadu dh ;kstuk

f'k{kkFkhZ dk vkdyu lrr ,oa O;kid ewY;kadu (CCE) ds tfj, f'k{kd vafdr ewY;kadu i=k rFkk yksd ijh{kkvksa ds }kjk fd;k
tk,xkA foLrkj :i ls ewY;kadu dh ;kstuk uhps rkfydk esa nh xbZ gS%

ewY;kadu dk rjhdk ikB~;ozQe@ikB~;oLrq vof/ Hkkfjrk

f'k{kd vafdr ewY;kadu i=k Lo vè;;u lkexzh Hkkx 1 ds vUrxZr lHkh fo"k; oLrq Lofu/kZfjr 20%

yksd@l=kkar ijh{kk Lo vè;;u lkexzh Hkkx 2 ds vUrxZr lHkh fo"k; oLrq 3 ?kaVs 80%
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1

leqPp;

vkb, fuEufyf[kr ifjfLFkfr;ksa ij fopkj djsaA

Jherh vkSj Jh esgrk ,d fnu ek£dV x,A Jheku esgrk us fuEufyf[kr oLrq,¡ [kjhnhaA

,d f[kykSuk] ,d fdxzk feBkbZ vkSj ,d eSxthuA tcfd Jherh esgrk us fuEufyf[kr oLrq,¡ [kjhnhaA

¶¯HkMh] vkyw vkSj VekVj¸ nksuksa gh mnkgj.kksa esa] izR;sd laxzg esa oLrq,¡ lqifjHkkf"kr gSA vki lp
cksyus okys fo|k£Fk;ksa osQ laxzg osQ ckjs esa D;k dg ldrs gSa \ D;k ;g lqifjHkkf"kr gS\ 'kk;n ughaA
oLrqvksa osQ lqifjHkkf"kr laxzg dks leqPp; dgrs gSaA ,d lewg dk leqPp; gksus osQ fy, ;g
vko';d gS fd og lqifjHkkf"kr gksA lqifjHkkf"kr 'kCn dk mi;ksx teZu xf.krK tkWtZ dSUVj (George

Canter) (1845-1918) us ,d leqPp; dks ifjHkkf"kr djus osQ fy, fd;kA og leqPp; fl¼kar (Set

theory) osQ firk osQ :i esa tkus tkrs gSaA bu fnuksa leqPp; fl¼kar xf.kr dh cgqr lkjh vo/kj.kkvksa
osQ vk/kj osQ :i esa tkuk tkrk gSA bl ikB esa ge dqN vk/kjHkwr ifjHkk"kkvksa vkSj leqPp;ksa ij
lfØ;k,¡ vkSj muds xq.kksa dh ppkZ djasxsA

   mís';
bl ikB dss vè;;u osQ ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

� leqPp; dks ifjHkkf"kr rFkk fofHkUu :iksa esa fu:fir djuk

� fofHkUu izdkj osQ leqPp;ksa] tSls ifjfer rFkk vifjfer leqPp;] fjDr leqPp;] ,dy
leqPp;] (Singleton set), leku leqPp;] rqY; leqPp;] mileqPp; dks ifjHkkf"kr djuk
vkSj muosQ mnkgj.k nsuk

� le"Vh; leqPp; osQ mnkgj.k nsuk rFkk nks leqPp;kas dk varj vkSj leqPp;ksa ds iwjd dks
ifjHkkf"kr djuk

� nks leqPp;kas ds lfEeyu rFkk loZfu"B dks ifjHkkf"kr djuk

� osu vkjs[k osQ }kjk nks leqPp;ksa ds lfEeyu rFkk loZfu"B] le"Vh; leqPp;] leqPp; dk
iwjd rFkk nks leqPp;ksa osQ varj dks iznf'kZr djuk

iwoZ Kku
� la[;k i¼fr
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1.1 oqQN ekud ladsru

bl vè;k; osQ fofHkUu inksa dks ifjHkkf"kr djus ls igys] vkb, fuEufyf[kr mnkgj.kksa ij fopkj
djsaµ

(i) vkiosQ fo|ky; esa yacs fo|k£Fk;kas dk laxzg

(ii) vkidh dkyksuh (colony) esa bekunkj O;fDr;ksa
dk laxzg

(iii) vkiosQ fo|ky; dh ykbczsjh esa jkspd
(interesting) iqLrdksa dk laxzg

(iv) vkiosQ fo|ky; esa es/koh (intelligent)

fo|k£Fk;ksa dk laxzg

(i) vkiosQ fo|ky; esa mu fo|k£Fk;ksa dk laxzg
ftudh m¡QpkbZ 180 lsehú ls vf/d gSA

(ii) vkiosQ bykosQ (colony) osQ mu lHkh yksxksa
dk laxzg tks dHkh fdlh pksjh osQ ekeys esa
lfEefyr ugha ik, x;sA

(iii) vkiosQ fo|ky; dh ykbczsjh esa xf.kr dh
iqLrdksa dk laxzg

(iv) vkiosQ fo|ky; esa mu Nk=kksa dk laxzg ftUgksaus
ok£"kd ijh{kk esa 80% ls vf/d vad izkIr
fd,A

mèokZ/j js[kk osQ ck;ha vksj fy[ks lHkh laxzgksa esa yackbZ] bekunkjh] jkspdrk] es?kkohiu lqifjHkkf"kr ugha
gSA okLro esa ;s Hkko ,d O;fDr ls nwljs O;fDr osQ fy, fHkUu&fHkUu gks ldrs gaSA blfy, bu laxzgksa
dks leqPp; ugha dg ldrs gSaA tcfd {kSfrt js[kk osQ nk;ha vksj fy[ks lHkh laxzg tSls 180 lseh ls
vf/d m¡QpkbZ okys fo|kFkhZ] fdlh pksjh osQ ekeys esa lfEefyr u ik, tkus okys O;fDr] xf.kr dh
iqLrdsa rFkk 80% ls vfèkd vad izkIr djus okys fo|kFkhZ lqifjHkkf"kr laxzg gSA vr% bu laxzgksa dks
leqPp; ekuk tkrk gSA
;fn oLrqvksa osQ fdlh laxzg dks ge leqPp; dgas rks bl laxzg dh izR;sd oLrq bl leqPp; oQk
vo;o dgykrh gSA leqPp; dks izk;% vaxzsth o.kZekyk ds cM+s v{kjksa ls vkSj blosQ vo;oksa dks
vaxzsth o.kZekyk osQ NksVs v{kjksa ls fu:fir djrs gSaA mnkgj.kkFkZ A = {f[kykSuk] gkFkh] feBkbZ dk iSfdV]
eSxthu}

leqPp; osQ izn'kZu osQ fy, oqQN ekud ladsru %
N : izkÑr la[;kvksa dk leqPp;
W : iw.kZ la[;kvksa dk leqPp;
Z : iw.kk±dksa dk leqPp;
Z+ : /u iw.kk±dksa dk leqPp;
Z– : ½.k iw.kk±dksa dk leqPp;
Q : ifjes; la[;kvkas dk leqPp;
I : vifjes; la[;kvksa dk leqPp;
R : okLrfod la[;kvksa dk leqPp;
C : lfEeJ la[;kvksa dk leqPp;

nwljs iz;qDr gksus okys izrhd gSaµ
∈ : ^lnL; gS* ;k ^esa gS*] ∉ : ^lnL; ugha gS* ;k ^eas ugha gS*
∃ : vfLrRo gS] ∃ : vfLrRo ugha gS

mnkgj.kkFkZ]  N izkdr̀ la[;kvksa dk leqPp; gS vkSj ge tkurs gSa fd 2 ,d izkÑr la[;k gS ijUrq
–2 ,d izkÑr la[;k ugha gSA bls izrhd osQ :i esa bl izdkj fy[k ldrs gSa tSls 2∈N vkSj –2∉N
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1.2 leqPp; dk fu:i.k

leqPp; dks fu:fir djus dh nks fof/;k¡ gSaA

1.2.1 (i) jksLVj fof/ (lkj.khc¼ :i)

bl fof/ esa] leqPp; osQ lHkh vo;oksa dks lwphc¼ fd;k tkrk gS] vo;oksa dks ,d nwljs ls]
vèkZfojke }kjk i`Fkd fd;k tkrk gS vkSj mu lHkh dks ,d ea>ys dks"Bd {  } osQ Hkhrj fy[kk
tkrk gSA ;fn V vaxzsth o.kZekyk osQ lHkh Lojkas dk leqPp; gS rks bls jksLVj fof/ esa bl izdkj
fy[k ldrs gSa %  V = { a, e, i, o, u}

(ii) ;fn A, 7  ls NksVh izkÑr la[;kvkas dk leqPp; gS] rks lkj.khc¼ :i esaA {1, 2, 3, 4, 5, 6}=

fy[kk tk;sxkA

fVIi.kh% leqPp; dks jksLVj :i esa fy[krs le; fdlh vo;o dks lkekU;r% nksckjk ugha fy[krs
gSaA mnkgj.k osQ fy, ;fn A, mathematics 'kCn esa iz;qDr v{kjks a dk leqPp; gS rks
A {m, a, t, h, e, i, c, s}=

1.2.2  leqPp;&fuekZ.k :i

bl :i esa vo;oksa dks lwphc¼ ugha fd;k tkrk ijUrq lHkh vo;oksa dks ,d loZfu"B xq.k/eZ ds
}kjk iznf'kZr fd;k tkrk gSA

 eku yhft, fd V vaxzsth o.kZekyk osQ lHkh Lojksa dk leqPp; gS rc V dks leqPp; fuekZ.k :i
esa fuEufyf[kr izdkj ls fy[krs gSa % V {x : x= vaxzsth o.kZekyk dk ,d Loj gSA}

(ii) eku yhft, fd A, 7 ls NksVh] izkÑr la[;kvksa dk leqPp; gS rks A {x : x N x 7}= ∈ <vkSj

fVIi.kh% izrhd ‘:’ dks ^rkfd^ ^bl izdkj fd^ (such that) i<+k tkrk gSA

 mnkgj.k 1.1. fuEufyf[kr dks leqPp;&fuekZ.k :i esas fyf[k, %

(a) A={ 3, 2, 1,0,1, 2,3− − − } (b) B = {3,6,9,12}

gy % (a)  A = { x : x Z 3 x 3∈ − ≤ ≤vkjS },  (b) B = { x : x 3n n N,n 4= ∈ ≤vkjS }

 mnkgj.k 1.2.  fuEufyf[kr dks jksLVj :i esa fyf[k, %

(a) C = { x : x N 50 x 60∈ ≤ ≤vkSj }

(b) D = { 2x :x R x 5x 6 0∈ − + =vkjS }

gy % (a) C ={50, 51, 52,53,54,55,56,57,58,59,60}

(b)  2x 5x 6 0− + =   ⇒   ( ) ( )x 3 x 2 0− − =

      ⇒  x 3, 2= .       ∴  { }D 2,3=

1.3 leqPp;ksa dk oxhZdj.k

1.3.1  ifjfer vkSj vifjfer leqPp;

eku yhft, A vkSj B nks leqPp; gSa tgk¡

A {x : x=  ,d izkÑr la[;k gSA}, B {x : x=  vkiosQ fo|ky; dk ,d fo|kFkhZ gSA}
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;gk¡ ;g Li"V gS fd leqPp; A eas vo;oksa dh la[;k ifjfer ugha gS tcfd leqPp; B esa vo;oksa
dh la[;k ifjfer gSA A vifjfer leqPp; rFkk B ifjfer leqPp; dgykrk gSA

,d leqPp; ifjfer dgykrk gS ;fn mlosQ vo;oksa dh la[;k dks fxuk tk losQ vkSj ;g vifjfer
dgykrk gS ;fn blosQ vo;oksa dks mudh vfUre la[;k rd fxuuk laHko u gksA

1.3.2  fjDr leqPp;

uhps fn, x, leqPp;ksa ij fopkj dhft,µ

A {x : x R= ∈ vkSj 2x 1 0}+ =

B {x : x=  ,d la[;k gS tks 7 ls cM+h gS vkSj 5 ls NksVh gSA}

leqPp; A eas okLrfod la[;k,¡ fo|eku gS ijUrq dksbZ ,slh okLrfod la[;k ugha gS ftldk oxZ
‘–1’ gksA blfy,] bl leqPp; esa dksbZ Hkh vo;o ugha gSA blh izdkj] dksbZ la[;k ,slh ugha gS
tks 5 ls de gks vkSj 7 ls vf/d Hkh gksA bl izdkj osQ leqPp; ftuesa ,d Hkh vo;o ugha gksrk
gS] fjDr leqPp; ;k 'kwU; leqPp; dgykrs gSaA fjDr leqPp;] dks izrhd φ  vFkok { } ls izn£'kr
djrs gSaA

,d leqPp;] ftlesa ,d Hkh vo;o ugha gksrk gS] fjDr leqPp; ;k 'kwU; leqPp; dgykrk
gS rFkk bls φφφφ vFkok {} }kjk fu:fir fd;k tkrk gSA

1.3.3  ,dy leqPp;

fuEufyf[kr leqPp; ij fopkj dhft, %

A {x : x= ,d le vHkkT; la[;k gSA } D;ksafd osQoy ,d gh vHkkT; la[;k (2) le gksrh gS,
blfy, leqPp; A esa osQoy ,d gh vo;o gSA bl izdkj dk leqPp; ,dy leqPp; dgykrk
gSA ;gk¡ A {2}= ] ,d leqPp;] ftlesa osQoy ,d gh vo;o gksrk gS] ,dy leqPp;
dgykrk gSA

1.3.4  leku vkSj rqY; leqPp;

fuEufyf[kr leqPp;ksa ij fopkj dhft, %

(i) A = { }1,2,3 ,   B = { }2,1,3 (ii) D = { }1,2,3 ,   E = { }a,b,c .

mnkgj.k (i) esa] leqPp; A rFkk B esa ogh vo;o gSaA ,sls leqPp; leku leqPp; dgykrs gSa vkSj
mUgsa A B=  osQ :i eas fy[kk tkrk gSA mnkgj.k (ii) esa leqPp; D vkSj E esa vo;oksa dh la[;k rks
leku gS ijUrq vo;o vyx&vyx gSaA ,sls leqPp; rqY; leqPp; dgykrs gSa vkSj mUgsa A B≈

osQ :i esa fy[kk tkrk gSA nks leqPp; A vkSj B rqY; leqPp; dgykrs gSa ;fn muesa vo;oksa dh
la[;k leku gks ijUrq nks leqPp; leku leqPp; dgykrs gSa ;fn muesa vo;oksa dh la[;k leku
gksus ds lkFk&lkFk muds vo;o Hkh leku gksaA

1.3.5  vla;qDr leqPp;

nks leqPp; A rFkk B vla;qDr leqPp; dgykrs gSa] ;fn muesa dksbZ Hkh vo;o mHk;fu"B u gksA
mnkgj.kkFkZ] A = {1, 3, 5} rFkk B = {2, 4, 6} vla;qDr leqPp; gSaA

mnkgj.k 1.3.   fn;k gS% A {2, 4}=  vkSj B {x : x= ] lehdj.k 2x 6x 8 0+ + =  dk ,d ewy gSA}
D;k A rFkk B vla;qDr leqPp; gSa \
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gy % ;fn ge 2x 6x 8 0+ + =  dks gy djsa rks gesa izkIr gksrk gSA x 4, 2= − −

∴ B { 4, 2}= − −  tcfd A {2, 4}=  Li"Vr% A rFkk B vla;qDr leqPp; gSaA

 mnkgj.k 1.4. ;fn A {x : x= vaxzsth o.kZekyk dk ,d Loj gSA} vkSj B {y : y N y 5}= ∈ ≤vkSj

D;k (i) A B= (ii) A B≈

gy % A = {a, e, i, o, u},   b = {1, 2, 3, 4, 5}.

izR;sd leqPp; esa vyx&vyx ik¡p vo;o gSaA

∴ A B≠  ijUrq A B≈

 mnkgj.k 1.5. fuEufyf[kr esa ls dkSu&lk leqPp; ifjfer ;k vifjfer gSA

A {x : x }= ,d j[s kk ij fLFkr ¯cnq gAS ] B {y : y N y 50}= ∈ ≤vkSj

gy % D;ksafd ,d js[kk ij fcUnqvksa dh la[;k vifjfer (fxuh u tk loQus okyh) gksrh gSA vr%
A ,d vifjfer leqPp; gS] tcfd 50 rd dh izkÑr la[;kvksa dks fxuk tk ldrk gSA vr% B ,d
ifjfer leqPp; gSA

 mnkgj.k 1.6. fuEufyf[kr esa ls dkSu&lk leqPp; fjDr gS %
2A {x : x 1 0 x }= − = vkjS ,d vifjes; l[a ;k gS , B {x : x Z 2 x 2}= ∈ − ≤ ≤vkSj

gy % leqPp; A esa os vifjes; la[;k,¡ lfEefyr gS tks 2x 1 0− = dks larq"V djrh gSA ;fn ge
2x 1 0− =  dks gy djsa rks gesa x 1= ±  izkIr gksrk gSA Li"Vr% 1±  nksuksa gh vifjes; la[;k;sa ugha gSaA

vr% A ,d fjDr leqPp; gSA ijUrq B { 2, 1, 0,1, 2}= − −  ,d fjDr leqPp; ugha gS D;ksafd blesa
5 vo;o lfEefyr gSaA

 mnkgj.k 1.7.  fuEufyf[kr esa dkSu&lk leqPp; ,dy (singleton) gS\

A = { }x : x Z x 2 0∈ − =vkjS B = { }
2y : y R y 2 0∈ − =vkjS .

gy % leqPp; A esa os iw.kk±d lfEefyr gS tks x 2 0− =  osQ gy gSa vFkok x 2=

∴ A {2}=   ⇒  AA ,dy leqPp; gSA

leqPp; B mu okLrfod la[;kvksa dk leqPp; gS tks 2y 2 0− =  osQ gy gS vFkok y 2= ±

∴ B { 2, 2}= −  vr% B ,dy leqPp; ugha gSA

  ns[ksa vkius fdruk lh[kk 1.1

1. fuEufyf[kr esa dkSu ls lewg leqPp; gSa \

(i) S v{kj ls izkjaHk gksus okys lIrkg osQ fnuksa dk lewgA

(ii) 50 rd dh izkÑr la[;kvksa dk lewgA

(iii) rqylhnkl }kjk fyf[kr dforkvksa dk lewgA

(iv) vkiosQ fo|ky; esa eksVs fo|k£Fk;kas dk lewgA
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2. mi;qDr izrhd dks fjDr LFkku eas Hkfj, ;fn A {1, 2, 3}=

(i) 1...........A  (ii) 4........A.

3. fuEufyf[kr leqPp;ksa esa ls izR;sd dks jksLVj :i esa fyf[k,µ

(i) A {x : x Z 5 x 10}= ∈ − ≤ ≤vkjS

(ii) 2B {x : x R x 1 0}= ∈ − =rFkk 

(iii) C {x : x banana }= 'kCn dk ,d  v{kj gS

(iv) D {x : x= ,d vHkkT; la[;k gS rFkk 60 dh iw.kZr% Hkktd gS)

4. fuEufyf[kr leqPp;kas dks leqPp; fuekZ.k :i esa O;Dr dhft, %
(i) A = {2, 4, 6, 8, 10} (ii)   B = {3, 6, 9,...... ∞ }

(iii) C = {2, 3, 5, 7} (iv)  D = { }2, 2−

D;k mi;qZDr A rFkk B vla;qDr leqPp; gSa \

5. fuEufyf[kr leqPp;kas esa ls dkSu ls ifjfer rFkk dkSu ls vifjfer gS\

(i) fdlh nh gqbZ js[kk osQ lekUrj js[kkvksa dk leqPp;

(ii) ìFoh ij jgus okys tkuojksa dk leqPp;

(iii) 50 ls de vFkok mlds cjkcj izkÑr la[;kvksa dk leqPp;

(iv) fdlh oÙ̀k ij fLFkr ¯cnqvksa dk leqPp;

6. fuEufyf[kr esa ls dkSu&dkSu fjDr ;k ,dy leqPp; gS\
(i) A {x: x= , lehdj.k 2x 2 0+ =  dk ,d gy gS vkSj x R}∈

(ii) B {x : x= , lehdj.k x 3 0− =  dk ,d gy gS vkSj x Z}∈

(iv) C {x : x= , lehdj.k 2x 2 0− =  dk ,d ,d gy gS vkSj x Z}∈

(v) D {x : x= , vkiosQ fo|ky; dh nksuksa d{kkvksa XI vkSj XII esa vè;;ujr fo|kFkhZ gS}

7. fuEufyf[kr esa tk¡p dhft, fd A B=  ;k A B≈ A
(i) A {a},=  B {x : x= ,d le vHkkT; la[;k gSA}

(ii) A {1, 2, 3, 4},=  B {x : x=  'kCn guava dk ,d v{kj gSA}

(iii) A {x : x= lehdj.k 2x 5x 6 0− + =  dk gy gSA} B {2, 3}=

1.4  mileqPp;
eku yhft, fd leqPp; A vkiosQ fo|ky; osQ lHkh fo|k£Fk;ksa dk leqPp; gS vkSj B vkiosQ
fo|ky; dh d{kk XII osQ lHkh fo|k£Fk;ksa dk leqPp; gSA bl mnkgj.k esa leqPp; B dk izR;sd
vo;o leqPp; A dk Hkh ,d vo;o gSA bl izdkj dk leqPp; B, leqPp; A dk mileqPp;
dgykrk gSA bls izrhdB A⊆ ls izn£'kr djrs gSaA

fopkj dhft, D ={1, 2, 3, 4,........}, E = {..... −3 −2, −1, 0, 1, 2, 3, .......}

Li"Vr% leqPp; D dk izR;sd vo;o leqPp;] E dk Hkh ,d vo;o gSA D E∴ ⊆

;fn A rFkk B nks ,sls leqPp; gSa fd leqPp; A dk izR;sd vo;o] leqPp; B dk Hkh ,d vo;o
gS] rks A, B dk mileqPp; dgykrk gSA
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(i) izR;sd leqPp; Lo;a dk mileqPp; gksrk gS vFkkZr A A⊆

(ii) fjDr leqPp; esa dksbZ Hkh vo;o ugha gksrk gSA mileqPp; gksus dh fLFkfr Lo;a gh iwjh
gks tkrh gSA vr% fjDr leqPp; izR;sd leqPp; dk mileqPp; gksrk gSA

(iii) ;fn A B⊆  vkSj B A⊆  rc A B=

(iv) ;fn A B⊆  vkSj A B≠  rks A, B dk mfpr mileqPp; dgykrk gS vkSj B,  AA dk
vfèkleqPp; dgykrk gSA vFkkZr A B⊂  ;k B A⊃

mnkgj.k 1.8.  ;fn A {x : x= ,d vHkkT; la[;k gS vkSj x 5}<  vkSj B {y : y=  ,d le

vHkkT; la[;k gSA} D;k B, A dk mfpr mileqPp; gS \

gy % ;gk¡ fn;k x;k gS] A {2, 3},=  B {2}=

Li"Vr% B A⊆ vkSj B A≠

ge fy[krs gSa fd B A⊂  vkSj dgrs gSa fd B, A  dk mfpr mileqPp; gSA

mnkgj.k 1.9.  ;fn { } { }A 1,2,3,4 ,B 2,3,4,5= = D;k A B⊆  ;k B A⊆ \

gy % ;gk¡ 1 A∈  ijUrq 1 B∉  ⇒ A B⊆  vkSj 5 B∈  ijUrq 5 A∉  ⇒ B A⊆

vr% u rks A, B dk mileqPp; vkSj u gh B, A dk mileqPp; gSA

mnkgj.k 1.10.  ;fn A {a, e, i, o, u}= ] B {e, i, o, u, a}= D;k A B⊆  ;k B A⊆  ;k nksuksa \

gy % ;gk¡ fn, gq, leqPp;ksa esa] A dk izR;sd vo;o] leqPp; B dk Hkh vo;o gSA
∴ A B⊆ ...(i)

vkSj B dk izR;sd vo;o] leqPp; A dk Hkh vo;o gSA
∴ B A⊆ ...(ii)

lehdj.k (i) vkSj (ii) ls A B=

1-4-1 ,d leqPP; ds mileqPp;ksa dh la[;k

eku yhft, A = {x}, rc A ds mileqPp; φ, A gSa

/;ku jgs fd n(A) = 1, A ds mileqPp;ksa dh la[;k = 2 = 21

eku yhft, A = {2, 4}, rc A ds mileqPp; φ, {4}, {2}, {2, 4} gSaA

/;ku jgs fd n(A) = 2, A ds mileqPp;ksa dh la[;k = 4 = 22

eku yhft, A = {1, 3, 5} rc A ds mileqPp; φ, {1}, {3}, {5}, {1, 3}, {1, 5}, {3, 5}, {1, 3, 5}.

/;ku jgs fd n(A) = 3, A ds mileqPp;ksa dh la[;k = 8 = 23

;fn A ,d leqPp; gS ftlesa n(A) = p gS] rc A ds mileqPp;ksa dh la[;k = 2p rFkk
A ds mfpr mileqPp;ksa dh la[;k = 2p –1 gSA

okLrfod la[;kvksa ds mileqPp;

la[;kvksa ds dqN ekud leqPp;ksa dks ge bl izdkj tkurs gSa&

izkdr̀ la[;kvksa dk leqPp; N = {1, 2, 3, 4, ............}
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iw.kZ la[;kvksa dk leqPp; W = {0, 1, 2, 3, 4, ................}

iw.kkZadksa dk leqPp; Z = {........., –4, –3, –2, –1, 0, 1, 2, 3, 4, .........}

ifjes; la[;kvksa dk leqPp; Q = : , , 0
p

x x p q Z q
q

 
= ∈ ≠ 

 
rFkk

vifjes; la[;kvksa dks I }kjk fu:fir fd;k tkrk gSA

I = { : Rx x ∈  rFkk Qx ∈/ } vFkkZr~ og lHkh okLrfod la[;k,¡ tks ifjes; ugha gSA

;g leqPP; okLrfod la[;kvksa ds mileqPp; gSaA bu mileqPp;ksa esa ls dqN Li"V lEcU/k bl
izdkj gS %

N ⊂ W ⊂ Z ⊂ Q, Q ⊂ R, I ⊂ R, N ⊄ I

1-4-2 okLrfod la[;kvksa ds mileqPp; ds :i esa vUrjky

vUrjky I, R dk mileqPp; gS ;fn x, y ∈ I rFkk ;fn z, x vkSj y ds e/; dksbZ okLrfod
la[;k gS] rc z ∈ I gSA

dksbZ okLrfod la[;k tks ,d vUrjky ds nks fHkUu&fHkUu vo;oksa ds chp fLFkr gS]
vUrjky esa gksuh pkfg,

;fn a, b ∈R rFkk a < b rks ge fuEu izdkj ds vUrjky izkIr dj ldrs gSaA
(i) leqPp; {x ∈R : a < x < b} ,d foor̀ ¼[kqyk½ vUrjky dgykrk gS vkSj (a, b) }kjk

fu:fir gksrk gSA bls la[;k js[kk ij bl izdkj n'kkZ;k tkrk gS %

a b

(ii) leqPp; {x ∈R : a ≤ x ≤ b} ,d laor̀ ¼can½ vUrjky dgykrk gS vkSj [a, b] }kjk fu:fir
gksrk gS bls la[;k js[kk ij bl izdkj n'kkZ;k tkrk gS %

a b

(iii) leqPp; {x ∈R : a < x ≤ b} ,d vUrjky gS] tks ck;ha vksj [kqyk rFkk nk;ha vksj cUn
gS ;g (a, b] }kjk fu:fir gksrk gSA bls la[;k js[kk ij bl izdkj n'kkZ;k tkrk gS %

a b

(iv) leqPp; {x ∈R : a ≤ x < b} ,d ,slk vUrjky gS] tks ck;ha vksj cUn rFkk nk;ha
vksj [kqyk gSA ;g [a, b) }kjk fu:fir gksrk gSA bls la[;k js[kk ij bl izdkj
n'kkZ;k tkrk gS %

a b

(v) leqPp; {x ∈R : x < a} ,d ,slk vUrjky gS tks (–∞, a) }kjk n'kkZ;k tkrk gSA ;g
la[;k js[kk ij bl izdkj n'kkZ;k tkrk gS %

a

(vi) leqPp; {x ∈R : x ≤ a} ,d ,slk vUrjky gS tks (–∞, a] }kjk n'kkZ;k tkrk gSA ;g
la[;k js[kk ij bl izdkj n'kkZ;k tkrk gS %

a

(vii) leqPp; {x ∈R : x > a} ,d vUrjky gS tks (a, ∞) }kjk fu:fir gksrk gsA ;g la[;k
js[kk ij bl izdkj n'kkZ;k tkrk gS %
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a

(viii) leqPp; {x ∈R : x ≥ a} ,d vUrjky gS tks [a, ∞) }kjk fu:fir gksrk gSA ;g la[;k
js[kk ij bl izdkj n'kkZ;k tkrk gS %

a

izFke pkj vUrjky ifjfer vUrjky dgykrs gSa rFkk la[;k b – a (tks fd ges'kk /kukRed
gksrh gS½] pkjksa vUrjkyks (a, b), [a, b], (a, b], [a, b) esa ls izR;sdf dh yEckbZ dgykrh
gSA vafre pkj varjky vifjfer vUrjky dgykrs gSa rFkk bu varjkyksa dh yEckbZ n'kkZ;h
ugha tk ldrhA

1.5  ?kkr leqPp;

mnkgj.k%mnkgj.k%mnkgj.k%mnkgj.k% eku yhft, fd A = {a, b} rks A ds mileqPp; φ, {a}, {b}, {a, b} gSA

;fn ge bu mileqPp;ksa dks ,d u, leqPp;] eku uhft, fd B, ds vo;o eku ysa rc

B = {φ, {a}, {b}, {a, b}}

leqPp; B, leqPp; A dk ?kkr leqPp; dgykrk gSA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    leqPp; A ds ?kkr leqPp; dks P(A) ls iznf'kZr fd;k tkrk gSA leqPp; A ds
?kkr leqPp; eas fn, gq, leqPp; ds lHkh mileqPp; gksrs gSaA

mnkgj.k 1-11-mnkgj.k 1-11-mnkgj.k 1-11-mnkgj.k 1-11- fuEufyf[kr leqPp;ksa ds ?kkr leqPp; fyf[k,%

(i) A = {x : x ∈ R vkSj x2 + 7 = 0}  (ii) B = {y : y ∈ N vkSj 1 ≤ y ≤ 3}

gy%gy%gy%gy% (i) Li"Vr% A = φ ¼fjDr leqPp;½

∴ φ] fn, gq, leqPp; dk dsoy mileqPp; gSA  ∴ P(A) = {φ}

(ii) leqPp; B dks {1, 2, 3} ds :i esa fy[kk tk ldrk gSA B ds mileqPp;

φ, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3} gSaA

∴ P(B) = {φ}, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 1.12.  fuEufyf[kr izR;sd leqPp; dks vUrjky :i esa fyf[k, %

(i) {x ∈R : –1 < x ≤ 2} (ii) {x ∈R : 1 ≥ 2 x – 3 ≥ 0}

gygygygy : (i) fn;k gqvk leqPp; = {x ∈R : –1 < x ≤ 2}

vr% fn;s x;s leqPp; dk vUrjky = (–1, 2] gSA

(ii) fn;k gqvk leqPp; = {x ∈R : 1 ≥ 2x – 3 ≥ 0}

⇒ {x ∈R : 4 ≥ 2x ≥ 3} ⇒ 

3
R : 2

2
x x
 

∈ ≥ ≥ 
 

⇒ 
3

R : 2
2

x x
 

∈ ≤ ≤ 
 

 vr% fn;s gq;s leqPp; dk vUrjky = 
3

, 2
2

 
  

1.6  le"Vh; leqPp;

fuEufyf[kr leqPp;ksa ij fopkj dhft,%

A = {x : x vkids fo|ky; dk ,d fo|kFkhZ gS}
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B = {y : y vkids fo|ky; dk ,d Nk=k gS}

C = {z : z vkids fo|ky; dh ,d Nk=kk gS}

D = {a : a vkids fo|ky; dh d{kk XII dk ,d fo|kFkhZ gS }

Li"Vr% leqPp; B, C vkSj D lHkh A osQ mileqPp; gSaA

A bl fof'k"V mnkgj.k dk le"Vh; leqPp; gks ldrk gSA le"Vh; leqPp; dks lkekU;r% izrhd
‘U’ ls fu#fir djrs gSaA

,d fo'ks"k iz'u esa leqPp; ‘U’ ,d le"Vh; leqPp; dgykrk gS ;fn ml iz'u osQ lHkh leqPp;]
‘U’ osQ mileqPp; gksaA

fVIi.kh%

(i) le"Vh; leqPp; dk ;g vFkZ dnkfi ugha gS fd blesa fo'o dh lHkh oLrq,¡ lfEefyr gSA

(ii) ,d leqPp; tks ,d iz'u osQ fy, le"Vh; leqPp; gS] nwljs iz'u osQ fy, gks ldrk gS
fd og le"Vh; leqPp; u gksA

mnkgj.k 1.13.  fuEufyf[kr esa ls dkSu&lk le"Vh; leqPp; gS \

X =  {x : x ,d okLrfod la[;k gS}, Y =  {y : y ,d ½.kkRed iw.kk±d gS}, Z =  {z : z ,d izkdr̀
la[;k gS}

gy % Li"V gS fd nksuksa leqPp; Y vkSj Z, X osQ mileqPp; gSA   ∴ X le"Vh; leqPp; gSA

 1.7 osu vkjs[k
vkjs[kksa }kjk leqPp; ds izn'kZu dk fopkj (vo/kj.kk) vaxzst xf.krK tkWu osu (John Venn)

(1834–1883 A.D.) us fn;kA mlosQ }kjk fdlh le"Vh; leqPp; dks izk;% ,d vk;r }kjk vkSj
mlosQ mileqPp;ksa dks oÙ̀kksa }kjk izn£'kr djrs gSaA mnkgj.k osQ fy, ;fn U {1, 2, 3, 4, 5},=

A = {2, 4} vkSj  B = {1, 3}, rc bu leqPp;ksa dks fuEufyf[kr :i esa izn£'kr fd;k tk ldrk gS%

A

4

2

3

1 5

B

U

fp=k 1.1

leqPp;ksa dk vkjs[kksa }kjk izn'kZu osu vkjs[k dgykrk gSA

1.8 leqPp;ksa dk varj
fuEufyf[kr leqPp;ksa ij fopkj dhft, %

A {1, 2, 3, 4, 5}=  vkSj B {2, 4, 6}=

mu vo;oksa ds ,d u;s leqPp;] tks A eas gS ¯drq B esa ugha gS] dks A varj B i<+rs gSa vkSj
izrhdkRed :i esa A B−  fy[krs gSaA ;gk¡ A−B = {1, 3, 5}
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blh izdkj] mu vo;oksa] tks B esa gS ijUrq A esa ugha gS] dk leqPp; B varj A dgykrk gS vkSj bls
B A− ls izn£'kr djrs gSaA ;gk¡ B −  A = {6}

O;kid :i esa] ;fn A vkSj B nks leqPp; gSa rks

A −B = { x : x A x B∈ ∉vkSj } vkSj B −A =  { x : x B x A∈ ∉vkSj }

nksuksa leqPp;ksa osQ varj dks osu vkjs[k }kjk iznf'kZr fd;k tk ldrk gSA

When A and B are not
 setsdisjoint

B – AA – B

A B U

When A and B are
 setsdisjoint

B – AA – B

A B U

fp=k 1.2 fp=k 1.3

1.9 leqPp; dk iwjd
eku yhft, fd X ,d le"Vh; leqPp; gS vkSj y, z blosQ mileqPp; gS tgk¡

X {x : x=  ifjokj dk dksbZ ,d lnL; gSA}

Y {y : y=  ifjokj dk ,d iq#"k lnL; gSA}

Z {z : z=   ifjokj dk ,d efgyk lnL; gSA}

X Y−  ifjokj osQ efgyk lnL;ksa dk ,d leqPp; gSA

X Z−  ifjokj osQ iq#"k lnL;ksa dk ,d leqPp; gSA

X Y−  leqPp; Y  dk iwjd leqPp; dgykrk gS vkSj bls izrhd Y' ;k cY  ls fu#fir
fd;k tkrk gSA

X Z, Z−  dk iwjd leqPp; dgykrk gS vkSj bls izrhd Z' ;k cZ ls izn£'kr djrs gSaA

;fn U ,d le"Vh; leqPp; gS vkSj A, U dk ,d mileqPp;
gS rks A dk iwjd leqPp; ‘U’ osQ mu vo;oksa dk leqPp; gS]

tks A osQ vo;o ugha gSaA bls izrhdkRed :i ls A′  ;k cA  ls
fu:fir djrs gSaA A' = U −A = {x : x ∈ U vkSj x ∉ A}

,d leqPp; osQ iwjd dks osu vkjs[k }kjk uhps fn, x;s rjhds
ls fu#fir fd;k tk ldrk gSA

fVIi.kh%

(i) ;fn nks fn, x;s leqPp;ksa esa ls dksbZ Hkh nwljs dk mileqPp; u gks] rks Hkh muosQ vUrj
dks izkIr fd;k tk ldrk gSA ijUrq ,d leqPp; osQ iwjd dks osQoy rHkh izkIr fd;k tk
ldrk gS tcfd fn;k x;k leqPp;] fdlh le"Vh; leqPp; dk mileqPp; gksA

(ii) c Uφ = . (iii) cU = φ .

AC

or A′

U

fp=k 1.4
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 mnkgj.k 1.14.  fn;k gS fd A {x : x=  ,d le izkÑr la[;k gS vkSj x 10}≤  vkSj B {y : y=

,d fo"ke izkÑr la[;k gS vkSj y 10}≤

Kkr dhft, (i) A B− (ii) B C− (iii) D;k A B B A− = − ?

gy % ;gk¡ fn;k x;k gS fd A = {2, 4, 6, 8, 10}, B = {1, 3, 5, 7, 9}

blfy,

(i)  A −B ={2, 4, 6, 8, 10}        (ii)  B −A ={1, 3, 5, 7, 9}

(iii) (i) vkSj (ii) ls Li"V gS fd A B B A− ≠ −

 mnkgj.k 1.15. eku yhft, fd U ,d le"Vh; leqPp; gS vkSj A ,d mileqPp; gS tgk¡

U = { x : x N∈   vkSj x 10≤ } rFkk A {y : y=  ,d 10 ls NksVh vHkkT; la[;k gSA}

(i) Ac  Kkr dhft, (ii) Ac  dks osu vkjs[k }kjk iznf'kZr dhft,A

gy % ;gk¡ fn;k x;k gS fd

U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, A = { 2, 3, 5, 7}

(i)  cA U A= − = {1, 4, 6, 8, 9, 10}

(ii)   
AC

2
5

3
7

1

4 8 10

96 U

fp=k 1.5

1-9-1 iwjd leqPp; ds xq.k/eZ

1. iwjd fu;e

(i) A ∪ A′ = U (ii) A ∩ A′ = φ

2. fM eksxZu dk fu;e

(i) (A ∪ B)′ = A′ ∩ B′ (ii) (A ∩ B)′ = A′ ∪ B′

3. f} iwjd fu;e (A′)′ = A

4. fjDr leqPp; rFkk le"Vh; leqPp; dk fu;e φ′ = U rFkk U′ = φ

¼1½ iwjd fu;e dk lR;kiu¼1½ iwjd fu;e dk lR;kiu¼1½ iwjd fu;e dk lR;kiu¼1½ iwjd fu;e dk lR;kiu

eku yhft, U = {1, 2, 3, ......... 10} rFkk A = {2, 4, 6, 8, 10}

rc A′ = {1, 3, 5, 7, 9}

vc] A ∪ A′ = {1, 2, 3, 4, ..........., 10} = U rFkk A ∩ A′ = φ

vr% A ∪ A′ = U rFkk A ∩ A′ = φ

¼2½ fM eksxZu fu;e dk lR;kiu¼2½ fM eksxZu fu;e dk lR;kiu¼2½ fM eksxZu fu;e dk lR;kiu¼2½ fM eksxZu fu;e dk lR;kiu

eku yhft, U = {1, 2, 3, ......., 9} rFkk A = {2, 4, 6, 8}, B = {2, 3, 5, 7}

vr% A ∪ B = {2, 3, 4, 5, 6, 7, 8}
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rFkk (A ∪ B)′ = U – (A ∪ B) = {1, 9} ...(1)

vc A′ = U – A = {1, 3, 5, 7, 9} rFkk B′ = U – B = {1, 4, 6, 8, 9}

∴ A′ ∩ B′ = {1, 9} ...(2)

(1) rFkk (2) ls  (A ∪ B)′ = A′ ∩ B′

A ∩ B = {2}  ∴ (A ∩ B)′ = U – (A ∩ B) = {1, 3, 4, 5, 6, 7, 8, 9} ...(3)

rFkk A′ ∪ B′ = {1, 3, 4, 5, 6, 7, 8, 9} ...(4)

(3) rFkk (4) ls gesa izkIr gksrk gS  (A ∩ B)′ = A′ ∪ B′

¼3½¼3½¼3½¼3½ (A′′′′)′′′′ = A dk lR;kiudk lR;kiudk lR;kiudk lR;kiu

eku yhft, U = {1, 2, 3, ..........., 10} rFkk A = {1, 2, 3, 5, 7, 9}

rc A′ = U – A = {4, 6, 8, 10}

∴ (A′)′ = U – A′ = {1, 2, 3, 5, 7, 9} = A

bl izdkj le"Vh; leqPp; ds mileqPp; A ds iwjd dh ifjHkk"kk ls ;g

(A′)′ = A dk vuqikyu djrk gSA

    ns[ksa vkius fdruk lh[kk 1.2

1. fjDr LFkkuksa esa mi;qDr izrhd fyf[k, % fn;k gS fd A = {1, 3, 5, 7, 9}

(i) φ .............A       (ii) {2, 3, 9}..........A   (iii) 3............A      (iv) 10...................A

2. fn;k gS A {a, b}, P(A)=  esa fdrus vo;o gSa \

3. eku yhft, fd A { ,{1},{2},{1, 2}}= φ  fuEufyf[kr esa ls dkSu dFku lk lR; gS rFkk dkSu
lk dFku vlR; gS \

(i)  {1,2} ⊂  AA    (ii)  Aφ∈ .

4. fuEufyf[kr esa ls dkSu&lk dFku lR; rFkk dkSu lk dFku vlR; gS \

(i) lHkh ckydksa dk leqPp;] vkiosQ fo|ky; osQ lHkh fo|k£Fk;ksa osQ leqPp; esa fufgr gSA

(ii) vkiosQ fo|ky; osQ lHkh cky Nk=kksa dk leqPp;] vkiosQ fo|ky; osQ lHkh fo|k£Fk;ksa
osQ leqPp; esa lfEefyr gSA

(iii) lHkh vk;rksa dk leqPp;] lHkh prqHkqZtksa osQ leqPp; esa fufgr gSA

(iv) mu lHkh oÙ̀kksa dk leqPp; ftuds osQUnz ewy fcUnq ij gSa] mu lHkh nh?kZ oÙ̀kksa osQ leqPp;ksa
esa fufgr gS ftuds dsUnz Hkh ewy fcUnq ij gSaA

5. ;fn A {1, 2, 3, 4, 5},=  B {5, 6, 7}=  Kkr dhft,µ (i) A A − B    (ii) B − A

6. eku yhft, N le"Vh; leqPp; gS vkSj A, B, C, D blds mileqPp; gS tgk¡µ

A = {x : x le izkÑr la[;k gS}, B = {x : x ∈  N vkSj x, 3 dk ,d xq.kt gS}
C = {x : x∈N vkSj  x ≥ 5}, D = {x : x ∈  N vkSj  x ≤  10}

A, B, C, D osQ iwjd Kkr dhft,A
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7. fuEufyf[kr leqPp;ksa dks vUrjky :i esa fyf[k, %

(a) {x ∈ R : –8 < x < 3} (b) {x ∈ R : 3 ≤ 2x < 7}

8. eku yhft, U = {1, 2, 3, 4, 5, 6, 7, 8, 9}, A = {1, 2, 3, 4} rFkk B = {2, 4, 6, 8}

rc fuEukafdr dk lR;kiu dhft,

(i) (A′)′ = A       (ii) (B′)′ = B     (iii)A ∩ A′ = φ   (iv) (A ∪ B)′ = A′ ∩ B′

1.10 leqPp;ksa dk loZfu"B
;gk¡ fn, x, leqPp;ksa ij fopkj dhft,µ A {1, 2, 3, 4}=  vkSj B {2, 4, 6}=

;g Li"V gS fd nksuksa leqPp;ksa A rFkk B esa oqQN vo;o mHk;fu"B gSaA leqPp; A vkSj B dk loZfu"B
mu lHkh vo;oksa dk leqPp; gS tks A vkSj B nksukas esa mHk;fu"B gaSA izrhd ‘ ∩ ’  dk iz;ksx loZfu"B
dks fu#fir djus osQ fy, fd;k tkrk gSA ;gk¡ A B {2, 4}∩ =

;fn A vkSj B nks leqPp; gS rc budk loZfu"B mu vo;oksa dk leqPp; gksrk gS tks A vkSj
B nksuksa esa mHk;fu"B gksrs gSa bls A B∩∩∩∩  ls fu:fir fd;k tkrk gSA

A B∩  = {x : x ∈A vkSj x ∈B}

A B∩  dks osu vkjs[k }kjk fu#fir fd;k tk ldrk gS tSlsµ

A  B∩

A B

fp=k 1.6

fVIi.kh%

;fn A B∩ = φ  gks] rks A  rFkk B vla;qDr leqPp; dgykrs gSaA vla;qDr leqPp;ksa dks osu vkjs[k
}kjk fu#fir fd;k tk ldrk gSA tSlsµ

U

fp=k 1.7

 mnkgj.k 1.16.  fn;k gS

A {x : x,=  rk'k osQ 52 iÙkksa esa ,d ckn'kkg (king) dk iÙkk gSA} vkSj B {y : y=  rk'k osQ 52 iÙkksa eas
,d gqdqe (spade) dk iÙkk gSA} Kkr dhft, (i) A B∩  (ii) A B∩  dks osu vkjs[k ls izn£'kr dhft,A

gy % (i) D;ksafd rk'k osQ 52 iÙkksa esa osQoy pkj ¯dx (ckn'kkg) gksrs gSa blfy, leqPp; A esa osQoy
pkj vo;o gSaA

leqPp; B esa 13 vo;o gSa] D;ksafd gqdqe osQ 13 iÙks gksrss gSa ijUrq 13 gqdqe osQ iÙkksa esa ,d iÙkk
ckn'kkg gksrk gSA blfy, A rFkk B eas ,d vo;o mHk;fu"B gSA
∴ A B∩ = {gqdqe dk ckn'kkg}
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(ii) A  B∩

U

fp=k 1.8

1.11 leqPp;ksa dk lfEeyu
fuEufyf[kr mnkgj.kksa ij fopkj dhft, %

(i) A Hkkjrh; iq#"k fØosQV Vhe osQ f[kykfM+;ksa dk leqPp; gS vkSj B Hkkjrh; efgyk fØosQV Vhe
osQ f[kykfM+;ksa dk leqPp;  gSA Li"V gS fd A vkSj B vla;qDr leqPp; gSA nks leqPp;ksa A vkSj
B dk lfEeyu leqPp;] og leqPp; gS ftlesa nksuksa Vheksa osQ lHkh f[kykM+h gksa vkSj bls
izrhdkRed :i esa A B∪  izn£'kr djrs gSaA

(ii) ;fn D vkiosQ fo|ky; dh fØosQV Vhe osQ lHkh f[kykfM+;ksa dk ,d leqPp; gS vkSj E gkWdh
Vhe osQ lHkh f[kykfM+;ksa dk leqPp; gS_ lkFk gh eku yhft, fd rhu f[kykM+h nksuksa Vheksa esa
lfEefyr gaS rc D vkSj E dk lfEeyu leqPp; og leqPp; gS ftlesa nksuksa Vheksa osQ lHkh
f[kykM+h gksa ijUrq rhu mHk;fu"B f[kykfM+;ksa dks osQoy ,d ckj fxuk tk,xkA ;fn A vkSj B
osQoy nks leqPp; gksa rc A vkSj B dk lfEeyu leqPp; mu vo;oksa dk leqPp; gS tks A
;k B ls lEcfU/r gksaA

leqPp; fuekZ.k :i esa A B∪  = {x : x ∈A  ;k  x∈B} vFkok A B∪ = {x : x ∈A −B

;k x B A∈ − ;k x A B∈ ∩ }

A B∪ dks osu vkjs[k }kjk iznf'kZr fd;k tk ldrk gS tSlsµ

A  B∪

A B U

A  B∪

A B U

fp=k 1.9 fp=k 1.10

         n(A B) n(A B) n(B A) n(A B)∪ = − + − + ∩ .

vFkok n(A B) n(A) n(B) n(A B)∪ = + − ∩

tgk¡ n(A B)∪  leqPp; A B∪  osQ vo;oksa dh la[;k dks n'kkZrk gSA

 mnkgj.k 1.17.  A = { }x :x Z x 5+∈ ≤vkSj

   B = {y : y, 10 ls NksVh vHkkT; la[;k gS}

Kkr dhft, (i) A B∪  (ii) A B∪  dks osu vkjs[k dh lgk;rk ls
iznf'kZr dhft,A

gy % A = {1, 2, 3, 4, 5} B = {2, 3, 5, 7}.

∴    A B∪  = {1, 2, 3, 4, 5, 7}.

2
3
5

1
4

7

A B

A  B∪

U

fp=k 1.11
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C

A1

% +

   ns[ksa vkius fdruk lh[kk 1.3

1. fuEufyf[kr leqPp; ;qXeksa esa ls dkSu ls ;qXe vla;qDr gS vkSj dkSu ls ugha \

(i) {x : x  ,d le izkÑr la[;k gSA}, {y : y  ,d fo"ke izkÑr la[;k gSA}

(ii) { x : x  ,d vHkkT; la[;k gS vkSj 12 dh Hkktd gSA} {y : y N 3 y 5}∈ ≤ ≤vkjS

(iii) {x : x  rk'k osQ 52 iÙkksa esa ckn'kkg gSA}{y : y  rk'k osQ 52 iÙkksa esa ,d b±V dk iÙkk gSA}
(iv) {1, 2, 3, 4, 5}, {a, e, i, o, u}

2. fuEufyf[kr esa ls izR;sd ds fy, A rFkk B dk loZfu"B Kkr dhft, %

(i) A = { x : x Z∈ }, B = { x : x N∈ } (ii) A {= jke] jghe] xksfoUn] xkSre }

B {= lhrk] ehjk] iQkfrek] euizhr}

3. fn;k gS fd A {1, 2, 3, 4, 5}= ] B {5, 6, 7, 8, 9,10}=

Kkr dhft, (i) A B∪ (ii) A B∩

4. ;fn A {x : x N},= ∈  B={ y : y z∈  vkSj 10 y 0− ≤ ≤ } gks] rksA B∪  Kkr dhft, vkSj
vius mÙkj dks jksLVj :i esa rFkk leqPp; fuekZ.k :i esa fyf[k,A

5. ;fn A {2, 4, 6, 8,10},=   B {8,10,12,14}=  rFkk C {14,16,18, 20}= gks] rks

Kkr dhft, % (i) A (B C)∪ ∪ (ii) A (B C)∩ ∩

6. eku yhft, fd U {1, 2, 3, ......,10},=  A {2, 4, 6, 8,10}= ] B {1, 3, 5, 7, 9,10}=

Kkr dhft, (i) (A B)∪ ′ (ii) (A B)∩ ′ (iii) (B )′ ′ (iv) (B A)− ′

7. fuEufyf[kr esa izR;sd dks osu vkjs[k }kjk iznf'kZr dhft,A

(i) A B∩  tc B A⊂ (ii) A B∩  tc A  vkSj B vla;qDr leqPp; gksA

(iii) A B∩  tc A  vkSj B u rks ,d nwljs osQ mileqPp; gksa vkSj u gh vla;qDr leqPp;
gksA

8. fuEufyf[kr esa izR;sd osQ fy, osu vkjs[k [khafp,µ

(i) A B∪  tc A B⊂ (ii) A B∪  tcfd A  vkSj B vla;qDr leqPp; gSaA

(iii) A B∪  tc A  vkSj B u rks ,d nwljs osQ mileqPp; gSa vkSj u gh vla;qDr leqPp;A

9. fuEufyf[kr esa izR;sd osQ fy, osu vkjs[k [khafp,µ
(i) A B−  vkSj B A−  tcfd A B⊂

(ii) A B−  vkSj B A−  tcfd A A vkSj B vla;qDr leqPp; gSaA

(iii) A B−  vkSj B A−  tcfd A A rFkk B u rks ,d nwljs osQ mileqPp; gSa vkSj u gh
vla;qDr leqPp;A

      vkb;s nksgjk,¡

� leqPp; lqifjHkkf"kr oLrqvksa dk lewg gSA

� ,d leqPp; dks jksLVj :i esa fu:fir djus osQ fy, lHkh vo;oksa dks vyx&vyx fy[krs
gSa ijUrq leqPp; fuekZ.k esa lHkh vo;oksa esa ,d loZfu"B xq.k gksrk gSA
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� ,d leqPp; ftlosQ vo;oksa dh la[;k dks fxuk tk losQ] ifjfer leqPp; dgykrk gS vkSj
;fn vo;oksa dh la[;k dks vUr rd fxuuk laHko u gks] rks og vifjfer dgykrk gSA

� ;fn leqPp; A dk izR;sd vo;o leqPp; B dk Hkh ,d vo;o gks rks A, B dk mileqPp;
dgykrk gSA

� nks leqPp;ksa A rFkk B osQ fy,] A B−  mu vo;oksa dk leqPp; gS tks A  esa gS ijUrq B esa ughaA

�  leqPp; A dk iwjd] mu vo;oksa dk leqPp; gksrk gS tks le"Vh; leqPp; esa gksrs gaS ijUrq

A esa ugha gksrs ga]S vFkkZr cA U A= −

� nks leqPp;kas dk loZfu"B mu lHkh vo;oksa dk leqPp; gksrk gS tks nksuksa esa mHk;fu"B gksrs gSaA

� nks leqPp;ksa dk lfEeyu og leqPp; gksrk gS] ftlesa nksuksa gh leqPp;ksa osQ vo;o gksaA
� dksbZ leqPp; A leqPp; B dk mileqPp; dgykrk gS ;fn A dk izR;sd vo;o B esa fo|eku

gksA

� fjDr leqPp;] izR;sd leqPp; dk mileqPp; gSA

� izR;sd leqPp; Lo;a dk mileqPp; gSA

� ;fn vkSj dsoy ;fn A ⊂ B rFkk A ≠ B gS] rks leqPp; A leqPp; B dk mfpr mileqPp; gSA

� fn;s x;s leqPp; A ds lHkh mileqPp;ksa ds leqPp; dks leqPp; A dk /kkr leqPp; dgrs gSaA

� nks leqPp; A rFkk B leku gksrs gSa dsoy ;fn A ⊂ B rFkk B ⊂ A.

� ;fn n(A) = p, rc A ds mileqPp;ksa dh la[;k = (2)p gSA

� (a, b), [a, b], (a, b] rFkk [a, b) ifjfer vUrjky gSa mudh yEckbZ b – a okLrfod ,oa ifjfer
gSA

� leqPp; A dk iwjd] U ds lkis{k A′ }kjk n'kkZ;k tkrk gS rFkk A′ = {x : x ∈ U rFkk
x ∉ A} }kjk ifjHkkf"kr fd;k tkrk gSA

� A′ = U –A

� ;fn A ⊂ U rc A′ ⊂ U

� U ds lkis{k leqPp; A ds iwjd gksus ds xq.k

♦ A ∪ A′ = U rFkk A ∩ A′ = φ

♦ (A ∪ B)′ = A′ ∩ B′ rFkk (A ∩ B)′ = A′ ∪ B′

♦ (A′)′ = A

♦ φ′ = U rFkk U′ = φ

      lgk;d osclkbZV

� http://www.mathresource.iitb.ac.in/project/indexproject.html

� http://mathworld.wolfram.com/SetTheory.html

� http://www-history.mcs.st-andrews.ac.uk/HistTopics/Beginnings_of_set_theory.html
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      vkb, vH;kl djsa

1. fuEufyf[kr esa ls dkSu ls dFku lR; rFkk dkSu ls vlR; gS %

(i) { }1, 2, 3 = { }{ }1, 2 , 3 . (ii){ }1, 2, 3 = { }3,1, 2 .

(iii){ }a, e, o = { }a, b, c . (iv) { }φ = { }

2. n'kkZ, x, Nk;kafdr Hkkx dks jksLVj :i esa fyf[k, %

(i) { }A 1, 2, 3, 4, 5=

{ }B 5, 6, 7, 8, 9=

(ii) { }A 1, 2, 3, 4, 5, 6=

{ }B 2, 6, 8,10,12=

3. osu vkjs[k dh lgk;rk ls fuEufyf[kr dks iznf'kZr dhft, %

(i) (A B) ,∪ ′  ;fn A  rFkk B vla;qDr leqPp; u gksaA

(ii) (A B) ,∩ ′  ;fn A  rFkk B vla;qDr leqPp; gksaA

(iii) (A B) ,− ′  ;fn A  rFkk B vla;qDr leqPp; u gksaA

4. eku yhft, fd U {1, 2, 3, 4, 5, 6, 7, 8, 9,10},=  A {2, 4, 6, 8},=  B {1, 3, 5, 7}= A tk¡p
dhft, %
(i) ( )A B ' A ' B '∪ = ∩ (ii) ( )A B ' A ' B '∩ = ∪

(iii) ( ) ( ) ( ) ( )A B B A A B A B .− ∪ − = ∪ − ∩

5. eku yhft, fd { }U 1, 2, 3, 4, 5, 6, 7, 8, 9,10= ,

{ }A 1, 3, 5, 7, 9= . { }B 2, 4, 6, 8,10= , { }C 1, 2, 3= .

Kkr dhft,  ( )(i) A' B C .∩ − ( )(ii) A B C∪ ∪

(iii) ( )A' B C '∩ ∪ (iv) ( )A B ' C '∩ ∪

6. uhps fn, x, osu vkjs[kksa osQ Nk;kafdr Hkkx D;k n'kkZrs gSaA
(i)  U (ii) U

             fp=k 1.14 fp=k 1.15

fp=k 1-13

fp=k 1-12

A B U

A B U
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(iii)    
U

(iv)

A

U

      fp=k 1.16 fp=k 1.17

7. fuEufyf[kr ds fy, osu vkjs[k [khafp, %
(i) ( )A' B C∩ ∪ (ii) ( )A' C B∩ −

tgk¡ A, B, C vla;qDr leqPp; ugha gS vkSj le"Vh; leqPp; U osQ mileqPp; gSaA
8. fMeksxZu fu;e dk lR;kiu dhft, ;fn U = {x : x ∈ N rFkk x ≤ 10}

A = {x : x ∈ U rFkk x ,d vHkkT; la[;k gS} rFkk

B = {x : x ∈ U rFkk x, 24 dk ,d xq.ku[k.M gS }

9. ijh{k.k dhft, fd fuEufyf[kr dFku lR; gSa vFkok vlR;

(a) {a, e} ⊂ {x : x vaxzsth o.kZekyk dk ,d Loj gS]  (b) {1, 2, 3} ⊂ {1, 3, 5}

(c) {a, b, c} ⊂ {a, b, c}                               (d) φ ⊂ {1, 3, 5}

10. uhps fy[ks leqPp;ksa ds lHkh mileqPp; fyf[k, %

(a) {a} (b) {1, 2, 3} (c) φ

11. fuEufyf[kr dks vUrjky ds :i esa fyf[k, %

(a) {x : x ∈ R, – 4 < x ≤ 6} (b) {x : x ∈ R, – 12 < x < –10}

(c) {x : x ∈ R, 0 ≤ x < 7} (d) {x : x ∈ R, 3 ≤ x ≤ 4}

      mÙkjekyk

ns[ksa vkius fdruk lh[kk 1.1

1. (i), (ii), (iii) are sets.

2. (i)∈ (ii)  ∉

3. (i)  { }A 5, 4, 3, 2, 1, 0 & 1, 2, 3, 4, 5, 6, ......,10= − − − − −

(ii)  { }B 1,1 ,= −   (iii)  { }C a, b, n=     (iv) { }D 2, 3, 5= .

4. (i)    A = {x : x ,d 10 ds cjkcj vFkok mlls NksVh le izkdr̀ la[;k gS}

(ii)     B = { x : x N∈  vkSj x 3 dk xq.kt gS}

(iii)    C = {x : x 10 ls NksVh vHkkT; la[;k gSA

(iv)    D = { x : x R∈  rFkk x, 2x 2 0− =  dk gy gSA
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5. (i) vifjfer (ii) ifjfer (iii) ifjfer (iv) vifjfer

6. (i) fjDr (ii) ,dy (iii) fjDr (iv) fjDr

7. (i) A B≈  (ii)  A B≈ (iii) A B= .

ns[ksa vkius fdruk lh[kk 1.2

1. (i)  ⊂ (ii) ⊄ (iii) ∈ (iv) ∉

2. 4

3. (i) vlR; (ii) lR;

4. (i) vlR; (ii) lR; (iii) lR; (iv) vlR;

5.  (i) { }1, 2, 3, 4 (ii) { }6, 7 .

6. cA {x : x=  ,d fo"ke la[;k gS}

cB {x : x N= ∈  vkSj x  3 dk xq.kt ughas gS}

{ }cC 1, 2, 3, 4= , { }cD 11,12,13, ......=

7. (a) (–8, 3) (b)  
3 7

,
2 2

 


 

ns[ksa vkius fdruk lh[kk 1.3

1. (i) vla;qDr (ii) vla;qDr ugha gS (iii) vla;qDr ugha gS (iv) vla;qDr

2. (i) { }x : x N∈   (ii) φ

3. (i) { }1, 2, 3, 4, 5, 6, 7, 8, 9,10  (ii) { }5

4. jksLVj :i { }10, 9, 8, ......0,1, 2, 3, ......− − −

leqPp; fuekZ.k :i { }x : x Z 10 x∈ − ≤ ≤ ∞vkSj

5. (i) {x : x ,d 20 ls NksVh vFkok mlds cjkcj le la[;k gSA (ii)φ

6. (i) φ (ii) { }1, 2, 3, 4, 5, 6, 7, 8, 9

(iii) { }1, 3, 5, 7, 9,10 (iv) { }2, 4, 6, 8,10

7. (i)  A U

B

   (ii) U    (iii) U

fp=k 1.18         fp=k  1.19     fp=k 1.20
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8. (i) U

A

B

   (ii) 
A B

U      (iii) U
A B

   fp=k 1.21 fp=k 1.22      fp=k 1.23

9. (i)
U

A

B

U

A
B

A B− = φ B A− =  Nk;kafdr Hkkx
fp=k  1.24

(ii)
A B

U
A B

U

A B A− = B A B− =

fp=k  1.25

(iii)
A B

U
A B

U

   A B− =  Nk;kafdr Hkkx B A− = Nk;kafdr Hkkx
fp=k  1.26

vkb, vH;kl djsa

1. (i) vlR; (ii) lR; (iii) vlR; (iv) vlR;

2. (i) { }1, 2, 3, 4, 6, 7, 8, 9 (ii) { }8,10,12

3.  (i)
A B

U ( )A B '∪ =  Nk;kafdr Hkkx

fp=k 1.27

(ii)
BA

U ( )A B '∩ =Nk;kafdr Hkkx

fp=k 1.28
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(iii)
BA

U ( )A B '− =Nk;kafdr Hkkx

fp=k 1.29

5. (i) { }4, 6, 8,10 (ii) { }1, 2, 3, 4, 5, 6, 7, 8, 9,10 . (iii) φ

(iv)  { }1, 2, 3, 4, 5, 6, 7, 8, 9,10 .

6. (i) ( ) ( )A B B C∩ ∩ ∩ (ii)  ( )A B C∩ ∩

(iii) ( )[ ]A B C '∪ ∪ (iv) ( )A B C∪ ∩ .

7. (i)
B

C

A
U ( )A ' B C∩ ∪ =  Nk;kafdr Hkkx

fp=k 1.30

(ii)
B

C

A

U ( )A ' C B∩ − =  Nk;kafdr Hkkx

fp=k 1.31

9. (a) lR; (b) vlR; (c) lR; (d) lR;

10. (a) φ, {a} (b) φ, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}

(c) φ

11. (a) (– 4, 6] (b) ( –12, – 10) (c) [0, 7) (d) [3, 4]
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2

laca/ ,oa iQyu–I

gekjs nSfud thou esa gesa fofHkUu izdkj ds laca/ ns[kus dks feyrs gSa tSls HkkbZ vkSj cgu] firk vkSj
iq=kh] vè;kid vkSj fo|kFkhZ bR;kfnA xf.kr esa Hkh gesa cgqr ls laca/ feyrs gSa tSls la[;k m la[;k
n ls cM+h gS] js[kk l, js[kk m ij yEcor~ gS bR;kfnA laca/ dh vo/kj.kk dks xf.krh; :i esa LFkkfir
fd;k tk pqdk gSA 'kCn ^^iQyu (function)" dks yhcuht (Leibnitz) us 1694 esa ifjfpr djk;kA
iQyu dks ,d fo'ks"k izdkj ds laca/ ds :i esa ifjHkkf"kr fd;k x;k gSA izLrqr ikB esa ge leqPp;ksa
ds dkfrZ; xq.ku] nks leqPp;ksa ds chp laca/] ,d laca/ dk iQyu gksus dh fLFkfr;ka] fofHkUu izdkj
ds iQyu vkSj muds xq.kksa dh ppkZ djsaxsA

     mís';
� nks leqPp;ksa ds dkrhZ; xq.ku dks ifjHkkf"kr djukA

� laca/ rFkk iQyu dks ifjHkf"kr djuk rFkk mnkgj.k nsukA

� iQyu dk izkUr rFkk ifjlj Kkr djukA

� iQyuksa ds vkjs[k [khapukA

� le rFkk fo"ke iQyuksa ds mnkgj.k nsdj mUgsa ifjHkkf"kr djukA

� ;g crkuk fd iQyu fo"ke gS] le gS ;k buessa ls dksbZ ughaA

� iQyuksa ds mnkgj.k tSls |X|, [X] iQyu] cgqin iQyu] y?kq x.kdh; iQyu vkSj rFkk pj
?kkrkadh (exponential) iQyu] crkdj mUgsa ifjHkkf"kr djukA

� okLrfod iQyuksa dk ;ksx] ?kVk] xq.kk ,oa HkkxiQy Kkr djukA

iwoZ Kku
� Øfer ;qXe dh vo/kj.kk

2.1 nks leqPp;ksa dk dkrhZ; xq.ku
nks leqPp;ksa A rFkk B ij fopkj dhft, tgk¡ A = {1, 2}, B = {3, 4, 5}.

A vkSj B osQ lHkh Øfer ;qXeksa dk leqPp; {(1,3), (1,4), (1,5), (2,3), (2,4), (2,5)} gSA

bl leqPp; dks A × B }kjk fu#fir fd;k tkrk gS rFkk ;g leqPp;ksa A rFkk B dk dkrhZ; xq.ku
dgykrk gSA vFkkZr A × B = {(1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5)}

leqPp;ksa B rFkk A osQ dkrhZ; xq.ku dks B A×  ls fu#fir djrs gSaA Åij fn, x, mnkgj.k esa
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B A {(3,1), (3, 2), (4,1), (4, 2), (5,1), (5, 2)}× =  Li"Vr% A B B A× ≠ ×

leqPp; fuekZ.k :i esa

A×B = {(a,b) : a A b B∈ ∈vkjS }, B×A = {(b,a) : b B a A∈ ∈vkjS }

fVIi.kh%

;fn A = φ  ;k B = φ  ;k A, B = φ  rc A B B A× = × = φ

mnkgj.k 2.1.  eku yhft, fd A {a, b, c},=  B {d, e},=  C {a, d}=

Kkr dhft, (i) A×B    (ii) B×A (iii) A×( B C∪ ) (iv) (A C) B∩ ×

(v) (A B) C∩ × (vi) A (B C)× − .

gy % (i)   A×B ={(a, d),(a, e), (b, d), (b, e), (c, d), (c, e)}.

(ii) B×A = {(d, a),(d, b), (d, c), (e, a) (e, b),(e, c)}.

(iii)      A = {a, b, c}, B C∪ ={a,d,e}.

∴ A × ( B C∪ ) = {(a, a),(a, d),(a, e),(b, a),(b, d),(b, e), (c, a),(c, d),(c, e)}.

(iv) A C∩ = {a},  B={d, e}     ∴  ( A C∩ )×B={(a, d), (a, e)}

(v) A B∩ = φ , c={a,d},          ∴  (A B) c∩ × = φ

(vi) A = {a,b,c}, B C {e}− =   ∴  A (B C) {(a,e), (b,e), (c,e)}× − = .

2-1-1 nks ifjfer leqPp;ksa ds dkrhZ; xq.ku esa vo;oksa dh la[;k

eku yhft, A rFkk B nks leqPp; gSa tks fjDr ugha gSaA ge tkurs gSa fd A × B =

{(a, b); a ∈ A rFkk b ∈ B} rc nks ifjfer leqPp;ksa A rFkk B ds dkrhZ; xq.ku esa vo;oksa
dh la[;k vFkkZr~  n(A × B) = n(A). n(B)

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.2.  ekuk fd A = {1, 2, 3} rFkk B = {x, y} gS] n'kkZb, fd n(A × B) = n(A).

n(B)

gygygygy : ;gk¡ n(A) = 3, n(B) = 2

∴ A × B = {(1, x), (2, x), (3, x), (1, y), (2, y), (3, y)}

n(A × B) = n(A) . n(B)

6 = 3 × 2

6 = 6

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.3.  ;fn n(A) = 5, n(B) = 4, n(A × B) Kkr dhft,A

gygygygy : ge tkurs gSa fd n(A × B) = n(A) × n(B), n(A × B) = 5 × 4 = 20

2-1-2 okLrfod la[;kvksa R dk Lo;a ls R × R × R rd dkrhZ; xq.ku

Øfer f=dØfer f=dØfer f=dØfer f=d A × A × A = {(a, b, c) : a, b, c ∈ A} (a, b, c) Øfer f=d dgykrk gSA

dkrhZ; xq.ku R × R leqPp; R × R = {(x, y) : x, y ∈ R} dks fu:fir djrk gS tks f}foe
lery esa lHkh fcUnqvks a ds funsZ'kkadks a dks fu:fir djrs gSa rFkk dkrhZ; xq.ku
R × R × R leqPp; R × R × R = {(x, y, z) : x, y, z ∈ R} tks f=foe vUrfj{k esa lHkh fcUnqvksa
ds funsZ'kkadksa dks fu:fir djrs gSaA
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.4.  ;fn A = {1, 2} gS, rks leqPp; A × A × A Kkr dhft,A

gygygygy : A × A × A = {(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2)

(2, 1, 1), (2, 1, 2), (2, 2, 1), (2, 2, 2)}

 2.2  laca/
fuEufyf[kr leqPp;ksa ij fopkj dhft, %

A {= eksgu] lksgu] MsfoM] djhe} rFkk B {= jhVk] eSjh] iQkfrek}

eku yhft, eksgu vkSj lksgu] jhVk osQ nks HkkbZ gS] MsfoM] eSjh dk HkkbZ gS vkSj djhe] iQkfrek dk
HkkbZ gSA ;fn ge A vkSj B osQ vo;oksa osQ chp ,d laca/ R ¶HkkbZ gŞ  dks ifjHkkf"kr djsa rks Li"V
gS fd eksgu R jhVk] lksgu R jhVk] MsfoM R eSjh] djhe R iQkfrekA nks ukeksa osQ chp ls R dks gVkus
ij bUgsa Øfer ;qXeksa osQ :i esa bl izdkj ls fy[kk tk ldrk gS tSlsµ(eksgu] jhVk)] (lksgu] jhVk)]
(MsfoM] eSjh)] (djhe] iQkfrek)

Åij nh xbZ lwpuk dks ge leqPp; R osQ Øfer ;qXeksa osQ :i esa Hkh fy[k ldrs gSa] tSlsµ

R {= (eksgu] jhVk)] (lksgu] jhVk)] (MsfoM] eSjh)] (djhe] iQkfrek)}

Li"Vr% R A B⊆ ×  vFkkZr R {(a, b) : a A,b B aRb}= ∈ ∈ rFkk

;fn A vkSj B nks leqPp; gSa rc A ls B dk laca/ R, A B×  dk ,d mileqPp; gSA

;fn (i) R ,= φ  R ,d fjDr laca/ dgykrk gSA
(ii) R A B,= ×  R ,d le"Vh; laca/ dgykrk gSA

(iii) ;fn R, A ls A dk laca/ gS ] rks ;g A ij laca/ dks ifjHkkf"kr djrk gSA

(iv) R {(a, a) a A},= ∀ ∈ rRled iQyu dgykrk gSA

2-2-1 laca/ ds izkUr rFkk ifjlj

nks leqPp;ksa esa laca/ R osQ Øfer ;qXeksa osQ lHkh izFke vo;oksa osQ leqPp; dks laca/ R dk izkUr
dgrs gSa vkSj f}rh; vo;oksa osQ leqPp; dks laca/ R dk ifjlj dgrs gSaA

Åij fn, x, mnkgj.k esa izkUr = {eksgu] lksgu] MsfoM] djhe}, ifjlj = {jhVk] eSjh] iQkfrek}

mnkgj.k 2.5.  fn;k gS % A {2, 4, 5, 6, 7},=  B {2, 3}=

A vkSj B osQ chp laca/ dks R ls bl izdkj n'kkZ;k x;k gS fd R = {(a, b) : a A, b B∈ ∈  vkSj
a, b dk xq.kt gS}

Kkr dhft, %  (i) R dks jksLVj :i esa  (ii) R dk izkUr  (iii) R dk ifjlj  (iv) R dk vkjs[k }kjk izn'kZu

gy % (i) R {(2, 2), (4, 2), (6, 2), (6, 3)}=

(ii) izkUr {2, 4, 6}=    (iii) ifjlj {2, 3}=

(iv)
2

4

5

7
6

A

2

3

B

R

fp=k 2.1
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mnkgj.k 2.6.  ;fn R, A dk B ls ,d laca/ ¶ls cM+k gŞ  ls n'kkZ;k tk,]

tgk¡ A {1, 2, 3, 4, 5}= vkSj B {1, 2, 6}= ] rks

Kkr dhft, (i) R dks jksLVj :i esa  (ii) R dk izkUr (iii) R dk ifjlj

gy % (i) R {(2,1) (3,1), (3, 2), (4,1), (4, 2), (5,1), (5, 2)}=

        (ii) izkUr {2, 3, 4, 5}=  (iii) ifjlj {1, 2}=

2-2-2 lEcU/ dk lgizkar

;fn R, A ls B esa ,d lEcU/k gS rc B, lEcU/k R dk lgizkUr dgykrk gSA

mnkgj.k ds fy,] eku yhft, A = {1, 3, 4, 5, 7} vkSj B = {2, 4, 6, 8} gS ,oa R,

A ls B rd] ^ls ,d de* dk lEcU/k] rc R = {(1, 2), (3, 4), (5, 6), (7, 8)}

blfy, R dk lgizkar = {2, 4, 6, 8}

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.7. eku yhft, A = {1, 2, 3, 4, 5, 6} gS rks A ls A esa R = {(x, y) : y =

x + 1} }kjk ,d lEcU/k ifjHkkf"kr dhft, rFkk R ds izkar] ifjlj ,oa lgizkar fyf[k,A

gygygygy : R = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6)}

R dk izkar = {1, 2, 3, 4, 5}

R dk ifjlj = {2, 3, 4, 5, 6} rFkk R dk lgizkar = {1, 2, 3, 4, 5, 6}

  ns[ksa vkius fdruk lh[kk 2.1

1. ;fn A {4, 5, 6, 7},=  B {8, 9},=  C {10}=

lR;kfir dhft, fd A (B C) (A B) (A C)× − = × − ×

2. ;fn U ,d le"Vh; leqPp; vkSj A rFkk B blosQ mileqPp; gksa tgk¡ U {1, 2, 3, 4, 5}=

A {1, 3, 5},=  B {x : x=  ,d vHkkT; la[;k gSA}, rksA B×′ ′  Kkr dhft,A

3. ;fn A {4, 6, 8,10},=  B {2, 3, 4, 5}=  rFkk R leqPp; A A dk B ls laca/ n'kkZrk gS tgk¡

R = {(a, b) : a A, b B∈ ∈  vkSj b, a dk xq.kt gS}

Kkr dhft, % (i) R dks jksLVj :i esa  (ii) R dk izkUr  (iii) R dk ifjlj

4. R= {(x,y) : 4x y 12, x, y N+ = ∈ } }kjk ifjHkkf"kr N dk N ls] ,d lac/ gSA Kkr
dhft, (i) R dks jksLVj :i esa (ii) R dk izkUr (iii) R dk ifjlj

5. ;fn R, N ij ifjHkkf"kr ,d laca/ gS tgka R = { 2(x, x ) : x  15 ls NksVh vHkkT; la[;k gS}]

rks Kkr dhft, % (i) R dks jksLVj :i esa  (ii) R dk izkUr  (iii) R dk ifjlj

6. ;fn R okLrfod la[;kvksa ds leqPp; ij laca/ gS vkSj R={(x,y) : 2 2x y 0+ = } ls

ifjHkkf"kr fd;k x;k gS] rks

Kkr dhft, % (i) R dks jksLVj :i esa (ii) R dk izkUr  (iii) R dk ifjlj
7. ;fn (x + 1, y – 2) = (3, 1) gS] rks x rFkk y ds eku Kkr dhft,A

8. ;fn A = {–1, 1} gS] rks A × A × A Kkr dhft,A
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9. ;fn A × B = {(a, x), (a, y), (b, x), (b, y)} gS] rks A rFkk B Kkr dhft,A

10. ;fn n(A) = 6 rFkk n(B) = 3 gS, rc n(A × B) Kkr dhft,A

2-3 iQyu dh ifjHkk"kk

leqPp;ksa A = {a, b, c, d} rFkk B = {1, 2, 3, 4} ij ifjHkkf"kr

lEcU/ f : {(a, 1), (b, 2), (c, 3), (d, 5)} ij fopkj dhft,A bl lEcU/ esa vki ns[krsa gSa fd A ds
izR;sd vo;o dk  B esa ,d vf}rh; izfrfcEc gSA ;g lEcU/ f leqPp; A dk B ls gS tgka A dk
izR;sd vo;o B ds ,d vf}rh; vo;o ls lEcfU/r gksrk gS] A ls B ij iQyu dgykrk gSA ge
ns[krs gSa fd iQyu esa fdUghsa nks Øfer ;qXeksa dk igyk vo;o leku ugha gksrkA

ge ;g Hkh ns[krs gSa fd B esa ,d ,slk vo;o 4 gS, ftldk A esa dksbZ Hkh iwoZ izfrfcEc ugha gSA bl
izdkj ;gka%

(i)  leqPp; B dks lgizkUr dgrs gSaA  (ii) leqPp; {1, 2, 3, 5}dks ifjlj dgrs gSaA

mi;qZDr ls ge bl fu"d"kZ ij igqaprs gS fd ifjlj] lgizkUr dk mileqPp; gksrk gSA izrhd :i

esa ;g iQyu bl izdkj Hkh fy[kk tk ldrk gSA  f : A B→  ;k f
A B→

2-3-1 okLrfod pj ds okLrfod eku iQyu

,d ,sls Qyu dks ftldk ifjlj okLrfod la[;kvksa dk leqPp; ;k mldk dksbZ mileqPp;
gks] okLrfod eku Qyu dgrs gSaA ;fn okLrfod pj okys fdlh okLrfod eku Qyu dk
izkar Hkh okLrfod la[;kvksa dk leqPp; vFkok mldk dksbZ mileqPp; gks rks bls okLrfod
Qyu dgrs gSaA

eku yhft, fd R lHkh okLrfod la[;kvksa dk leqPp; gS rFkk X ,oa Y, R ds nks ¼fjDr
ugha½ mileqPp; gSa] rc fu;e ‘f’ tks fd izR;sd x ∈ X ls Y ds ,d vf}rh; y dk lacaèk
tksM+rk gS] okLrfod pj dk okLrfod eku Qyu ;k ,d lk/kkj.k okLrfod Qyu dgykrk
gS rFkk bls ge  f : X → Y fy[krs gSaA

,d okLrfod Qyu ‘f’ ,d ,slk fu;e gS ftlesa izR;sd lEHko okLrfod la[;k x, ,d

vf}rh; okLrfod la[;k f(x) ls lEcfU/kr gSA

mnkgj.k 2.8.  fuEufyf[kr esa ls dkSu&dkSu ls A ls B ij iQyu gaSA muds izkUr rFkk ifjlj fyf[k,A
;fn og iQyu u gks rks dkj.k crkb,A

(a) { }(1, 2), (3, 7), (4, 6), (8,1)− − , { }A 1, 3, 4, 8= ,  { }B 2, 7, 6,1, 2= − −

(b) { }(1, 0), (1 1), (2, 3), (4,10)− , { }A 1, 2, 4= , { }B 0, 1, 3,10= −

(c) { }(a, b), (b, c), (c, b), (d, c) , { }A a, b, c, d, e= , { }B b, c=

(d) { }(2, 4), (3, 9), (4,16), (5, 25), (6, 36 , { }A 2, 3, 4, 5, 6= , { }B 4, 9,16, 25, 36=

(e) { }(1, 1), (2, 2), (3, 3), (4, 4), (5, 5)− − − − − , { }A 0,1, 2, 3, 4, 5= , { }B 1, 2, 3, 4, 5= − − − − −

(f)
1 3 1

sin , , cos , , tan , , cot , 3
6 2 6 2 6 63

  π π π π     
      
       

,

a 1

b 2

c 3

d 5

4

f

A B

fp= 2-2fp= 2-2fp= 2-2fp= 2-2
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{ }A sin , cos , tan , cot
6 6 6 6

π π π π
=  

1 3 1
B , , , 3 ,1

2 2 3

 
=  
 

(g) { }(a, b), (a, 2), (b, 3), (b, 4) , { } { }A a, b , B b, 2, 3, 4= =

gy %  (a) ;g iQyu gSA izkUr = { }1, 3, 4, 8 , ifjlj { }2, 7, 6,1= − −

(b) ;g iQyu ugha gS D;ksafd izFke nks Øfer ;qXeksa ds igys vo;o leku gSaA

(c) ;g iQyu ugha gSA izkUr = { }a, b, c, d A≠ , ifjlj = { }b, c

(d) ;g iQyu gSA izkUr { }2, 3, 4, 5, 6= , ifjlj { }4, 9,16, 25, 36=

(e) ;g iQyu ugha gSA izkUr { }1, 2, 3, 4, 5 A= ≠ , ifjlj { }1, 2, 3, 4, 5= − − − − −

(f) ;g iQyu gSA izkUr { }sin , cos , tan , cot
6 6 6 6

π π π π
= , ifjlj 

1 3 1
, , , 3

2 2 3

 
=  
 

(g) ;g iQyu ugha gS D;ksafd izFke nks Øfer ;qXeksa ds igys vo;o rFkk vfUre nks Øfer ;qXeksa
ds Hkh igys vo;o leku gSA

mnkgj.k 2.9.  crkb, fd fuEufyf[kr lEcU/ iQyu gSa vFkok ughaA
(a) (b)

a

A

x

B

b y

c z

f

      

a

A

x

B

b y

c z

f

fp=k 2.3  fp=k 2.4

(c)          (d)

1

A

2

B

2 4

3 6

f

    

1

A

1

B

2

–1 4

f

fp=k 2.5  fp=k 2.6

gyµ

(a) ‘f’ iQyu ugha gS] D;ksafd A ds vo;o ‘b’ dk B eas izfrfcEc ugha gSA

(b) ‘f’ iQyu ugha gS D;ksafd A ds vo;o c dk B eas vf}rh; izfrfcEc ugha gSA

(c) ‘f’ ,d iQyu gS D;ksafd A osQ izR;sd vo;o dk B eas vf}rh; izfrfcEc gSA

(d) ‘f’ ,d iQyu gS D;kasfd A osQ izR;sd vo;o dk B esa vf}rh; izfrfcEc gSA
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mnkgj.k 2.10. fuEufyf[kr lEcU/ tks fd R R→  gS esa ls dkSu&dkSu ls iQyu gSaA

(a) y 3x 2= + (b) y x 3< + (c) 2y 2x 1= +

gyµ (a) y 3x 2= +  ;gk¡ izR;sd vo;o x R∈  osQ laxr ,d vf}rh; vo;o y R∈  gSA

∴ ;g iQyu gSA

(b) y x 3< +  x osQ fdlh Hkh eku osQ fy, gesa y osQ ,d ls vf/d eku izkIr gksrs gSaA

∴ ;g ,d iQyu ugha gSA

(c) 2y 2x 1= + x osQ fdlh Hkh okLrfod eku osQ fy, gesa y dk ,d vf}rh; eku izkIr gksrk gSA

∴ ;g ,d iQyu gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.11.  eku yhft, fd N izkdr̀ la[;kvksa dk leqPp; gSA f : N → N, f(x)

= 2x + 1 }kjk ifjHkkf"kr ,d okLrfod eku Qyu gSA bl ifjHkk"kk dk iz;ksx djds f(1),

f(2), f(3), f(4) Kkr dhft,A
gygygygy : f(x) = 2x + 1, f(1) =2 × 1 + 1 = 2 + 1 = 3, f(2) = 2 × 2 + 1 = 4 + 1 = 5,

f(3) = 2 × 3 + 1 = 6 + 1 = 7, f(4) = 2 × 4 + 1 = 8 + 1 = 9

  ns[ksa vkius fdruk lh[kk 2.2

1. fuEufyf[kr esa dkSu ls lEcU/ A ls B ij iQyu gS\

(a) { }(1, 2), (3, 7), (4, 6), (8,11) ,− − { }A 1,3,4,8= , { }B 2, 7, 6,11= − −

(b) { }(1, 0), (1, 1), (2, 3), (4,10) ,− { }A 1, 2, 4= , { }B 1, 0, 1, 3,10= −

(c){ }(a, 2), (b, 3), (c, 2), (d, 3) , { }A a, b, c, d= , { }B 2, 3=

(d) { }(1,1), (1, 2), (2, 3), ( 3, 4) ,− { }A 1, 2, 3= − , { }B 1, 2, 3, 4=

(e)
1 1 1

2, , 3, , ...., 10, ,
2 3 10

      
      
      

{ }A 1, 2, 3, 4= , { }
1 1 1

B , , ...,
2 3 11

=

(f) ( ) ( ) ( ) ( ){ }1,1 , 1,1 , 2, 4 , 2, 4 ,− − { }A 0,1, 1, 2, 2= − − , { }B 1, 4=

2. fuEufyf[kr esa dkSu&dkSu ls lEcU/ iQyu dks n'kkZrs gSa \
(a) (b)

a

A

x

B

b y

c z

a

b

c

d

A

1

2

3

B

fp=k 2.7      fp=k 2.8

(c) (d)
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a

b

c

2

3

4

5

A B

a

b

c

2

3

4

5

A B

fp=k 2.9       fp=k 2.10

3. fuEufyf[kr laca/ tks fd R R→  ij ifjHkkf"kr gS] esa dkSu&dkSu ls iQyu gSa \

(a) y 2x 1= +  (b) y x 3> +  (c) y 3x 1< + 2(d) y x 1= +

4. fuEufyf[kr iQyuksa osQ izkUr rFkk ifjlj fyf[k, %

(a) ( ) ( ) ( ){ }2, 2 , 5, 1 , 3, 5− (b) 
1 1 1

3, , 2, , 1,
2 2 2

      
− − −      

      

(c) ( ) ( ) ( ) ( ){ }1,1 , 0, 0 , 2, 2 , 1, 1− − , (d) {(nhid, 16), (lanhi, 28), (jktu, 24) }

5. fuEufyf[kr iQyuksa osQ izkUr rFkk ifjlj fyf[k, %
(a) (b)

A B

4

5

6

1

2

3

A B

1

4

1

2

3

     fp=k 2.11 fp=k 2.12

(c) (d)

 

A B

1

2

3

1

2

3

A B

Gagan

Ram

Salil

7

8

9

5

6

fp=k 2.13 fp=k 2.14

(e)  

a

b

c

d

A B

2

4

fp=k 2.15
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2-3-1 izkUr rFkk ifjlj ds oqQN vkSj mnkgj.k

vkb,] oqQN ,sls iQyuksa ij fopkj djsa tks osQoy okLrfod la[;kvksa osQ leqPp; ds fdlh mi
leqPp; ij gh ifjHkkf"kr gSaA

mnkgj.k 2.12.  fuEufyf[kr iQyuksa osQ izkUr Kkr dhft,µ

(a) 
1

y
x

=  (b) 
1

y
x 2

=

−
(c) 

1
y

(x 2)(x 3)
=

+ −

gy %  (a) iQyu 
1

y
x

=  dk o.kZu fuEu Øfer ;qXeksa osQ leqPp; }kjk fd;k tk ldrk gSA

( ) ( )
1 1

......., 2, , 1, 1 , 1,1 2, , ....
2 2

    
− − − −    

    

;gk¡ ge ns[k ldrs gSa fd 'kwU; ds vfrfjDr x osQ lHkh okLrfod eku lEHko gaS D;ksafd laxr

izfrfcEc vFkkZr 
1

0
 ifjHkkf"kr ugha gSA

∴ izkUr = R {0}− [0 osQ vfrfjDr lHkh okLrfod la[;kvksa dk leqPp;]

 fVIi.kh%

 ;gk¡ ifjlj = R {0}−

(b) x osQ lHkh okLrfod eku 2 osQ vfrfjDr lEHko gS D;ksafd laxr izfrfcEc vFkkZr 
1

(2 2)−
 dk

vfLrRo ugha gSA ∴ izkUr = R {2}−

(c) x 2= −  rFkk x 3=  osQ fy, y dk eku laHko ugha gSA ∴ izkUr R { 2, 3}= − −

mnkgj.k 2.13.  fuEufyf[kr iQyuksa osQ izkUr Kkr dhft,µ

(a) y x 2= + −  (b)   ( ) ( )y 2 x 4 x= + − +

gy % (a) iQyu y x 2= + −  ij fopkj dhft,A

y osQ okLrfod eku gksus osQ fy, vko';d gS fd (x 2) 0− ≥  vFkkZr x 2≥

∴ iQyu ds izkUr osQ fy, os lHkh okLrfod la[;k,¡ gksaxh tks 2 vFkok 2 ls cMh gksaA

(b) y (2 x)(4 x)= + − +

y osQ okLrfod eku gksus osQ fy, (2 x) (4 x) 0− + ≥  vko';d gSA ;g gesa nks fLFkfr;ksa esa izkIr gksxkA

fLFkfr I : (2 x) 0− ≥  rFkk (4 x) 0+ ≥

⇒ x 2≤  rFkk x 4≥ −

∴ izkUr x osQ ,sls okLrfod eku gksaxs fd 4 x 2− ≤ ≤  fLFkfr II : 2 x 0− ≤  rFkk 4 x 0+ ≤

⇒ 2 x≤  rFkk x 4≤ −
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ijUrq x dk ,slk okLrfod eku lEHko ugha gS tks 2 osQ cjkcj ;k 2 ;s cM+k gks rFkk – 4 ls de vFkok
blosQ cjkcj gksA

∴ nksuksa fLFkfr;kas ls izkUr 4 x 2 x R= − ≤ ≤ ∀ ∈

mnkgj.k 2.14.  iQyu ( )f x y 2x 1,= = +  osQ fy, ifjlj Kkr dhft, tc

izkUr { }3, 2, 1, 0,1, 2, 3= − − −

gy % x osQ fn, gq, ekuksa osQ fy, ge izkIr djrs gSa %

( ) ( )f 3 2 3 1 5− = − + = − ,  ( ) ( )f 2 2 2 1 3− = − + = − , ( ) ( )f 1 2 1 1 1− = − + = − ,

( ) ( )f 0 2 0 1 1= + = , ( ) ( )f 1 2 1 1 3= + = , ( ) ( )f 2 2 2 1 5= + = ,  ( ) ( )f 3 2 3 1 7= + =

fn, gq, iQyu dks Øfer ;qXeksa osQ leqPp; osQ :i esa Hkh fy[kk tk ldrk gS

vFkkZr ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }3, 5 , 2, 3 , 1, 1 , 0,1 1, 3 , 2, 5 3, 7− − − − − −

∴ ifjlj { }5, 3, 1,1, 3, 5, 7= − − −

mnkgj.k 2.15.   ;fn ( )f x x 3, 0 x 4= + ≤ ≤  gks] rks bl dk ifjlj Kkr dhft,A

gy % ;gk¡ 0 x 4≤ ≤

vFkok 0 3 x 3 4 3+ ≤ + ≤ +

vFkok ( )3 f x 7≤ ≤

∴ ifjlj = ( ) ( ){ }f x : 3 f x 7≤ ≤

mnkgj.k 2.16.   ;fn ( ) 2f x x , 3 x 3= − ≤ ≤  gks] rks bl dk ifjlj Kkr dhft,A

gy % fn;k gS] 3 x 3− ≤ ≤  vFkok 20 x 9≤ ≤  ;k ( )0 f x 9≤ ≤  [D;ksafd 2x  ½.ksrj

gksrk gS]

∴ ifjlj = ( ) ( ){ }f x : 0 f x 9≤ ≤

   ns[ksa vkius fdruk lh[kk 2.3

1. fuEufyf[kr iQyuksa osQ izkUr Kkr dhft,µ tcfd x R,∈

(a) (i) y = 2x (ii) y = 9x + 3 (iii) 2y x 5= +

(b) (i)
1

y
3x 1

=

−

(ii) 
( ) ( )

1
y

4x 1 x 5
=

+ −

(iii) 
( ) ( )

1
y

x 3 x 5
=

− −

(iv) 
( ) ( )

1
y

3 x x 5
=

− −

(c) (i) y 6 x= − (ii) y 7 x= + (iii) y 3x 5= +
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(d) (i)  ( ) ( )y 3 x x 5= − −              (ii)  ( ) ( )y x 3 x 5= − +

(iii) 
( ) ( )

1
y

3 x 7 x
=

+ +

                  (iv) 
( ) ( )

1
y

x 3 7 x
=

− +

2. uhps nh x;h izR;sd fLFkfr ds fy, fn, gq, izkUr osQ fy, ifjlj Kkr dhft,µ

(a) (i)  ( )f x 3x 10= + , { }x 1, 5, 7, 1, 2∈ − −

(ii)  ( ) 2f x 2x 1= + , { }x 3, 2, 4, 0∈ −

(iii) ( ) 2f x x x 2= − + , { }x 1, 2, 3, 4, 5∈

(b) (i)  ( )f x x 2= − , 0 x 4≤ ≤ (ii) ( )f x 3x 4= + , 1 x 2− ≤ ≤

(c) (i) ( ) 2f x x= , 5 x 5− ≤ ≤ (ii) ( )f x 2x= , 3 x 3− ≤ ≤

(iii) ( ) 2f x x 1= + , 2 x 2− ≤ ≤ (iv) ( )f x x= , 0 x 25≤ ≤

(d) (i) ( )f x x 5= + , x R∈ (ii) ( )f x 2x 3= − , x R∈

(iii) ( ) 3f x x= , x R∈ (iv) ( )
1

f x
x

= , { }x : x 0<

(v) ( )
1

f x
x 2

=

−

, { }x : x 1≤ (vi) ( )
1

f x
3x 2

=

−

, { }x : x 0≤

(vii) ( )
2

f x
x

= , { }x : x 0> (viii) ( )
x

f x
x 5

=

+

, { }x : x 5≠ −

2.4 iQyu dk xzkiQ osQ :i esa fu:i.k
pw¡fd iQyu Øfer ;qXeksa }kjk iznf'kZr fd;k tk ldrk gSA

vr% iQyu dk xzkiQh; izn'kZu lnSo lEHko gSA mnkgj.kkFkZ] vkb, 2y x=  ij fopkj djsaµ
2y x=

x 0 1 1 2 2 3 3 4 4

y 0 1 1 4 4 9 9 16 16

− − − −

–1–2–3–4 1 2 3 4

(1, 1)

(2, 4)

(3, 9)

(4, 16)(–4, 16)

(–3, 9)

(–2, 4)

(–1, 1)
X

Y′

X′

Y

fp=k 2.16
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D;k ;g ,d iQyu iznf'kZr djrk gS\

gk¡] ;g ,d iQyu iznf'kZr djrk gS D;ksafd x osQ izR;sd eku osQ fy, y dk ,d vf}rh; eku gSA

vkb, vc lehdj.k 2 2x y 25+ =  ij fopkj djsaA

2 2x y 25+ =

   
x 0 0 3 3 4 4 5 5 3 3 4 4

y 5 5 4 4 3 3 0 0 4 4 3 3

− − − − −

− − − − −

–1–2–3–4–5

–5

–4

–3

–2

–1

1

2

3

4

5

1 2 3 4 5

Y

XX′

Y′

(0, 5)

(3, 4)

(4, 3)

(5, 0)

(4, –3)

(3, –4)

(0, –5)

(–3, –4)

(–4, –3)

(–5, 0)

(–4, 3)

(–3, 4)

O

fp=k 2.17

;g xzkiQ ,d oÙ̀k iznf'kZr djrk gS\  D;k ;g ,d iQyu iznf'kZr djrk gS\

ugha] ;g iQyu iznf'kZr ugha djrk gS D;ksafd x osQ ,d (leku) eku osQ fy, y dk vf}rh; eku ugha
gSA

   ns[ksa vkius fdruk lh[kk 2.4

1. (i) D;k ;g xzkiQ ,d iQyu iznf'kZr djrk gSA

XX′

Y′

Y

O

fp=k 2.18

(ii) D;k ;g xzkiQ ,d iQyu iznf'kZr djrk gSA
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O

Y

Y′

XX′

fp=k 2.19

2. fuEufyf[kr iQyuksa esa ls izR;sd dk xzkiQ [khafp, %

(a) 2y 3x=      (b)  2y x= − (c)  2y x 2= −

(d) 2y 5 x= −  (e) 2y 2x 1= + (f) 2y 1 2x= −

3. uhps fn, x, xzkiQksa esa ls dkSu&dkSu iQyu dks iznf'kZr djrs gSa %

(a)
y

x

y′

x′

(b) y

x

y′

x′

fp=k 2.20     fp=k 2.21

(c) y

x

y′

x′

(d)       y

x

y′

x′

              fp=k 2.22              fp=k 2.23

(e)

x

y

x′

y′

   fp=k 2.24
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laosQr% ;fn y v{k osQ lekUrj dksbZ js[kk xzkiQ dks ,d ls vf/d ¯cnqvksa ij dkVs] rks xzkiQ iQyu
iznf'kZr ugha djrkA

2.5 oqQN fo'ks"k iQyu

2.5.1  ,dfn"V (Monotonic) iQyu

eku yhft, fd F : A B→  ,d iQyu gS rc f, vUrjky (a, b)  esa ,dfn"V dgyk,xk ;fn og
bl vUrjky esa o/Zeku (increasing) ;k ßkleku (Decreasing) gksA vUrjky (a, b)  esa] iQyu osQ

oèkZeku osQ fy, ( ) ( ) ( )1 2 1 2 1 2x x F x F x x x a, b< ⇒ < ∀ ∈

vkSj vUrjky (a, b) esa] iQyu osQ ßkleku dss fy,

( ) ( ) ( )1 2 1 2 1 2x x F x F x x x a, b< ⇒ > ∀ ∈

,d iQyu iwjs izkUr eas ,dfn"V ugha gks ldrk ijUrq fofHkUu vUrjkyksa esa gks ldrk gSA

iQyu F : R R→ ] tks 2f (x) x=  }kjk ifjHkkf"kr gS] ij fopkj dhft,A

[ ]1 2x , x 0,∀ ∈ ∞ ( ) ( )1 2 1 2x x F x F x< ⇒ <

⇒ F vUrjky [0, ]∞  esa ,dfn"V gSA

[Q bl vUrjky esa iQyu o/Zeku gSA]

ijUrq ( )1 2x , x , 0∀ ∈ −∞  ( ) ( )1 2 1 2x x F x F x< ⇒ >

⇒ f vUrjky [ , 0]−∞  esa ,dfn"V gSA  (Q   bl vUrjky esa iQyu ßkleku gSA)

vxj ge iwjs izkUr dh ckr djsa rks ;g iQyu R ij ,dfn"V ugha gSA ijUrq ;g vUrjky ( ,0)−∞  vkSj
(0, )∞  ij ,dfn"V gSA

iqu% iQyu F : R R→  ij fopkj dhft, tks ( ) 3f x x=  }kjk ifjHkkf"kr gSA Li"Vr% 1 2x x∀ ∈

izkUr

( ) ( )1 2 1 2x x F x F x< ⇒ <

∴ fn;k gqvk iQyu R ij vFkkZr iwjs izkUr ij ,dfn"V gSA

2.5.2 le iQyu

,d iQyu dks le iQyu dgk tkrk gS ;fn izkUr ds izR;sd x osQ fy, ( ) ( )F x F x− =

mnkgj.kkFkZ] fuEufyf[kr esa ls izR;sd iQyu ,d le iQyu gS

(i) ;fn ( ) 2F x x= , rc ( ) ( ) ( )
2 2F x x x F x− = − = =

(ii) ;fn ( )F x cos x= ] rc ( ) ( ) ( )F x cos x cos x F x− = − = =

(iii) ;fn ( )F x x=  ] rc ( ) ( )F x x x F x− = − = =
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O
X′ X

Y′

Y

fp=k 2.25

bl leiQyu (ekikad iQyu) dk xzkiQh; izn'kZu Åij fp=k esa n'kkZ;k x;k gSA

izs{k.k % xzkiQ y-v{k osQ lkis{k lefer gSA

2.5.3 fo"ke iQyu

,d iQyu dks fo"ke iQyu dgk tkrk gS ;fn izR;sd x osQ fy, ( ) ( )f x f x− = −

mnkgj.kkFkZ]

(i) ;fn ( ) 3f x x=

rks ( ) ( ) ( )
3 3f x x x f x− = − = − = −

(ii) ;fn ( )f x sin x=

rks ( ) ( ) ( )f x sin x sin x f x− = − = − = −

fo"ke iQyu y x=  dk xzkiQ fp=k 15.46 esa fn;k x;k gSA
izs{k.k % xzkiQ ewy fcUnq osQ lkis{k lefer gSA

2.5.4  lksiku iQyu ;k egÙke iw.kk±d iQyu

( ) [ ]f x x= tks fd ,slk lcls cM+k iw.kk±d gS] tks x ls NksVk vFkok blosQ cjkcj gksA bl izdkj ls

ifjHkkf"kr iQyu dks egÙke iw.kk±d iQyu (Greatest Integer function) ;k lksiku iQyu dgrs gSaA
blosQ xzkiQ esa lksiku gksrs gSaA

vkb, iQyu [ ]y x , x R= ∈  dk xzkiQ [khapsa

[ ]x 1, 1 x 2= ≤ <

[ ]x 2, 2 x 3= ≤ <

[ ]x 3, 3 x 4= ≤ <

[ ]x 0, 0 x 1= ≤ <

[ ]x 1, 1 x 0= − − ≤ <

[ ]x 2, 2 x 1= − − ≤ < −

fp=k 2.26

fp=k 2.27

y

x

y′

x′

(– , – )x y

( , )x y

O

X
1 2 3 4

 –1

 –2

Y′

X′

Y

3

2

1

–1–2–3

 –3
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� lksiku iQyu dk izkUr okLrfod la[;kvksa dk leqPp; gksrk gSA

� lksiku iQyu dk ifjlj iw.kk±dksa dk leqPp; gksrk gSA

2.5.5 cgqin iQyu

cgqin :i esa ifjHkkf"kr iQyu cgqin iQyu dgykrk gSA mnkgj.kkFkZ

(i)  ( ) 2f x 3x 4x 2= − −  (ii) ( ) 3 2f x x 5x x 5= − − + (iii) ( ) 3f x x=

lHkh cgqin iQyu gSaA

 fVIi.kh%

 f (x) K= osQ :i okys iQyu dks vpj iQyu dgrs gSa tgk¡ K ,d vpj gSA

2.5.6  ifjes; iQyu

( )
( )

( )

g x
f x

h x
=  osQ :i okys iQyu dks ifjes; iQyu dgrs gSa tgk¡ g(x)  rFkk h(x)  cgqin gSa

vkSj ( )h x 0≠  mnkgj.kkFkZ] ( )

2x 4
f x , x 1

x 1

−
= ≠ −

+

 ,d ifjes; iQyu gSA

2.5.7 izfrykse iQyu

1
y

x
=  osQ :i okys iQyu dks izfrykse iQyu dgrs gSa tgk¡ x 0≠

2.5.8  pj ?kkrkadh iQyu

 fLol xf.krK fy;ksukMZ vk;yj Leonhard Euler us la[;k ‘e’ dks vuUr Js.kh osQ :i esa voxr

djk;kA okLro esa 
1 1 1 1

e 1 ..... .....
1 2 3 n

= + + + + + + ...(1)

;g fofnr gS fd bldh vuUr Js.kh dk ;ksx ,d ifjfer lhek dh vksj tkrk gS (vFkkZr ;g Js.kh
vfHklkjh gSA) vkSj blfy, ;g ,d /ukRed okLrfod la[;k gS ftls ‘e’ ls fu:fir fd;k tkrk
gSA ;g la[;k e ,d vchth; vifjes; la[;k gS vkSj bldk eku 2 rFkk 3 osQ chp esa gksrk gSA vc

uhps nh x;h vuUr Js.kh ij fopkj dhft,%  
2 3 nx x x x

1 ..... .....
1 2 3 n

+ + + + + +

;g n'kkZ;k tk ldrk gS fd bl vuUr Js.kh  dk ;ksx ,d ifjfer lhek dh vksj tkrk gS ftls ge

xe  ls izn£'kr djrs gSaA vr% 
2 3 n

x
x x x x

e 1 ..... .....
1 2 3 n

= + + + + + +          ......(2)

;g pj ?kkrkadh izes; dgykrh gS vkSj vuUr Js.kh, pj ?kkrkadh Js.kh dgykrh gSA ge vklkuh ls ns[k
ldrs gSa fd (2) esa x = 1 j[kus ij gesa (1) izkIr gksrk gSA

iQyu ( ) xf x e= tgk¡ x ,d okLrfod la[;k gS] pj ?kkrkadh iQyu dgykrk gSA

pj ?kkrkadh iQyu xy e= dk xzkiQ fuEufyf[kr rF;ksa ij fopkj djus ds i'pkr izkIr fd;k tkrk gSA



xf.kr 39

laca/ ,oa iQyu-I

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

(i) tSls&tSls x c<+rk gS] y dk eku cM+h rsth ls c<+rk gS vkSj tc x  ?kVrk gS rks y dk eku 0 osQ
lfUudV igq¡prk gSA

(ii) ;|fi x osQ fdlh Hkh eku osQ fy,] xe 0≠  dksbZ x-vUr[k.M ugha gksrk gSA

(iii) D;ksafd 0e 1= vkSj e 0≠  y-vUr[k.M 1 gSA

(iv) rkfydk esa fn, gq, fof'k"V fcUnq xe osQ xzkiQ dks [khapus esa ekxZ&n'kZu djrs gSaA

x −3 −2 −1 0 1 2 3

xy e= 0.04 0.13 0.36 1.00 2.71 7.38 20.08

y e = x

X
54321O–1–2–3

–3

–2

–1

1

2

3

4

5

6

Y

X′

Y′

fp=k 2.28

;fn ge e ls vyx gVdj vk/kj] eku yhft, ‘a’ ysa] gesa pj ?kkrkadh iQyu
2f (x) a ,=  izkIr gksxk ;fn a 0,<  rFkk a 1≠ gks

mnkgj.kkFkZ] ge a 2= ;k a 3=  ys ldrs gSa vkSj iQyuksa xy 2= [nsf[k, fp=k 15.49] rFkk xy 3=

[nsf[k, fp=k 15.50]  osQ xzkiQ dks izkIr djrs gSaA fp=k 15.51 esa x xe ,2  rFkk x3 ds vkys[k (xzkiQ) ,d
lkFk fn[kk, x, gSaA

y = 2x

X
54321O–1–2–3

–2

–1

1

2

3

4

5

6

Y

Y′

X′

fp=k 2.29
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y = 3x

X
54321O–1–2–3

–2

–1

1

2

3

4

5

6

Y

–3

X′

Y′

       

y = 3x

X
54321O–1–2–3

–2

–1

1

2

3

4

5

6

Y

–3

y e = x

y = 2x

X′

Y′

fp=k 2.30             fp=k 2.31

2.5.9 y?kq x.kdh; iQyu

vc iQyu xy e= .....(3)

ij iqu% fopkj dhft,A

ge bls leku :i esa ,sls Hkh fy[k ldrs gSa

ex log y=

bl izdkj ey log x=   xy e=  dk

izfrykse iQyu gSA .....(4)

;fn ;g ‘e’ gS rks y?kq dk vk/kj ugha fy[krs gS vkSj

bl izdkj elog x dks lkekU;r% log x  osQ :i esa

fy[kk tkrk gSA D;ksafd xy e=  vkSj y log x=  izfrykse

iQyu gSaA vkSj muosQ xzkiQ js[kk y x=  osQ lkis{k
lefer gSaA

y log x=  dk xzkiQ js[kk y x=  ls izfrfcfEcr djosQ
xy e=  ls izkIr gks ldrk gSA

fVIi.kh%

fo|kFkhZ ?kkrkad osQ fu;eksa dks iqu% Lej.k dj ldrs gSa tks mUgksaus fiNyh d{kkvksa esa i<+s FksA

;fn a 0,>  vkSj m rFkk n ifjes; la[;k,¡ gksa rks

m n m na a a +⋅ = , m n m na a a −÷ = , ( )
nm mna a=

, 0a 1=

fp=k 2.32

X
54321O–1–2–3

–2

–1

1

2

3

4

5

6

Y

–3

y e = x

y x = 

y e x = log

X′

Y′
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laxr y?kq x.kd osQ fu;e gSa %

( )
a a alog mn log m log n= + ,  a a a

m
log log m log n

n

 
= − 

 

( )n
a alog m n log m= , 

a
b

a

log m
log m

log b
=

;k b a blog m log m log a= ;gka a, b > 0, a 1, b 1.≠ ≠

2.5.10 rRled QyurRled QyurRled QyurRled Qyu

eku yhft, R okLrfod la[;kvksa dk leqPp; gSA izR;sd x ∈R ds fy, y = f(x) = x }kjk
ifjHkkf"kr okLrfod eku Qyu f : R → R gSA bl izdkj ds Qyu dks rRled Qyu dgrs gSaA

;gk¡ f ds ifjlj rFkk izkar R gSA

bldk vkys[k ,d ljy js[kk gksrh gSA ;g js[kk ewyfcUnq ls gksdj tkrh gSA

8

6

4

2

0

2 4 6 8–2–4–6–8

–6

–4

–2

–8

Y′

XX′

Y

f x x( ) = 

fp=k 2.33

2.5.11 vpj Qyuvpj Qyuvpj Qyuvpj Qyu

izR;sd x ∈R ds fy, y = f(x) = c tgk¡ c ,d vpj gS }kjk ifjHkkf"kr ,d okLrfod eku
Qyu f : R → R gSA

;gk¡ f dk izkar R ,oa ifjlj {c} gS

f dk vkys[k x-v{k ds lekUrj ,d js[kk gSA

mnkgj.k ds fy, f(x) = 4 izR;sd x ∈R gS] rc bldk vkys[k bl izdkj n'kkZ;k tkrk gSA



42

  laca/ ,oa iQyu-I

xf.kr

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

Y

6

4

2

–6 –4 –2 2 4 6

–2

–4

–6

Y′

X′ X

f x( ) = 4

0

fp=k 2.34

2.5.12 fpg~u fpg~u fpg~u fpg~u (Signum) QyuQyuQyuQyu

izR;sd x ∈R ds fy,

f(x) = 

1if 0

0, if 0

1, if 0

x

x

x

>


=


− <
}kjk ifjHkkf"kr Qyu f : R → R fpg~u (Signum) Qyu dgykrk gSA

fpg~u Qyu dk izkar R gSA ,oa ifjlj leqPp; {–1, 0, 1} gSA

fpg~u Qyu dk vkys[k uhps fn;k x;k gS %
Y

y = 1

X

–1

Y′

X′

y = –1

1

O

fp=k 2.35
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  ns[ksa vkius fdruk lh[kk 2.5

1. lgh dFkuksa ij fu'kku �  yxkb, %

(i) iQyu ( ) 4 2f x 2x 7x 9x= + + ,d le iQyu gSA

(ii) fo"ke iQyu y − v{k osQ lkis{k lefer gksrk gSA

(iii) ( ) 1 / 2 3 5f x x x x= − +  ,d cgqin iQyu gSA

(iv) lHkh x R∈ ds fy, ( )
x 3

f x
3 x

−
=

+

 ,d ifjes; iQyu gSA

(v) ( )
5

f x
3

=  ,d ifjes; iQyu gSA

(vi) ( )
1

f x
x

=  dk izkUr 0 osQ vfrfjDr lHkh okLrfod la[;kvksa dk leqPp; gSA

 (vii) lksiku iQyu u rks le gS u fo"ke

2. fuEufyf[kr esa ls dkSu ls iQyu le rFkk dkSu ls fo"ke iQyu gSaA

(a) ( )

2x 1
f x

x 1

−
=

+

(b)   ( )

2

2

x
f x

5 x
=

+

(c) ( )
2

1
f x

x 5
=

+

(d) ( )
3

2
f x

x
= (e)   ( )

2

x
f x

x 1
=

+

 (f)  ( )
5

f x
x 5

=

−

(g) ( )
x 3

f x
3 x

−
=

+

(h)  ( ) 3f x x x= −

3. iQyu y [x] 2= −  dk xzkiQ [khafp,A

4. fuEufyf[kr iQyuksa dk cgqin iQyu] ifjes; iQyu] izfrykse iQyu vFkok vpj iQyu esa
oxhZdj.k dhft, %

(a) 8 7 5y 3x 5x 8x= − +    (b)
2

3

x 2x
y

x 2x 3

+
=

− +

, 3x 2x 3 0− + ≠

(c)
2

3
y

x
= , x 0≠   (d)

2x 1
y 3 , x 0

x

+
= + ≠

(e)
1

y 1 , x 0
x

= − ≠   (f)
2x 5x 6

y , x 2
x 2

− +
= ≠

−

   (g) 
1

y
9

= .

 2-6 iQyuksa dk ;ksx] vUrj] xq.kk ,oa Hkkx

(i) nks okLrfod Qyuksa dk ;ksxnks okLrfod Qyuksa dk ;ksxnks okLrfod Qyuksa dk ;ksxnks okLrfod Qyuksa dk ;ksx %%%%

eku yhft, fd f : X → R rFkk g : X → R dksbZ nks okLrfod Qyu gSa tgk¡
X ⊂ R gS] rc ge lHkh x ∈ R ds fy, (f + g) : X → R bl izdkj ifjHkkf"kr djrs gSa %
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(f + g)(x) = f(x) + g(x), lHkh x ∈X

ekuk f(x) = x2, g(x) = 2x + 1, x ∈X

rc (f + g) (x) = f(x) + g(x) = x2 + 2x + 1

(ii) ,d okLrfod Qyu esa ls nwljs dks ?kVkuk,d okLrfod Qyu esa ls nwljs dks ?kVkuk,d okLrfod Qyu esa ls nwljs dks ?kVkuk,d okLrfod Qyu esa ls nwljs dks ?kVkuk

eku yhft, fd f : X → R rFkk g : X → R dksbZ nks okLrfod Qyu gSa tgk¡
X ⊂ R gS, rc ge (f – g) : X → R dks bl izdkj ifjHkkf"kr djrs gSaA

(f – g)x = f(x) – g(x), lHkh x ∈X ds fy,

ekuk f(x) = x2, g(x) = 2x + 1, x ∈X

(f – g) (x) = f(x) – g(x) = x2 – (2x + 1) = x2 – 2x – 1

(iii) nks okLrfod Qyuksa dk xq.kunks okLrfod Qyuksa dk xq.kunks okLrfod Qyuksa dk xq.kunks okLrfod Qyuksa dk xq.ku

nks okLrfod Qyuksa f : X → R rFkk g : X → R dk xq.kuQy ,d Qyu f . g : X →

R gS tks fuEu izdkj ls ifjHkkf"kr fd;k tkrk gS

(f g) (x) = f(x) . g(x) lHkh x ∈X ds fy,

ekuk f(x) = x2, g(x) = 2x + 1, x ∈X

rc  (f . g)(x) = f(x) . g(x) = x2 . (2x + 1) = 2x3 + x2

(iv) nks okLrfod Qyuksa dk HkkxQynks okLrfod Qyuksa dk HkkxQynks okLrfod Qyuksa dk HkkxQynks okLrfod Qyuksa dk HkkxQy

eku yhft, fd f rFkk g,  X → R }kjk ifjHkkf"kr nks okLrfod Qyu gSa] tgk¡

X ⊂ R gS. f ls g dk HkkxQy] ftls 
f

g
 ls fu:fir djrs gSa] ,d Qyu gS ftls fuEu

izdkj ls ifjHkkf"kr fd;k tkrk gS %

f
x

g

 
  

 =
( )

( )

f x

g x
, tgk¡ g(x) ≠ 0, x ∈ X

ekuk f (x)= x2, g(x) = 2x + 1

rc ( )
f

x
g

 
  

 =

2( ) 1
,

( ) 2 1 2

f x x
x

g x x

−

= ≠

+

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 2.17.  eku yhft, ( )f x x=  rFkk g(x) = x, _.ksÙkj okLrfod la[;kvksa ds fy,

ifjHkkf"kr nks Qyu gSa] rks (f + g)(x), (f – g)(x), (f g)(x) rFkk ( )
f

x
g

 
  

 Kkr dhft,A

gy gy gy gy : ;gk¡ gesa fn;k gqvk gS fd ( ) , ( )f x x g x x= =

rc (f + g)(x) = f(x) + g(x) = x x+

(f – g)(x) = f(x) –g(x) = x x−

(f g)(x) = f(x) . g(x) = 3 2.x x x=

( )
f

x
g

 
  

 =

1

2
( )

, 0
( )

f x x
x x

g x x

−

= = ≠
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      ns[ksa vkius fdruk lh[kk 2-6

1. ,d Qyu f(x) = 3x + 4 }kjk ifjHkkf"kr fd;k x;k gSA fuEufyf[kr dk eku Kkr dhft, %

(i) f(0) (ii) f(7) (iii) f(–3)

2. ekuk f, g : R → R Øe'k% f(x) = x + 1, g(x) = 2x – 3 ls ifjHkkf"kr fd, x, gSaA

(f + g), (f – g) (f g) rFkk 
f

g

 
  

 Kkr dhft,A

� nks leqPp;ksa A rFkk B dk dkrhZ; xq.ku mu lHkh Øfer ;qXeksa dk leqPp; gksrk gS tks A rFkk
B osQ vo;o gksrs gSaA bls A B×   ls izn£'kr djrs gSa] vFkkZr

( ){ }A B a, b : a A b B× = ∈ ∈vkjS .

� laca/ R, A B×  dk mileqPp; gksrk gS tgk¡ A  vkSj B leqPp; gS vFkkZr

( ){ }R A B a, b : a A b B aRb⊆ × = ∈ ∈vkjS vkjS

� iQyu ,d fo'ks"k izdkj dk lEcU/ gksrk gSA

� iQyu f : A B, A→  ls B ij laxrrk dk ,d fu;e gksrk gS rkfd A  dk izR;sd vo;o B osQ
,d vf}rh; vo;o ls lEc¼ gksA

� iQyu] Øfer ;qXeksa osQ leqPp; ls Hkh crk;k tk ldrk gSA

� eku yhft, fd f, A dk B ij ,d iQyu gS] rks

izkUr % iQyu ‘f’ osQ Øfer ;qXeksa osQ izFke vo;oksa dk leqPp; gksrk gSA

ifjlj % iQyu f osQ Øfer ;qXeksa osQ f}rh; vo;oksa dk leqPp; gksrk gSA

� iQyu dks ,d lehdj.k osQ :i esa Hkh fy[kk tk ldrk gSA tSls y f (x)=

tgk¡ x Lora=k pj gS vkSj ‘y’ vkfJr pj gSA

izkUr % Lora=k pj dk leqPp;

ifjlj % vkfJr pj dk leqPp;

� izR;sd lehdj.k iQyu fu:fir ugha djrkA

� mèokZ/j js[kk tk¡pµxzkiQ iQyu gS ;k ugha] dh tk¡p djus osQ fy, ge y-v{k osQ lekUrj ,d
js[kk [khaprs gSaA ;fn ;g js[kk xzkiQ dks ,d ls vf/d fcUnqvksa ij dkVrh gS rks xzkiQ iQyu
iznf'kZr ugha djrkA

� ,d iQyu ,d vUrjky esa ,dfn"V dgykrk gS ;fn og ml vUrjky esa ;k rks o/Zeku gks ;k
ßkleku gksA

C

A1

% + vkb;s nksgjk,¡
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� ,d iQyu le iQyu dgykrk gS ;fn ( ) ( )f x f x= −  vkSj fo"ke iQyu ;fn

( ) ( )f x f x ,− = −  tgk¡ x, x f− ∈ dk izkUrA
� f, g : X → R rFkk X ⊂ R, rc

(f + g)(x) = f(x) + g(x), (f – g)(x) = f(x) – g(x)

(f . g)x = f(x) . g(x), 
( )

( ) , ( ) 0
( )

f f x
x g x

g g x

 
= ≠  

� ,d okLrfod Qyu] okLrfod la[;kvksa dk leqPp; gksrk gS ;k buesa ls blds mileqPp;
blds izkar rFkk ifjlj nksuksa gSaA

       lgk;d osclkbZV

� http://www.bbc.co.uk/education/asguru/maths/13pure/02functions/06composite/

index.shtml

� http://en.wikipedia.org/wiki/functions

� http://en.wikipedia.org/wiki/relations

1. fn;k gS A {a, b, c},=  rFkk B {2, 3}= _ A A ls B ij osQ laca/ksa dh la[;k Kkr dhft,A

2. fn;k gS { }A 7, 8, 9 ,=  rFkk { }B 9,10,11 ,=  lR;kfir dhft, fd

(i) ( ) ( ) ( )A B C A B A C× ∩ = × ∩ × (ii) ( ) ( ) ( )A B C A B A C× ∪ = × ∪ ×

3. fuEufyf[kr esa ls dkSu ls lehdj.k iQyu iznf'kZr djrs gSaA izR;sd fLFkfr esa x R∈ gSA

(a) 
2x 3 4

y , x
4 5x 5

+
= ≠

−

(b)  
3

y , x 0
x

= ≠ (c) 
2

3
y , x 4, 4

x 16
= ≠ −

−

 (d) y x 1, x 1= − ≥ (e) 
2

1
y

x 1
=

+

(f) 2 2x y 25+ =

4. fuEufyf[kr iQyuksa osQ izkUr rFkk ifjlj fyf[k, %

( ) ( ) ( ) ( ) ( ){ }1f : 0,1 , 2, 3 , 4, 5 6, 7 , ........ 100,101

( ) ( ) ( ){ }2f : 2, 4 , 4,16 , 6, 36 ........− − −

( )3
1 1 1

f : 1,1 , , 1 , ,1 , 1 , ........
2 3 4

      
− −      

      

( ) ( ) ( ){ }4f : ........ 3, 0 , 1, 2 , 4, 1− −

( ) ( ) ( ) ( ) ( ) ( ){ }5f : ........ 3, 3 , 2, 2 , 1,1 0, 0 1,1 , 2, 2 , ........− − −

5. fuEufyf[kr iQyuksa osQ izkUr fyf[k, %

(a) ( ) 3f x x= (b) ( )
2

1
f x

x 1
=

−

vkb, vH;kl djsa



xf.kr 47

laca/ ,oa iQyu-I

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

(c) ( )f x 3x 1= + (d) ( )

( ) ( )

1
f x

x 1 x 6
=

+ +

(e) ( )

( ) ( )

1
f x

x 1 2x 5
=

− −

6. fuEufyf[kr iQyuksa osQ ifjlj fyf[k, %

(a) y 3x 2, x R= + ∈ (b) { }
1

y , x R 2
x 2,

= ∈ −

−

(c) { }
x 1

y , x 0, 2, 3, 5, 7, 9
x 1

−
= ∈

+

(d) 
2

y ,
x

=  x R+∈  (lHkh ½.ksrj okLrfod eku)

7. uhps fn, x, iQyuksa osQ xzkiQ [khafp, %

(a) 2y x 3, x R= + ∈ (b) { }
1

y , x R 2
x 2

= ∈ −

−

(c) { }
x 1

y , x 0, 2, 3, 5, 7, 9
x 1

−
= ∈

+

(d) 
1

y , x R
x

+= ∈ .

8. fuEufyf[kr esa dkSu&dkSu ls xzkiQ iQyu iznf'kZr djrs gSa %
(a) Y

X

Y′

X′

O

(b)  Y

X

Y′

X′

O

     fp=k 2.36                 fp=k 2.37

(c) Y

X

Y′

X′

O

(d) Y

X

Y′

X′

O

          fp=k 2.38          fp=k 2.39

(e)

Y′

X′ X

Y

O

(f)  

Y′

X′ X

Y

O

              fp=k 2.40          fp=k 2.41
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(g)

O
X

Y′

X′

Y (h) 

O
X

Y′

X′

Y

           fp=k 2.42                     fp=k 2.43

9. fuEufyf[kr iQyuksa esa dkSu ls ifjes; iQyu gSa \

(a) ( ) { }
2x 3

f x , x R 2
x 2

−
= ∈ − −

+

    (b) ( )
x

f x , x R
x

+
= ∈

(c) ( ) { }
2

x 2
f x , x R 2

x 4x 4

+
= ∈ − −

+ +

(d) y x, x R= ∈

10. fuEufyf[kr iQyuksa esa dkSu ls cgqin iQyu gS \

(a) ( ) 2f x x 3 x 2= + + (b)  ( ) ( )
2

f x x 2= +

(c) ( ) 3 4f x 3 x 2x x= − + − (d) ( )f x x x 5, x 0= + − ≥

(e) ( ) ( )2f x x 4, x 2, 2= − ∉ −

11. fuEufyf[kr iQyuksa esa dkSu ls le iQyu gS vkSj dkSu ls fo"ke iQyu gSa\

(a) ( ) [ ]2f x 9 x x 3, 3= − ∈ − (b)  ( )

2

2

x 1
f x

x 1

−
=

+

(c) ( )f x x= (d)  ( ) 5f x x x= −

(e)

O
X

Y′

X′

Y (f)

O
X

Y′

X′

Y

fp=k 2.44                   fp=k 2.45
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(g)

O
X

Y′

X′

Y

         fp=k 2.46

12. ekuk ,d Qyu f,  f(x) = 5x2 + 2, x ∈R ls ifjHkkf"kr gS

(i) f ds varxZr 3 dh izfrfcEc Kkr dhft,A

(ii) f(3) × f(2) Kkr dhft,A

(iii) x Kkr dhft, tcfd f(x) = 22

13. ekuk f(x) = x + 2 rFkk g(x) = 2x – 3 nks okLrfod Qyu gSaA fuEufyf[kr Qyuksa dks
Kkr dhft, %

(i) f + g (ii) f – g

(iii) f . g (iv)
f

g

14. ;fn f(x) = (2x + 5), g(x) = x2 – 1 nks okLrfod eku Qyu gSaA fuEufyf[kr Qyuksa
dks Kkr dhft, %

(i) f + g (ii) f – g (iii) f g

(iv)
f

g
(v)

g

f

ns[ksa vkius fdruk lh[kk 2.1

2. ( ) ( ) ( ) ( ){ }2,1 , 4,1 , 2, 4 , 4, 4 .

3. (i) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }R 4, 2 , 4, 4 , 6, 2 , 6, 3 , 8, 2 , 8, 4 , 10, 2 , 10, 5= .

(ii) R dk izkar] { }R 4, 6, 8,10= .

(iii) R dk ifjlj] { }R 2, 3, 4, 5= .

4. (i) ( ) ( ){ }R 1, 8 , 2, 4= .

(ii) R dk izkar] { }R 1, 2= ,

(iii) R dk ifjlj] { }{ }R 1, 2 8, 4=

mÙkjekyk
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5. (i) ( ) ( ) ( ) ( ) ( ) ( ){ }R 2, 4 , 3, 9 , 5, 25 , 7, 49 , 11,121 , 13,169=

      R dk izkar] { }R 2, 3, 5, 7,11,13= ,

      R dk ifjlj] { }R 4, 9, 25, 49,121,169= .

6. (i)  R dk izkar  = φ

(ii)  R dk izkar  = φ

(iii) R dk ifjlj = φ

7. x = 2, y = 3.

8. {(–1, –1, –1), (–1, –1, 1), (–1, 1, –1), (–1, 1, 1), (1, –1, –1), (1, –1, 1), (1, 1, –1), (1, 1, 1)}

9. A = {a, b}, B = {x, y}         10. 18

ns[ksa vkius fdruk lh[kk 2.2

1. (a), (c), (f)

2. (a), (b)

3. (a), (d)

4. (a) izkar { }2, 5, 3 ,=  ifjlj { }2, 1, 5= −

(b) izkar { }3, 2, 1= − − − , ifjlj { }
1

2
=

(c) izkar { }1, 0, 2, 1 ,= −  ifjlj { }1, 0, 2, 1= − ,

(d) izkar = {nhid] lanhi] jktu } ifjlj = {16, 28, 24}.

5. (a) izkar  = {1, 2, 3}, ifjlj = {4, 5, 6}, (b) izkar = {1, 2, 3}, ifjlj = {4}

(c) izkar = {1, 2, 3}, ifjlj = {1, 2, 3}, (d) izkar = {xxu] jke] lfyy} ifjlj = {8, 9, 5}.

(e) izkar = {a, b, c}, ifjlj = {2, 4}

ns[ksa vkius fdruk lh[kk 2.3

1. (a) (i) izkar  = okLrfod la[;kvksa dk leqPp;

(ii) izkar  = okLrfod la[;kvksa dk leqPp;

(iii) izkar  = okLrfod la[;kvksa dk leqPp;
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(b) (i) izkar  { }
1

R
3

= − (ii) izkar  { }
1

R , 5
4

= − −

(iii) izkar  { }R 3, 5= − (iv) izkar  { }R 3, 5= −

(c) (i) izkar  { }x R : x 6= ∈ ≤ , (ii) izkar  { }x R : x 7= ∈ ≥ −

(iii) izkar  { }
5

x : x R, x
3

= ∈ ≥ −

(d) (i) izkar  { }x : x R 3 x 5= ∈ ≤ ≤vkSj , (ii) izkar { }x : x R x 3, x 5= ∈ ≥ ≤ −

(iii) izkar { }x : x R x 3, x 7= ∈ ≥ − ≤ − , (iv) izkar  { }x : x R x 3, x 7= ∈ ≥ ≤ −

2. (a) (i) ifjlj { }13, 25, 31, 7, 4= , (ii) ifjlj { }19, 9, 33,1= ,  (iii) ifjlj { }2, 4, 8,14, 22=

(b) (i) ifjlj ( ) ( ){ }f x : 2 f x 2= − ≤ ≤  (ii) ifjlj ( ) ( ){ }f x : 1 f x 10= ≤ ≤

(c) (i)  ifjlj ( ) ( ){ }f x : 1 f x 25= ≤ ≤  (ii) ifjlj ( ) ( ){ }f x : 6 f x 6= − ≤ ≤

(iii) ifjlj ( ) ( ){ }f x : 1 f x 5= ≤ ≤   (iv) ifjlj ( ) ( ){ }f x : 0 f x 5= ≤ ≤

(d) (i)  ifjlj = R (ii) ifjlj = R

(iii) ifjlj = R (iv) ifjlj ( ) ( ){ }f x : f x 0= <

(v) ifjlj ( ) ( ){ }f x : 1 f x 0= − ≤ <

(vi)  ifjlj ( ) ( ){ }f x : 0.5 f x 0= ≤ <

(vii) ifjlj ( ) ( ){ }f x : f x 0= >

(viii) ifjlj : x 5= −  ds vfrfjDr ( )f x  ds lHkh ekuA

ns[ksa vkius fdruk lh[kk 2.4

1. (i) ugha    (ii) gk¡

2. (a)

O
X

Y′

X′

Y

(0, 0)

(b)  

O
X

Y′

X′

Y

(0, 0)

fp=k 2.47       fp=k 2.48
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(c) 

O
X

Y′

X′

Y

(0, –2)

(d)

O
X

Y′

X′

Y

(0, 0)

(0, 5)

fp=k 2.49 fp=k 2.50

(e)

O
X

Y′

X′

Y

(0, 0)

(0, 1)

(f)

O
X

Y′

X′

Y

(0, 1)

fp=k 2.51 fp=k 2.52

3. (c), (d) vkSj (e).

ns[ksa vkius fdruk lh[kk 2.5

1. v, vi, vii  lR; dFku gSaA (i), (ii), (iii), (iv)  vlR; dFku gSaA

2. (b), (c) le iQyu gSa rFkk (d), (e), (h) fo"ke iQyu gSaA

3.

–3

X
431–1–2

–1

–2

–4

1

2

3

4

Y

X′

Y′

2

      fp=k 2.53
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4. (a) cgqin iQyu (b) ifjes; iQyu (c) ifjes; iQyu (d) ifjes; iQyu

(e) ifjes; iQyu (f) ifjes; iQyu (g) vpj iQyu

ns[ksa vkius fdruk lh[kk 2.6

1. (i) 4 (ii) 25 (iii) –5

2. (f + g)x = 3x – 2 = 3x – 2, (f – g)x = 4 – x,

(f ⋅ g)x = 2x2 – x – 3, 
x +1 3

x = ,x
g 2x -3 2

f 
≠ 

 

vkb, vH;kl djsa

1. 62  vFkkZr~ 64

3. (a), (b), (c), (d), (e) iQyu gSaA

4. { }1f : 0, 2, 4, 6, ......100− =izkra , { }1, 3, 5, 7, ......101=ifjlj .

{ }2f : 2, 4, 6, ......− = − − −ikz ra , { }4,16, 36, ......=ifjlj .

{ }3
1 1 1

f : 1, , , , ......
2 3 4

− =izkra , { }1, 1= −ifjlj .

 { }4f : 3, 1, 4− = −izkar , { }0, 2, 1= −ifjlj .

  { }5f : ...... 3, 2, 1, 0, 1, 2, 3, ......− = − − −ikz ar , { }0,1, 2, 3, ......=ifjlj

5. (a) R=ikz ra (b) { }R 1,1= − −ikz ar ,

 (c) 
1

x
3

= ≥ −ikz ar  V x R∈ (d) x 1, x 6= ≥ − ≤ −ikz ar

(e)  
5

x , x 1.
2

= ≥ ≤ikz ar

6. (a) izkar = R (b) ifjlj x 2= =  ij y ds lHkh eku

(c)  izkar   { }
1 1 2 3 4

1, , , , ,
3 2 3 4 5

= − (d)  izkar  =  x > 0  ds fy,  y ds lHkh eku

8. (a), (c), (e), (f), (h).

9. (a), (c) 10. (a), (b), (c)

11. le iQyu : (a), (b), (c), (f), (g), fo"ke iQyu : (d), (e)

12. (i) f(3) = 47,  (ii) f(3) × f(2) = 1034, (iii) x = 2, –2
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13. (i) f + g = 3x – 1, (ii) f – g = – x + 5,

(iii) fg = 2x2 + x – 6 (iv)
2 3

,
2 3 2

xf
x

g x

+

= ≠

−

14. (i) f + g = x2 + 2x + 4 (ii) f – g = –x2 + 2x + 6

(iii) f . g = 2x3 + 5x2 – 2x – 5 (iv) 2

2 5
, 1

1

xf
x

g x

+

= ≠ ±

−

(v)

2 1 5
,

2 5 2

xg
x

f x

− −

= ≠

+
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3

f=kdks.kferh; iQyu- I

vki fiNyh d{kkvksa esa] f=kdks.kferh; vuqikrksa osQ ckjs esa i<+ pqosQ gSaA ;kn dhft, fd geus ,d
ledks.k f=kHkqt dh Hkqtkvksa osQ vuqikrksa dks fuEu izdkj ls ifjHkkf"kr fd;k Fkk %

c a c
sin ,cos , tan

b b a
θ = θ = θ =  vkSj 

b b a
cosec , sec , cot

c a c
θ = θ = θ =

geus bu f=kdks.kferh; vuqikrksa ds chp esa lEcU/ksa dks
Hkh LFkkfir fd;k Fkk] tSls%

2 2 2 2 2 2sin cos 1, sec 1 tan , cosec 1 cotθ + θ = θ = + θ θ = + θ

vHkh rd izkIr tkudkjh dks ge iQyuksa osQ :i esa Hkh crkus dk
iz;kl djsaxsA

bl ikB esa ge f=kdks.kferh; foKku dks iQyukRed mixeu
(Functional Approach) dk mi;ksx djrs gq, fodflr djsaxsA ge
bdkbZ o`̀̀Ùk dk mi;ksx djrs gq,] f=kdks.kferh; iQyuksa dh vo/kj.kk dks fodflr djsaxsA ge dks.k
dh jsfM;u eki dk o.kZu djsaxs vkSj f=kdks.kferh; iQyuks a dks ifjHkkf"kr djsaxsA tSls%
y sin x, y cos x, y tan x, y cot x, y sec x, y cosecx, y a sin x, y bcos x= = = = = = = =  bR;kfn] tgk¡
x vkSj y okLrfod la[;k,¡ gSaA ge y sin x, y cos x, y tan x,= = =  y cot x, y secx, y cosecx,= = =

y a sin x, y a cos x= =  bR;kfn tSls iQyuksa dk vkys[k Hkh [khpsaxsA

   mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs %

• /ukRed rFkk Í.kkRed dks.kksa dks ifjHkkf"kr djuk

• fMxzh vkSj jsfM;u dks ,d dks.k dh eki ds :i esa ifjHkkf"kr djuk

• ,d dks.k dh eki dks fMxzh ls jsfM;u esa rFkk jsfM;u ls fMxzh esa cnyuk

• lw=k r= θl dks crkuk] tcfd r rFkk θ  osQ lkekU; vFkZ gSa

• lEcU/ r= θl  dk mi;ksx djrs gq,] iz'uksa dks gy djuk

• ,d okLrfod la[;k ds f=kdks.kferh; iQyu dks ifjHkkf"kr djuk

• f=kdks.kferh; iQyuksa ds vkys[kksa dks [khapuk vkSj

• f=kdks.kferh; iQyuksa ds vkys[kksa ls fu"d"kZ fudkyuk

fp=k 3.1

C
θ

B a

bc

A
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iwoZ Kku
• ,d dks.k dh ifjHkk"kk

• ljy dks.k] ledks.k vkSj laiw.kZ dks.k dh vo/kj.kk,¡

• oÙ̀k vkSj mlls lEcfU/r vo/kkj.kk;sa

• fo'ks"k xq.kuiQy% ( )
2 2 2a b a b 2ab± = + ± , ( ) ( )

3 3 3a b a b 3ab a b± = ± ± ±

• ikbFkkxksjl izes; vkSj ikbFkkxksjh; la[;kvksa dk Kku

3.1 ,d dks.k dh o`Ùkh; eki
,d dks.k nks fdj.kksa dk lfEeyu gS ftudk izkjfEHkd fcUnq mHk;fu"B gksrk gSA dks.k fdj.k osQ
izkjfEHkd fcUnq ds fxnZ ?kweus ls Hkh curk gSA Í.kkRed ;k /ukRed dks.kksa dk cuuk fdj.k ds
nf{k.kkorZ ;k okekorZ ?kqeko ij fuHkZj djrk gSA

3.1.1 bdkbZ oÙ̀k

,slk ns[kk tk ldrk gS fd tc ,d js[kk[k.M izkjfEHkd fcUnq ds fxnZ ,d pØ iwjk djrk gS] rks
mldk vUr fcUnq ,d oÙ̀k cukrk gSA ;fn bl js[kk[kaM dh yEckbZ ,d bdkbZ gks] rks oÙ̀k ds v/
ZO;kl dh yEckbZ Hkh ,d bdkbZ gksxh vkSj oÙ̀k ,d bdkbZ oÙ̀k dgyk,xkA

3.1.2 jsfM;u

va'k ;k fMxzh eki ds vfrfjDr jsfM;u] dks.k eki dk nwljk ek=kd gSA jsfM;u ò̀Ùk osQ osQUnz ij cus
dks.k oQks ekius dh bdkbZ gS] tc ;g dks.k òÙk osQ osQUnz ij v/ZO;kl (r) osQ rqY; pki ls cuk gksA

tc ,d bdkbZ pki }kjk bdkbZ oÙ̀k ds osQUnz ij ,d dks.k cuk;k tkrk gS] rks mldh eki ,d jsfM;u
gksrh gSA

r = 1
X

r = 1
θ

0

Y

X′

Y′

fp=k 3.2

fVIi.kh% jsfM;u ,d vpj eki dk dks.k gksrk gS vFkkZr~ ,d oÙ̀k dk pki] ftldh yEckbZ oÙ̀k
dh f=kT;k osQ cjkcj gks] osQ }kjk osQUnz ij cuk, x, dks.k dh eki ges'kk leku gksrh gS] pkgs
oÙ̀k dh f=kT;k tks Hkh gksA

3.1.3 va'k (fMxzh) vkSj  jsfM;u dks.kksa esa lEca/

;fn bdkbZ pki }kjk oÙ̀k osQ osQUnz ij cus dks.k dh eki 1 jsfM;u gS] rks oÙ̀k dh ifjf/ 2π  }kjk
oÙ̀k osQ osQUnz ij cus dks.k dh eki 2π  jsfM;u gSA ( r 1)=Q

∴    2π  jsfM;u = 360°  ⇒ π jsfM;u = 180°
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2

π

 jsfM;u  =  90°  ⇒  
4

π

  jsfM;u  =  45°

vkSj 1 jsfM;u = 
360

2

°

 
 

π 
 = 

180
°

 
 

π 
 ;k 1° = 

2

360

π

 jsfM;u = 
180

π

 jsfM;u

mnkgj.k 3.1.  cnfy, %

(i) 90º dks jsfM;u esa (ii) 15º dks jsfM;u esa

(iii) 
6

π

 jsfM;u dks va'k esa (iv) 
10

π

 jsfM;u dks va'k esa

gy % (i)      1°  = 
2

360

π

jsfM;u ⇒  90° = 
2

90
360

π
× jsfM;u ;k 90° = 

2

π

 jsfM;u

(ii) 15° = 
2

15
360

π
×  jsfM;u ;k 15° = 

12

π

jsfM;u

(iii)      1 jsfM;u = 
360

2

°

 
 

π 
 ⇒ 

6

π

 jsfM;u = 
360

2 6

°

π 
× 

π 
 ⇒ 

6

π

 jsfM;u = 30°

(iv)    
10

π

 jsfM;u = 
360

2 10

°

π 
× 

π 
 ;k 

10

π

 jsfM;u = 18°

    ns[ksa vkius fdruk lh[kk 3.1

1. fuEufyf[kr dks.kksa (va'k esa) dks jsfM;u esa cnfy;s %

(i)  60° (ii)    15°       (iii)   75°   (iv)   105°    (v)   270°

2. fuEufyf[kr dks.kksa dks va'k (fMxzh) esa cnfy;s %

(i) 
4

π

(ii)  
12

π

 (iii)    
20

π

      (iv)   
60

π

      (v)    
2

3

π

3. ,d f=kHkqt osQ dks.k 45º ,65º  vkSj 70º  gSA bu dks.kksa dks jsfM;u esa O;Dr dhft,A

4. ,d prqHkqZt osQ rhu dks.k ,
6 3

π π

 vkSj 
2

3

π

 gaSA prqHkqZt osQ pkSFks dks.k dks jsfM;u esa Kkr

dhft,A

5.
6

π

 dk iwjd dks.k jsfM;u esa Kkr dhft,A

3.1.4 pki dh yEckbZ vkSj o`Ùk dh f=kT;k osQ chp lEca/

,d f=kT;k dks.k (,d jsfM;u dk dks.k) dsUnz ij ml pki }kjk cuk;k tkrk gS] ftldh yEckbZ o`̀Ùk
dh f=kT;k osQ cjkcj gksA nks jsfM;u dk dks.k dsUnz ij ml pki }kjk cuk;k tkrk gS ftldh yEckbZ
f=kT;k ls nqxquh gks] ;fn pki dh eki f=kT;k dh  2½ xquh gks] rks dks.k dh eki  2½ jsfM;u gksxhA
mijksDr lHkh oqQN dks ge bl lkj.kh ls i<+ ldrs gSa%
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pki dh yEckbZ (l) oÙ̀k (f=kT;k = r) ds osQUnz ij cuk dks.k θθθθ (jsfM;u esa)

r 1

2r 2

(2½)r 2½

4r 4

blfy,] 
r

θ =
l

   ;k r= θl  tcfd r = f=kT;k]

θ =  osQUnz ij cuk dks.k (jsfM;u esa) vkSj l  = pki dh yEckbZ

vr%] ge dg ldrs gS fd osQUnz ij cuk dks.k] pki dh yEckbZ vkSj oÙ̀k dh f=kT;k osQ
vuqikr osQ cjkcj gksrk gSA

fVIi.kh% mijksDr lacU/ ij igq¡pus osQ fy, geus dks.k osQ jsfM;u eki dk mi;ksx fd;k gS u

fd va'k eki dkA bl izdkj] laca/ 
r

θ =
l
 dsoy rHkh ekU; gS] tc dks.k dks jsfM;u esa ekik

x;k gksA

mnkgj.k 3.2.  10 lseh yEckbZ okys pki }kjk oÙ̀k osQ osQUnz ij cuk;s x;s dks.k dh eki jsfM;u

esa Kkr dhft,] tcfd oÙ̀k dh f=kT;k 35 lseh gSA

gy %  l = 10lsehú vkSj r = 35 lseh

r
θ =

l
 jsfM;u ;k 

10

35
θ =  jsfM;u ;k 

2

7
θ =  jsfM;u

mnkgj.k 3.3.   ,d oÙ̀kh; iVjh ij ,d jsy lM+d oØ cukuk gSA bl oÙ̀kh; iVjh dk v/ZO;kl

D;k gksxk] ;fn jsy lM+d oØ 500 eh dh nwjh esa  45º dk dks.k ?kwerk gS \

gy % dks.k θ  fMxzh esa fn;k gqvk gSA lw=k r= θl  dk mi;ksx djus osQ fy,] igys dks.k θ  dks
jsfM;u esa cnyuk gksxkA

45 45
180

π
θ = ° = ×  jsfM;u =

4

π

 jsfM;u ....(1)

vc l = 500 eh ....(2)

l = r θ  ⇒  r =

θ

l
      ∴  500

r

4

=
π

 [ (1) vkSj (2) osQ iz;ksx ls]

4
500= ×

π

 eh = 2000 ×0.32 eh 
1

0.32
 

= 
π 

 = 640 eh

mnkgj.k 3.4.  ,d jsyxkM+h ,d oÙ̀kh; iVjh ij 60 fdeh izfr ?kaVk dh pky ls py jgh gSA ;fn

oÙ̀kh; iVjh dh f=kT;k 
5

6
 fdeh gS] rks og 15 lsoaQM esa fdrus jsfM;u dk dks.k ?kwe tk;sxhA
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gy % jsyxkM+h dh pky 60 fdeh izfr ?kaVk gSA 15 lsoaQM esa ;g xkM+h 
60 15

60 60

×

×

1

4
=  fdeh pysxhA

∴ l
1

4
=  fdeh vkSj 

5
r

6
=  fdeh            ∴  

1

4
5r

6

θ= =
l

 jsfM;u  
3

10
= jsfM;u

  ns[ksa vkius fdruk lh[kk 3.2

1. fuEufyf[kr dks.kksa dks jsfM;u esa cnfy;s %
(a) 30°   (b) 60°    (c) 150°

2. fuEufyf[kr dks.kksa dks va'kksa (fMxzh) esa cnfy;s %

(a) 
5

π

 (b) 
6

π

   (c) 
9

π

3. ;fn oÙ̀k dh f=kT;k 15 lseh gks] rks 2.5 lseh yEckbZ dh eki ds pki }kjk osQUnz ij cuk;s
x, dks.k dh eki va'kksa vkSj jsfM;uksa esa Kkr dhft,A

4. ,d jsyxkM+h ,d oÙ̀kh; iVjh ij 20 fdeh izfr ?kaVk dh pky ls py jgh gSA ;fn oÙ̀kh; iVjh

dh f=kT;k 
1

12
 fdeh gks] rks xkM+h 3 lsoaQM esa fdrus jsfM;u dk dks.k ?kwe tk,xh \

5. ,d oÙ̀kh; iVjh ij ,d jsy lM+d oozQ cukuk gSA bl oÙ̀kh; iVjh dh f=kT;k D;k gksxh] ;fn
jsy lM+d oozQ 100 ehVj dh nwjh esa 60º dk dks.k ?kwerk gS \

6. fuEu lkj.kh dks l, r vkSj ^θ * osQ fy, iwjk dhft, tgk¡ ;s lkekU; vFkZ esa fy, x, gSaA

l r θθθθ

(a) 1.25 eh ....... 135°

(b) 30  lseh .......
4

π

(c) 0.5  lseh 2.5 eh ........

(d) ......... 6 eh 120°

(e) ......... 150  lseh
15

π

(f) 150  lseh 40 eh ........

(g) ........ 12 eh
6

π

(h) 1.5 eh 0.75 eh ........

(i) 25 eh ........ 75°

3.2 f=kdks.kferh; iQyu
bdkbZ oÙ̀k dh jpuk djrs le; gesa irk pyrk gS fd ‘0’ vkSj 2π  osQ chp dh izR;sd okLrfod
la[;k osQ fy, la[;kvksa x vkSj y ds ,d Øfer ;qXe dk vfLrRo gksrk gSA ;g Øfer ;qXe (x, y)

fcUnq ^P* ds funsZ'kkadksa dks fu:fir djrk gSA
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X
θ

Y

X′

Y′

P( , )x y

0
                        

X
θ

Y

X′

Y′

P( , )x y

0

(i)                                                                                    (iii)

X
θ

Y

X′

Y′

P( , )x y

0
                            

X
θ

Y

X′

Y′

P( , )x y

0

(ii)                                                                                       (iv)

fp=k 3.3

;fn ge bdkbZ òÙk ij 0ºθ =  ij fopkj djsa rks gesa ,d fcUnq izkIr gksxk ftlds funsZ'kkad (1, 0) gkasxsA

;fn 
2

π
θ =  gks] rks bdkbZ oÙ̀k ij laxr fcUnq osQ funsZ'kkad (0,1)  gksaxsA

mQij nh xbZ vkoQ̀fr;ksa ls gesa irk pyrk gS fd fcUnq dh fLFkfr pkgs oqQN Hkh gks] izR;sd okLrfod
la[;k θ  osQ fy, ,d vf}rh; Øfer ;qXe (x, y)  gksrk gSA x vkSj y dk eku Í.kkRed ;k /ukRed
gksrk gS] rFkk ;g bl ckr ij fuHkZj djrk gS fd fcUnq fdl prqFkkZa'k esa gSA

,d bdkbZ oÙ̀k esa fdlh fcUnq P(x, y)  osQ fy, f=kdks.kferh; iQyu fuEu izdkj ls ifjHkkf"kr fd,
tk ldrs gSa %

sin yθ = , cos xθ = , 
y

tan ( x 0)
x

θ = ≠tcfd

x
cot ( y 0)

y
θ = ≠tcfd , 

1
sec ( x 0)

x
θ = ≠tcfd , 

1
cosec ( y 0)

y
θ = ≠tcfd

ekuk fd fcUnq ‘P’ viuh ewy fLFkfr ls okekorZ fn'kk esa xfr djrk gSA rc pkjksa prqFkk±'kksa esa fcUnq
‘P’ dh fofHkUu fLFkfr;ksa osQ fy,] fofHkUu dks.k ' 'θ  cusaxsA Åij dh xbZ ppkZ dks ge fuEu izdkj
ls Hkh crk ldrs gSaA ' 'θ  osQ eku ij fuHkZj djrs gq,]

I prqFkk±'k esa]  x vkSj y /ukRed gksaxsA

II prqFkk±'k esa]  x ½.kkRed rFkk y /ukRed gksxkA

III prqFkk±'k esa]  x vkSj y ½.kkRed gksaxsA

IV prqFkk±'k esa]  x /ukRed rFkk y ½.kkRed gksxkA
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;k bl izdkj fy[k ldrs gSa %

I prqFkk±'k II prqFkk±'k III prqFkk±'k IV prqFkk±'k
lHkh /ukRed sine /ukRed tan /ukRed cos /ukRed

cosec /ukRed cot /ukRed sec /ukRed

fdl prqFkk±'k esa D;k /ukRed gksxk] bls ;kn j[kus osQ fy, fuEu dks nsf[k, %
lHkh sin tan cos

prqFkk±'k I II III IV

;fn ,d bdkbZ oÙ̀k esa ,d fcUnq ‘P’ osQ funsZ'kkad (x, y)

gaS vkSj bl fcUnq dh fLFkfr ls okLrfod la[;k ' 'θ  curh
gks] rc   sin θ  = y vkSj cos xθ =  gksxkA bldk vFkZ gS fd
fcUnq osQ funsZ'kkad (cos , sin )θ θ  Hkh fy[ks tk ldrs gSaA

vkÑfr 3.4 eas] vki ns[ksaxs fd tc ¯cnq ‘P’ bdkbZ oÙ̀k
ij xfr djrk gS] rks x dk eku ‘−1’ vkSj ‘+1’ osQ chp
esa fLFkr gksrk gS lkFk gh ‘y’ dh fLFkfr esa Hkh ,slh gh
gksrh gSA

bl izdkj] bdkbZ oÙ̀k ij] izR;sd ‘P’ osQ fy, 1 x 1− ≤ ≤

vkSj 1 y 1− ≤ ≤  blls ge fu"d"kZ fudkyrs gSa fd ' 'θ  osQ izR;sd eku osQ fy,] 1 cos 1− ≤ θ ≤  vkSj
1 sin 1− ≤ θ ≤

vFkkZr~ cos θ  vkSj sin θ  ds eku dHkh Hkh ‘1’ ls vf/d ugha gks ldrs gSa] rFkk –1 ls de ugha gks
ldrsA

mnkgj.k 3.5.  fuEufyf[kr iQyuksa ds fpÉ Kkr dhft;s %

(i)  sin
7

18

π

     (ii)  cos
4

9

π

      (iii)   tan
5

9

π

gy %   (i) D;ksafd 
7

18

π

 izFke prqFkk±'k esa fLFkr gS] blfy, 
7

sin
18

π

 dk fpÉ /ukRed gksxkA

(ii) D;ksafd 
4

9

π

 izFke prqFkk±'k esa fLFkr gS] blfy, 
4

cos
9

π

 dk fpÉ /ukRed gksxkA

(iii) D;ksafd 
5

9

π

 f}rh; prqFkk±'k esa fLFkr gS] blfy, 
5

tan
9

π

 dk fpÉ ½.kkRed gksxkA

mnkgj.k 3.6.   eku Kkr dhft, % (i) sin
2

π

 (ii) cos 0  (iii) tan
2

π

gy % fp=k 3.5 esa] ge ns[krs gSa fd fcUnq ‘A’ osQ funsZ'kkad (0,1)  gSaA

∴ sin 1
2

π
= ] D;ksafd sin yθ = gSA

(ii) fcUnq ‘B’ osQ funsZ'kkad (1, 0)  gSaA

∴ cos 0 1= ] D;ksafd cos xθ = gSA

fp=k 3.4

X

( , )x y

θ

Y

X′

Y′

B(1, 0)

A(0, 1)

fp=k 3.5

r = 1
X

P(cos , sin )θ θ

θ

Y

X′

Y′

(1, 0)

(0, –1)

(0, 1)

(–1, 0)
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(iii)
sin

12tan
2 0

cos
2

π

π
= =

π
, tks ifjHkkf"kr ugha gSA

vr%] tan
2

π

 ifjHkkf"kr ugha gSA

mnkgj.k 3.7.  cos θ  ds vf/dre vkSj U;wure eku fyf[k,A

gy % ge tkurs gSa fd 1 cos 1− ≤ θ ≤ gksrk gS

∴ cos θ  dk vf/dre eku ‘1’ gS vkSj U;wure eku ‘–1’ gSA

     ns[ksa vkius fdruk lh[kk 3.3

1. fuEufyf[kr osQ fpÉ Kkr dhft;s %

(i) cos
3

2π

(ii)
5

tan
6

π

(iii)
2

sec
3

π

(iv)
35

sec
18

π

(v)
25

tan
18

π

(vi)
3

cot
4

π

(vii)
8

cosec
3

π

(viii)
7

cot
8

π

2. fuEufyf[kr ds eku Kkr dhft;s %

(i) cos
2

π

(ii) sin 0 (iii)
2

cos
3

π

(iv)
3

tan
4

π

(v) sec 0 (vi) tan
2

π
(vii)

3
tan

2

π
(viii) cos 2π

3.2.1 f=kdks.kferh; iQyuksa esa lEcU/

ifjHkk"kk osQ vuqlkj]  x cos= θ , y sin= θ

D;ksafd   
y

tan
x

θ = , ( )x 0≠  gS] blfy,

     
sin

tan
cos

θ
θ =

θ
, 

n

2

π
θ ≠ , n z∈

vkSj     
x

cot
y

θ = , ( )y 0≠

vFkkZr~      
cos 1

cot
sin tan

θ
θ = =

θ θ
( )nθ ≠ π

blh izdkj,        
1

sec
cos

θ =

θ

n

2

π 
θ ≠ 
 

 vkSj 
1

cosec
sin

θ =

θ

  ( )nθ ≠ π

ikbFkkxksjl izes; dk mi;ksx dj osQ] gesa izkIr gksrk gS %  2 2x y 1+ =

vFkkZr~ ( ) ( )
2 2

cos sin 1θ + θ =  ;k 2 2cos sin 1θ + θ =θ + θ =θ + θ =θ + θ =

 fVIi.kh% 2(cos )θ  dks 2cos θ vkSj 2(sin )θ  dks 2sin θ  fy[kk tkrk gSA

fp=k 3.6

X

Y′

X′

Y

P

0

θ

( , )x y

(cos , sin )θ θ

y
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iqu% 2 2x y 1+ =  ;k 
2 2

y 1
1 ,

x x

   
+ =   
   

 x 0≠  ds fy, ;k, ( ) ( )
2 2

1 tan sec+ θ = θ

vFkkZr~ 2 2sec 1 tanθ = + θθ = + θθ = + θθ = + θ

blh izdkj, 2 2cosec 1 cotθ = + θθ = + θθ = + θθ = + θ

mnkgj.k 3.8.  fl¼ dhft;s fd 4 4 2 2sin cos 1 2 sin cosθ + θ = − θ θ

gy % ck;k¡ i{k 4 4sin cos= θ + θ  4 4 2 2 2 2sin cos 2sin cos 2sin cos= θ + θ + θ θ − θ θ

( )
2

2 2 2 2sin cos 2sin cos= θ + θ − θ θ ( )
2 2 2 21 2 sin cos sin cos 1= − θ θ θ + θ =Q

= nk;k¡ i{k

mnkgj.k 3.9.   fl¼ dhft;s fd 
1 sin

sec tan
1 sin

− θ
= θ − θ

+ θ

gy % ck;k¡ i{k 
1 sin

1 sin

− θ
=

+ θ
 

( ) ( )

( ) ( )

1 sin 1 sin

1 sin 1 sin

− θ − θ

=

+ θ − θ
 

( )
2

2

1 sin

1 sin

− θ

=

− θ

 
( )

2

2

1 sin

cos

− θ

=

θ

1 sin

cos

− θ
=

θ
 

1 sin

cos cos

θ
= −

θ θ
 sec tan= θ − θ = nk;k¡ i{k

mnkgj.k 3.10.   ;fn 
21

sin
29

θ =  gks] rks fl¼ dhft;s fd 
1

sec tan –2
2

θ+ θ =  gS] tcfd ^θ * f}rh;

prqFkk±'k esa fLFkr gSA

gy % 
21

sin
29

θ =  ge tkurs gaS fd 2 2sin cos 1θ + θ =

⇒

2
2 2 441 400 20

cos 1 sin 1
841 841 29

 
θ = − θ = − = =  

 

⇒
20

cos
29

−
θ =  ( cosθ  ½.kkRed gksxk] D;ksafd ^θ * f}rh; prqFkk±'k esa fLFkr gS)

∴

21
tan

20
θ = −  (tan ½.kkRed gksxk] D;ksafd ^θ * f}rh; prqFkk±Fk esa fLFkr gS)

∴

29 21 29 21
sec tan

20 20 20

− − − −
θ + θ = + =  

5 1
2

2 2
= − = − = nk;k¡ i{k

 ns[ksa vkius fdruk lh[kk 3.4

1. fl¼ dhft;s fd 4 4 2 2sin cos sin cosθ − θ = θ − θ

2. ;fn 
1

tan
2

θ =  gks] rks 'ks"k 5 f=kdks.kferh; iQyuksa ds eku Kkr dhft;sA ;fn ^θ * izFke

prqFkk±'k esa fLFkr gSaA
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okLrfod la[;k,¡ →

3. ;fn 
b

cos ec
a

θ =  gks] rks 'ks"k 5 f=kdks.kferh; iQyuksa ds eku Kkr dhft;s] tcfd θ igys

prqFkk±'k esa fLFkr gSA

4. fl¼ dhft;s fd 
1 cos

cos ec cot
1 cos

+ θ
= θ + θ

− θ

5. ;fn cot cos ec 1.5θ + θ =  gks] rks fl¼ dhft;s fd 
5

cos
13

θ =

6. ;fn tan sec mθ + θ =  gks] rks cos θ dk eku Kkr dhft;sA

7. fl¼ dhft;s fd ( ) ( )
2tan A 2 2 tan A 1 5 tan A 2 sec A+ + = +

8. fl¼ dhft;s fd 6 6 2 2sin cos 1 3 sin cosθ + θ = − θ θ

9. fl¼ dhft;s fd 
cos sin

cos sin
1 tan 1 cot

θ θ
+ = θ + θ

− θ − θ

10. fl¼ dhft;s fd 
tan sin

cot cos ec sec
1 cos 1 cos

θ θ
+ = θ + θ ⋅ θ

+ θ − θ

11. ;fn 
13

sec
5

=x  rFkk x  prqFkZ prqFkk±'k esa fLFkr gS] rks 'ks"k ik¡p f=kdks.kferh; iQyuksas ds eku

Kkr dhft,A

3.3 oqQN fof'k"V okLrfod la[;kvksa osQ f=kdks.kferh; iQyu

0, , ,
6 4 3

π π π

 vkSj 
2

π

 osQ f=kdks.kferh; iQyuksa osQ eku uhps rkfydk esa fn, x, gSa %

0
6

π

 
4

π

 
3

π

 
2

π

iQyu

    ↓

sin 0
1

2

1

2

3

2
1

cos 1
3

2

1

2

1

2
0

tan 0
1

3
1 3     ifjHkkf"kr ugha gS

bl rkfydk dks ;kn j[kus osQ fy,] sin iQyu dks fuEu izfr:i esa ;kn j[k ldrs gSa %

0

4
, 

1

4
, 

2

4
, 

3

4
, 

4

4

budks ljy djus ij] rkfydk esa fn, x, eku izkIr gksaxsA cosines dkslkbuksa osQ eku blosQ myVs Øe
esa gksrs gSaA

θ
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mnkgj.k 3.11.  eku Kkr dhft, %

(a) sin sin cos cos
4 3 4 3

π π π π
− (b)

2 2 24 tan cos ec cos
4 6 3

π π π
− −

gy %   (a) sin sin cos cos
4 3 4 3

π π π π
−  

1 3 1 1

2 22 2

      
= −            

 
3 1

2 2

−
=

(b) 
2 2 24 tan cos ec cos

4 6 3

π π π
− −  ( ) ( )

2
2 2 1

4 1 2
2

 
= − −  

 
 

1
4 4

4
= − −

1

4
= −

 mnkgj.k 3.12.  ;fn A
3

π
=  vkSj B

6

π
=  gks] rks lR;kfir dhft;s fd

( )cos A B cos A cos B sin A sin B+ = −

gy % ck;k¡ i{k ( )cos A B= + cos
3 6

π π 
= + 

 
cos

2

π
= = 0

nk;k¡ i{k cos cos sin sin
3 6 3 6

π π π π
= −  

1 3 3 1

2 2 2 2
= ⋅ − ⋅  

3 3
0

4 4
= − =

∴ ck;k¡ i{k = 0 = nk;k¡ i{k

vr%   cos (A + B) = cos A cos B − sin A sin B

     ns[ksa vkius fdruk lh[kk 3.5

1. eku Kkr dhft;s %

(i)
2 2 2sin tan tan

6 4 3

π π π
+ + (ii)

2 2 2 2sin cos ec sec cos
3 6 4 3

π π π π
+ + −

(iii)
2 2

cos cos sin sin
3 3 3 3

π π π π
−       (iv)  

2 2 2 24cot cos ec sec tan
3 4 3 4

π π π π
+ +

(v)
1

sin sin cos cos
6 4 3 4 4

π π π π  
+ − +  

  

2. n'kkZb, fd % 2 21 tan tan tan tan sec sec
6 3 6 3 6 3

π π π π π π   
+ + − =   

   

3. ;fn A
3

π
=  vkSj B

6

π
=  gks] rks lR;kfir dhft;s %

(i) ( )
tan A tan B

tan A B
1 tan A tan B

+
+ =

−

    (ii) ( )cos A B cos A cos B sin A sin B+ = −

4. ;fn 
4

π
θ =  gks] rks fuEufyf[kr dks lR;kfir dhft;s %   (i) sin 2 2sin cosθ = θ θ

(ii)
2 2cos 2 cos sinθ = θ − θ

22cos 1= θ −  
21 2sin= − θ
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5. ;fn A
6

π
=  gks] rks lR;kfir dhft;s %

(i)  2cos 2A 2cos A 1= −       (ii) 
2

2 tan A
tan 2A

1 tan A
=

−

    (iii) sin 2A 2 sin A cos A=

3.4 f=kdks.kferh; iQyuksa osQ vkys[k
fdlh fn, x, iQyu dks 'kh?kzrk ls le>us esa fp=k ;k vkys[kh; fu:i.k lh[kus okys o ns[kus okys
osQ efLr"d ij ,d vfeV Nki cuk nsrs gaSA iQyu osQ vkys[k osQ egRoiw.kZ gksus dk dkj.k gS fd
blls iQyu osQ cgqr ls xq.k lqfo/ktud :i esa izLrqr fd;s tk ldrs gaSA vkys[k dks ns[kdj ge
iQyu osQ cgqr ls xq.kksa dh tk¡p dj ldrs gS] tSlsµ

(i) vkofrZrk                    (ii) vUrjky ftlesa iQyu o/Zeku (increasing) ;k ßkleku (decreasing) gSA

(iii) v{kksa osQ ifjr lefefr   (iv) vkys[k ds fn, x, vUrjky esa vf/dre o U;wure fcUnq

;g vkys[k osQ oØksa osQ }kjk ifjc¼ Hkkxksa ds {ks=kiQyksa dks vklkuh ls Kkr djus esa Hkh lgk;rk
djrk gSA

3.4.1 sin θ θ θ θ dk vkys[k] tcfd ^θθθθ* dk eku lrr 0 ls 2π rd ifjofrZr (fopfjr) gksrk gSA

ekuk X 'OX  vkSj Y 'OY  funsZ'kkad v{k gSaA

osQUnz ‘O’ vkSj f=kT;k (v¼ZO;kl) OP = bdkbZ ysdj
,d oÙ̀k [khafp,A

ekuk OP, OX ls vkjEHk djosQ okekorZ fn'kk esa xfreku gS rFkk
x-v{k osQ lkFk ‘ θ ’ dks.k cukrh gS] vFkkZr~ XOP∠ = θ A
PM X 'OX⊥  [khafp,A rc sin MPθ = gksxk] D;ksafd OP 1= A

∴ sin θ  vkSj MP  osQ fopj.k ,d leku gSaA

I prqFkk±'k

tc ‘ θ ’, 0 ls 
2

π

 rd lrr~ c<+rk gS] rc MP

èkukRed gS vkSj ;g 0 ls 1 rd c<+rk gSA
∴ sin θ  /ukRed gSA

II prqFkk±'k ,
2

π 
π  

bl vUrjky esa] θ  nwljs prqFkk±'k esa gksrk gSA blfy, fcUnq ‘P’

Hkh osQoy nwljs prqFkk±'k esa vkrk gSA ;gk¡ Hkh PM y=  /ukRed

gS] ijUrq tSls&tSls ‘ θ ’, 
2

π

 ls π  rd fopj.k djrk gS bldk

eku ‘1’ ls ‘0’ rd de gksrk tkrk gS A vr% bl vUrjky esa
sin θ /ukRed gksrk gSA

fp=k 3.7

fp=k 3.8

PY

XX′

Y′

M0

θ

P Y

XX′

Y′

M 0

θ
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III prqFkk±'k 3
,

2

π 
π  

bl vUrjky esa] ‘ θ ’ rhljs prqFkk±'k esa gksrk gSA vr% fcUnq ‘P’

osQoy rhljs prqFkk±'k esa gh jgrk gSA blfy, PM y=

½.kkRed gS vkSj tSls&tSls ‘ θ ’ dk eku π  ls 
3

2

π

 rd fopj.k

djrk gSS  bldk eku ‘0’ ls −1 rd ?kVrk tkrk gSA bl vUrjky
esa sin θ  dk eku ‘0’ ls – 1 rd ?kVrk tkrk gSA vr%] bl vUrjky
esa sin θ  ½.kkRed gksrk gSA

IV prqFkk±'k 
3

,2
2

π 
π  

bl vUrjky esa] θ  pkSFks prqFkk±'k esa gksrk gSA blfy,] fcUnq P
osQoy bl pkSFks prqFkk±'k esa gh jgrk gSA ;gk¡ Hkh PM y=

½.kkRed gS] ijUrq tSls&tSls ‘ θ ’ dk eku 
3

2

π

 ls 2π  rd

fopj.k djrk gS –1 ls 0 rd c<+rk gS A vr%] bl vUrjky esa
sin θ  ½.kkRed gksrk gSA

3.4.2  sin θθθθ dk vkys[k tc θθθθ dk eku ‘0’ ls 2π 2π 2π 2π rd fopj.k djrk gSA

ekuk X 'OX  rFkk Y 'OY  bl lanHkZ esa nks funsZ'kkad v{k gSaA θ  osQ ekuksa dks x-v{k osQ vuqfn'k rFkk

sin θ  ds ekuksa dks y-v{k osQ vuqfn'k ekik tk;sxkA ( 2 , 
1

2
 vkSj 

3

2
 ds yxHkx eku Øe'k%

1.41, .707 vkSj .87 gSaA)

θ 0
6

π

3

π

2

π 2

3

π 5

6

π

π

7

6

π 4

3

π 3

2

π 5

3

π 11

6

π

2π

sin θ 0 .5 .87 1 .87 .5 0 −.5 −.87 −1 −.87 −.5 0

3
2
π

π

2

2ππ

–1

O

1

fp=k 3.11

dqN izs{k.k%
(i) sin θ  dk vf/dre eku 1 gSA

(ii) sin θ  dk U;wure eku – 1 gSA

(iii) ;g lHkh LFkku ij lrr (continuous) gSA

fp=k 3.9

fp=k 3.10

P

Y

XX′

Y′

M

0

θ

P

Y

XX′

Y′

M
0

θ
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(iv) ;g 0 ls 
2

π

 rd rFkk 
3

2

π

 ls 2π  rd o/Zeku gS rFkk 
2

π

 ls 
3

2

π

 rd ßkleku gSA

fp=k 3.11 osQ vkys[k dh lgk;rk ls ge lnSo y sin= θ  dk ,d vU; vkys[k vUrjky
[2 ,4 ]π π  esa [khap ldrs gaS (nsf[k;s fp=k 3-12)A

vki D;k ns[krs gSa\

y sin= θ  dk vkys[k vUrjky [2 ,4 ]π π  eas ogh gS] tks sin θ  dk vkys[k 0 ls 2π  osQ vUrjky
eas gSA vr% bl vkys[k dks xq.k sin (2 ) sinπ + θ = θ  dk mi;ksx djosQ [khapk tk ldrk gSA tc

' 'θ  ds eku easa '2 'π  dh of̀¼ dh tkrh gS] rc sin θ  osQ ekuksa dh iqujkof̀r gksrh gSA ;gh sin θ

dh vkofrZr (Periodicity) dgykrk gSA

π

2
3

2

π 5

2

π 7

2

π 4π3π2ππ0

y

y′

     fp=k 3.12

ge bl vko£rrk (Periodicity) osQ ckjs esa iwjh ppkZ bl ikB esa ckn esa djsaxsA

mnkgj.k 3.13. y sin 2= θ  dk vkys[k [khafp,A

gy %

θ  : 0
6

π

4

π

3

π

2

π 2

3

π 3

4

π 5

6

π

π

2 :θ 0
3

π

2

π 2

3

π

π
3

4π 3

2

π 5

3

π

2π

 sin 2 :θ 0 .87 1 .87 0 −.87 −1 −.87 0

π5

6

π3

4

π2

2

ππ

2

π

3

π

4

π

6

y′

–1

1

y

0

fp=k 3.13

;g vkys[k mlh izdkj dk gS] tSlk y sin= θ 0 2 ,≤ θ ≤ π  dk FkkA
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oqQN isz{k.k%

1. sin θ  osQ vU; vkys[kksa] tSls a sin ,θ  3 sin 2 ,θ  dks Hkh blh fof/ }kjk [khapk tk ldrk
gSA

2. sin θ  osQ vkys[k] vU; vUrjkyksa tSls [4 , 6 ],π π  [ 2 , 0],− π [ 4 , 2 ]− π − π  esa Hkh vklkuh ls
[khaps tk ldrs gSaA ;g lEc¼ dks.kksa osQ xq.kksa tSls sin ( 2 ) sin ,θ + π = θ  sin ( 2 ) sin ,θ − π = θ

vkfn dk mi;ksx djosQ fd;k tk ldrk gSA vFkkZr~ ' 'θ  osQ ekuksa esa  tc 2π  dh of̀¼
;k deh dh tkrh gS] rks sin θ dh iqujkof̀r gksrh gSA

   ns[ksa vkius fdruk lh[kk 3.6

1. varjky [0, 2 ]π  esa sin θ  ds vf/dre vkSj U;wure eku D;k gS \

2.  varjky [0, 2 ]π esa sin θ  osQ vkys[k esa lefefr dks Li"V dhft,A

3. y 2 sin= θ  dk vUrjky [0, ]π  esa vkys[k [khafp,A

4. varjky [ , 2 ]π π  esa θ  osQ fdl eku osQ fy, sin θ  dk eku

(a) 
1

2
−  gksxk \ (b) 

3

2
−  gksxk \

5. vUrjky [ ],−π π esa y sin x=  dk vkys[k [khafp,A

3.4.3  cosθθθθ dk vkys[k] tc θθθθ dk eku 0 ls 2π π π π rd fopj.k djrk gSA

sinθ  dh rjg ge cosθ  osQ ekuksa esa ifjorZu ij Hkh ppkZ djsaxs] tc θ  osQ eku vUrjkyksa

0, ,
2

π 
  

  , ,
2

π 
π  

   3
,

2

π 
π  

 vkSj 
3

, 2
2

π 
π  

 esa gaSA

I prqFkkZa'k % vUrjky 0,
2

π 
  

 esa] fcUnq P  izFke prqFkkZa'k esa

vkrk gSA blfy, OM x=  /ukRed gS] ijUrq tSls&tSls

θdk eku 0 ls 
2

π

 rd c<+rk gS] x dk eku 1 ls 0 rd

?kVrk gSA bl izdkj] bl vUrjky esa cos ,θ  1 ls 0 rd
?kVrk gS (fp=k 3.14)A
∴ cosθ  bl prqFkk±'k esa /ukRed gSA

II prqFkk±'k % vUrjky ,
2

π 
π  

 esa] fcUnq P  nwljs prqFkk±'k

esa vkrk gSA blfy, fcUnq M, x-v{k osQ Í.kkRed Hkkx esa
fLFkr gSA vr% bl fLFkfr esa] OM x=  Í.kkRed gS vkSj 0

ls –1 rd de gksrk gS] tSls&tSls ,
2

π
θ  ls π  rd c<+rk gSA

vr% bl vUrjky esa cosθ  dk eku 0 ls – 1 rd ?kVrk gSA
∴ cosθ  Í.kkRed gSA

fp=k 3.14

fp=k 3.15

Y

XX′

Y′

MO

θ

P( , )x y

Y

XX′

Y′

M O

θ

P( , )x y
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III prqFkk±'k % vUrjky 
3

,
2

π 
π  

 esa] fcUnq P rhljs prqFkk±'k

esa vkrk gS] blfy, OM x=  Í.kkRed jgrk gS] D;ksafd
;g x-v{k dh Í.kkRed fn'kk dh vksj gSA blfy, OM x=

Í.kkRed gS] ijUrq – 1 ls 0 rd c<+rk gS] tSls&tSls θ  dk

eku π ls 
3

2

π

 rd c<+rk gSA blfy, bl vUrjky esa cos ,θ

–1 ls 0 rd c<+rk gSA
cos∴ θ  Í.kkRed gSA

IV prqFkk±'k % vUrjky 3
, 2

2

π 
π  

 esa] fcUnq P pkSFks prqFkk±'k

esa vkrk gS vkSj M, x-v{k dh /ukRed fn'kk dh vksj pyrk
gSA blfy, OM x=  /ukRed gSA tSls&tSls θ  dk eku

3

2

π

 ls 2π  rd c<+rk gS] ;g 0 ls 1 rd c<+rk gSA bl

izdkj] bl vUrjky esa cosθ , 0 ls 1 rd c<+rk gSA

∴ cosθ  /ukRed gSA

vkb, ge θ  dss oqQN mi;qZDr ekuksa osQ fy, dkslkbuksa osQ ekuksa

dh lkj.kh cuk,¡A

θ 0
6

π

3

π

2

π 2

3

π 5

6

π

π

7

6

π 4

3

π 3

2

π 5

3

π 11

6

π

2π

cosθ 1 .87 .5 0 −0.5 −.87    −1 −.87 −.5 0 0.5 .87 1

     
π

2
3
2
π 2ππ0

y′

–1

1

y

x

fp=k 3.18

tcfd X'OX vkSj Y'OY nksuks v{k gSaA θ  ds eku x-v{k osQ vuqfn'k ekis tkrs gSa rFkk cosθ  osQ eku
y-v{k osQ vuqfn'k ekis tkrs gSaA

fp=k 3.16

fp=k 3.17

Y

XX′

Y′

M

O

θ

P( , )x y

Y

XX′

Y′

M
O

θ

P( , )x y



xf.kr 71

f=kdks.kferh; iQyu-I

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

oqQN izs{k.k%

(i) cosθ  dk vf/dre eku = 1

(ii) cosθdk U;wure eku = – 1

(iii) ;g izR;sd LFkku ij lrr~ gSA

(iv) cos ( )2 cos .θ + π = θ  rFkk cos( 2 ) cosθ − π = θ

blfy, cosθ  ds eku dh iqujkof̀Ùk gksrh gS] tc θ  esa 2π  dh of̀¼ gksrh gS ;k deh
dh tkrh gSA ;g cosθ  dh vkofrZrk dgykrh gS] ftlds ckjs esa ge bl ikB esa ckn esa
ppkZ djsaxsA

(v) vUrjky [2 , 4 ],[4 , 6 ],[ 2 , 0]π π π π − π  esa cosθ dk  vkys[k mlh izdkj dk gksxk] tSls

vUrjky [0 , 2 ]π  esa gksrk gSA

mnkgj.k 3.14.  cosθ  dk vkys[k [khafp,] tc θ , −π ls π rd fopj.k djrk gSA vkys[k ls θ

ds eku if<+;s tc cos 0.5θ = ±  gkasA

gy%

θ  : −π

5

6

− π 2

3

− π

2

−π

3

−π

6

−π

0   
6

π

3

π

2

π 2

3

π 5

6

π

π

cos θ: −1.0 −0.87 −0.5 0 .50 .87 1.0 0.87 0.5 0 −0.5 −0.87 −1

cos 0.5θ = , tc ,
3 3

π −π
θ =

cos 0.5θ = − , tc 
2 2

,
3 3

π − π
θ =

mnkgj.k 3.15.   vUrjky 0 ls π  rd esa cos 2θ  dk vkys[k [khfp,¡A

gy %

θ 0
6

π

4

π

3

π

2

π 2

3

π 3

4

π 5

6

π

π

2θ 0
3

π

2

π 2

3

π

π
3

4π 3

2

π 5

3

π

2π

 cos 2θ 1 0.5 0 −0.5 −1 −0.5 0 0.5 1

fp=k 3.19

2

3

π

π
X

–1

π

3

π

2

π

2
–

π

3
–

–0.5

0

Y′

2

3

π
–

–π
X′

–1

0.5

Y
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π

4

3
4
π

π

2
π0

y′–1

y1

fp=k 3.20

    ns[ksa vkius fdruk lh[kk 3.7

1. (a) y cos= θ  dk vkys[k [khafp,] tcθ ]
4

π
−  ls 

4

π

 rd fopj.k djrk gSA

(b) y 3cos= θ  dk vkys[k [khfp,] tc ,0θ  ls 2π  rd fopj.k djrk gSA

(c) y cos3= θdk −π ls π  rd vkys[k [khafp, rFkk bl vkys[k ls θ  osQ mu ekuksa dks
if<+, tc cos 0.87θ =  vkSj cos 0.87θ = − gSA

(d) D;k y cos= θ  dk vkys[k varjky 
3

,
2 2

π π 
  

 esa x  v{k ds Åij ;k uhps fLFkr gS\

(e) y cos= θ  dk vkys[k vUrjky [ ]2 ,4π π  esa [khafp,A

3.4.4   tan θ θ θ θ dk vkys[k]  tc θθθθ dk eku 0 ls 2π2π2π2π rd fopj.k djrk gSA

I prqFkk±'k esa % tan θ  dks 
sin

cos

θ

θ

 osQ :i esa fy[kk tk ldrk gSA

tan θ  dk O;ogkj sin θ  vkSj 
1

cosθ

 ij fuHkZj djrk gSA

I prqFkk±'k esa] sin θ  dk eku 0 ls 1 rd c<+rk gS vkSj cosθ  dk eku 1 ls 0 rd de gksrk gSA

ijUrq 
1

cosθ

 dk eku 1 ls vifjfer :i rd c<+rk gS (bls 1 ls ∞  rd c<+rk gS] fy[kk tk ldrk

gS)  ∴ tan 0θ >    ∴ tan θ  dk eku 0 ls ∞  rd c<+rk gS  [ tan θ dh lkj.kh o vkys[k nsf[k,]

II prqFkk±'k esa %
sin

tan
cos

θ
θ =

θ

] sin θ  dk eku 1 ls 0 rd ?kVrk gSA

cosθ  dk eku 0 ls – 1 rd ?kVrk gSA] tan θ  Í.kkRed gS vkSj bldk eku −∞  ls 0 rd
c<+rk gSA

III prqFkk±'k esa%  
sin

tan
cos

θ
θ =

θ

] sin θ  dk eku 0 ls –1 rd ?kVrk gSA

cosθ  dk eku – 1 ls 0 rd c<+rk gSA
∴ tan θ  /ukRed gS vkSj 0 ls ∞  rd c<+rk gSA
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IV prqFkk±'k esa%  
sin

tan
cos

θ
θ =

θ

] sin θ  dk eku –1 ls 0 rd c<+rk gSA

cosθ  dk eku 0 ls 1 rd c<+rk gSA  ∴ tan θ  Í.kkRed gS vkSj −∞  ls 0 rd c<+rk gSA

tan θθθθ dk vkys[k

θ 0
6

π

3

π

0
2

π
− ° 0

2

π
+ °

2

3

π 5

6

π

π

7

6

π 4

3

π 3
0

2

π
− °

3
0

2

π
+ °

5

3

π

 
11

6

π

 2π

tan θ 0 .58 1.73 +∞ -1.73 -.58 0 .58 1.73   +∞      −∞        -1.73      -.58      0 0

3
2
π

π

2
π 2π

∞∞y

0

–∞–∞

y′

fp=k 3.21

izs{k.k%

(i) tan( ) tanπ + θ = θ  blfy, tan θ  ds iw.kZ vkys[k esa mijksDr vkys[k nk;ha rFkk ck;ha nksuks
vksj vifjfer :i ls vkofrZr gksrk gSA

(ii) D;ksafd tan( ) tan−θ = − θ  gS blfy, ;fn ( , tan )θ θ vkys[k ij dksbZ ,d fcUnq gS] rks
( , tan )−θ − θ  Hkh vkys[k ij ,d fcUnq gksxkA

(iii) mijksDr ifj.kkeksa ls ;g dgk tk ldrk gS fd y tan= θ  dk vkys[k lEeq[k prqFkk±'kksa esa
lefer gksrk gSA

(iv) tan θ dk dksbZ Hkh la[;kRed eku] /ukRed ;k Í.kkRed] gks ldrk gSA

(v) tan θ  dk vkys[k vlrr gSA ;g fcUnqvksa 
3

,
2 2

π π
θ =  ij foPNsfnr gSA

(vi) tc θ  bu ekuksa osQ cjkcj gksrk gS] rc tan θ  dk eku vkdfLed :i ls +∞  ls −∞

cny tkrk gSA

3.4.5  cot θθθθ dk vkys[k] tc θθθθ dk eku 0 ls 2π2π2π2π rd fopj.k djrk gSA

cot θ  dk O;ogkj cosθ  vkSj 
1

sinθ

 osQ O;ogkj ij fuHkZj djrk gS] D;ksafd 
1

cot cos
sin

θ = θ×

θ

gSA ge izR;sd prqFkk±'k esa bldh ppkZ djsaxsA

I prqFkk±'k % 
1

cot cos
sin

θ = θ ×

θ

] cosθ  dk eku 1 ls 0 rd ?kVrk gSA] sin θ  dk eku 0 ls 1

rd c<+rk gSA
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∴ cot θ  dk eku Hkh +∞  ls 0 rd ?kVrk gS] ijUrq cot 0θ >  gksrk gSA

II prqFkk±'k % 
1

cot cos
sin

θ = θ ×

θ

] cosθ  dk eku 0 ls –1 rd ?kVrk gS] sin θ  dk eku 1 ls 0

rd ?kVrk gSA

⇒ cot 0θ <  ;k cot θ  dk eku 0 ls −∞  rd ?kVrk gSA

III prqFkk±'k % cosθ  dk eku – 1 ls 0 rd c<+rk gS] sin θ  dk eku 0 ls – 1 rd ?kVrk gSA

∴ cot θ  dk eku +∞  ls 0 rd ?kVrk gSSA

IV prqFkk±'k%
1

cot cos
sin

θ = θ ×

θ

] cosθ  dk eku 0 ls 1 rd c<+rk gS] sin θ  dk eku –1 ls 0

rd c<+rk gSA

∴ cot 0θ <  vFkkZr~ cot θ  dk eku 0 ls −∞  rd ?kVrk gSA

cot θ  dk vkys[k %

θ         0
6

π

3

π

2

π 2

3

π 5

6

π

0π − 0π +

7

6

π 4

3

π 3

2

π 5

3

π 11

6

π

2π

cot θ  ∞ 1.73 .58 0 -.58 -1.73 −∞ +∞ 1.73 .58 0 -.58 -1.73 −∞

∞∞
y

–∞–∞

y′

0 π/2 3 /2π 2ππ

fp=k 3.22

izs{k.k%

(i) D;ksafd cot( ) cotπ + θ = θ] blfy, cot θ  osQ iw.kZ vkys[k esa] 0θ =  ls θ = π  ;k 
2

π
θ =

ls 
3

2

π

 rd dk Hkkx lfEeyr gksrk gSA

(ii) cot θ  dk la[;kRed eku /ukRed ;k Í.kkRed gks ldrk gSA

(iii) cot θ  dk vkys[k vlrr gSA ;g 0, ,2θ = π π  ij foPNsfnr gSA

(iii) tSls θ  ds eku 0] π  vkSj 2π  gksrs gSa] oSls gh cot θ  vkdfLed :i ls −∞  ls +∞

esa ifjofrZr gks tkrk gSA
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  ns[ksa vkius fdruk lh[kk 3.8

1. (a) tan θ  dk vf/dre eku D;k gS \

(b)
3

,
2 2

π π

 ij tan θ osQ eku esa vki D;k ifjorZu ns[krs gSa \

(c)  −π  ls π  rd y tan= θ  dk vkys[k [khafp,A vius vkys[k ls θ  dk og eku Kkr
dhft,] ftlosQ fy, tan 1.7θ = A

2. (a) cot θ  dk vf/dre eku D;k gS \
(b) cot θ  ds vkys[k ls θ  dk eku Kkr dhft, tc cot 1θ = − A

3.4.6         θθθθ ds fofHkUu ekuksa ds fy, sec θθθθ ds eku Kkr dj vkys[k [khapuk] tc θθθθ dk eku
0 ls 2π2π2π2π rd fopj.k djrk gSA

ekuk X 'OX  vkSj Y 'OY  funsZ'kkad v{k gSaA O dks osQUnz ysdj
bdkbZ f=kT;k dk ,d oÙ̀k [khafp,A ekuk P o`̀Ùk ij ,d fcUnq
gSA OP dks feykb, vkSj PM X 'OX⊥  [khafp,A

OP 1
sec

OM OM
θ = =

∴ secθ  ds eku OM ij fuHkZj djsaxsA
I prqFkk±'k% secθ  /ukRed gS] D;ksafd OM /ukRed gSA lkFk

gh sec 1θ =  vkSj sec
2

π
→∞ gS] tc ge 

2

π

 dh vksj nk;ha

vksj ls vxzlj gksrs gSaA
∴  secθ  dk eku 1 ls ∞  rd c<+rk gS] tSls&tSls θ  dk

eku 0 ls 
2

π

 rd c<+rk gSA

II prqFkk±'k% secθ  Í.kkRed gS] D;ksafd OM Í.kkRed gSA

sec
2

π
→−∞ ] tc ge 

2

π

 dh vksj ck;ha vksj ls vxzlj gksrs

gaSA lkFk gh sec 1π = −  gSA

∴ tc θ  dk eku 
2

π

 ls π rd fopj.k djrk gS] secθ  dk

eku −∞  ls 1−  rd cnyrk gSA ,slk ns[kk x;k gS fd tc θ ,

2

π

 ls gksdj xqtj tkrk gS] secθ  dk eku +∞  ls −∞  esa cny

tkrk gSA
III prqFkk±'k % secθ  Í.kkRed gS] D;ksafd OM Í.kkRed gSA

sec 1π = −  vkSj 
3

sec
2

π
→−∞ gSA tc dks.k okekorZ fn'kk esa

3

2

π

 dh vksj vxzlj gksrk gSA secθ  dk eku –1 ls −∞  rd

fp=k 3.23

fp=k 3.24

fp=k 3.25

fp=k 3.26

Y

XX′

Y′

M
O

θ

P

M
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P
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Y

XX′
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θ

P

Y
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θ

P

Y
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Y′

M O

θ
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?kVrk tkrk gS] tSls&tSls θ dk eku π ls] 
3

2

π

 rd fopj.k

djrk gSA
IV prqFkk±'k% secθ  /ukRed gS] D;ksafd OM /ukRed gSA

tc θ   dk eku 
3

2

π

 ls oqQN gh cM+k gksrk gS] rks secθ èkukRed

rFkk cgqr cM+k gksrk gSA lkFk gh sec 2 1π = gS] vr% secθ  dk

eku ∞  ls 1 rd ?kVrk tkrk gS] tc θ ] 
3

2

π

 ls 2π  rd

fopj.k djrk gSA ;g ns[kk tk ldrk gS fd tc ,θ  
3

2

π

 ls

gksdj tkrk gS] rks secθ  dk eku −∞  ls +∞  cny tkrk gS
secθ  dk vkys[k] tc θ   dk eku 0 ls 2π  rd fopj.k
djrk  gSA

θ 0
6

π

3

π

0
2

π
− 0

2

π
+

2

3

π 5

6

π

π

7

6

π 4

3

π 3
0

2

π
−

3
0

2

π
+

5

3

π 11

6

π

 2π

cot θ 1 1.15 2 +∞ −∞ -2 -1.15 -1 -1.15 -2 −∞ +∞ 2 1.15

1

∞ ∞

y

1

–1

O π

2
3
2
π π

2
π

–∞ –∞

y′

fp=k 3.28

izs{k.k%

(a) secθdk la[;kRed eku ‘1’ ls de ugha gks ldrk gSA

(b) secθ  dk vkys[k vlrr gSA ;g 
2

π

 rFkk 
3

2

π

 ij vlrr (foPNsfnr) gSA

(e) tc θ ] 
2

π

 vkSj 
3

2

π

 ls gksdj tkrk gS] rks secθ  vkdfLed :i ls +∞  ls −∞  vkSj

−∞  ls +∞  esa ifjofrZr gks tkrk gSA

fp=k 3.27

Y

XX′

Y′

MO

θ
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3.4.7 cosec θθθθ dk vkys[k] tc θθθθ dk eku 0 ls 2π2π2π2π rd fopj.k djrk gS

ekuk fd X'OX vkSj Y'OY funs'kkad v{k gaSA O dsUnz eku dj
bdkbZ f=kT;k dk ,d o`Ùk [khafp,A ekuk P o`r ij dksbZ ,d fcUnq
gSA OP dks feykb, vkSj PM ⊥ X'OX [khafp,A

OP 1
cos ec

MP MP
θ = =

∴ cos ec θ dk eku MP ij fuHkZj djsxkA

I prqFkkZa'k % cosec θ  /ukRed gS] D;ksafd MP /ukRed gSA

1
2

π
=  gSA tc θ  cgqr NksVk gksrk gS] rks MP Hkh cgqr NksVk

gksrk gS vkSj blhfy, cosec θ  dk eku cgqr cM+k gksrk gSA

∴ tSls&tSls θ ,0 ls 
2

π

 rd fopj.k djrk gS] oSls&oSls cosec

θ  dk eku ∞  ls 1 rd ?kVrk tkrk gSA

II prqFkkZa'k : PM /ukRed gSA blfy, cosec θ  /ukRed gSA

 cosec 1
2

π
=  vkSj  cosec π → ∞ gS] tc ?kweus okyh js[kk

okekorZ fn'kk esa] ?kwers gq, π dh vksj vxzlj gksrh gSA

∴ tc θ ,
2

π

  ls π rd fopj.k djrk gS] rc cosec θ  dk

eku 1 ls ∞  rd c<+rk gSA

III prqFkkZa'k % PM ½.kkRed gSA

∴  cosec θ  ½.kkRed gSA tc ' θ ' dk eku π  ls dqN cM+k

gksrk gS] rc cosec θ  cgqr cM+k vkSj ½.kkRed gksrk gSA

lkFk gh cosec 
3

1
2

π
= −  gSA

∴ tSls&tSlss θ  dk eku  π  ls 
3

2

π

 rd fopj.k

djrk gS] oSls&oSls cosec θ  dk eku −∞  ls &1

rd cnyrk gSA è;ku nhft, fd tc θ , π  ls gksdj

tkrk gS] rks cosec θ  dk eku +∞  ls − ∞  esa cny
tkrk gSA

fp=k 3.29

fp=k 3.30

fp=k 3.31

fp=k 3.32
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IV prqFkkZa'k % PM ½.kkRed gSA

∴cosec θ ½.kkRed gSA lkFk gh] cosec θ = − ∞ ]

tc θ ] 2π  dh vksj vxzlj gksrk gSA

tc θ ,
3

2

π

 ls 2π  rd fopj.k djrk gS] rc cosec θ

dk eku &1 ls − ∞  rd cnyrk gSA

cosec θθθθ dk vkys[k %

θ 0
6

π

3

π

2

π 2

3

π 5

6

π

0π − 0π +

7

6

π 4

3

π 3

2

π 5

3

π 11

6

π

2π

cosec θ ∞ 2 1.15 1 1.15 2 +∞    −∞ −2 −1.15 −1 −1.15 −2 −∞

y

1

O

–1

y′

π

2
3
2
π 2ππ

fp=k 3.34

izs{k.k%
(a) cosec θ  dk la[;kRed eku 1 ls de ughsa gks ldrkA

(b) cosec θ  dk vkys[k vlrr~ gS vkSj ;g vkys[k 0, , 2θ = π π  ij foPNsfnr gSA

(c) tc θ , π ls gksdj tkrk gS] rc cosec θ  dk eku +∞  ls −∞  esa cnyrk gS lkFk gh 0

vkSj 2π ij ;g eku Øe'k% +∞  vkSj −∞  gSaA

mnkgj.k 3.16.  tc θ, & π ls π  ds chp gksrk gS] rks sec θ  ds ekuksa esa gksus okys ifjorZuksa dk

vuqjs[k.k dhft,A

gy % y

1

–1

y′

O π–π π

2
π

2
–

fp=k 3.35

fp=k 3.33

Y
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    ns[ksa vkius fdruk lh[kk 3.9

1. (a) tc θ  ds eku 2− π  ls 2 π  ds chp esa gSa] rks sec θds ekuksa esa ifjorZuksa dk vuqjs[k.k
dhft,a vkSj bUgha lhekvksa ds chp esa vkys[k Hkh [khafp,A

(b) 2− π  ls 2π ds chp esa θ  ds ekuksa ds fy, cosec θ  dk vkys[k [khafp,A

3.5 f=kdks.kferh; iQyuksa dh vkofrZrk

vki vius nSfud thou esa ,d fu;fer vUrjky ds ckn ?kVukvksa dh iqujkorhZ ns[krs gSaA mnkgj.kkFkZ]
lIrkg ds fnu fu;fer :i ls 7 fnu ds ckn nksckjk vkrs gSa vkSj o"kZ esa izR;sd ekl 12 eghus ds
ckn nksckjk vkrk gSA ,d xfreku ifg, ij] ,d d.k dh fLFkfr Hkh blh izdkj dk mnkgj.k gSA
fu;fer vUrjkyksa ds ckn ?kVukvksa dh iqujkorhZ gkus ds xq.k dks vkofrZrk (Periodicity) dgrs gSaA

ifjHkk"kk % ,d iQyu f(x) vkorhZ dgykrk gS] ;fn bldk eku pjkad (pj) ds eku esa fdlh
fLFkjkad (vpj) dh o`f¼ djus ij Hkh cnyrk ugha gS]

vFkkZr~ ;fn lHkh x ds fy, ( ) ( )f x p f x , x+ = ∀ gksA

;fn p bl izdkj dk lcls NksVk /ukRed fLFkjkad gS] rks ;g iQyu f(x) dk vkorZdky dgykrk gSA

;fn f(x) ,d vkorhZ iQyu gS]ftldk vkorZdky p gS] rc 
( )

1

f x
 Hkh vkorZdky p okyk] ,d

vkorhZ iQyu gksrk gSA

3.5.1 f=kdks.kferh; iQyuksa ds vkorZdky

(i) ( )sin x sin x 2n= + π ; n = 0, ± 1, ± 2, .....

(ii) ( )cos x cos x 2n= + π ; n = 0, ± 1, ± 2, .....

lkFk gh] 0 ls 2π ds chp esa ,slk dksbZ 'P' ugha gS] ftlds fy,

( )sin x sin x p= + , ( )cos x cos x p= + , lHkh x ds fy,A

∴ 2π  gh og U;wure /ukRed eku gS] ftlds fy,

( )sin x 2 sin x+ π = rFkk ( )cos x 2 cos x+ π =  gSA

⇒ sin x  rFkk cos x  esa ls izR;sd dk vkoZrdky 2π  gSA

(iii) cosec x dk vkorZdky Hkh 2π  gS] D;ksafd cosec x 
1

sin x
=  gSA

(iv) sec x dk vkorZdky Hkh 2π  gS] D;ksafd sec x 
1

cos x
= gSA

(v) ( )tan x tan x+ π =

ekuk fd p(0 < p < π), tan x dk vkorZdky gSA rc tan (x + p) = tan x, lHkh x ds fy,A
x ds LFkku ij 0 j[kus ij] tan p = 0 gSA vFkkZr~ p = 0 ;k π gSA

⇒ tan x dk vkorZdky π  gSA
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∴ p dk ,slk dksbZ eku 0 vkSj π  ds chp esa ugha gks ldrk] ftlds fy, ( )tan x tan x p= + gksA

∴ tan x  dk vkorZdky π  gSA

(vi) D;ksafd 1
cot x

tan x
=  gS] blfy, cot x dk vkorZdky Hkh π  gSA

mnkgj.k 3.17.  fuEufyf[kr iQyuksa esa ls izR;sd dk vkorZdky Kkr dhft, %

(a) y = 3 sin 2x (b) 
x

y cos
2

= (c) 
x

y tan
4

=

gy % (a) vkorZdky 
2

2

π

, vFkkZr~ π A

(b) 
1

y cos x
2

=  gS] blfy, vkorZdky 2
4

1

2

π
= = π A

(c) 
x

y tan
4

=  dk vkorZdky 4
1

4

π
= = π A

   ns[ksa vkius fdruk lh[kk 3.10

1. fuEufyf[kr iQyuksa ds vkorZdky Kkr dhft, %
(a) y = 2 sin 3x (b) y = 3 cos 2x

(c) y = tan 3x (d) 2y sin 2x=

� dks.k fdj.k ds ?kweus ls tfur gksrk gSA

� ½.kkRed ;k /ukRed dks.kksa dk cuuk fdj.k ds nf{k.kkorZ ;k okekorZ ?kqeko ij fuHkZj djrk
gSA

� va'k (;k fMxzh) dks.k dks ekius dh ,d bdkbZ gS vkSj ,d iwjk pØ 360° dk dks.k cukrk gSA

� ,d dks.k dks jsfM;u esa Hkh ekik tk ldrk gSA 360° ds rqY; 2 π  jsfM;u gksxkA

� ;fn yEckbZ l ds pki }kjk f=kT;k r okys o`Ùk ds dsUnz ij θ  jsfM;u dk dks.k curk gS] rc

l = r θ A

� ;fn ,d bdkbZ o`Ùk ds ,d fcUnq P ds funsZ'kkad (x,y) gksa] rks N% f=kdks.kferh; iQyu bl

izdkj ls ifjHkkf"kr fd, tk ldrs gSa % sin yθ = , cos xθ = ,
y

tan
x

θ = , 
x

cot
y

θ = ,

1
sec

x
θ =  vkSj 

1
cosec

y
θ = A

fcUnq P ds funsZ'kkadksa (x,y) dks ( )cos , sinθ θ  ds :i esa Hkh fy[kk tk ldrk gSA

C

A1

% + vkb, nksgjk,¡

lgk;d osclkbV
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;gk¡ θ  og dks.k gS] tks fcUnq P dks dsUnz ls feykus okyh js[kk x-v{k dh /ukRed fn'kk ds lkFk
cukrh gSA

� tc θ  ds eku 0, , , ,
6 4 3 2

π π π π

 gaS] rc f=kdks.kferh; iQyuksa sin θ o cos θ  ds eku fuEu

rkfydk }kjk iznf'kZr fd;s tkrs gSa %

0
6

π

4

π

3

π

2

π

sin 0
1

2

1

2

3

2
1

cos 1
3

2

1

2

1

2
0

� sin θ vkSj cos θ  ds vkys[k lHkh LFkkuksa ij lrr gksrs gSaA

— sin θ vkSj cos θ  nksuksa dk vf/dre eku 1 gSA

— sin θ vkSj cos θ  nksuksa dk U;wure eku &1 gSA

— bu iQyuksa dk vkorZdky 2 π gSA

� tan θ  vkSj cot θ  dk −∞  vkSj +∞  ds eè; dksbZ Hkh eku gks ldrk gSA

— iQyu tan θ  vUrjky ( )0, 2π  esa] 
2

π
 rFkk 

3

2

π

 ij vlrr (foPNsfnr) gSA

— bldk vkorZdky π  gSA

— 0] π ] 2 π  ij cot θ  dk vkys[k vlrr (foPNsfnr) gSSA bldk vkorZdky π  gSA

� sec θ  dk la[;kRed eku '1' ls de ugha gks ldrk gSA

(i) bldk vkys[k 
2

π

 vkSj 
3

2

π

 ij foPNsfnr gksrk gSA 2 π ds ckn bldh iqujkorhZ gksrh gSA

(ii) cosec θ  dk dksbZ eku &1 vkSj +1 ds chp esa ugha gks ldrkA ;g 0, π  2 π ij vlrr
(foPNsfnr) gSA 2 π ds ckn bldh iqujkorhZ gksrh gSA

� http://en.wikipedia.org/wiki/Trigonometric_functions

� http://mathworld.wolfram.com/ Trigonometric_functions.html

1. ,d jsyxkM+h ,d o`Ùkh; iVjh] ftldh f=kT;k 2500 eh gS] ij 75 fd-eh@?kaVk dh xfr ls py
jgh gSA,d feuV esa og fdrus jsfM;u dk dks.k ?kwe tk,xh \

θ

okLrfod
la[;k,¡

iQyu

vkb, vH;kl djsa

lgk;d osclkbV
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2. ,d pki dh yEckbZ o`Ùk dh f=kT;k dh 0.357 xquh gSA bl pki }kjk dsUnz ij fdrus va'k dk
dks.k cusxk \

3. ,d ?kM+h dh feuV dh lqbZ 30 lseh yEch gSA lqbZ ds fljs }kjk 15 feuV esa r; dh xbZ
nwjh Kkr dhft,A

4. fl¼ dhft, %

(a) 
1 sin

sec tan
1 sin

− θ
= θ − θ

+ θ

(b) 
1

sec tan
sec tan

= θ − θ

θ + θ

(c) 
2 2

tan cot
2 sin cos

1 tan 1 cot

θ θ
− = θ θ

+ θ + θ

(d) ( )
21 sin

tan sec
1 sin

+ θ
= θ + θ

− θ

(e) ( ) ( )8 8 2 2 2 2sin cos sin cos 1 2 sin cosθ − θ = θ − θ − θ θ

(f) 2 2sec cosec tan cotθ + θ = θ + θ

5. ;fn 
4

π
θ =  gks] rks lR;kfir dhft, fd %  3sin 3 3 sin 4 sinθ = θ − θ

6. eku Kkr dhft, %

(a) 
25

sin
6

π

(b) 
21

sin
4

π

(c) 
3

tan
4

π 
 
 

(d) 
17

sin
4

π (e) 
19

cos
3

π

7. x
2

π
= −  ls 

3
x

2

π
=  rd cos x dk vkys[k [khafp,A

8. x ds ,d vkorhZ iQyu dh ifjHkk"kk fyf[k, vkSj vkys[k }kjk fn[kkb, fd tan x dk
vkorZdky π  gS] vFkkZr~ x = π  ls 2π  rd blds vkys[k dk Hkkx x 0=  ls π  rd ds vkys[k
ds Hkkx dh iqujko`fÙk gSA

ns[ksa vkius fdruk lh[kk 3.1

1. (i) 
3

π

(ii) 
12

π

(iii) 
5

12

π

(iv) 
7

12

π

(v) 
3

2

π

2. (i) 45° (ii) 15° (iii) 9° (iv) 3° (v) 120°

3.  
4

π

,  
13

36

π

,  
14

36

π

4.  
5

6

π

5.  
3

π

ns[ksa vkius fdruk lh[kk 3.2

1. (a) 
6

π

(b) 
3

π

(c) 
5

6

π

2. (a) 36° (b) 30° (c) 20°

3.
1

6
 jsfM;u; 9.55° 4. 

1

5
 jsfM;u 5. 95.54 eh

mÙkjekyk
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6. (a) 0.53 eh (b) 38.22 lseh (c) 0.002 jsfM;u

(d) 12.56 eh (e) 31.4 lseh (f) 3.75  jsfM;u

(g) 6.28 eh (h) 2 jsfM;u (i) 19.11 eh

ns[ksa vkius fdruk lh[kk 3.3

1. (i) ½.kkRed (ii) ½.kkRed (iii) ½.kkRed (iv) /ukRed

(v) /ukRed (vi) ½.kkRed (vii) /ukRed (viii) ½.kkRed

2. (i) 'kwU; (ii) 'kwU; (iii) 
1

2
− (iv) 1−

(v) 1 (vi) ifjHkkf"kr ugha gS (vii) ifjHkkf"kr ugha gS (viii) 1

ns[ksa vkius fdruk lh[kk 3.4

2.
1

sin
5

θ = , 
2

cos
5

θ = , cot 2θ = , cosec 5θ = , 
5

sec
2

θ =

3.
a

sin
b

θ = ,   
2 2b a

cos
b

−
θ = ,   

2 2

b
sec

b a
θ =

−

,

2 2

a
tan

b a
θ =

−

,
2 2b a

cot
a

−
θ = 6. 

2

2m

1 m+

11.
5 12 13 12 5

cos ,sin ,cosec , tan , cot
13 13 12 5 12

− − −
= = − = = =x x x x x

ns[ksa vkius fdruk lh[kk 3.5

1. (i) 
1

4
4

(ii) 
1

6
2

(iii) 1− (iv) 
22

3
 (v) 'kwU;

ns[ksa vkius fdruk lh[kk 3.6

1. 1, 1− 3.  y = 2 sin θdk vkys[k] [ ]0, π

x
π

π/20

y′

x′

y

2

fp=k 3.36

4. (a) 
7 11

,
6 6

π π

(b) 
4 5

,
3 3

π π

5.  y sin x= ] − πls π  rd
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π

2
ππ

2
–π – 0

xx′

y′

y

fp=k 3.37

ns[ksa vkius fdruk lh[kk 3.7

1. (a) y cos ,
4

π
= θ −  ls 

4

π

 rd

π

4
π

4

y′

x′ x

y

0–

 fp=k  3.38

(b) y 3 cos ; 0= θ  ls 2π rd

x
3
2
ππ

2
0

x′
π

2π

y

3

–3

y′

 fp=k  3.39

(c) y cos3 ,= θ −π  ls π rd

cos 0.87θ =

       ,
6 6

π π
θ = −

 cos 0.87θ = −

       
5 5

,
6 6

π π
θ = −  fp=k 3.40

x′

y′

y

x
ππ/20– /2π–π



xf.kr 85

f=kdks.kferh; iQyu-I

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

(d) vUrjky 
3

,
2 2

π π 
 
 

 esa] y cos= θ dk vkys[k x-v{k ls uhps fLFkr gSA

(e) y cos= θ ]

θ ] 2π ls 4π ds chp esa fLFkr gSA

x
4π

3π

2π
π0

x′

1
y

y′

–1

 fp=k  3.41

ns[ksa vkius fdruk lh[kk 3.8

1. (a) vifjfer (b)  fcUnqvksa 
2

π

, 
3

2

π

 ij vkys[k foPNsfnr gSA

(e) y tan 2 ,= θ −π  ls π rd

3

π
θ =  ij] tan 1.7θ = gSA

2. (a)  vifjfer (b) cot 1θ = − ,  tc 
3

4

π
θ =  gSA

ns[ksa vkius fdruk lh[kk 3.9

1. (a) y sec= θ

y

y′

π/2– /2π–π–3 /2π–2π

x′
π 3 /2π 2π

x

 fp=k  3.42

vUrjky  [0, 2π ] esa] sec 2θ  dh vlarrk ds fcUnq 
4

π

 rFkk 
3

4

π

 gSaA
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(b) 0 ls 2− π  rd vkys[k dk vuqjs[k.k djus esa] cosec ( ) cosec −θ = − θ  dk iz;ksx dhft,A

ns[ksa vkius fdruk lh[kk 3.10

1. (a) vkorZdky gS % 
2

3

π

(b) vkorZdky gS % 
2

2

π
= π (c) y dk vkorZdky gS % 

3

π

(d) 2
1 cos 4x 1 1

y sin 2x cos 4x
2 2 2

−
= = = − ; y dk vkorZdky gS % 

2

4

π

vFkkZr~ 
2

π

(e) 
x 1

y 3 cot
3

+ 
=  

 
,  y dk vkorZdky gS % 3

1

3

π
= π

vkb, vH;kl djsa

1.
1

2
 jsfM;u 2. 20.45° 3. 15 lseh

6. (a) 
1

2
(b) 

1

2
− (c) 1− (d) 

1

2
(e) 

1

2

7.

3
2
ππ

2 π

π

2
– O

x′ x

y

y′

1

–1

fp=k 3.43

8.

x
2π

3
2
ππ

2
πO

x′

y′

y

y sec= θ

fp=k 3.44
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4

f=kdks.kferh; iQyu- II

fiNys ikB esa vkius f=kdks.kferh; iQyuksa ds ckjs esa lh[kk A vkius f=kdks.kferh; iQyuksa ds xzkiQ
dks [khapuk rFkk muls fu"d"kZ fudkyus ds ckjs esa Hkh lh[kk gSA bl ikB esa ge ;ksx rFkk vUrj ds
lw=k ( )cos A B± , ( )sin A B±  rFkk ( )tan A B±  LFkkfir djsaxsA ge xq.kt dks.kksa rFkk viorZd
dks.kksa ds lw=kksa dks Hkh crk,saxs vkSj muls lacfU/r mnkgj.kksa dks gy djsxsaA lk/kj.k f=kdks.kferh;
iQyuksa ds O;kid gyksa dh Hkh bl ikB esa ppkZ djsaxsA

iwoZ Kku
• f=kdks.kferh; iQyuksa dh ifjHkk"kk

• f=kdks.kferh; iQyuksa ds iwjd rFkk laiwjd dks.k

• f=kdks.kferh; loZlfedk,¡

     mís';
bl ikB ds vè;;u osQ ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

•
x

x, , x y, x, x
2 2

π
− ± ± π ±  ds f=kdks.kferh; iQyuksa dks fy[k lduk tgka x vkSj y okLrfod

la[;k,¡ gSaA
• ;ksx vkSj vUrj ds lw=k LFkkfir djuk %

cos  (A ±  B)  =  cos A cos B m  sin A sin B,

sin (A ±  B) = sin A cos B ± cos A sin B rFkk ( )
tan A tan B

tan A B
1 tan A tan B

±
± =

m

• ;ksx o vUrj ds lw=kksa dk mi;ksx djds iz'uksa dks gy djuk
• dks.kksa ds xq.kt rFkk viorZd lw=kksa tSls cos 2A, sin 2A, tan 2A, cos 3A, sin 3A, tan 3A,

A A
sin ,cos

2 2
 vkSj 

A
tan

2
 dks crkuk

• ljy f=kdks.kferh; lehdj.k tSls sin x = sin α, cos x = cos α, tan x = tan α dks gy djuk

4.1 f=kdks.kferh; iQyuksa dk ;ksx rFkk xq.ku
fiNys ikB esa vkius o`Ùkh; dks.kksa dh eki] f=kdks.kferh; iQyu vkSj fufnZ"V vkSj vU; lEcafèkr
la[;kvksa ij f=kdks.kferh; iQyuksa ds ekuksa ds ckjs esa lh[kk FkkA

vc vki ;g tkuuk pkgsaxs fd f=kdks.kferh; iQyuksa ds fdUgha nks la[;kvksa A rFkk B ds fn, gq,
ekuksa ds fy, D;k f=kdks.kferh; iQyuksa ds ;ksx o vUrj dks Kkr dj ikuk lEHko gSA



88

  f=kdks.kferh; iQyu- II

xf.kr

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

vki ns[ksaxs fd la[;kvksa ds ;ksx o vUrj ds f=kdks.kferh; iQyu fdl izdkj vyx&vyx la[;kvksa
ds f=kdks.kferh; iQyuksa ls lEcaf/r gSaA

;g f=kdks.kferh; iQyuksa ds &
12

π

 vkSj 
5

12

π

 bR;kfn dk eku Kkr djus esa vkidh lgk;rk djsxkA

12

π

 dks 
4 6

π π
−  ds :i esa O;Dr fd;k tk ldrk gSA

5

12

π

 dks 
4 6

π π
+  ds :i esa O;Dr fd;k tk ldrk gSA

7

12

π

 dks ;ksx o vUrj ds :i esa dSls O;Dr fd;k tk ldrk gS\

bl vuqPNsn esa ge blh izdkj ds f=kdks.kferh; iQyuksa dk vè;;u djsaxsA

4.1.1 ;ksx ds lw=k
fdUgha nks la[;kvksa A vkSj B ds fy,

( )cos A B cos A cos B sin A sin B+ = −

nh xbZ fp=k esa cukb, %

SOP A∠ =

POQ B∠ =

SOR B∠ = −

tcfd fcUnq P, Q, R, S bdkbZ o`Ùk ij fLFkr gaSA

fcUnq P, Q, R, S ds funsZ'kkad (cos A, sin A), [cos (A + B), sin (A + B)],

( ) ( )[ ]cos B , sin B− −  vkSj (1, 0) gksxsaA

fn;s x;s fp=k ds vuqlkj gesa izkIr gksrk gS] Hkqtk OP = Hkqtk OQ

∠ POR = ∠ QOS [ izR;sd dks.k = ∠ B+ ∠ QOR]

Hkqtk OR = Hkqtk OS

∆ POR ≅ ∆ QOS  (SAS ds }kjk)       ∴   PR = QS

    ( ) ( )( )
22

PR cos A cos( B) sin A sin B= − − + − −

     ( )( ) ( )( )
2 2

QS cos A B 1 sin A B 0= + − + + −

D;ksafd 2 2PR QS=

∴  2 2 2 2cos A cos B 2cos A cos B sin A sin B 2sin A sin B+ − + + +

( ) ( ) ( )
2 2cos A B 1 2cos A B sin A B= + + − + + +

⇒ ( ) ( )1 1 2 cos A cos B sin A sin B 1 1 2cos A B+ − − = + − +

⇒ ( )cos A cos B sin A sin B cos A B− = + (I)

fp=k 3.1

y
P

S
x

(1, 0)

y′
R

cos (–B), sin (–B)

cos (A + B), sin (A + B)

Q

x′

AB

–B

O
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miizes; 1

fdUgha nks dks.kksa A vkSj B ds fy, cos (A − B) = cos A cos B + sin A sin B

miifÙk % (1) esa B dks (–B) ls izfrLFkkfir dhft, %

( )cos A B cos A cos B sin A sin B− = +     [Q ( )cos B cos B− =  rFkk ( )sin B sin B− = − ]

miizes; 2

fdUgha nks dks.kksa A vkSj B ds fy,

( )sin A B sin A cos B cos A sin B+ = +

miifÙk % ge tkurs gSa fd cos A sin A
2

π 
− = 

 
 vkSj sin A cos A

2

π 
− = 

 

∴      ( ) ( )sin A B cos A B
2

 π  
+ = − +    

 cos A B
2

 π  
= − −    

cos A cos B sin A sin B
2 2

π π   
= − + −   

   

;k       ( )sin A B sin A cos B cos A sin B+ = + .....(II)

miizes; 3

fdUgha nks dks.kksa A vkSj B ds fy,
( )sin A B sin A cos B cos A sin B− = −

miifÙk % (II) esa B dks –B ls izfrLFkkfir djus ij gesa izkIr gksxk %

( )( ) ( ) ( )sin A B sin A cos B cos A sin B+ − = − + −

;k ( )sin A B sin A cos B cos A sin B− = −

mnkgj.k 4.1.

(a) fuEufyf[kr esa izR;sd dk eku Kkr dhft, %

(i) sin
12

5π

(ii) cos
12

π

(iii) 
7

cos
12

π

(b) ;fn 
1

sin A ,
10

=
1

sin B
5

=  gks] rks fl¼ dhft, fd A B
4

π
+ =

gy % (a) (i)
5

sin sin sin cos cos sin
12 4 6 4 6 4 6

π π π π π π π 
= + = ⋅ + ⋅ 

 

           
1 3 1 1 3 1

2 22 2 2 2

+
= ⋅ + ⋅ =

(ii)         cos cos
12 4 6

π π π 
= − 

 
 cos cos sin sin

4 6 4 6

π π π π
= ⋅ + ⋅

1 3 1 1 3 1

2 22 2 2 2

+
= ⋅ + ⋅ =
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è;ku nhft, 
5

sin cos
12 12

π π
=

(iii)
7

cos cos
12 3 4

π π π 
= + 

 
 cos cos sin sin

3 4 3 4

π π π π
= ⋅ − ⋅

1 1 3 1 1 3

2 22 2 2 2

−
= ⋅ − ⋅ =

(b)      ( )sin A B sin A cos B cos Asin B+ = +

        
1 3

cos A 1
10 10

= − =   vkSj 
1 2

cos B 1
5 5

= − =

bu lHkh ekuksa dks (II) esa j[kus ij gesa izkIr gksrk gS %

( )
1 2 3 1

sin A B
10 5 10 5

+ = +  
2 3 5 1

sin
410 5 50 5 2 2

π
= + = = =

;k       A B
4

π
+ =

    ns[ksa vkius fdruk lh[kk 4.1

1. (a) fuEufyf[kr esa izR;sd dk eku Kkr dhft, %

(i) sin
12

π

(ii) 
2 2

sin cos cos sin
9 9 9 9

π π π π
⋅ + ⋅

(b) fl¼ dhft, %

(i) ( )
1

sin A cos A 3 sin A
6 2

π 
+ = + 

 
   (ii) ( )

1
sin A cos A sin A

4 2

π 
− = − 

 

(c) ;fn 
8

sin A
17

=  vkSj 
5

sin B
13

= gks] rks ( )sin A B−  dk eku Kkr dhft,A

2. (a) 
5

cos
12

π

 dk eku Kkr dhft,A

(b) fl¼ dhft, %

(i) cos sin 2 cos
4

π 
θ + θ = θ − 

 
(ii) 3 sin cos 2 sin

6

π 
θ − θ = θ − 

 

(iii) ( ) ( ) ( ) ( )cos n 1 A cos n 1 A sin n 1 A sin n 1 A cos 2A+ − + + − =

(iv) ( )cos A cos B sin A sin B cos A B
4 4 4 4

π π π π       
+ − + + − = +       

       

 miizes; 4 ( )
tan A tan B

tan A B
1 tan A tan B

+
+ =

−
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miifÙk % ( )
( )

( )

sin A B
tan A B

cos A B

+
+ =

+

 
sin A cos B cos A sin B

cos A cos B sin A sin B

+
=

−

va'k vkSj gj dks cos A cos B ls Hkkx djus ij gesa izkIr gksrk gS %

( )

sin A cos B cos A sin B

cos A cos B cos A cos B
tan A B

cos A cos B sin A sin B

cos A cos B cos A cos B

+

+ =

−

 ;k ( )
tan A tan B

tan A B
1 tan A tan B

+
+ =

−

         ......(III)

 miizes; 5% ( )
tan A tan B

tan A B
1 tan A tan B

−
− =

+

miifÙk % (III) esa B dks (–B) izfrLFkkfir djus ij gesa okafNr ifj.kke izkIr gksxkA

 miizes; 6% ( )
cot A cot B 1

cot A B
cot B cot A

−
+ =

+

miifÙk %  ( )
( )

( )

cos A B cos A cos B sin A sin B
cot A B

sin A B sin A cos B cos A sin B

+ −
+ = =

+ +

va'k vkSj gj dks sin A sin B ls Hkkx djus ij gesa izkIr gksrk gS % ......(IV)

   ( )
cot A cot B 1

cot A B
cot B cot A

−
+ =

+

 miizes; 7%  
1 tan A

tan A
4 1 tan A

π + 
+ = 

  −

miifÙk %    
tan tan A

4tan A
4

1 tan tan A
4

π
+

π 
+ = 

π 
− ⋅

 
1 tan A

1 tan A

+
=

−

D;ksafd tan 1
4

π
=

blh izdkj ge fl¼ dj ldrs gSa fd 
1 tan A

tan A
4 1 tan A

π − 
− = 

  +

mnkgj.k 4.2.  tan
12

π
 dk eku Kkr dhft,A

gy % 
tan tan

4 6tan tan
12 4 6

1 tan tan
4 6

π π
−

π π π 
= − = 

π π 
+ ⋅

1
1

3 13
1 3 11 1.
3

−

−
= =

+
+

( ) ( )

( ) ( )

3 1 3 1 4 2 3

23 1 3 1

− − −
= =

+ −

 2 3= −

mnkgj.k 4.3.   fuEufyf[kr dks fl¼ dhft, % (a) 

7 7
cos sin

436 36 tan
7 7 9

cos sin
36 36

π π
+

π
=

π π
−
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(b) tan 7A tan 4A tan 3A tan 7A tan 4A tan 3A− − = ⋅

(c)
7 5

tan tan 2 tan
18 9 18

π π π
= +

gy % (a) va'k o gj nksuksa dks 
7

cos
36

π

 ls Hkkx djus ij gesa izkIr gksrk gS %

ck;k¡ i{k 

7 7 7
cos sin 1 tan

36 36 36
7 7 7

cos sin 1 tan
36 36 36

π π π
+ +

= =
π π π

− −

 

7
tan tan

4 36
7

1 tan tan
4 36

π π
+

=
π π

− ⋅

   
7

tan
4 36

π π 
= + 

 
 

16 4
tan tan

36 9

π π
= = = nk;k¡ i{k

(b) ( )
tan 4A tan 3A

tan 7A tan 4A 3A
1 tan 4A tan 3A

+
= + =

−

;k tan 7A tan 7A tan 4A tan 3A tan 4A tan 3A− = +

;k tan 7A tan 4A tan3A tan 7A tan 4A tan3A− − =

(c)

5 2
tan tan

7 5 2 18 18tan tan
5 218 18 18

1 tan tan
18 18

π π
+

π π π 
= + = 

π π 
− ⋅

7 7 5 2 5 2
tan tan tan tan tan tan

18 18 18 18 18 18

π π π π π π
− = + .....(1)

7 2
tan tan cot cot

18 2 9 9 18

π π π π π 
= − = = 

 

∴  (1) dks fy[kk tk ldrk gS %

7 2 5 2 5
tan cot tan tan tan tan

18 18 18 18 18 9

π π π π π π
− = +

∴  
7 5

tan tan 2 tan
18 9 18

π π π
= +

   ns[ksa vkius fdruk lh[kk 4.2

1. fjDr LFkku Hkfj, %

(i) sin A sin A .........
4 4

π π   
+ − =   

   
   (ii) cos cos .........

3 4 3 4

π π π π   
+ − =   

   

2. (a) fl¼ dhft, % (i) tan tan 1.
4 4

π π   
+ θ − θ =   

   

(ii) ( )
cot A cot B 1

cot A B
cot B cot A

+
− =

−

   (iii) tan tan tan tan 1
12 6 12 6

π π π π
+ + ⋅ =
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(b) ;fn 
a

tan A
b

= ; 
c

tan B
d

=  gks] rks fl¼ dhft, fd ( )
ad bc

tan A B .
bd ac

+
+ =

−

(c)  
11

cos
12

π

 dk eku Kkr dhft,A

3. fl¼ dhft, % (i) 
3

tan A tan A 1
4 4

π π   
+ + = −   

   

(ii)    
cos sin

tan
cos sin 4

θ + θ π 
= + θ 

θ − θ  
(iii) 

cos sin
tan

cos sin 4

θ − θ π 
= − θ 

θ + θ  

4.2 xq.ku dk ;ksx esa :ikarj.k djuk vkSj mudk foykse
4.2.1 xq.ku dk ;ksx o vUrj esa :ikarj.k

ge tkurs gSa %

( )sin A B sin A cos B cos A sin B+ = +

( )sin A B sin A cos B cos A sin B− = −

( )cos A B cos A cos B sin Asin B+ = −

( )cos A B cos A cos B sin A sin B− = +

izFke nks lw=kksa dk ;ksx o vUrj djus ij gesa Øe'k% izkIr gksrk gS %

( ) ( )2 sin A cos B sin A B sin A B= + + − .....(1)

vkSj ( ) ( )2 cos A sin B sin A B sin A B= + − − .....(2)

blh izdkj] nwljs nks lw=kksa dk ;ksx o vUrj djus ij gesa Øe'k% izkIr gksrk gS %

( ) ( )2cos A cos B cos A B cos A B= + + − ....(3)

vkSj ( ) ( )2 sin A sin B cos A B cos A B= − − + ....(4)

ge bUgsa bl izdkj Hkh dg ldrs gSa %

( ) ( )2 sin A cos B sin sin= +;ksx vUrj

( ) ( )2 cos A sin B sin sin= −;ksx vUrj

( ) ( )2 cos A cos B cos cos= +;ksx vUrj

( ) ( )2 sin A sin B cos cos= −vUrj ;kxs

4.2.2 ;ksx o vUrj dk xq.ku esa :ikraj.k

mijksDr ifj.kkeksa esa A + B = C vkSj A – B = D jf[k,A

rc
C D

A
2

+
=  vkSj C D

B
2

−
= rFkk (1)] (2)] (3) rFkk (4) cu tkrs gSa %

C D C D
sin C sin D 2 sin cos

2 2

+ −
+ =
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C D C D
sin C sin D 2 cos sin

2 2

+ −
− =

C D C D
cos C cos D 2 cos cos

2 2

+ −
+ =

C D C D
cos D cos C 2 sin sin

2 2

+ −
− =

4.2.3 ;ksx o vUrj lw=kksa ds dqN vkSj vuqiz;ksx

gesa fl¼ djsaxs fd (i) ( ) ( ) 2 2sin A B sin A B sin A sin B+ − = −

(ii) ( ) ( ) 2 2cos A B cos A B cos A sin B+ − = −  ;k 2 2cos B sin A−

miifÙk % (i) ( ) ( )sin A B sin A B+ −

( ) ( )sin A cos B cos A sin B sin A cos B cos A sin B= + −

2 2 2 2sin A cos B cos A sin B= −

( ) ( )2 2 2 2sin A 1 sin B 1 sin A sin B= − − −  2 2sin A sin B= −

(ii) ( ) ( )cos A B cos A B+ −

( ) ( )cos A cos B sin A sin B cos A cos B sin A sin B= − +

2 2 2 2cos A cos B sin A sin B= −

( ) ( )2 2 2 2cos A 1 sin B 1 cos A sin B= − − −  2 2cos A sin B= −

( ) ( )2 21 sin A 1 cos B= − − −  2 2cos B sin A= −

mnkgj.k 4.4.   fuEufyf[kr xq.kuksa dks ;ksx o vUrj ds :i esa O;Dr dhft, %

(i) 2 sin 3 cos 2θ θ (ii) cos 6 cosθ θ (iii) 
5

sin sin
12 12

π π

gy % (i) ( ) ( )2 sin 3 cos 2 sin 3 2 sin 3 2θ θ = θ + θ + θ − θ  sin 5 sin= θ + θ

(ii)     ( )
1

cos 6 cos 2 cos 6 cos
2

θ θ = θ θ  ( ) ( )[ ]
1

cos 6 cos 6
2

= θ + θ + θ − θ

      ( )
1

cos 7 cos 5
2

= θ + θ

(iii) 
5 1 5

sin sin 2 sin sin
12 12 2 12 12

π π π π 
=   

    
1 5 5

cos cos
2 12 12

π − π π + π    
= −        

 
1

cos cos
2 3 2

π π 
= −  

mnkgj.k 4.5.   fuEufyf[kr ;ksx dks xq.ku ds :i esa O;Dr dhft, %

(i) 
5 7

cos cos
9 9

π π
+ (ii) 

5 7
sin cos

36 36

π π
+
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gy% (i) 
5 7 5 7 5 7

cos cos 2 cos cos
9 9 9 2 9 2

π π π + π π − π
+ =

× ×

    
2

2 cos cos
3 9

π π
= cos cos

9 9

π π  
− =    

∵

    2 cos cos
3 9

π π 
= π − 

 
 2 cos cos

3 9

π π
= −

    cos
9

π
= −

1
cos

3 2

π 
=  

∵

(ii)    
5 7 13 7

sin cos sin cos
36 36 2 36 36

π π π π π 
+ = − + 

 
 

13 7
cos cos

36 36

π π
= +

13 7 13 7
2 cos cos

36 2 36 2

π + π π − π
=

× ×

 
5

2 cos cos
18 12

π π
=

mnkgj.k 4.6.  fl¼ dhft, fd 
cos 7A cos 9A

tan 8A
sin 9A sin 7A

−
=

−

gy % ck;k¡ i{k 

7A 9A 9A 7A
2 sin sin

2 2
9A 7A 9A 7A

2 cos sin
2 2

+ −

=

+ −
 

sin 8A sin A sin 8A

cos 8A sin A cos 8A
= =

= tan 8A = nk;k¡ i{k

mnkgj.k 4.7.   fuEufyf[kr dks fl¼ dhft, %

(i) ( ) ( )2cos A sin B sin A B cos A B
4 4

2
π π   

− − − = + −   
   

(ii) 2A A 1
sin sin sin A

8 2 8 2 2

2 π π   
+ − − =   

   

gy % (i) lw=k ( ) ( )2 2cos A sin B cos A B cos A B− = + −  dk mi;ksx djus ij

ck;k¡ i{k cos A B cos A B
4 4 4 4

π π π π   
= − + − − − +      

( ) ( )cos A B cos A B
2

π 
= − + − −    

( ) ( )sin A B cos A B= + − = nk;ka i{k

(ii) lw=k ( )2 2sin A sin B sin A B− = + ( )sin A B− dk mi;ksx djus ij

ck;k¡ i{k 
A A A A

sin sin
8 2 8 2 8 2 8 2

π π π π   
= + + − + − +   

   
 sin sin A

4

π
=

 
1

sin A
2

= =  nk;k¡ i{k

mnkgj.k 4.8.   fl¼ dhft, fd 
2 4 1

cos cos cos cos
9 9 3 9 16

π π π π
=
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gy % ck;k¡ i{k = 
2 4

cos cos cos cos
3 9 9 9

π π π π 
  

1 1 2 4
2 cos cos cos

2 2 9 9 9

π π π 
= ⋅   

     
1

cos
3 2

π 
=  

∵

1 4
cos cos cos

4 3 9 9

π π π 
= +  

 
1 4 1 4

cos 2 cos cos
8 9 8 9 9

π π π 
= +   

1 4 1 5
cos cos cos

8 9 8 9 3

π π π 
= + +  

 
1 4 1 5 1

cos cos
8 9 8 9 16

π π
= + +    .....(1)

vc
5 4 4

cos cos cos
9 9 9

π π π 
= π − = −  

.....(2)

(1) vkSj (2) ls] gesa izkIr gksrk gS %   ck;k¡ i{k 
1

16
= =  nk;k¡ i{k

    ns[ksa vkius fdruk lh[kk 4.3

1. fuEufyf[kr dks ;ksx o vUrj ds :i esa O;Dr dhft, %
(a) 2 cos 3 sin 2θ θ (b) 2sin 4 sin 2θ θ

(c) 2 cos cos
4 12

π π

(d) 2 sin cos
3 6

π π

2. fuEufyf[kr esa izR;sd dks xq.ku ds :i esa O;Dr dhft, %
(a) sin 6 sin 4θ + θ (b) sin 7 sin 3θ − θ

(c) cos 2 cos 4θ − θ (d) cos 7 cos 5θ + θ

3. fl¼ dhft, %

(a) 
5 4

sin cos cos
18 9 9

π π π
+ = (b) 

7
cos cos

9 18 1
7

sin sin
18 9

π π
−

=
π π

−

(c) 
5 7

sin sin sin 0
18 18 18

π π π
− + = (d) 

5 7
cos cos cos 0

9 9 9

π π π
+ + =

4. fl¼ dhft, %

(a) ( ) ( )2 2sin n 1 sin n sin 2n 1 sin+ θ − θ = + θ ⋅ θ

(b) ( ) ( )2 2cos cos 2 cos sinβ α − β = α − α − β

(c) 2 2
3

cos sin
4 12 4

π π
− =

5. fl¼ dhft, fd 2 2cos sin
4 4

π π   
+ θ − − θ   

   
, θ  ls Lora=k gSA
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6. fl¼ dhft, %

(a) 
sin sin 3 sin 5 sin 7

tan 4
cos cos 3 cos 5 cos 7

θ + θ + θ + θ
= θ

θ + θ + θ + θ

(b) 
5 5 7 1

sin sin sin sin
18 6 18 18 16

π π π π
=

(c) ( ) ( )
2 2 2cos cos sin sin 4 cos

2

α − β
α + β + α + β =

4.3 dks.kksa ds xq.kt ds f=kdks.kferh; iQYku
(a) sin 2A dks sin A, cos AvkSj tan A ds #i esa O;Dr djuk

ge tkurs gSa fd % ( )sin A B sin A cos B cos A sin B+ = +

B = A j[kus ij gesa izkIr gksrk gS % sin 2A sin A cos A cos A sin A= + 2 sin A cos A=

bldks bl izdkj ls Hkh fy[kk tk ldrk gS %

2 2

2 sin A cos A
sin 2A

cos A sin A
=

+

(∵  2 21 cos A sin A= + )

va'k vkSj gj dks 2cos A  ls Hkkx djus ij gesa izkIr gksrk gS %

2

2 2

2 2

sin A cos A
2

cos A
sin 2A

cos A sin A

cos A cos A

 
 
 

=

+

 
2

2 tan A

1 tan A
=

+

(b) cos 2A dks sin A, cos A vkSj tan A ds #i esa O;Dr djuk

ge tkurs gSa fd % ( )cos A B cos A cos B sin A sin B+ = −

B = A j[kus ij cos 2A cos A cos A sin A sin A= −

;k 2 2cos 2A cos A sin A= −

vkSj  ( )2 2cos 2A cos A 1 cos A= − −  2 2cos A 1 cos A= − +

vFkkZr, 2cos 2A 2 cos A 1= − ⇒ 2
1 cos 2A

cos A
2

+
=

vkSj  2 2cos 2A cos A sin A= −  2 21 sin A sin A= − −

vFkkZr,  2cos 2A 1 2 sin A= − ⇒ 2
1 cos 2A

sin A
2

−
=

∴

2 2

2 2

cos A sin A
cos 2A

cos A sin A

−
=

+

nk;sa i{k ds va'k vkSj gj dks 2cos A  ls Hkkx djus ij gesa izkIr gksrk gS %

2

2

1 tan A
cos 2A

1 tan A

−
=

+

(c)  tan 2A dks tan A ds #i easa O;Dr djuk
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  ( )
tan A tan A

tan 2A tan A A
1 tan A tan A

+
= + =

−

 
2

2 tan A

1 tan A
=

−

bl izdkj geus fuEufyf[kr lw=kksa dk O;qRiUu fd;k gS %

2

2 tan A
sin 2A 2 sin A cos A

1 tan A
= =

+

2
2 2 2 2

2

1 tan A
cos 2A cos A sin A 2cos A 1 1 2sin A

1 tan A

−
= − = − = − =

+

2

2 tan A
tan 2A

1 tan A
=

−

2
1 cos 2A

cos A
2

+
= , 2

1 cos 2A
sin A

2

−
=

mnkgj.k 4.9.  fl¼ dhft, % 
sin 2A

tan A
1 cos 2A

=

+

gy %
2

sin 2A 2 sin A cos A

1 cos 2A 2 cos A
=

+

 
sin A

cos A
= = tan AA

mnkgj.k 4.10.  fl¼ dhft, % cot A tan A 2 cot 2A− =

gy %
1

cot A tan A tan A
tan A

− = −

21 tan A

tan A

−
=  

( )22 1 tan A

2 tan A

−

=

2

2

2 tan A

1 tan A

=

 
 

− 

 
2

tan 2A
= 2 cot 2A=

mnkgj.k% 4.11.  eku Kkr dhft, % 2 2
3

cos cos
8 8

π π
+

gy % 2cos
8

π
+ 2

3
1 cos 1 cos

3 4 4cos
8 2 2

π π
+ +

π
= +  

1 1

2 2

2 2

1 + 1 −

= +

   
( ) ( )2 1 2 1

2 2

+ + −
= 1=

mnkgj.k 4.12.  fl¼ dhft, % 
cos A A

tan
1 sin A 4 2

π 
= + 

−  

gy % nk;k¡ i{k = 

A
tan tan

A 4 2tan
A4 2

1 tan tan
4 2

π
+

π 
+ = 

π 
−

A
sin

21
A

cos
2
A

sin
21
A

cos
2

+

=

−
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A A
cos sin

2 2
A A

cos sin
2 2

+

=

−

2

A A A A
cos sin cos sin

2 2 2 2

A A
cos sin

2 2

   
+ −   

   
=

 
− 

 

[va'k vkSj gj dks 
cos A sin A

2 2

 
− 

 
 ls xq.kk djus ij ]

2 2

2 2

A A
cos sin

2 2
A A A A

cos sin 2cos sin
2 2 2 2

−

=

+ −

 
cos A

1 sin A
=

−

 =  ck;k¡ i{k

    ns[ksa vkius fdruk lh[kk 4.4

1. ;fn A
3

π
=  rks lR;kfir dhft, %

(a) 
2

2 tan A
sin 2A 2 sin A cos A

1 tan A
= =

+

(b) 

2
2 2 2 2

2

1 tan A
cos 2A cos A sin A 2cos A 1 1 2sin A

1 tan A

−
= − = − = − =

+

2. sin 2A dk eku Kkr dhft, tc  0 < A < 
2

π

 gks %

(a) 
3

cos A
5

= (b) 
12

sin A
13

= (c) 
16

tan A
63

=

3. cos 2A dk eku Kkr dhft, ;fn %

(a) 
15

cos A
17

= (b) 
4

sin A
5

= (c) 
5

tan A
12

=

4. tan 2A dk eku Kkr dhft, ;fn %

(a) 
3

tan A
4

= (b) 
a

tan A
b

=

5. 2 2
3

sin sin
8 8

π π
+   dk eku Kkr dhft, A

6. fuEufyf[kr dks fl¼ dhft, %

(a) 
2

1 sin 2A
tan A

1 sin 2A 4

+ π 
= + 

−  
(b) 

2

2

cot A 1
sec 2A

cos A 1

+
=

−

7. fl¼ dhft, fd %

(a) 
sin 2A

cos A
1 cos 2A

=

−

(b) tan A cot A 2 cosec 2A+ =

8. fl¼ dhft, fd % (a) 
cos A A

tan
1 sin A 4 2

π 
= − 

+  

(b) ( ) ( )
2 2 2cos cos sin sin 4 cos

2

α − β
α + β + α − β =
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4.3.1 3A ds f=kdks.kferh; iQyu A ds :i esa

(a) sin 3A, sin A ds :i esa

lw=k ( )sin A B sin A cos B cos A sin B+ = +  esa  B = 2A j[kus ij

gesa izkIr gksrk gS % ( )sin A 2A sin A cos 2A cos A sin 2A+ = +

( ) ( )2sin A 1 2 sin A cos A 2 sin A cos A= − + ×

( )3 2sin A 2 sin A 2 sin A 1 sin A= − + −

3 3sin A 2 sin A 2 sin A 2 sin A= − + −

∴       3sin 3A 3 sin A 4 sin A= − ....(1)

(b) cos 3A, cos A ds :i esa

lw=k ( )cos A B cos A cos B sin A sin B+ = −  ds #i esa B = 2A j[kus ij

gesa izkIr gksrk gS % ( )cos A 2A cos A cos 2A sin A sin 2A+ = −

( ) ( )2cos A 2 cos A 1 sin A 2 sin A cos A= − − ×

( )3 22 cos A cos A 2 cos A 1 cos A= − − −

3 32cos A cos A 2cos A 2cos A= − − +

∴                     3cos 3A 4 cos A 3 cos A= − ....(2)

(c) tan 3A, tan A ds :i esa

lw=k ( )
tan A tan B

tan A B
1 tan A tan B

+
+ =

−

 esa B = 2A j[kus ij]

gesa izkIr gksrk gS % ( )
tan A tan B

tan A B
1 tan A tan B

+
+ =

−

  ( )
tan A tan 2A

tan A 2A
1 tan A tan 2A

+
+ =

−

 
2

2

2 tan A
tan A

1 tan A
2 tan A

1 tan A
1 tan A

+

−
=

− ×

−

 

3

2

2 2

2

tan A tan A 2 tan A

1 tan A
1 tan A 2 tan A

1 tan A

− +

−
=

− −

−

 

3

2

3 tan A tan A

1 3 tan A

−
=

−

(d)  3sin A  vkSj 3cos A  ds fy, lw=k

∵         3sin 3A 3 sin A 4 sin A= −

∴       34 sin A 3 sin A sin 3A= −  ;k  3
3 sin A sin 3A

sin A
4

−
=

blh izdkj,    3cos 3A 4 cos A 3 cos A= −

∴  33 cos A cos 3A 4 cos A+ =  ;k 3
3 cos A cos 3A

cos A
4

+
=
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mnkgj.k 4.13.  fl¼ dhft, % 1
sin sin sin sin 3

3 3 4

π π   
α + α − α = α   

   

gy % sin sin sin
3 3

π π   
α + α − α   

   

1 2
sin cos 2 cos

2 3

π 
= α α −  

2 21
sin 1 2sin 1 2sin

2 3

 π  
= α − α − −  

  
2 2

1
2. sin sin sin

2 3

π 
= α − α  

3
2

3 3 sin 4 sin 1
sin sin sin 3

4 4 4

α − α 
= α − α = = α  

mnkgj.k 4.14.  fl¼ dhft, % 3 3
3

cos A sin 3A sin A cos 3A sin 4A
4

+ =

gy % 3 3cos A sin 3A sin A cos 3A+

( ) ( )3 3 3 3cos A 3sin A 4 sin A sin A 4 cos A 3 cos A= − + −

3 3 3 3 3 33 sin A cos A 4 sin A cos A 4 sin A cos A 3 sin A cos A= − + −

3 33 sin A cos A 3 sin A cos A= −

( ) ( )2 23sin A cos A cos A sin A 3sin A cos A cos 2A= − =

3 sin 2A
cos 2A

2
= ×  

3 sin 4A 3
. sin 4A

2 2 4
= = .

mnkgj.k 4.15.  fl¼ dhft, % 3 3
3

cos sin cos sin
9 18 4 9 18

π π π π 
+ = + 

 

gy % ck;k¡ i{k
1 1

3cos cos 3sin sin
4 9 3 4 18 6

π π π π   
= + + −     

3 1 1 1
cos sin

4 9 18 4 2 2

π π   
= + + −     

3
cos sin

4 9 18

π π 
= + =  

nk;k¡ i{k

    ns[ksa vkius fdruk lh[kk 4.5

1. ;fn A
3

π
=  gks] rks lR;kfir dhft, %

(a) 3sin 3A 3 sin A 4 sin A= − (b) 3cos 3A 4 cos A 3 cos A= −

(c) 

3

2

3tan A tan A
tan 3A

1 3tan A

−
=

−

2. sin 3A dk eku Kkr dhft, ;fn

(a) 
2

sin A
3

= (b) 
p

sin A ,
q

=  gksA

3. cos 3A dk eku Kkr dhft, ;fn

(a) 
1

cos A
3

= − (b) 
c

cos A
d

=  gksA
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4. fl¼ dhft, % 
1

cos cos cos cos 3 .
3 3 4

π π   
α − α + α = α   

   

5. (a) fl¼ dhft, % 3 3
2 3 2

sin sin sin sin
9 9 4 9 9

π π π π 
− = − 

 

(b) fl¼ dhft, % sin 3A cos 3A

sin A cos A
−  fdlh Hkh 'A' ds f=kdks.kferh; vuqikr ls Lora=k gSA

6. (a) fl¼ dhft, % 
3

2

cot A 3 cot A
cot 3A

3 cot A 1

−
=

−

(b) fl¼ dhft, % 3cos10A cos 8A 3 cos 4A 3 cos 2A 8 cos A cos 3A+ + + =

4.4 viorZd dks.kksa ds f=kdks.kferh; iQyu

dks.k 
A A A

, ,
2 3 4

 vkfn dks.k A  ds viorZd dks.k dgykrs gSaA

;g fl¼ fd;k tk pqdk gS fd

2
1 cos 2A

sin A
2

−
= , 2

1 cos 2A
cos A

2

+
= , 2

1 cos 2A
tan A

1 cos 2A

−
=

+

A dks 
A

2
 izfrLFkkfir djus ij gesa vklkuh ls viorZd dks.k 

A

2
 ds fuEufyf[kr lw=k izkIr gksrs gSa%

A 1 cos A
sin

2 2

−
= ± ,

A 1 cos A
cos

2 2

+
= ±  vkSj

A 1 cos A
tan

2 1 cos A

−
= ±

+

ge /ukRed ;k ½.kkRed fpUg esa ls dksbZ lk Hkh pqu ldrs gSa] tks bl ckr ij fuHkZj djrk gS

fd 
A

2
 ds eku ds fy, iQyu dk laxr eku /ukRed gS ;k ½.kkRedA

;g vkidks fuEufyf[kr mnkgj.kksa ls Li"V gks tk,xk %

mnkgj.k 4.16.  sin
8

π 
− 

 
 vkSj cos

8

π 
− 

 
 dk eku Kkr dhft, A

gy % ge lw=k 
A 1 cos A

sin
2 2

−
= ±  dk mi;ksx djsaxs vkSj ' '−  fpUg ysaxs D;ksafd sin

8

π 
− 

 
½.kkRed gksrk gSA

                 
1 cos

4
sin

8 2

−π 
−  

π   
− = − 

 

1
1

2

2

−

= −

2 1 2 2

22 2

− −
= − = −

blh izdkj  

1 cos
4

cos
8 2

π 
+ − 

π   
− = 

 

1
1

2

2

+

=

2 1

2 2

+
=

2 2

4

+
=  

2 2

2

+
=
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mnkgj.k 4.17.  ;fn 
7

cos A
25

=  vkSj 
3

A 2
2

π
< < π  gks] rks fuEu dk eku Kkr dhft, %

(i) 
A

sin
2

(ii) 
A

cos
2

(iii) 
A

tan
2

gy % A pkSFks prqFkkZa'k esa vkrk gS vFkkZr~  3
A 2

2

π
< < π  ⇒  

A
3

4 2

π
< < π

∴

A
sin 0

2
> , 

A
cos 0

2
< , 

A
tan 0

2
<

∴

7
25

1A 1 cos A 18 9 3
sin

2 2 2 50 25 5

−−
= = = = =

7
25

1A 1 cos A 32 16 4
cos

2 2 2 50 25 5

++
= − = − = − = − = −

rFkk
7
25
7
25

1A 1 cos A 18 9 3
tan

2 1 cos A 32 16 41

−−
= − = − = − = − = −

+ +

  ns[ksa vkius fdruk lh[kk 4.6

1. ;fn A
3

π
=  rks lR;kfir dhft, %

(a) 
A 1 cos A

sin
2 2

−
=      (b) 

A 1 cos A
cos

2 2

+
=     (c) 

A 1 cos A
tan

2 1 cos A

−
=

+

2. sin
12

π
 vkSj sin

24

π

dk eku Kkr dhft,A

3. eku Kkr dhft, %

(a) sin
8

π

(b) cos
8

π

(c) tan
8

π

.

4.5 f=kdks.kferh; lehdj.k
vki chtxf.kr esa lehdj.k tSls lk/kj.k jSf[kd lehdj.k] f}?kkr lehdj.k vkfn ls ifjfpr gSA
vkius mUgsa gy djuk Hkh lh[kk gSA

bl izdkj (i) x 3 0− =  dk dsoy ,d gy gSA

(ii) 2x 9 0− = ls x ds nks eku feyrs gSaA

vkius ns[kk gksxk fd x ds eku lehdj.k dh ?kkr ij fuHkZj djrs gSasA vc ;fn x vkSj y ds LFkku
ij f=kdks.kferh; vuqikr gksa rks D;k gksxk] ge bl ckr ij fopkj djsaxsA

bl izdkj lehdj.k sin 1 0θ − =  ls izkIr gksxk

sin 1θ =  rFkk
5 9

, , , ....
2 2 2

π π π
θ =
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Li"Vr% ljy lehdj.k ds lhfer eku gkas] ;g ckr f=kdks.kferh; lehdj.k esa vko';d ugha fd
lR; gksA

vc ge bl izdkj ds lehdj.kksa dks gy djus dh fof/ lh[ksaxsA

4.5.1 lehdj.k  sin θθθθ = sin αααα dk O;kid gy Kkr djuk

fn;k gS fd sin sinθ = α  ⇒  sin sin 0θ − α =

;k 2 cos sin 0
2 2

θ + α θ − α   
=   

   

∴;k rks  cos 0
2

θ + α 
= 

 
 vFkok sin 0

2

θ − α 
= 

 

⇒ ( )2p 1
2 2

θ + α π
= + vFkok  q , p, q z

2

θ − α
= π ∈  (iw.kk±dks dk leqPp;)

⇒ ( )2p 1θ = + π − α vFkok 2qθ = π + α ....(1)

(1) ls gesa lehdj.k sin sinθ = α  dk O;kid gy izkIr gksrk gS

( )
n

n 1 , n zθ = π + − α ∈

4.5.2 lehdj.k cos θθθθ = cos αααα dk O;kid gy Kkr djuk
fn;k gS fd cos cosθ = α  ⇒  cos cos 0θ − α =

⇒ 2 sin sin 0
2 2

θ + α θ − α
− =

⇒  ;k rks     sin 0
2

θ + α
= vFkok sin 0

2

θ − α
=

⇒            p
2

θ + α
= π vFkok        q , p, q z

2

θ − α
= π ∈

⇒         2pθ = π − α vFkok     2pθ = π + α ....(1)

(1) ls gesa lehdj.k cos θ = cos α dk O;kid gy izkIr gksrk gS

2n , n zθ = π ± α ∈

4.5.3 lehdj.k tan θθθθ = tan α α α α  dk O;kid gy Kkr djuk

fn;k x;k gS fd tan tanθ = α

⇒         
sin sin

0
cos cos

θ α
− =

θ α

⇒  sin cos sin cos 0θ α − α θ =  ⇒   ( )sin 0θ − α =

⇒ n , n zθ − α = π ∈  ⇒  nθ = π + α  n z∈

blh izdkj  cosec θ  = cosec α  dk O;kid gy gS %

           ( )
n

n 1θ = π + − α

vkSj        sec secθ = α  ds fy, O;kid gy gS %  2nθ = π ± α

vkSj        cot cotθ = α  ds fy, O;kid gy gS %  nθ = π + α
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mnkgj.k 4.18.  fuEufyf[kr lehdj.kksa esa izR;sd dk O;kid gy Kkr dhft, %

(a) (i) 
1

sin
2

θ = (ii) 
3

sin
2

θ = −

(b) (i) 
3

cos
2

θ = (ii) 
1

cos
2

θ = −

(c) cot 3θ = − (d) 
24sin 1θ =

gy % (a) (i) 
1

sin sin
2 6

π
θ = =            ∴  

( )
n

n 1 , n z
6

π
θ = π + − ∈

(ii)  
3 4

sin sin sin sin
2 3 3 3

− π π π 
θ = = − = π + = 

 

∴ ( )
n 4

n 1 , n z
3

π
θ = π + − ∈

(b) (i) 
3

cos cos
2 6

π
θ = =        ∴  2n , n z

6

π
θ = π ± ∈

(ii) 
1 2

cos cos cos cos
2 3 3 3

π π π 
θ = − = − = π − = 

 
  ∴  

2
2n , n z

3

π
θ = π ± ∈

(c)      cot 3θ = −

     
1 5

tan tan tan tan
6 6 63

π π π 
θ = − = − = π − = 

 

    ∴   
5

n , n z
6

π
θ = π + ∈

(d)  24 sin 1θ = ⇒
2

2 2
1 1

sin sin
4 2 6

π 
θ = = = 

 

⇒ sin sin
6

π 
θ = ± 

 
  ⇒ n , n z

6

π
θ = π ± ∈

mnkgj.k 4.19.  fuEufyf[kr esa izR;sd dk O;kid gy Kkr dhft, %
(a) 22 cos 3 sin 0θ + θ = (b) cos 4x cos 2x=

(c) cos 3x sin 2x= (d) sin 2x sin 4x sin 6x 0+ + =

gy %  (a)  22 cos 3 sin 0θ + θ =  ⇒  ( )22 1 sin 3sin 0− θ + θ =

⇒ 22 sin 3 sin 2 0θ − θ − =  ⇒  ( ) ( )2 sin 1 sin 2 0θ + θ − =

⇒
1

sin
2

θ = − ;k    sin 2θ =

D;ksafd sin 2θ =  laHko ugha gS]

∴

1 7
sin sin sin sin

2 6 6 6

π π π 
θ = − = − = π + = 
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∴    ( )
n 7

n 1
6

π
θ = π + − ⋅  , n z∈

(b)    cos 4x cos 2x=  vFkkZr cos 4x cos 2x 0− =

⇒     2 sin 3x sin x 0− =

⇒       sin 3x 0= ;k sin x 0=

⇒ 3x n= π ;k x n= π

⇒      
n

x
3

π
= ;k x n= π , n z∈

(c) cos 3x sin 2x=  ⇒  cos 3x cos 2x
2

π 
= − 

 

⇒      3x 2n 2x
2

π 
= π ± − 

 
, n z∈

dsoy + fpUg ysus ij] gesa izkIr gksxk  3x 2n 2x
2

π
= π + −

⇒ 5x 2n
2

π
= π +   ⇒   

2n
x

5 10

π π
= +

vc '−' fpUg ysus ij] gesa izkIr gksrk gS %  3x 2n 2x
2

π
= π − + ⇒  x 2n

2

π
= π − , n z∈

(d)  sin 2x sin 4x sin 6x 0+ + =  ;k ( )sin 6x sin 2x sin 4x 0+ + =

;k 2 sin 4x cos 2x sin 4x 0+ =   ;k [ ]sin 4x 2 cos 2x 1 0+ =

∴  sin 4x 0= ;k 
1 2

cos 2x cos
2 3

π
= − =

⇒ 4x n= π ;k    2
2x 2n

3

π
= π ± , n z∈

n
x

4

π
= ;k x n

3

π
= π ± , n z∈

    ns[ksa vkius fdruk lh[kk 4.7

1. fuEu esa izR;sd ds fy, θ  dk O;kid eku Kkr dhft, %

(i) 
3

sin
2

θ = (ii) cosec 2θ = (iii) 
3

sin
2

θ = − (iv) 
1

sin
2

θ = −

2. fuEu esa ls izR;sd ds fy, θ  dk O;kid eku Kkr dhft, %

(i) 
1

cos
2

θ = − (ii) 
2

sec
3

θ = − (iii) 
3

cos
2

θ =  (iv) sec 2θ = −
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3. fuEu esa ls izR;sd ds fy, θ  dk O;kid eku Kkr dhft, %

(i) tan 1θ = − (ii) tan 3θ = (iii) cot 1θ = −

4. fuEu esa ls izR;sd ds fy, θ  dk O;kid eku Kkr dhft, %

(i) 
1

sin 2
2

θ = (ii) 
1

cos 2
2

θ = (iii) 
1

tan 3
3

θ = (iv) 
3

cos 3
2

θ = −

(v) 2
3

sin
4

θ = (vi) 2
1

sin 2
4

θ = (vii) 24 cos 1θ = (viii) 2
3

cos 2
4

θ =

5. fuEufyf[kr esa izR;sd dk O;kid gy Kkr dhft, %

(i) 22 sin 3 cos 1 0θ + θ + = (ii) 24cos 4sin 1θ − θ =

(iii) cot tan 2 cosecθ + θ = θ

� ( )sin A B sin A cos B cos A sin B± = ± ,

 ( )cos A B cos A cos B sin A sin B± = ∓

( )
tan A tan B

tan A B
1 tan A tan B

+
+ =

−

,  ( )
tan A tan B

tan A B
1 tan A tan B

−
− =

+

( )
cot A cot B 1

cot A B
cot B cot A

−
+ =

+

, ( )
cot A cot B 1

cot A B
cot B cot A

+
− =

−

� ( ) ( )2 sin A cos B sin A B sin A B= + + −

( ) ( )2 cos A sin B sin A B sin A B= + − −

( ) ( )2 cos A cos B cos A B cos A B= + − −

( ) ( )2 sin A sin B cos A B cos A B= − − +

�

C D C D
sin C sin D 2 sin cos

2 2

+ −
+ =

C D C D
sin C sin D 2 cos sin

2 2

+ −
− =

C D C D
cos C cos D 2 cos cos

2 2

+ −
+ =

C D D C
cos C cos D 2sin sin

2 2

+ −
− =

� ( ) ( )
2 2sin A B sin A B sin A sin B+ ⋅ − = −

( ) ( )
2 2cos A B cos A B cos A sin B+ ⋅ − = −

�
2

2 tan A
sin 2A 2 sin A cos A

1 tan A
= =

+

C

A1

% + vkb, nksgjk,¡



108

  f=kdks.kferh; iQyu- II

xf.kr

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

�

2
2 2 2 2

2

1 tan A
cos 2A cos A sin A 2cos A 1 1 2sin A

1 tan A

−
= − = − = − =

+

�
2

2 tan A
tan 2A

1 tan A
=

−

�
2

1 cos 2A
sin A

2

−
= , 2

1 cos 2A
cos A

2

+
= , 

2
1 cos 2A

tan A
1 cos 2A

−
=

+

�
3sin 3A 3 sin A 4 sin A= − , 3cos 3A 4 cos A 3 cos A= −

3

2

3 tan A tan A
tan 3A

1 3 tan A

−
=

−

�
3

3 sin A sin 3A
sin A

4

−
= , 3

3 cos A cos 3A
cos A

4

+
=

�

A 1 cos A
sin

2 2

−
= ± ,  

A 1 cos A
cos

2 2

+
= ±

A 1 cos A
tan

2 1 cos A

−
= ±

+

� sin sinθ = α ⇒ ( )
n

n 1 ,θ = π + − α n z∈

� cos cosθ = α ⇒ 2n ,θ = π ± α n z∈

� tan tanθ = α ⇒ n ,θ = π + α n z∈

� http://mathworld.wolfram.com/ Trigonometric_functions.html

� http://en.wikipedia.org/wiki/Trigonometric_functions

1. fl¼ dhft, % ( ) ( )

2 2

2 2

cos B cos A
tan A B tan A B

cos B sin A

−
+ × − =

−

2. fl¼ dhft, % cos 3 sin 2 cos
3

π 
θ − θ = θ + 

 

3. ;fn A B
4

π
+ =  gks] rks

fl¼ dhft, % ( ) ( )1 tan A 1 tan B 2+ + =  vkSj ( ) ( )cot A 1 cot B 1 2− − =

4. fuEufyf[kr dks fl¼ dhft, %

(i) 
( ) ( ) ( )sin A B sin B C sin C A

0
cos A cos B cos B cos C cos C cos A

− − −

+ + =

vkb, vH;kl djsa

lgk;d osclkbV
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(ii) 
2 2

cos A cos A cos A cos A cos 2A
10 10 5 5

π π π π       
− ⋅ + + − ⋅ + =       

       

(iii)  
2 4 8 1

cos cos cos
9 9 9 8

π π π
⋅ ⋅ = − (iv) 

13 17 43
cos cos cos 0

45 45 45

π π π
+ + =

(v) 
1

tan A cot A
6 6

sin 2A sin
3

π π   
+ + − =   

π   
−

(vi) 
sin sin 2

tan
1 cos cos 2

θ + θ
= θ

+ θ + θ

(vii) 
cos sin

tan 2 sec 2
cos sin

θ + θ
= θ + θ

θ − θ

(viii)

2
21 sin

tan
1 sin 4 2

− θ π θ   
= −   

+ θ   

(ix) 2 2 2
3

cos A cos A cos A
3 3 2

π π   
+ + + − =   

   

(x) 
sec 8A 1 tan 8A

sec 4A 1 tan 2A

−
=

−

(xi) 
7 11 13 11

cos cos cos cos
30 30 30 30 16

π π π π
=

(xii) 
13 1

sin sin
10 10 2

π π
+ = −

5. fuEu esa ls izR;sd ds fy, θ  dk O;kid eku Kkr dhft, %

(a) 
1

sin
2

θ = (b) 
3

sin
2

θ = (c) 
1

sin
2

θ = − (d) cosec 2θ =

6. fuEu esa ls izR;sd ds fy, θdk O;kid eku Kkr dhft, %

(a) 
1

cos
2

θ = (b) 
2

sec
3

θ = (c) 
3

cos
2

−
θ = (d) sec 2θ = −

7. fuEu esa ls izR;sd ds fy, θdk O;kid eku Kkr dhft, %

(a) tan 1θ = (b) tan 1θ = − (c)
1

cot
3

θ = −

8. fuEu esa ls izR;sd ds fy, θ  dk O;kid eku Kkr dhft, %

(a) 2
1

sin
2

θ = (b) 24 cos 1θ = (c) 2 22 cot cosecθ = θ

9. fuEu esa ls izR;sd ds fy, θdk eku Kkr dhft, %

(a) cos p cos qθ = θ (b) sin 9 sinθ = θ (c) tan 5 cotθ = θ

10. fuEu esa ls izR;sd ds fy, θdk O;kid eku Kkr dhft, %
(a) sin m sin n 0θ + θ = (b) tan m cot n 0θ + θ =

(c) cos cos 2 cos 3 0θ + θ + θ = (d) sin sin 2 sin 3 sin 4 0θ + θ + θ + θ =
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ns[ksa vkius fdruk lh[kk 4.1

1. (a) (i) 
3 1

2 2

−

(ii) 
3

2
(c) 

21

221

2. (a) 
3 1

2 2

−

ns[ksa vkius fdruk lh[kk 4.2

1. (i) 
2 2cos A sin A

2

−
(ii) 

1

4
− 2. (c) 

( )3 1

2 2

+
−

ns[ksa vkius fdruk lh[kk 4.3

1. (a) sin 5 sinθ − θ ; (b) cos 2 cos 6θ − θ

(c) cos cos
3 6

π π
+ (d) sin sin

2 6

π π
+

2. (a) 2 sin 5 cosθ θ (b) 2 cos 5 sin 2θ ⋅ θ

(c) 2 sin 3 sinθ ⋅ θ (d) 2 cos 6 cosθ ⋅ θ

 ns[ksa vkius fdruk lh[kk 4.4

2. (a) 
24

25
(b) 

120

169
(c)  

2016

4225

3. (a) 
161

289
(b) 

7

25

−

(c) 
119

169

4. (a) 
24

7
(b) 

2 2

2ab

b a−

5. 1

ns[ksa vkius fdruk lh[kk 4.5

2. (a) 
22

27
(b) 

( )
2 3

3

3pq 4p

q

−

3. (a)
23

27
(b) 

3 2

3

4c 3cd

d

−

ns[ksa vkius fdruk lh[kk 4.6

2. (a) 
3 1

2 2

−

,
( )4 2 6

2 2

− −

3. (a) 
2 2

2

−
(b) 

2 2

2

+
(c) 2 1−

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 4.7

1. (i) ( )
n

n 1 , n z
3

π
θ = π + − ∈ (ii) ( )

n
n 1 , n z

4

π
θ = π + − ∈

(iii) ( )
n 4

n 1 , n z
3

π
θ = π + − ∈ (iv) ( )

n 5
n 1 , n z

4

π
θ = π + − ∈

2. (i) 
2

2n , n z
3

π
θ = π ± ∈ (ii) 

5
2n , n z

6

π
θ = π ± ∈

(iii) 2n , n z
6

π
θ = π ± ∈ (iv) 

3
2n , n z

4

π
θ = π ± ∈

3. (i) 
3

n , n z
4

π
θ = π + ∈ (ii) n , n z

3

π
θ = π + ∈

(iii) n , n z
4

π
θ = π − ∈

4. (i) ( )
nn

1 , n z
2 12

π π
θ = + − ∈ (ii) n , n z

6

π
θ = π ± ∈

(iii) 
n

, n z
3 18

π π
θ = + ∈ (iv) 

2n 5
, n z

3 18

π π
θ = ± ∈

(v) n , n z
3

π
θ = π ± ∈ (vi) 

n
, n z

2 12

π π
θ = ± ∈

(vii) n , n z
3

π
θ = π ± ∈ (viii) 

n
, n z

2 12

π π
θ = ± ∈

5. (i) 
5

2n , n z
6

π
θ = π ± ∈ (ii) ( )

n
n 1 , n z

6

π
θ = π + − ∈

(iii) 2n , n z
3

π
θ = π ± ∈

vkb;s vH;kl djsa

5. (a) ( )
n

n 1 ,n z
4

π
θ = π + − ∈ (b) ( )

n
n 1 ,n z

3

π
θ = π + − ∈

(c) ( )
n 5

n 1 , n z
4

π
θ = π + − ∈ (d) ( )

n
n 1 ,n z

4

π
θ = π + − ∈

6. (a) 2n ,n z
3

π
θ = π ± ∈ (b) 2n ,n z

6

π
θ = π ± ∈

(c) 
5

2n ,n z
6

π
θ = π ± ∈ (d) 

2
2n ,n z

3

π
θ = π ± ∈

7. (a) n ,n z
4

π
θ = π + ∈ (b) 

3
n , n z

4

π
θ = π + ∈

(c) 
2

n ,n z
3

π
θ = π + ∈
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8. (a) n ,n z
4

π
θ = π ± ∈ (b) n ,n z

3

π
θ = π ± ∈

(c) n ,n z
4

π
θ = π ± ∈

9. (a) 
2n

,n z
p q

π
θ = ∈

m
(b) ( )

n
or 2n 1 ,n z

4 10

π π
θ = + ∈

(c) ( )2n 1 ,n z
12

π
θ = + ∈

10. (a) 
( )2k 1

m n

+ π
θ =

−

or
2k

, k I
m n

π
∈

+

(b) 
( )

( )

2k 1
,k z

2 m n

+ π
θ = ∈

−

(c) ( )2n 1
4

π
θ = + or

2
2n ,n z

3

π
π ± ∈

(d) 
2n

or n , n I
5 2

π π
θ = θ = π ± ∈  or ( )2n 1 ,n zθ = − π ∈
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5

f=kHkqt dh Hkqtkvksa ,oa dks.kksa esa laca/

fiNys ikB esa geus okLrfod la[;kvksa osQ f=kdks.kferh; iQyu vkSj muds lEcU/ksa osQ fo"k; esa
lh[kk gSA geus f=kdks.kferh; iQyuksa dk xzkiQ [khapuk vkSj muosQ vkys[kksa ls muosQ xq.kksa dk vè;;u
djuk Hkh lh[kk gSA geus f=kdks.kferh; iQyuksa osQ ;ksx o vUrj rFkk okLrfod la[;kvksa osQ xq.ktksa
rFkk viorZdksa ds f=kdks.kferh; iQyuksa dk Hkh vè;;u fd;k gSA

bl vè;k; esa ge oqQN ifj.kkeksa dks LFkkfir djus dk iz;kl djsaxs tks ,d f=kHkqt dh Hkqtkvksa rFkk
dks.kksa osQ chp lEcU/ksa dks crk;saxs tks f=kHkqtkssa osQ vKkr Hkkxksa dks Kkr djus esa lgk;rk djsaxsA

     mís';
bl ikB ds vè;;u osQ ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

� lkbu&lw=k] dkslkbu&lw=k rFkk iz{ksi&lw=k dk O;qRiUu djuk

� bu lw=kksa dks iz'uksa dks gy djus esa mi;ksx djuk

iwoZ Kku

� f=kdks.kferh; iQyu dh tkudkjh

� f=kdks.kferh; iQyuksa osQ ;ksx o vUrj osQ lw=k

� okLrfod la[;kvksa osQ xq.kt o viorZd ds f=kdks.kferh; iQyu

5.1 T;k lw=k

ABC∆  esa] 'kh"kZ A, B vkSj C osQ laxr dks.kksa dks A, B rFkk C ls iznf'kZr fd;k tkrk gS vkSj blds 'kh"kks±
dh lEeq[k Hkqtkvksa dks Øe'k% a, b rFkk c ls iznf'kZr djrs gSaA

;g dks.k rFkk Hkqtk,¡ feydj f=kHkqt osQ N% vo;o dgykrs gSaA

fl¼ dhft, fd fdlh f=kHkqt esa] Hkqtkvksa dh yEckbZ;ka lEeq[k Hkqtkvksa osQ dks.kksa osQ lkbu osQ vuqikr
esa gksrh gS

vFkkZr~
a b c

sin A sin B sin C
= =

miifÙk% ABC∆  esa] fp=k 5.1 [ (i), (ii) vkSj (iii)] esa BC a, CA b= = vkSj AB c=  vkSj C∠  fp=k
(i) esa ,d U;wudks.k] (ii) esa ledks.k rFkk (iii) esa vf/d dks.k gSA
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a

bc

A

CB
D

     

A

CB

b
c

a

     

A

D
C

B

c
b

a

1
8
0
°C

 (i)    (ii) (iii)

fp=k 5.1

AD, BC ij yEc [khafp, (vFkok BC dks] vko';drk gksus ij] c<+kb,)

fp=k 5-1 (i) esa ABC∆  esa] 
AD

sin B
AB

=     ;k  
AD

sin B
c

=  ⇒  AD = c sin B            .....(i)

∆ADC, 
AD

sin C
AC

=  [fp=k 5.1 (i)]   ;k  AD
sin C

b
=  ⇒  AD = b sin C ....(ii)

vkSj fp=k 5.1 (ii) esa]  
AD

1 sin sin C
AC 2

π
= = =  vkSj sin=

AD
B

AB

       AD = b sin C vkSj AD = c sin B

vkSj fp=k 5.1 (iii) esa] ( )
AD

sin C sin C
AC

= π − =  vkSj sin=
AD

B
AB

;k        
AD

sin C
b

= ;k    AD = b sin C vkSj sin=AD C B

vr% bu rhuksa fp=kksa esa]  AD = b sin C vkSj AD = c sin B                        ....(iii)

vr% (iii) ls gesa izkIr gqvk

c sin B = b sin C   ⇒  
b c

sin B sin C
=            ....(iv)

blh izdkj] c ls AB ij yEc [khap dj ge fl¼ dj ldrs gaS fd
a b

sin A sin B
= .....(v)

(iv) vkSj (v) ls gesa izkIr gqvk
a b c

sin A sin B sin C
= = .....(A)

(A) T;k&lw=k dgykrk gSA

fVIi.kh%  (A) dks izk;% bl izdkj Hkh fy[kk tkrk gS %
sin A sin B sin C

a b c
= = ....(A')

(A) rFkk (A') osQ laca/ vKkr dks.kksa vkSj Hkqtkvksa dks Kkr djus esa gekjh lgk;rk djrs gaS tc oqQN
nwljs dks.k ;k Hkqtk,a nh gqbZ gksaA

vkb, oqQN mnkgj.k ysaA
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mnkgj.k 5.1.  T;k&lw=k dk mi;ksx djosQ fl¼ dhft, fd ( )
B C A

a cos b c sin
2 2

−
= +

gy % ge tkurs gSa fd 
a b c

k
sin A sin B sin C

= = =  (ekuk)

⇒   a = k sin A, b = k sin B, c = k sin C

∴ nk;k¡ i{k ( )
A

k sin B sin C sin
2

= + ⋅
B C B C A

k 2 sin cos sin
2 2 2

+ −
= ⋅ ⋅ ⋅

vc
B C A

2 2 2

+ π
= − ( )A B C+ + = π∵

∴    
B C A

sin cos
2 2

+
=

∴ nk;k¡ i{k 
A B C A

2 k cos cos sin
2 2 2

−
= ⋅ ⋅

B C
k sin A cos

2

−
= ⋅ ⋅ = 

B C
a cos

2

−
⋅ =  ck;k¡ i{k

mnkgj.k 5.2.   T;k&lw=k dk iz;ksx djosQ fl¼ dhft, fd ( ) ( )
2 A

a cos C cos B 2 b c cos
2

− = −

gy % ge tkurs gaS fd 
a b c

k
sin A sin B sin C

= = = (ekuk)

⇒ a = k sin A, b = k sin B, c = k sin C

∴ nk;k¡ i{k  ( )
2 A

2k sin B sin C cos
2

= − ⋅
2B C B C A

2k 2 cos sin cos
2 2 2

+ −
= ⋅ ⋅ ⋅

   
2A B C A B C A

4k sin sin cos 2a sin cos
2 2 2 2 2

− −
= ⋅ ⋅ = ⋅

    
B C B C

2a sin sin
2 2

+ −
= ⋅ ( )a cosC cos B= − = ck;k¡ i{k

mnkgj.k 5.3.  ABC∆  esa] fl¼ dhft, fd ( )a sin A bsin B csin A B− = −

gy % ge tkurs gaS fd 
a b c

k
sin A sin B sin C

= = =  (ekuk)

ck;k¡ i{k = ksin A sin A ksin B sin B⋅ − ⋅  
2 2

k sin A sin B = −
 

  ( ) ( )k sin A B sin A B= + ⋅ −

A B C+ = π − ⇒  ( )sin A B sin C+ =

∴ ck;k¡ i{k ( )k sin C sin A B= ⋅ − ( )c sin A B= − =  nk;k¡ i{k

mnkgj.k 5.4.  fdlh f=kHkqt esa] fl¼ dhft, fd ( )
2 2

a b cos C c cos B b c− = −

gy% ge tkurs gSa fd 
a b c

k
sin A sin B sin C

= = =  (ekuk)

     ck;k¡ i{k = ( )k sin A k sin B cos C k sin C cos B−  ( )
2

k sin A sin B C= ⋅ −  
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( ) ( )
2

k sin B C sin B C= ⋅ + ⋅ −  ( )sin A sin B C= +  ∵

( )2 2 2
k sin B sin C= −

2 2 2 2
k sin B k sin C= −

2 2
b c= − =  nk;k¡ i{k

    ns[ksa vkius fdruk lh[kk 5.1

1. lkbu&lw=k dk mi;ksx djosQ fl¼ dhft, fd %

(i)

A B
tan

a b2
A B a b

tan
2

−

−
=

+ +

(ii) ( )b cos B c cos C a cos B C+ = −

(iii) ( )
B C A

a sin cosb c
2 2

−
= − (iv)

b c B C B C
tan cot

b c 2 2

+ + −
= ⋅

−

(v) a cos A b cos B c cos C 2a sin B sin C+ + =

2. fdlh f=kHkqt esa] ;fn 
a b

cos A cosB
=  gks rks fl¼ dhft, fd f=kHkqt lef¼ckgq f=kHkqt gSA

5.2  dksT;k&lw=k
fdlh f=kHkqt esa fl¼ dhft, fd

(i)

2 2 2
b c a

cos A
2bc

+ −
=  (ii)  

2 2 2
c a b

cos B
2ac

+ −
=   (iii)

2 2 2
a b c

cosC
2ab

+ −
=

miifÙk%

a

bc

A

CB
D

  

A

(C, D)B

b
c

a

  

A

D
C

B

c
b

a

1
8
0
°C

(i) (ii) (iii)

fp=k 5.2

rhu fLFkfr;ka mRiUu gksrh gSa tc

(i) C∠  U;wu dks.k gS   (ii) C∠  ,d ledks.k gS  (iii) C∠ ,d vf/d dks.k gSA

vkb, izR;sd fLFkfr ij fopkj djsaA
fLFkfr (i) tc C∠  ,d U;wu dks.k gS

AD
sin C

AC
= ⇒ AD b sin C=

vkSj BD BC DC a bcosC= − = −

DC
cos C

b

 
=  

∵
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fp=k 5.2 (i) ls] ( ) ( )
2 2 2c bsin C a bcos C= + −

   2 2 2 2 2
b sin C a b cos C 2ab cos C= + + −

2 2
a b 2 ab cosC= + −

⇒     

2 2 2
a b c

cos C
2 ab

+ −
=

fLFkfr (ii) tc C
2

π
∠ = , 2 2 2 2 2

c AD BD b a= + = +

D;ksafd     C = 
2

π

 ⇒  cos C = 0

∴    2 2 2
c b a 2ab cos C= + − ⋅  ⇒  

2 2 2
b a c

cosC
2ab

+ −
=

fLFkfr (iii) tc C∠  ,d vf/d dks.k gS

    ( )
AD

sin sin CC
AC

= =π −      ∴  AD bsin C=

vkSj      ( )BD BC CD a b cos 180 C= + = + ° −  a b cos C= −

∴         ( ) ( )
2 22

c b sin C a b cos C= + −  2 2
a b 2ab cos C= + −

⇒      

2 2 2
a b c

cosC
2ab

+ −
=

∴ lHkh rhuksa fLFkfr;ksa esa]
2 2 2

a b c
cosC

2ab

+ −
=

blh izdkj] ;g Hkh fl¼ fd;k tk ldrk gS fd 
2 2 2

c a b
cos B

2ac

+ −
=  vkSj 

2 2 2
b c a

cos A
2bc

+ −
=

vkb, oqQN mnkgj.k ysa vkSj budh mi;ksfxrk dks ns[ksaA

mnkgj.k 5.5.  f=kHkqt ABC esa] fl¼ dhft, fd 
2 2 2

cos A cos B cosC a b c

a b c 2abc

+ +
+ + =

gy % ge tkurs gaS fd 
2 2 2

b c a
cos A

2bc

+ −
= , 

2 2 2
c a b

cos B
2ac

+ −
= , 

2 2 2
a b c

cosC
2ab

+ −
=

∴    ck;k¡ i{k 
2 2 2 2 2 2 2 2 2

b c a c a b a b c

2 abc 2 abc 2 abc

+ − + − + −
= + +

      [ ]2 2 2 2 2 2 2 2 2
1

b c a c a b a b c
2 abc

=
+ − + + − + + −  

2 2 2
a b c

2 abc

+ +
= =  nk;k¡ i{k

mnkgj.k 5.6.  ;fn A ,
3

π
∠ =  fl¼ dhft, fd ABC∆  esa (a b c) (b c a) 3bc+ + + − =

gy % 
2 2 2

b c a
cos A

2bc

+ −
= .....(i)
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A
3

π
= ⇒  

1
cos A cos

3 2

π
= =

(i) dks ge fy[k ldrs gSa % 
2 2 2

1 b c a

2 2bc

+ −
=  ⇒  2 2 2

b c a bc+ − =

;k 2 2 2
b c 2bc a 3bc+ + − =  ;k ( )

22 a 3bcb c − =+

;k ( ) ( ) 3bcb c a b c a =+ + + − .

mnkgj.k 5.7. ;fn ,d f=kHkqt dh Hkqtk,¡ 3 lseh] 5 lseh vkSj 7 lseh gksa] rks f=kHkqt dk lcls

cM+k dks.k Kkr dhft,A

gy % ;gk¡ ij] a = 3 lseh] b = 5 lseh] c = 7 lseh

ge tkurs gSa fd ,d f=kHkqt esa lcls cM+h Hkqtk dk lEeq[k dks.k lcls cM+k gksrk gSA

∴ C∠  lcls cM+k dks.k gS

∴  

2 2 2
a b c

cosC
2ab

+ −
=  

9 25 49 15 1

30 30 2

+ − − −
= = =

∴   
1

cos C
2

−
= ⇒   

2
C

3

π
=

∴ f=kHkqt dk lcls cM+k dks.k 
2

3

π

 vFkok 120° gSA

mnkgj.k 5.8.  ABC∆ esa] ;fn A
3

π
∠ =  rks fl¼ dhft, fd  

b c
1

c a a b
+ =

+ +

.

gy% 
2 2 2

b c a
cos A

2bc

+ −
=  ;k 

2 2 2
1 b c a

cos
3 2 2bc

π + −
= =

∴
2 2 2

b c a bc+ − =

;k         2 2 2
b c a bc+ = + .....(i)

          ck;k¡ i{k 
( ) ( )

2 2
b c ab b c ac

c a a b c a a b

+ + +
= + =

+ + + + ( ) ( )

2
ab a bc ac

c a a b

+ + +
=

+ +

     [(i) osQ mi;ksx ls]
2

( ) ( )

+ + +
=

+ +

ab a ac bc

c a a b

( ) ( )

( ) ( )

a ca b a b

a c a b

++ +
=

+ +

( )( )

( ) ( )

a c a b
1

a c a b

+ +
= =

+ +

 = nk;k¡ i{k

  ns[ksa vkius fdruk lh[kk 5.2

1. ABC∆ esa fl¼ dhft, fd

(i) 
2 2 2 2 2 2

2 2 2

b c c a a b
sin 2A sin 2 B sin 2C 0

a b c

− − −
+ + =

(ii) ( ) ( ) ( )2 2 2 2 2 2 2 2 2tan B tan C tan Aa b c b c a c a b= =
− + − + − +
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(iii) ( )

2 2 2
k a b c

sin 2A sin 2B sin 2C
2 2abc

+ +
=+ +  tgk¡ 

a b c
k

sin A sin B sin C
= = =

(iv) ( ) ( ) ( )2 2 2 2 2 2cot A cot B cot C 0b c c a a b+ + =
− − −

 2. ,d f=kHkqt dh Hkqtk,a Øe'k% a = 9 lseh] b = 8 lseh c = 4lseh gSA fl¼ dhft, fd

6cosC 4 3cos B= +

5.3 iz{ksi lw=k
ABC∆  esa] ;fn BC a, CA b= =  vkSj AB c=  gks] rks fl¼ dhft, fd

(i) a b cos C c cos B= + (ii) b c cos A a cos C= + (iii) c a cos B b cos A= +

miifÙk%

a

bc

A

CB
D

           

A

(C, D)B

b
c

a

          

A

D
C

B

c
b

a

π–C

(i) (ii) (iii)

fp=k 5.3

fiNys ifj.kke dh rjg] ;gka ij Hkh rhu fLFkfr;ka mRiUu gksrh gaSA ge ,d&,d djosQ izR;sd fLFkfr
dk o.kZu djsaxsA

fLFkfr (i) tc C∠  U;wu dks.k gS%

ADB∆  esa, 
BD

cos B
c

= ⇒ BD c cos B=

ADC∆ esa, 
DC

cos C
b

= ⇒ DC = b cos C

a = BD + DC = c cos B + b cos C

∴ a = c cos B + b cos c

fLFkfr (ii) tc C
2

π
∠ =

            
BC

a BC AB cos B c
AB

= = ⋅ = ⋅

c cos B 0= +  c cos B b cos
2

π
= +        cos 0

2

π 
= 

 
∵

c cos B b cos C= +

fLFkfr (iii) tc C∠  vf/d dks.k gS%

ADB∆ esa,        
BD

cos B
c

=  ⇒  BD = c cos B
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ADC∆  esa,       ( )
CD

cos cos CC
b

= = −π −  ⇒  CD b cos C= −

fp=k 5.3 (iii) esa] BC BD CD= −

  ( )a c cos B b cos C= − −  c cos B b cos C= +

vr% lHkh fLFkfr;ksa esa] a bcosC ccos B= +

blh izdkj] ge fl¼ dj ldrs gaS fd

 b c cos A a cos C= +   vkSj c a cos B b cos A= +

vkb, oqQN mnkgj.k ysdj bu ifj.kkeksa dk mi;ksx fn[kk,¡A

mnkgj.k 5.9.  fdlh f=kHkqt ABC esa] fl¼ dhft, fd

( ) ( ) ( )cos A cos B cos C a b cb c c a a b+ + = + ++ + +

gy % ck;k¡ i{k b cos A c cos A c cos B a cos B a cos C b cos C= + + + + +

( )b cos A a cos B= + ( )c cos A a cos C+ + ( )c cos B b cos C+ +

c b a= + +  a b c= + + =  nk;k¡ i{k

mnkgj.k 5.10.  fdlh ABC∆  esa] fl¼ dhft, fd 
2 2 2 2

cos 2A cos 2B 1 1

a b a b
− = −

gy % ck;k¡ i{k  

2 2

2 2

1 2 sin A 1 2 sin B

a b

− −
= −  

2 2

2 2 2 2

1 2 sin A 1 2 sin B

a a b b
= − − +

   
2 2

2 2

1 1
2k 2k

a b
= − − +

sin A sin B
k

a b

 
∴ = = 
 

   2 2

1 1

a b
= −  = nk;k¡ i{k

mnkgj.k 5.11.  ABC∆ esa] ;fn a cos A bcos B=  tgka a b≠ gks] rks fl¼ dhft, fd ABC∆

,d ledks.k f=kHkqt gSA

gy % fn;k gS % a cos A b cos B=

∴

2 2 2 2 2 2
b c a a c ba b

2bc 2ac

   + − + −
=   

   

;k ( ) ( )
2 22 2 2 2 2 2a bb c a a c b=

+ − + −  ;k  2 2 2 2 4 2 2 2 2 4
a b a c a a b b c b+ − = + −

;k ( ) ( )( )2 2 2 2 2 2 2
c a b a b a b− = − +  ⇒  2 2 2

c a b= +

∴ ABC∆  ,d ledks.k f=kHkqt gSA

mnkgj.k 5.12.  ;fn a 2, b 3, c 4= = =  gks] rks cosA, cosB  vkSj cosC  dk eku Kkr dhft,A

gy %   

2 2 2
b c a

cos A
2bc

+ −
=  

9 16 4 21 7

2 3 4 24 8

+ −
= = =

× ×

2 2 2
c a b 16 4 9 11

cos B
2ac 2 4 2 16

+ − + −
= = =

× ×

 vkSj 
2 2 2

a b c 4 9 16 3 1
cos C

2ab 2 2 3 12 4

+ − + − − −
= = = =

× ×
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vkb, vH;kl djsa

    ns[ksa vkius fdruk lh[kk 5.3

1. ;fn a 3, b 4= =  vkSj c 5=  gks] rks cosA, cosB  rFkk cosC  dk eku Kkr dhft,A

2. ,d f=kHkqt dh Hkqtk,¡ Øe'k% 7 lseh] 4 3  lseh] rFkk 13 lseh gSA f=kHkqt osQ lcls NksVs

dks.k dk eki Kkr dhft,A

3. ;fn a : b : c = 7 : 8 : 9, rks fl¼ dhft, fd cos A : cos B : cosC 14 :11: 6=

4. ;fn ,d f=kHkqt dh Hkqtk,¡ Øe'k% 2
x x 1+ + , 2x 1+  vkSj 2

x 1−  gSa] rks fl¼ dhft, fd

f=kHkqt dk lcls cM+k dks.k 
2

3

π

 gSA

5. ,d f=kHkqt esa] bcosA a cosB,=  fl¼ dhft, fd f=kHkqt lef¼ckgq f=kHkqt gSA

6. iz{ksi&lw=k ls lkbu&lw=k dks O;qRiUu (deduce) dhft,A

fuEu lw=kksa dh lgk;rk ls ,d f=kHkqt osQ vKkr vo;oksa dks Kku dj ikuk lEHko gS ;fn f=kHkqt osQ
vuq:i vo;o fn, gq, gksaA

T;k lw=k

(i)
a b c

sin A sin B sin C
= =

dksT;k lw=k

(ii)

2 2 2
b c a

cos A
2bc

+ −
= , 

2 2 2
c a b

cos B
2ac

+ −
= , 

2 2 2
a b c

cosC
2ab

+ −
=

iz{ksi lw=k
a b cos C c cos B= + , b ccos A a cos C= + , c a cos B b cos A= +

� www.mathopenref.com/trianglesideangle.html

� http://en.wikipedia.org/wiki/Solution_of_triangles

� www.themathpage.com/abookI/propI-18-19.htm

,d f=kHkqt ABC esa] fuEufyf[kr dks fl¼ dhft, (1-10)

1. ( ) ( ) ( )a sin B C b sin C A c sin A B 0− + − + − =

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV
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2. a cos A b cos B c cos C 2a sin Bsin C+ + =

3.

2 2 2 2 2 2

2 2 2

b c c a a b
sin 2A sin 2B sin 2C 0

a b c

− − −
⋅ + ⋅ + ⋅ =

4.
( )

( )

2 2

2 2

c a 1 cos B cos C A

1 cos A cos B Cb c

+ + −
=

+ −+

5.
c b cos A cos B

b c cos A cos C

−
=

−

6.
a b cos C sin C

c b cos A sin A

−
=

−

7. ( )
A B C

a b c tan tan 2c cot
2 2 2

 
+ + + =  

8.
A B a b C

sin cos
2 c 2

− −
=

9. (i) ( )b cos B ccos C a cos B C+ = −

(ii) ( )a cos A b cos B c cos A B+ = −

10. ( ) ( )
2 22 2 2B B

b c a cos c a sin
2 2

= − + +

11. ,d f=kHkqt esa ;fn 
A 1

b 5, c 6, tan
2 2

= = =  gks] rks fl¼ dhft, fd a 41= .

12. ABC∆  esa fl¼ dhft, fd 
cos A b a cos C

cos B a b cos C

−
=

−

ns[ksa vkius fdruk lh[kk 5.3

1.
4

cos A
5

= , 
3

cos B
5

= , cosC ='kwU;

2. f=kHkqt dk lcls NksVk dks.k 
6

π

 gSA

mÙkjekyk



xf.kr 123

vuqØe rFkk Jsf.k;k

ekWM~;wy - II

vuqØe rFkk
Jsf.k;ka

fVIi.kh

6

vuqØe rFkk Jsf.k;kavuqØe rFkk Jsf.k;kavuqØe rFkk Jsf.k;kavuqØe rFkk Jsf.k;ka

mÙkjksÙkj la[;k,¡ ftlesa ls ,d la[;k igys fu;qDr gksrh gS] mlds ckn nwljh] mlds ckn
rhljh vkSj bl izdkj c<+rk gqvk la[;k Øe ,d vuqØe dgykrk gSA vuqØeksa ds O;kid
mi;ksx gSaA bl ikB esa ge fo'ks"k izdkj ds vuqØeksa dh ppkZ djsaxs] ftUgsa lekUrj vuqØe]
xq.kksÙkj vuqØe dgrs gSa vkSj nks nh gqbZ la[;kvksa ds eè; lekUrj ekè; (A.M), xq.kksÙkj
ekè; (G.M) Kkr djsaxsA ge lekUrj ekè; vkSj xq.kksÙkj ekè; esa lEcUèk Hkh LFkkfir djsaxsA

vkb, fuEu leL;kvksa ij fopkj djsavkb, fuEu leL;kvksa ij fopkj djsavkb, fuEu leL;kvksa ij fopkj djsavkb, fuEu leL;kvksa ij fopkj djsa    %%%%

(a) ,d vkneh uotkr [kjxks'kksa dk ,d tksM+k ,d njcs esa j[krk gS vkSj fuf'pr vofèk
ds i'pkr~ fdrus [kjxks'k gksaxs ;g tkuuk pkgrk gSA ,d [kjxks'k dk tksM+k vius
tUe ds nks eghuksa ds i'pkr cPps iSnk djuk izkjEHk djsxk] vkSj mlds ckn izR;sd
eghus esa ,d u;k tksM+k [kjxks'kksa dk fn[kkbZ iM+sxkA izkjaHk esa [kjxks'kksa ds mlh njcs
esa dsoy ,d tksM+k [kjxks'kksa dk gksxk] nwljs eghus esa ogh tksM+k gksxk] rhljs eghus
esa mlds ikl mlh njcs esa [kjxks'kksa ds rhu tksM+s gksaxsA bl izdkj [kjxks'kksa ds tksM+ksa
dh la[;k Øekxr eghuksa esa 1, 1, 2, 3, 5, 8, 13, ... gksxhA

(b) vkorhZ n'keyo 0.3  dks ;ksx ds :i esa fuEu izdkj fy[k ldrs gSa%

0.3  = 0.3 + 0.03 + 0.003 + 0.0003 +...

(c) ,d O;fDr igys fnu 10 #i;s dekrk gS] nwljs fnu 30 #i;s] rhljs fnu 50 #i;s
bR;kfnA rks O;fDr dh fnu izfrfnu dh dekbZ ¼:- esa½ bl izdkj fy[k ldrs gSa

10, 30, 50, 70, 90, L

ge fdlh fo'ks"k eghus ds 10 osa fnu dh mldh dekbZ iwN ldrs gSaA

iqu% fuEufyf[kr vuqØeksa ij fopkj djsa %

(1) 2, 4, 8, 16, L (2) 
1 1 1 1

, , , ,...
9 27 81 243

− − (3) 0.01, 0.0001, 0.000001, L

bu rhu vuqØeksa esa igys in ds vfrfjDr izR;sd in ,d fuf'pr vuqØe esa gSa] ysfdu
igys fn;s rhu iz'uksa ls Øe esa vyx gSaA bl ikB esa ge mu vuqØeksa ij ppkZ djsaxs ftu
Jsf.k;ksa dk ,d fuf'pr Øe gSA
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     mís';  mís';  mís';  mís';

bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs %

• vuqØe ¼Js.kh½ dh voèkkj.kk dk o.kZu djuk(

• lekUrj Js.kh dks ifjHkkf"kr djuk rFkk mnkgj.kksa dk izek.k ¼mYys[k½ nsuk(

• lekUrj Js.kh dk O;kid in rFkk lkoZ vUrj Kkr djuk(

• a, d, n rFkk  t
n
 esa ls dksbZ rhu in ¼jkf'k½ nh gks] rc lekUrj Js.kh dh pkSFkh jkf'k izkIr djuk(

• lekUrj Js.kh ds nks in fn, x;s gksa rc lkoZvUrj ;k dksbZ vU; in Kkr djuk(

• A.P. ds izFke n inksa dk ;ksx dk lw= O;qRiUu djuk(

• S, n, a rFkk d esa ls dksbZ rhu jf'k;k¡ nh gqbZ gksa rks A.P.  dh pkSFkh jkf'k dh x.kuk djuk(

• nks la[;kvksa ds eè; lekUrj ekè; vUrfuZfo"V djuk j[kuk(

• A.P. dh voèkkj.kk dk mi;ksx djds nSfud thou dh leL;kvksa dks gy djuk(

• fn[kkuk fd G.P. ,d vuqØe gS tks ,d fuf'pr 'kwU;srj la[;k ¼,d ds vfrfjDr½ ds xq.ku

ls izkIr gksrh gS

• Jsf.k;ksa ds leqPp; ls G.P. igpkuuk

• G.P. dk O;kid in vkSj lkoZvuqikr Kkr djuk

• t
n, 

a, r rFkk n esa ls dksbZ rhu jkf'k;k¡ nh gksa rks] G.P. dh pkSFkh jkf'k dh x.kuk djuk

• G.P. ds lkoZ vuqikr rFkk fdlh vU; in dh x.kuk djuk tc blds dksbZ nks in fn, x;s gSa(

• vuqØe fy[kuk] tc O;kid in fn;k gks(

• G.P. ds izFke n inksa dk ;ksx dk lw= O;qRiUu djuk(

• ;fn a, r, n rFkk S esa ls dksbZ rhu jkf'k;k¡ nh gks] rks G.P. dh pkSFkh jkf'k dh x.kuk djuk

• G.P. ds vuUr inksa ds ;ksx (S ∞ ) dk lw= O;qRiUu djuk] tc 1r < ;

• rhljh jkf'k dh x.kuk djuk] tc S ∞ , a rFkk r esa ls dksbZ nks jkf'k;ka nh xbZ gksa(

• G.P. dk mi;ksx djds vkorhZ n'keyoksa dks fHkUu esa ifjofrZr djuk

• nks la[;kvksa ds eè; G.M. vUrfuZfo"V djuk

• lekUrj ekè; (A.M.) rFkk xq.kksÙkj ekè; (G.M.) ds eè; lEcUèk LFkkfir djuk
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    iwoZ KkuiwoZ KkuiwoZ KkuiwoZ Kku

• ?kkrkadksa ds fu;e

• nks vKkr jkf'k;ksa ds ;qxir lehdj.k

• f}?kkr lehdj.k

 6.1 vuqØevuqØevuqØevuqØe

vuqØe la[;kvksa dk laxzg gS tks dqN fufnZ"V fu;e dk ikyu djrs gq, ,d fuf'pr Øe esa gksrs
gSaA tgk¡ laxzg dh ,d fuf'pr la[;k a

n
 laxr èkukRed iw.kk±d n ls lEcfUèkr gks ldrh gSA

vuqØe ds fy, fofHkUu ladsr iz;ksx esa yk, tkrs gSa %

1. a
1
, a

2
, a

3
, ..., a

n
, .... 2. a

n
 , n = 1, 2, 3, ... 3. {a

n
}

vkb, fuEu vuqØeksa ij fopkj djsa

1. 1, 2, 4, 8, 16, 32, ... 2. 1, 4, 9, 16, 25, ...

3.
1

2

2

3

3

4

4

5
, , , ,  L 4. 1, 

1

2

1

3

1

4

1

5

1

6
, , , , ,  L

mijksDr mnkgj.kksa esa] vuqØe ds n osa in ds O;atd uhps fn, x, gS %

(1) a
n
 = 12n− (2) a

n
 = n2 (3) a

n
 = 

n

n +1
(4) a

n
 = 

1

n
 lHkh èkukRed

iw.kk±d n ds fy,A
Hkwfedk esa igys iz'u ¼leL;k½ ds fy, inksa dks fuEu lEcUèk ls izkIr dj ldrs gSaA

a
1
 = 1, a

2
 = 1, 2 1n n n

a a a
− −

= + , n ≥  3

ifjfer vuqØe esa inksa dh la[;k ifjfer gksrh gSA vifjfer vuqØe esa inksa dh la[;k vifjfer gksrh gSA

 6.2 lekUrj Js.khlekUrj Js.khlekUrj Js.khlekUrj Js.kh

vkb, la[;kvksa ds vuqØe ds fuEu mnkgj.kksa ij fopkj djsa %

(1) 2, 4, 6, 8, L (2) 1
3

2
2

5

2
, , , , L

(3) 10, 8, 6, 4, L (4) 
1 3 5

, 1, , 2, ,
2 2 2

− − − − −  L

è;ku nhft, fd mijksDr la[;kvksa ds pkj vuqØeksa ds igys in Øe'k% 2, 1, 10, vkSj –
1

2
 gSaA

igys in dk bl ikB esa cM+k egRo gSA vuqØe ds izR;sd mÙkjksÙkj in dk igys in ls fuf'pr
lEcUèk gksrk gSA inksa dk igys in ls D;k lEcUèk gSA mnkgj.k (1) esa

igyk in = 2, nwljk in = 4 = 2 + 1 × 2

rhljk in= 6 = 2 + 2 × 2 pkSFkk in = 8 = 2 + 3 × 2 vkSj blh izdkj
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mijksDr vuqØe ds izR;sd in esa 2 tksM+us ij mÙkjksÙkj in izkIr gksrs gSa] vFkkZr~ fdUgh nks Øekxr
inksa dk vUrj leku gSA

bl xq.k ls lEcfUèkr la[;kvksa dk vuqØe] ftlesa nks Øekxr inksa dk vUrj ,d 'kwU;srj leku
la[;k gS] lekUrj Js.kh dgykrh gS ftls ljy :i ls A. P. fy[krs gSaA

nks Øekxr inksa dk vUrj A.P. dk lkoZ vUrj dgykrk gS bl dks d ls iznf'kZr djrs gSaA

vke rkSj ij A.P. ftldk izFke in a, lkoZvUrj d gS] dks a, a + d, a + 2d, a + 3d, L Hkh fy[k
ldrs gSaA

ge t
n
 dk iz;ksx Js.kh ds n osa in dks n'kkZus esa djrs gSaA

6.2.1 lekUrj Js.kh dk O;kid inlekUrj Js.kh dk O;kid inlekUrj Js.kh dk O;kid inlekUrj Js.kh dk O;kid in

vkb, A.P. a, a + d, a + 2d, a + 3d, Lij fopkj djsaA

;gk¡ igyk in = a, nwljk in = a + d = a + (2 – 1) d, rhljk in = a + 2d = a + (3 – 1) d

mijksDr i)fr ds voyksdu }kjk n ok¡ in bl izdkj fy[k ldrs gSa % t
n
 = a + (n – 1) d

blfy;s ;fn A.P. dk izFke in vkSj lkoZ vUrj Kkr gSa rks Js.kh dk dksbZ Hkh in mijksDr lw=
ls Kkr fd;k tk ldrk gSA

dHkh&dHkh A.P. ds n osa in dks n ds inksa ds :i esa izdV djrs gSa mnkgj.kkFkZ t
n
 = 2n –1

ml fLFkfr esa O;atd esa n = 1, 2, 3, L  j[kdj Js.kh izkIr gksxhA bl fLFkfr esa A.P.. ds in 1,

3, 5, 7, 9, LgksaxsA

 fVIi.kh fVIi.kh fVIi.kh fVIi.kh    %%%%

(i) ;fn A.P. ds izR;sd in esa ,d 'kwU;srj leku la[;k tksM+h tk,] rks ifj.kkeh vuqØe
iqu% A.P. gh izkIr gksrk gSA

(ii) ;fn A.P. ds izR;sd in dks ,d 'kwU;srj leku la[;k ls xq.kk fd;k tk, rks ifj.kkeh
vuqØe iqu% A.P. gh izkIr gksrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.1.  A.P.  2, 4, 6, ... dk 10ok¡ in Kkr dhft,A

gygygygy : ;gk¡ izFke in (a) = 2 vkSj lkoZvUrj d = 4 – 2 = 2

lw= t
n
 = a + (n – 1) d, dk iz;ksx djds] gesa izkIr gksrk gS

t
10

 = 2 + (10 – 1) 2 = 2 + 18 = 20

vr% nh xbZ A.P. dk 10ok¡ in = 20

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.2. fdlh A.P. dk 10ok¡ in – 15 vkSj 31ok¡ in –57 gS] 15ok¡ in Kkr dhft,A

gygygygy : eku yhft, fd A.P. dk izFke in a rFkk lkoZUrj d gSA
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rc lw= t
n
 = a + (n – 1) d, ls

t
10

= a + (10 – 1) d = a + 9d

t
31

= a + (31 – 1) d = a + 30 d

gesa izkIr gqvk

a + 9d = –15 ...(1)

a + 30d = –57 ...(2)

a vkSj b ds eku Kkr djus ds fy;s lehdj.k (1) vkSj (2) dks gy dj yhft;sA

(2) esa ls (1) ?kVkus ij]

21d = –57 + 15 = –42

∴                                         d = =
–42

–
21

2

iqu% (1) ls] a = –15 –9d = – 15 – 9 (–2) = – 15 + 18 = 3

vc t
15

 = a + (15 –1)d = 3 + 14 (–2) = – 25

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.3.  A.P. 5, 11, 17, ... dk dkSu lk in 119 gS\

gygygygy : ;gk¡ a = 5, d = 11–5 = 6, t
n
 = 119

ge tkurs gSa fd

t
n

= a + (n – 1) d

⇒ 119 = 5 + (n – 1) × 6

⇒ (n – 1) = 
119 5

6

–
 = 19

∴ n = 20

vr% A.P. dk 20ok¡ in 119 gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 6.4.   D;k 600, A.P.  2, 9, 16, ... dk dksbZ in gS\

gygygygy : ;gk¡ a = 2, vkSj d = 9 – 2 = 7.

eku yhft, 600 A.P. dk nok¡ in gSA gesa izkIr gqvk t
n
 = 2 + (n – 1) 7

iz'ukuqlkj 2 + (n – 1) 7 = 600

∴ (n – 1) 7 = 598

;k n = +
598

7
1 ∴ n = 86

3

7

D;ksafd n ,d fHkUu gSA blfy, ;g Js.kh dk lnL; ugha gks ldrkA vr% 600 nh gqbZ Js.kh] A.P.

dk in ugha gSA
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.5.  ;fn a + b + c ≠  0 vkSj 
a

b c

b

c a

c

a b+ + +

, ,  A.P.. esa gS] rks fl) dhft, fd

1 1 1
, ,

b c c a a b+ + +

 Hkh A.P.. esa gksaxsA

gygygygy : D;ksafd 
a

b c

b

c a

c

a b+ + +

, ,  A.P.. esa gSa] vr%

b

c a

a

b c

c

a b

b

c a+ +

=

+ +

– –

;k
b

c a

a

b c

c

a b

b

c a+

+
F
HG

I
KJ +

+
F
HG

I
KJ =

+

+
F
HG

I
KJ +

+
F
HG

I
KJ1 1 1 1– –

;k
a b c

c a

a b c

b c

a b c

a b

a b c

c a

+ +

+

+ +

+

=
+ +

+

+ +

+

– –

;k
1 1 1 1

c a b c a b c a
− = −

+ + + +

  (D;ksafd a + b + c ≠ 0)

;k
1 1 1

b c c a a b+ + +

, ,  A.P.. esa gSaA

     ns[ksa vkius fdruk lh[kk 6.1

1. fuEufyf[kr A.P. dk nok¡ in Kkr dhft,A

(a) 1, 3, 5, 7, L (b) 3, 5, 7, 9, L

2. ;fn t
n
 = 2n + 1 gks] rks A.P. Kkr dhft,A

3. A.P. 2
1

2
4 5

1

2
, , ,  ..... dk dkSu lk in 31 gSA 10ok¡ in Hkh Kkr dhft,A

4. D;k – 292 A.P.  7, 4, 1, –2, ...dk dksbZ in gS\

5. A.P. dk mok¡ in n rFkk nok¡ in m gSA fn[kkb;s fd bldk (m + n) ok¡ in 'kwU; gksxkA

6. rhu la[;k,¡ A.P. esa gSa izFke vkSj vfUre la[;k dk vUrj 8 gS vkSj bu nksuksa dk xq.kuQy
20 gS la[;k,¡ Kkr dhft,A

7. ,d vuqØe dk nok¡ in na + b gSA fl) dhft;s fd ;g ,d A.P. gS ftldk lkoZvUrj a gSA

 6.3  lekUrj Js.kh ds izFke lekUrj Js.kh ds izFke lekUrj Js.kh ds izFke lekUrj Js.kh ds izFke n inksa dk ;ksx Kkr djukinksa dk ;ksx Kkr djukinksa dk ;ksx Kkr djukinksa dk ;ksx Kkr djuk

eku yhft, A.P. dk izFke in a, lkoZvUrj d gSA ekuk l vfUre in dks O;Dr djrk gSA

l = t
n
 = a + (n – 1)d ... (i)

ekuk S
n 
, A.P. ds izFke n inksa ds ;ksx dks O;Dr djrk gSA rks

S
n
 = a + (a + d) + (a + 2d) + ... + (l – 2d) + (l – d) + l ... (ii)
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mi;qZDr lehdj.k (R.H.S.) ds nk;sa i{k dks myVus ij] gesa izkIr gqvk

S
n
 = l + (l – d) + (l –2d) + ... + (a + 2d) + (a + d) + a           ... (iii)

(ii) vkSj (iii) dks ÅèokZèkj tksM+us ij] gesa izkIr gksrk gSA

2S
n
 = (a + l) + (a + l) + (a + l) + ... n inksa rd = n (a + l) vFkkZr~ S

n
a ln = +

2
( )

lkFk gh S
n

a n dn = +

2
2 1[ ( – ) ]           [(i) ls]

;g Li"V gS fd t
n
 = S

n
 – S

n – 1

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.6.  2 + 4 + 6 + ... dk n inksa rd ;ksx Kkr dhft,A

gy %gy %gy %gy % ;gk¡ a = 2, d = 4 – 2 = 2

lw= S
n

a n dn = +

2
2 1[ ( – ) ],  dk iz;ksx djds gesa izkIr gS

   S
n

nn = × +

2
2 2 1 2[ ( – ) ]  = + =

+n
n

n n

2
2 2

2 1

2
[ ]

( )
 = n (n + 1)

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.7.   fdlh A.P. dk 35ok¡ in 69 gSA A.P. bl ds 69 inksa dk ;ksx Kkr dhft,A

gy %gy %gy %gy % ekuk A.P. dk izFke in a vkSj lkoZvUrj d gS

gesa izkIr gksrk gS  t
35

 = a + (35 – 1) d = a + 34 d. ∴  a + 34 d = 69 ... (i)

lw= S
n

a n dn = +

2
2 1[ ( – ) ]  ls gesa izkIr gksrk gS

S a d69

69

2
2 69 1= +[ ( – ) ]  = 69 (a + 34d)  [(i) dk iz;ksx djds]

      = 69 × 69 = 4761

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.8.    fdlh A.P. dk izFke in 10 vkSj vfUre in 50 gSA ;fn lHkh inksa dk ;ksx

480 gS rks lkoZvUrj vkSj inksa dh la[;k Kkr dhft,A

gy %gy %gy %gy % gesa izkIr gksrk gS a = 10, l = t
n
 = 50, S

n
 = 480.

a, t
n
 vkSj S

n
 ds ekuksa dks lw= ( )2 1

2
n

n
S a n d= + −    vkSj t

n
 =  a+ (n – 1) d, esa j[kus ij] gesa

izkIr gksrk gS

480
2

20 1= +
n

n d( – ) L  (i)

  50 = 10 + (n – 1) d L (ii)

lehdj.k-  (ii) ls izkIr gksrk gS% (n – 1) d = 50 – 10 = 40 L (iii)



130

  vuqØe rFkk Jsf.k;ka

xf.kr

ekWM~;wy - II

vuqØe rFkk
Jsf.k;ka

fVIi.kh

lehdj.k- (i) ls gesa izkIr gksrk gS

480 (20 40)
2

n
= +  ;k 60n = 2 × 480 ∴ n =

×
=

2 480

60
16

(iii) ls] 
40 8

15 3
d = = (D;ksafd 1 16 1 15)n − = − =

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.9.   eku yhft, fd fdlh A.P. dk nok¡ in vkSj n inksa dk ;ksxQy Øe'k% p vkSj

q gSA fl) dhft, fd bldk izFke in 
2

.
q pn

n

− 
 
 

gSA

gy % gy % gy % gy % bl fLFkfr esa t
n
 = p vkSj S

n
 = q

ekuk A.P. dk izFke in a gS vc ( )
2

n n

n
S a t= +

;k ( )
2

n
a p q+ =  ;k a p

q

n
+ =

2
 ;k a

q

n
p=

2
–  ∴ a

q pn

n
=

2 –

    ns[ksa vkius fdruk lh[kk 6.2

1. fuEu A.P. dk ;ksx Kkr dhft, %

(a) 8, 11, 14, 17,L15 inksa rd (b) 8, 3, –2, –7, –12,Ln inksa rd

2. A.P. 27, 23, 19, 15, ... ds fdrus inksa dk ;ksx 95 gS\

3. ,d O;fDr vius fe= ls 1740 #i;s C;kt eqDr _.k ysuk pkgrk gSA Hkqxrku ekfld fdLrksa
esa djus dk oknk djrk gSA igys ekl esa og 200 #i;s nsrk gS vkSj vxys izR;sd ekl dh
fdLrksa esa 10-10 #i;s de djrk tkrk gSA fdrus eghus esa og iwjk Hkqxrku dj nsxk\

4. Js.kh 3, 6, 9, 12, Lesa de&ls&de fdrus in fy, tk,¡ fd mudk ;ksx 2000 ls de u gks\

5. cPpksa dh vkyw nkSM+ esa] n vkyw ,d&,d ehVj dh nwjh ij] ,d js[kk esa j[ks tkrs gSaaA ,d
izfr;ksxh fudVre vkyw ls 5 ehVj nwj mlh js[kk esa ,d fcUnq ls izkjEHk djrk gSA ;fn og
,d le; esa tkdj ,d gh vkyw mBk;s rFkk mls ykdj izkjfEHkd fcUnq ij j[ks rks bl izdkj
lc vkyqvksa dks izkjfEHkd fcUnq ij bdV~Bk djus esa dqy pyh nwjh ds fy, ,d O;atd Kkr
dhft,A ;fn dqy pyh gqbZ nwjh 162 ehVj gks] rks n dk eku Kkr dhft,A

6. ;fn vuqØe ds izFke n inksa dk ;ksx an2 + bn gks] rks fl) dhft, fd vuqØe A.P. esa gSaA
bldk lkoZvUrj Kkr dhft,A

 6.4  lekUrj ekè; ¼lekUrj ekè; ¼lekUrj ekè; ¼lekUrj ekè; ¼A.M.½½½½

tc rhu la[;k,¡ a, A vkSj b A.P. esa gksa] rc A, a rFkk b dk lekUrj ekè; dgykrk gSA ge izkIr

djrs gSa] A – a = b – A ;k A = 
a b+

2

A.P.
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bl izdkj nks la[;kvksa dk vHkh"V A.M. 
a b+

2
gSA

fuEu A.P. ij fopkj djsa%  3, 8, 13, 18, 23, 28, 33.

;gk¡ izFke in 3 vkSj vfUre in 33 ds eè; 5 in gSaA ;s in 3 vkSj 33 ds eè; A.M. dgykrs
gSaA ,d vU; A.P. 3, 13, 23, 33, ij fopkj dhft,A bl fLFkfr esa 3 vkSj 33 ds eè; nks
A.M.13 vkSj 23 gSaA

lkekU;r;k] nks la[;kvksa a rFkk b ds eè; fdrus gh A.M. vUrfuZfo"V fd;s tk ldrs gSaA ekuk
A

1
, A

2
, A

3
, ..., A

n
, a rFkk b ds chp n lekarj ek/; gSaA

a, A
1
, A

2
, A

3
 ..., A

n
, b ,d lekarj Js<+h gS

ekuk bl A.P. dk lkoZvUrj d gSA Li"Vr;k blesa (n + 2) in gSaA

∴ b = (n + 2)ok¡ in = a + (n + 1) d

d
b a

n
=

−

+1

vc  A
1
 = a d a

b a

n
+ ⇒ = +

−

+

F
HG

I
KJA1

1
...(i)

 A
2
 = a d a

b a

n
+ ⇒ = +

−

+

F
HG

I
KJ2

2

1
A2

( )
...(ii)

                                        M

 
( )

1
n n

n b a
A a nd A a

n

− 
= + ⇒ + 

+ 
... (n)

;s a rFkk b ds eè; vHkh"V n lekarj ek/; gSaA

(i), (ii), ..., (n) dks tksM+us ij] gesa izkIr gqvk

A
1
 + A

2
 + ... +A

n
 = na + L+ [ ]1 2 ...

1

b a
n

n

−
+ +

+

( 1) ( ) ( )

1 2 2 2

b a n n n b a n a b
na na

n

− + − +  
= + = + =  

+  

= n [a rFkk b ds eè; ,d lekarj ek/;]

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.10.  8 vkSj 26 ds eè; 5 lekarj ek/; vUrfuZfo"V dhft;sA

ekuk %ekuk %ekuk %ekuk % ekuk 8 vkSj 26 ds eè; 5 lekarj ek/; A
1
, A

2
, A

3
, A

4
 rFkk A

5
 gSaA

blfy, 8, A
1
, A

2
, A

3
, A

4
, A

5
, 26 lekarj Js.kh esa gSaA lkFk gh a = 8, b = 26, n = 7

ge izkIr djrs gSa 26 = 8 + (7 – 1) d ∴ d = 3
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∴ A
1
 = a + d = 8 + 3 = 11, A

2
 = a + 2d = 8 + 2 × 3 = 14

A
3
 = a + 3d  = 17, A

4
 = a + 4d = 20

A
5
 = a + 5d = 23

vr% 8 vkSj 26 ds eè; 5 lekarj ek/; 11, 14, 17, 20 vkSj 23 gSaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.11.   20 vkSj 80 ds eè; n lekarj ek/; bl izdkj gSa fd igys lekarj ek/; vkSj
vfUre lekarj ek/; dk vuqikr 1 : 3 gSA n dk eku Kkr dhft,A

gy % gy % gy % gy % ;gk¡ A.P. dk (n+2)ok¡ in 80 gS] izFke in 20 gSA ekuk lkoZvUrj d gSA

∴ 80 = 20 + (n+2–1) d

;k 80 – 20 = (n+1) d ;k d = 
60

1n +

izFke A.M. = 20
60

1
+

+n
 = 

20 20 60

1

n

n

+ +

+
 = 

20 80

1

n

n

+

+

vfUre A.M. = 20
60

1
+ ×

+

n
n

 = 
80 20

1

n

n

+

+

ge izkIr djrs gSa] 
20 80

1

80 20

1

n

n

n

n

+

+

+

+

:  = 1 : 3

;k
n

n

+

+

=
4

4 1

1

3
;k 4n + 1 = 3n + 12 ;k n = 111

∴ 20 vkSj 80 ds eè; 11 A.M. gSaA

     ns[ksa vkius fdruk lh[kk 6.3

1. fl) dhft;s fd ;fn lekarj Js.kh ds inksa dh la[;k fo"ke gS rks eè; in igys rFkk
vfUre in dk lekarj ek/; gksxkA

2. 7 vkSj 85 ds eè; m lekarj ek/; bl izdkj fy;s x;s gSa fd (m –3)osa rFkk m osa ekè;ksa dk
vuqikr 11 : 24 gSA m dk eku Kkr dhft;sA

3. fl) dhft;s fd nks la[;kvksa ds eè; n lekarj ek/;ksa dk ;ksx] muds chp vdsys lekarj
ekè; dk n xquk gSA

4. ;fn A.P. ds posa rFkk qosa inksa dk A.M.] rosa rFkk sosa inksa ds A.M. ds leku gS rks fn[kkb;s
fd  p + q = r + s.

 6.5 xq.kksÙkj Js.khxq.kksÙkj Js.khxq.kksÙkj Js.khxq.kksÙkj Js.kh

vkb, fuEufyf[kr vuqØe ij fopkj djsa %

(1) 1, 2, 4, 8, 16, L  (2) 3 1
1

3

1

9

1

27
, , , , ,L  (3) 1, – 3, 9, – 27, L  (4) x, x2, x3, x4, L



xf.kr 133

vuqØe rFkk Jsf.k;k

ekWM~;wy - II

vuqØe rFkk
Jsf.k;ka

fVIi.kh

;fn ge mi;qZDr lHkh vuqØeksa esa inksa ds izk:i dks ns[ksa rks irk pyrk gS fd izR;sd in vius
ls igys in ds lkFk ,d fo'ks"k fu;e ds }kjk lEcfUèkr gSA

tSls mnkgj.k (1) esa] izFke in 1 gS] nwljk in igys in dk nqxquk gSA rhljk in igys in dk 22 xquk gSA

iqu% mnkgj.k (2) esa izFke in 3 gS] nwljk in igys in dk 
1

3
 xquk gSA rhljk in igys in dk

2

1

3
 xquk gSA

bl izdkj ds vuqØe dks xq.kksÙkj Js.kh dgrs gSaA la[;kvksa dk ,slk vuqØe ftlesa fdUgha nks
Øekxr inksa dk vuqikr ,d leku 'kwU;srj la[;k gks xq.kksÙkj Js.kh dgykrh gS ;k laf{kIr esa mls
G. P. dgrs gSaA bldk vuqikr lkoZvuqikr dgykrk gSA

bl izdkj = =
nlq jk in rhljk in

igyk in nlq jk in
 ..... xq.kksÙkj Jss.kh dk lkoZvuqikr dgykrk gSA

mnkgj.k (1) ls (4) rd xq.kksÙkj Js.kh gSa ftuds izFke in Øe'k% 1, 3, 1, x rFkk lkoZvuqikr
1

2, , 3
3

− rFkk x gSaA

fdlh xq.kksÙkj Js.kh dk O;kid :i ftldk izFke in a rFkk lkoZvuqikr r gks a, ar, ar2, ar3 ... gSA

 6.5.1  O;kid inO;kid inO;kid inO;kid in

vkb,] ,d xq.kksÙkj Js.kh ftldk izFke in a rFkk lkoZvuqikr r gS] ij fopkj djsaA bl ds in gSa %

a, ar, ar2, ar3, ...

bl fLFkfr esa t
1
 = a = ar1–1, t

2
 = ar = ar2–1, t

3
 = ar2 = ar3–1, t

4 
= ar3 = ar4–1

... ...

O;kidh;dj.k djus ij] gesa nosa in dk fuEu eku izkIr gksrk gS

t
n
 = arn–1           ... (A)

 6.5.2  xq.kksÙkj Js.kh ds dqN ¼fo'ks"k½ xq.k èkeZxq.kksÙkj Js.kh ds dqN ¼fo'ks"k½ xq.k èkeZxq.kksÙkj Js.kh ds dqN ¼fo'ks"k½ xq.k èkeZxq.kksÙkj Js.kh ds dqN ¼fo'ks"k½ xq.k èkeZ

(i) ;fn fdlh xq.kksÙkj Js.kh ds lHkh inksa dks fdlh 'kwU;srj la[;k ls xq.kk fd;k tk, rks izkIr
Js.kh Hkh xq.kksÙkj Js.kh gh gksxhA izkIr G.P. dk lkoZvuqikr Hkh ogh gksxk tks ewy Js.kh dk gSA

;fn a, b, c, d, ... ,d G.P. gS] rks ak, bk, ck, dk ... Hkh G.P. esa gSaA ( )0k ≠

(ii) fdlh G.P. ds lHkh inksa dh ?kkr cjkcj c<+k nh tk, rks ifj.kkeh Js.kh Hkh G.P. esa gh gksxhA

ekuk a, b, c, d ... G.P. esa gS rks ak, bk, ck, dk, ... Hkh ,d G.P. esa gSA ( )0k ≠

ifj.kkeh G.P. dk lkoZvuqikr ewy lkoZvuqikr dh ogh ?kkr c<+kdj izkIr gksxk tks Js.kh ds inksa
dh ?kkr c<+kbZ gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.12.   G.P.  4, 8, 16, ... dk 6ok¡ in Kkr dhft,

gy %gy %gy %gy % bl fLFkfr esa izFke in (a) = 4 lkoZvuqikr (r) = 8 ÷ 4 = 2
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lw= t
n
 = arn–1, }kjk] ge izkIr djrs gSa %

t
6
 = 4 × 26–1 = 4 × 32 = 128

G.P. dk 6ok¡ in 128 gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.13.   ,d G.P. ds pkSFks rFkk ukSosa in ds eku Øe'k% 8 vkSj 256 gSa xq.kksÙkj Js.kh Kkr
dhft,A

gy % gy % gy % gy % G.P. dk izFke in a rFkk lkoZvuqikr r gS] rc

t
4
 = ar4–1 = ar3, t

9
 = ar9–1 = ar8

iz'ukuqlkj] ar8 = 256         L  (1)

;k      ar3 = 8         L  (2)

∴    
ar

ar

8

3

256

8
=  ;k r5 = 32 = 25 ∴ r = 2

iqu% (2) ls a × 23 = 8 ∴ a = =
8

8
1

blfy,] G.P. gS %

1, 2, 4, 8, 16, ...

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.14.   G.P. 5, –10, 20, – 40, ... dk dkSu lk in 320 gksxk\

gy %gy %gy %gy % bl fLFkfr esa] a = 5; r = = −
–10

5
2 . ekuk G.P.. dk nok¡ in 320 gS

lw= t
n
 = arn–1, }kjk] ge izkIr djrs gSa t

n
 = 5. (–2)n–1

∴ 5. (–2)n–1 = 320 (fn;k gS)

∴ (–2)n–1 = 64 = (–2)6
∴ n – 1 = 6 ∴ n = 7

blfy,] 320 G.P. dk 7ok¡ in gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.15.   ;fn a, b, c, vkSj d  G.P. esa gSa] rks fn[kkb;s fd (a + b)2, (b + c)2 vkSj (c + d)2

Hkh G.P. esa gSaA

gy % gy % gy % gy % D;ksafd    a, b, c vkSj d  G.P. esa gSa] ∴ 

b

a

c

b

d

c
= =

∴ b2 = ac, c2 = bd, ad = bc            ...(1)

vc      (a + b)2 (c + d)2
( ) ( )

2

a b c d= + +    = (ac + bc + ad + bd)2

= (b2 + c2 + 2bc)2 ...[(1) dk iz;ksx djds] = ( )b c+
2

2

∴

( )

( )

( )

( )

c d

b c

b c

a b

+

+

=
+

+

2

2

2

2

bl izdkj (a + b)2, (b + c)2, (c + d)2 Hkh G.P. esa gSaA
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  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk 6.4

1. ,d xq.kksÙkj Js.kh dk izFke in vkSj lkoZvuqikr Øe'k% 3 vkSj 
1

2
−  gSaA blds izFke ik¡p in

fyf[k,A

2. xq.kksÙkj Js.kh 1, 2, 4, 8, 16, ... dk dkSu lk in 1024 gS\ D;k 520 bl Js.kh dk dksbZ in gS\

3. rhu la[;k,¡ ,d xq.kksÙkj Js.kh esa gSaA mudk ;ksx 43 gS rFkk xqkuQy 216 gSA mu
la[;kvksa dks Øekuqlkj Kkr dhft;sA

4. n ds izR;sd eku ds fy, fdlh xq.kksÙkj Js.kh dk 'n' ok¡ in 2 ×3n gSA rks xq.kksÙkj Js.kh dk
(a) izFke in Kkr dhft;s (b) lkoZvuqikr Kkr dhft;sA

 6.6 ,d xq.kksÙkj Js.kh ds izFke ,d xq.kksÙkj Js.kh ds izFke ,d xq.kksÙkj Js.kh ds izFke ,d xq.kksÙkj Js.kh ds izFke n inksa dk ;ksx inksa dk ;ksx inksa dk ;ksx inksa dk ;ksx

ekuk G.P. dk izFke in a rFkk lkoZuqikr r  gSA ekuk S
n
  G.P. ds izFke 'n' inksa dk ;ksx fu:fir djrk gSA

bl izdkj S
n
 = a + ar + ar2 + ... + arn–2 + arn–1            ... (1)

(1) dks r }kjk xq.kk djus ij] ge izkIr djrs gSa

r S
n
 = ar + ar2 + .... + arn–2 + arn–1 + arn            ... (2)

(1) – (2) ⇒ S
n
 – rS

n
 = a – arn

;k S
n
 (1 – r) = a (1 – rn)

∴ S
a r

r
n

n

=
( – )

–

1

1
         ....(A)

    =
a r

r

n( – )

–

1

1
         ....(B)

(A) vkSj (B) esa dksbZ&u&dksbZ ¼nksuksa esa ls ,d½ izFke n inksa dk ;ksx nsrk gSA bl lw= dks
lqfoèkktud ¼mi;qDr½ iz;ksx djrs gSa (A) tc | r | <1 vkSj (B) tc |r| > 1A

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.16.  G.P. 1, 3, 9, 27, ... dk 10 inksa rd ;ksx Kkr dhft;sA

gy %gy %gy %gy % ;gk¡ izFke in (a) = 1 rFkk lkoZvuqikr ( )
3

3
1

r = =

vc lw= 
( )1

,
1

n

n

a r
S

r

−

=

−

 dk mi;ksx djus ij (Q  r >1) gesa izkIr gksrk gS %

S10

10 101 3 1

3 1

3 1

2
= =

.( – )

–

–

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.17.   G.P.
1

3
1 3, , ,  , L , 81 dk ;ksx Kkr dhft,A

gy %gy %gy %gy % ;gk¡ a r= =
1

3
3;  vkSj t

n
 = l = 81
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vc t
n
 = 81 = =

1

3
3 31 2( ) ( )– –n n

 2 4 8( 3) 3 ( 3)n−

∴ = = ∴ n – 2 = 8

;k n = 10

∴ Sn =

1

3
3 1

3 1

10

–

–
 = 

( )
10

3 1

3 3

−

−

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.18.   G.P. 0.6, 0.06, 0.006, 0.0006, Ldk n inksa rd ;ksx Kkr dhft,A

gy %gy %gy %gy % ;gk¡ a = 0.6 = 
6

10
 rFkk r = =

0 06

0 6

1

10

.

.

lw= S
a r

r
n

n

=
( – )

–

1

1
 dk mi;ksx djus ij] gesa izkIr gksrk gS  [Q  r <1]

    

6 1
1

10 10 6 1
1

1 9 10
1

10

n

n n
S

   
−  
     

= = − 
 

−

2 1
1

3 10n

 
= − 

 

vHkh"V ;ksx 
2

3
1

1

10
–

n

F
HG

I
KJ  gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.19.  G.P. 64, 32, 16, L  ds fdrus inksa dk ;ksx 
1

127
2
 gksxk\

gy %gy %gy %gy % ;gk¡ a r= = =64
32

64

1

2
,   (<1) vkSj Sn = =127

1

2

255

2
.

lw= S
a r

r
n

n

=
( – )

–
,

1

1
 dk mi;ksx djus ij] ge izkIr djrs gSa

Sn

n

=

F
HG
I
KJ
U
V|
W|

R
S|
T|

64 1
1

2

1
1

2

–

–
 ⇒  

64 1
1

2

1
1

2

255

2

–

–

F
HG
I
KJ
U
V|
W|

R
S|
T|

=

n

... (fn;k gS)

;k
1 255

128 1
2 2

n  
− =  
   

 ;k 1
1

2

255

256
–
F
HG
I
KJ =

n

;k
1

2
1

255

256

1

256

1

2

8F
HG
I
KJ = = =

F
HG
I
KJ

n

– ∴ n = 8

blfy, inksa dh vHkh"V la[;k 8 gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.20.   fuEu Js.kh dk ;ksx Kkr dhft, %

2, 22, 222, ..., n inksa rd
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gy % gy % gy % gy % ekuk S ;ksx dks n'kkZrk gSA rc

    S = 2 + 22 + 222 + L  n inksa rd

= 2 (1 + 11 + 111 + L  n inksa rd) = 
2

9
 (9 + 99 + 999 + L  n inksa rd)

( ) ( ) ( ){ }
2 32

10 1 10 1 10 1 ... )
9

n= − + − + − + • • • ••• • •

( ) ( ){ }
2 32

10 10 10 ... 1 1 1 ...
9

n n= + + + − + + +• • • ••• • • • • • ••• • •

=

UVW
RS
T

2

9

10 1

10 1

( – )

–
–

n

n 2 3[ 10 10 10+ + +Q L  ,d G.P.. gS ftlesa r = 10>1]

=

L
NM

O
QP

2

9

10 1 9

9

n
n– –

( )
2

10 1 9
81

n
n= − −

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6. 21.  Js.kh 0.7, 0.77, 0.777,  Ldk n inksa rd ;ksx Kkr dhft,A

gy %gy %gy %gy % ekuk S ;ksx dks n'kkZrk gSA rc

      S = 0.7 + 0.77 + 0.777 + L  n inksa rd

= 7(0.1 + 0.11 + 0.111 +  L  n inksa rd) = 
7

9
 (0.9 + 0.99 + 0.999 + L  n inksa rd)

= 
7

9
 {(1–0.1) + (1–0.01) + (1 – 0.001) + L  n inksa rd}

= 
7

9
 {(1 + 1 + 1 + ... n inksa rd) – (0.1 + 0.01 + 0.001 + L  n inksa rd)}

2 3

7 1 1 1

9 10 10 10
n n
  

= − + + +  
  

L • • • ••• • •

1 1
1

7 10 10

19
1

10

n

n

  
−    

= − 
 −

  
(D;ksafd r < 1)

= 
7

9

1

9
1

1

10
n

n
– –
F
HG

I
KJ
UVW

RST = 
+L

NM
O
QP

−7

9

9 1 10

9

n
n–

= 
7

81
9 1 10n

n– +
−

    ns[ksa vkius fdruk lh[kk 6.5

1. fuEu xq.kksÙkj Jsf.k;ksa dk ;ksx Kkr dhft, %

(a) 6, 12, 24, ... 10 inksa rd (b) 1
1

2

1

4

1

8

1

16
, , , ,− −  ...  20 inksa rd

2. G.P.  8, 16, 32, 64, L  ds fdrus inksa dk ;ksx 8184 gksxk?
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3. fl) dhft;s fd G.P.  a + b + ... + l dk ;ksx  
bl a

b a

–

–

2

 gSA

4. fuEufyf[kr vuqØeksa dk ;ksx n inksa rd Kkr dhft, %

(a) 8, 88, 888, ... (b) 0.2, 0.22, 0.222, ...

 6.7 vuUr xq.kksÙkj Js.khvuUr xq.kksÙkj Js.khvuUr xq.kksÙkj Js.khvuUr xq.kksÙkj Js.kh

vHkh rd geus G.P. ds ifjfer inksa dk ;ksx djuk lh[kk gSA vc ge G.P. ds vuUr inksa dk

;ksx Kkr djsaxs] tSls 1
1

2

1

4

1

8

1

16
, , , , ,  L

blss ge bl rjg ls djrs gSa % ;gk¡ ij 
1

1, .
2

a r= =

G.P. nok¡ in t
n
 = 

1

2 1n–  gS vkSj n inksa dk ;ksx vFkkZr~ 

1
1

12 2 1
1 2

1
2

n

n n
S

−
 

= = − 
 

−

1

1
2 2.

2n−
= − <

vr% n dk eku fdruk Hkh cM+k gks n inksa dk ;ksx dHkh Hkh 2 ls vfèkd ugha gksxkA

vr%] ;fn ge vuUr inksa dk ;ksx djsa] rks Hkh ge mÙkj 2 ls vfèkd izkIr ugha djsaxsA

;g Hkh è;ku nsa fd vlkar n'keyo fHkUu 0.3  okLro esa 0.3 + 0.03 + 0.003 + 0.0003 + ... gSA

vFkkZr~ mi;qZDr vuUr vuqØe dk ;ksx okLro esa 
1

3
 gSA

nwljs 'kCnksa esa ;g ns[kk x;k gS fd ge G.P.  1, 2, 4, 8, 16, ... ds vuUr inksa dk ;ksx djsa rks
ge ,d ifjfer la[;k izkIr djsaxsA

vr% dHkh&dHkh ge G.P. ds vuUr inksa dk ;ksx Kkr dj ldrs gSa vkSj dHkh&dHkh ugha HkhA
vc ge bl leL;k ij fopkj djsaxsA

 6.7.1 xq.kksÙkj Js.kh ds vuUr inksa dk ;ksxxq.kksÙkj Js.kh ds vuUr inksa dk ;ksxxq.kksÙkj Js.kh ds vuUr inksa dk ;ksxxq.kksÙkj Js.kh ds vuUr inksa dk ;ksx

vkb, vuUr in rFkk lkoZvuqikr r okys ,d G.P. ij fopkj djsa %

fLFkfrfLFkfrfLFkfrfLFkfr 1 : ekuk fd | r | > 1

rc G.P. ds n inksa ds ;ksx dh vfHkO;fDr dh tkrh gS %

( 1)

1

n

n

a r
S

r

−
=

− 1 1

n
a r a

r r
= −

− −

         ... (A)

vc] tSls n dk eku c<+rk gS rks rn dk eku Hkh c<+rk gSA bl izdkj ;fn n vuUr cM+k gks rFkk
| r | > 1 rc vuUr inksa dk ;ksx Hkh vuUr cM+k gh gksxk] ftldk xf.kr esa vfèkd egÙo ugha
gSA vc ge vU; lEHkkouk ij fopkj djsaxsA
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fLFkfrfLFkfrfLFkfrfLFkfr 2 : ekuk | r | < 1

lw= (A) fuEu izdkj fy[kk tk ldrk gSA S
a r

r

a

r

ar

r

n n

= =
( – )

– –
–

–

1

1 1 1

vc ;fn n dk eku c<+rk gS rks rn dk eku NksVk gksrk tkrk gS] vFkkZr~ ;fn n → ∞ , r n → 0 rc

mijksDr lw= cu tk,xk % S
a

r
=

1 –

vr% ,d vuUr xq.kksÙkj Js.kh ftldk izFke in a rFkk lkoZvuqikr r gS ds ;ksx dk lw=

S
a

r
=

1 –
, tc | r | < 1 gS ...(i)

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.22.   vuUr G.P.  
1 2 4 8

, , , ,
3 9 27 81

− − L dk ;ksx Kkr dhft, %

gy %gy %gy %gy % ;gk¡ vuUr G.P. dk izFke in a =
1

3
,  vkSj 

r = =

–

– .

2

9
1

3

2

3  ;gk¡ | r | = = <–
2

3

2

3
1

∴ vuUr inksa ds ;ksx dk lw= S
a

r
=

1 –
  dk mi;ksx djus ij ge izkIr djrs gSa

S = F
HG
I
KJ

=

+

=

1

3

1
3

1

3

1
2

3

1

5
–

–2

vr% nh xbZ vuUr G.P. dk ;ksx 
1

5
 gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k  6.23.   vlkar n'keyo 0.3  dks vuUr xq.kksÙkj Js.kh ds :i esa fyf[k;s rFkk mldk

eku ifjes; ds la[;k :i esa Kkr dhft,A

gy %gy %gy %gy % 0.3  = 0.3333333 ... = 0.3 + 0.03 + 0.003 + 0.0003 + .... = + + + +
3

10

3

10

3

10

3

102 3 4  ...

mi;qZDr Js.kh ,d vuUr xq.kksÙkj Js.kh gSA ftldk izFke in a =
3

10
 vkSj 

2

3

110 1
3 10

10

r = = <

vr% lw= S
a

r
=

1 –
,  dk mi;ksx djus ij ge izkIr djrs gSa % 

3 3

10 100.3
1 9

1
10 10

= =

−

3 1

9 3
= =

bl izdkj] vlkar n'keyo fHkUu 0 3
1

3
. .=

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.24.  ,d ljy yksyd }kjk Øekxr lsd.Mksa esa r; dh xbZ nwjh 16, 12, 9, ... gSA

fojke voLFkk esa vkus rd ;g fdruh nwjh r; djsxhA
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gygygygy : ljy yksyd }kjk Øekxr lsd.Mksa esa r; dh xbZ nwjh 16, 12, 9, ... ,d vuUr xq.kksÙkj

Js.kh gS ftldk izFke in a = 16 vkSj r 
12 3

1
16 4

= = < .

lw= S
a

r
=

1 –
  dk mi;ksx djus ij] gesa izkIr gksrk gS

S = = =
16

1
3

4

16

1

4

64

–

vr% ljy yksyd }kjk r; dh xbZ nwjh 64 lseh gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.25.   ,d vuUr xq.kksÙkj Js.kh dk ;ksx 3 gS rFkk blds izFke nks inksa dk ;ksx  
8

3

gSA izFke in Kkr dhft,A

gy %gy %gy %gy % bl leL;k esa S = 3 A ekuk nh gqbZ vuUr G.P. dk izFke in a rFkk lkoZvuqikr r gSA

rc iz'ukuqlkj 
8

3
a ar+ =  ;k 3 (1 ) 8a r+ =           ... (1)

S
a

r
=

1 –
,  ls ge izkIr djrs gSa 3

1

a

r
=

−

 ;k 3(1 )a r= −           ... (2)

(1) vkSj (2) ls] gesa izkIr gqvk

3.3 (1 – r) (1 + r) = 8 ;k 1
8

9

2– r =  ;k r
2 1

9
=  ;k r = ±

1

3

(2) ls r = ±
1

3
 ds vuqlkj a = 3 

1
1

3

 
 
 
m = 2 ;k 4

    ns[ksa vkius fdruk lh[kk 6.6

(1) fuEufyf[kr vuUr xq.kksÙkj Jsf.k;ksa dk ;ksx Kkr dhft, %

(a) 
1 1 1

1
3 9 27

+ + + + ∞L (b) 2 3 4

2 3 2 3

5 5 5 5
+ + + + ∞L

2. fuEufyf[kr vlkar n'keyo fHkUuksa dks vuUr G.P. ds :i esa fyf[k;s rFkk mudk eku
ifjes; la[;k ds :i esa Kkr dhft, %

(a) 0.7 (b) 0.315

3. ,d vuUr xq.kksÙkj Js.kh dk ;ksx 15 gS rFkk ml Js.kh ds inksa ds oxks± dk ;ksx 45 gS]
G.P. Kkr dhft,A

4. ,d vuUr xq.kksÙkj Js.kh dk ;ksx
1

3
 gS rFkk bldk izFke in 

1

4
 gSA xq.kksÙkj Js.kh Kkr

dhft,A
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 6.8  xq.kksÙkj ekè;xq.kksÙkj ekè;xq.kksÙkj ekè;xq.kksÙkj ekè; ¼ ¼ ¼ ¼G.M.½½½½

;fn a, G, b  G.P. eas gSa] rc G, a rFkk b dk xq.kksÙkj ekè; dgykrk gSA

;fn rhu la[;k,¡ G.P. eas gSa] rc eè; in vU; nks inksa dk xq.kksÙkj ekè; dgykrk gSA

;fn a, G
1
, G

2
, ..., G

n
, b G.P. eas gSa]

rc G
1
, G

2
, ..., G

n
 la[;kvksa a rFkk b ds eè; n xq.kksÙkj ek/; dgykrs gSaA n inksa dk xq.kksÙkj

ekè; muds xq.kuQy ds oxZewy dh noha ?kkr ls ifjHkkf"kr gksrk gSA

bl izdkj ;fn a
1
, a

2
, ..., a

n
, n in gSa] rc mudk G.M. = (a

1
, a

2
, ... a

n
)

1

n

ekuk a rFkk b dk xq.kksÙkj ekè; G gS] rc a, G, b xq.kksÙkj Js.kh esa gSaA

G

Ga

b
=  ;k G2 = ab ;k G = ab

∴ xq.kksÙkj ekè; = pje inka s dk xq.kuQy

;fn dksbZ nks èku la[;k,¡ a rFkk b fn, x;s gksa rks buds eè; fdrus gh xq.kksÙkj ek/; vUrfuZfo"V
dj ldrs gSaA ekuk a rFkk b ds eè; n xq.kksÙkj ek/; a

1
, a

2
, a

3 
..., a

n
 gSaA

rc a
1
 a

1
, a

3
, ....... a

n
, b ,d G.P. gSA

bl izdkj b Js.kh dk (n + 2)ok¡ in gSA

    b = a rn+1 ;k 1n b
r

a

+

=  ;k 

1

1nb
r

a

+ 
=  
 

vr% a
1
 = ar = a

b

a

n

×
F
HG
I
KJ

+

1

1

, a
2
 = ar2 = 

2

1nb
a

a

+ 
× 
 

L

L

L

L

1

n

n
n

n

b
a ar a

a

+ 
= = × 

 

vkxs ge fn[kk ldrs gSa fd bu n  G.M. dk xq.kuQy] a rFkk b ds eè; ,dy xq.kksÙkj ekè; dh
n ?kkr ds cjkcj gksrk gSA

a
1
. a

2
, ... a

n
, dk xq.kk djus ij] ge izkIr djrs gSa

1 2

1 1 1

1 2,

n

n n n
n

n

b
a a a a

a

+ +

+ + + 
=  

 

L

L

1 2

1

n

n n
b

a
a

+ + +

+
 

=  
 

L
( 1)

2( 1)

n n

n
n b

a
a

+

+ 
=  

 

= a
b

a

n

n

F
HG
I
KJ

2

= ( )ab ab

n
n

n2
= =d i G  = (a rFkk b ds eè; ,dy G.M.)n
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.26.   
3

2
 vkSj 

27

2
 dk xq.kksÙkj ek/; Kkr dhft,A

gy % gy % gy % gy % ge tkurs gSa fd ;fn a rFkk b ds eè; G xq.kksÙkj ek/; gSa] rc G ab=

∴

3

2
 vkSj 

27

2
 dk xq.kksÙkj ek/; 

3 27 9

2 2 2
= × =

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.27.   1 vkSj 256 ds eè; rhu G.M. vUrfuZfo"V dhft;sA

gy %gy %gy %gy % ekuk 1 vkSj 256 ds eè; rhu xq.kksÙkj ek/;e G
1
, G

2
, G

3
 gSaA

rc 1, G
1
, G

2
, G

3
, 256 xq.kksÙkj Js.kh esa gSaA

;fn r lkoZ vUrj gks] rc t
5
 = 256

vFkkZr~ ar4 = 256 ⇒ 1. r4 = 256 ;k r2 = 16 ;k r = ±4

tc r = 4, G
1
 = 1. 4 = 4, G

2
 = 1. (4)2 = 16 vkSj G

3
 = 1. (4)3 = 64

tc r = – 4, G
1
 = – 4, G

2
 = (1) (–4)2 = 16 vkSj G

3
 = (1) (–4)3 = –64

∴ 1 vkSj 256 ds eè; G.M. gSa 4, 16, 64, ;k – 4, 16, –64.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.28.   ;fn 4, 36, 324 G.P. esa gksa] rks bl Js.kh esa nks in vkSj vUrfuZfo"V dhft;s

ftlls fd ;g iqu% G.P. cu tk;sA

gy %gy %gy %gy % 4 vkSj 36 ds eè; G.M. = 4 36 144 12× = =

36 vkSj 324 ds e/; GM 36 324 6 18 108= × = × =

;fn ge 4 vkSj 36 ds eè; 12 vkSj 36 rFkk 324 ds eè; 108 j[k ns rc la[;k,¡ 4, 12, 36, 108,

324 ,d xq.kksÙkj ek/; cukrs gSaA

∴ vUrfuZfo"V dh xbZ nks ubZ la[;k,¡ 12 vkSj 108 gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.29.   n dk eku Kkr dhft, ftlls fd a rFk b dk xq.kksÙkj ek/; 
a b

a b

n n

n n

+ +

+

+

1 1

 gksA

gy %gy %gy %gy % ;fn x, a rFkk b dk xq.kksÙkj ek/; gS] rc 

1 1

2 2x a b= ×

∴

1 11 1

2 2

n n

n n

a b
a b

a b

+ +

+
=

+

 ;k ( )

1 1

1 1 2 2n n n n
a b a b a b

+ +
 

+ = + 
 

;k a b a b a b
n n

n n
+ +

+ +

+ = +
1 1

1

2

1

2

1

2

1

2  ;k 
1 1 1 1

1 12 2 2 2.
n n

n n
a a b a b b

+ +
+ +

− = −

;k a a b b a b
n n+ +F
HG

I
KJ =

F
HG

I
KJ

1

2

1

2

1

2

1

2

1

2

1

2– –  ;k a b
n n+ +

=

1

2

1

2

;k
a

b

n

n

+

+

=

1

2

1

2

1 ;k 
a

b

a

b

nF
HG
I
KJ =
F
HG
I
KJ

+
1

2
0

 ∴ n +
1

2
 = 0 ;k n =

–1

2
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 6.8.1 lekarj ek/; vkSj xq.kksÙkj ek/; ds chp lEcUèklekarj ek/; vkSj xq.kksÙkj ek/; ds chp lEcUèklekarj ek/; vkSj xq.kksÙkj ek/; ds chp lEcUèklekarj ek/; vkSj xq.kksÙkj ek/; ds chp lEcUèk

ekuk a vkSj b nks la[;k,¡ gSaA

ekuk a vkSj b ds eè; A rFkk G Øe'k% A.M. vkSj G.M. gSaA

∴ A = 
a b

ab
+

=

2
, G

A – G = 
a b

ab
+

2
– = 

a b abd i d i
2 2

2

2

+ –
= 

1

2
0

2

a b–d i >

∴ A > G

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.30.  nks la[;kvksa dk lekarj ek/; 34 rFkk mudk xq.kksÙkj ek/; 16 gSA la[;k,¡ Kkr

dhft,A

gy % gy % gy % gy % ekuk la[;k,¡ a rFkk b gSaA

Q  a vkSj b ds eè; A.M. 34 gS]

∴

a b+

2
 = 34,  ;k  a + b = 68           ... (1)

Q  a vkSj b ds eè; xq.kksÙkj ek/; 16 gS]

∴ ab  = 16 ;k ab = 256

ge tkurs gSa fd  (a – b)2 = (a + b)2 – 4 ab                                 L (2)

= (68)2 – 4 × 256 = 4624 – 1024 = 3600

∴     a – b = 3600  = 60                                  L(3)

(1) vkSj (3) dks tksM+us ij] gesa izkIr gqvk 2a = 128 ∴ a = 64

(1) esa ls (3) ?kVkus ij] gesa izkIr gqvk 2b = 8    ;k      b = 4

∴ vHkh"V la[;k,¡ 64 vkSj 4 gSaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.31.   nks jkf'k;ksa b rFkk c dk lekarj ek/; a vkSj muds eè; nks xq.kksÙkj ek/; g
1 
rFkk

g
2
 gSaA fl) dhft;s fd g

1

3 + g
2

3 = 2 abc

gy % gy % gy % gy % b vkSj c ds eè; A.M. a gS ∴ 

b c+

2
 = a, ;k  b + c = 2a

iqu% g
1
 vkSj g

2
, b vkSj c ds eè; nks G.M. gSaA ∴ b, g

1
, g

2
, c G.P. esa gSaA

;fn r lkoZ vuqikr gS] rc c = br3 ;k r = 
c

b

F
HG
I
KJ

1

3

g
1 
= br = b

c

b

F
HG
I
KJ

1

3

 vkSj g
2 
= br2 = 

2

3c
b

b
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∴ g
1

3 + g
1

3 = b
c

b

c

b

3

2F
HG
I
KJ +
F
HG
I
KJ

L
N
MM

O
Q
PP  = b

c

b

c

b

3 1× +
F
HG
I
KJ  = b c

b c

b

2
×

+F
HG
I
KJ

= bc (2a) = 2abc [Q  b + c = 2a]

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 6.32. G.P. ds izFke rhu inksa dk xq.kuQy 1000 gSA ;fn ge blds nwljs in esa 6 rFkk

rhljs in esa 7 tksM+ nsa rks rc ;s rhuksa in A.P. cukrs gSaA G.P. ds in Kkr dhft,A

gy % gy % gy % gy % ekuk  1 2,
a

t t a
r

= = vkSj 3t ar=  G.P.. ds izFke rhu in gSaA

rc mudk xq.kuQy = 
a

r
. a. ar = 1000 ;k  a3 = 1000,  ;k  a = 10

iz'u }kjk] t
1
, t

2
 + 6, t

3
 + 7  A.P. esa gSaA           ...(1)

∴

a

r
, a + 6, ar + 7 A. P. esa gSaA ⇒ (a + 6) – 

a

r
 = (ar + 7) – (a + 6)

;k 2 6 7( ) ( )a
a

r
ar+ = + +

;k 2 10 6
10

10 7( ) ( )+ = + +

r
r         [(1) dk iz;ksx djus ij]

;k 32r = 10 + 10 r2 + 7r

;k 10r2 – 25r + 10 = 0

∴ r =
± −

=
±25 625 400

20

25 15

20

1
2,

2
=

tc a = 10, r = 2 rc in gSa 
10

2
, 10(2)  ;k 5, 10, 20

tc a = 10, r =
1

2
 rc in gSa 10(2), 10, 10 

1

2

F
HG
I
KJ  ;k 20, 10, 5

    ns[ksa vkius fdruk lh[kk 6.7

1. 8 rFkk 
1

64
 ds eè; 8 G.M. vUrfuZfo"V dhft,A

2. ;fn a
 
rFkk b ds eè; n xq.kksÙkj ekè;ksa esa ls a

1
 izFke xq.kksÙkj ek/; gS] rks fl) dhft, fd

a
1

n+1 = an b

3. ;fn a rFkk b dk xq.kksÙkj ek/; G gS rks fl) dhft, fd 
1 1 1

2 2 2 2 2G G G– –a b
+ =
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4. ;fn nks la[;kvksa ds eè; A.M. rFkk G.M. dk vuqikr m : n gS rks fl) dhft;s fd

la[;k,¡ m m n+
2 2–  : m m n– –2 2  ds vuqikr esa gksaxhA

5. ;fn nks la[;kvksa a rFkk b ds eè; A vkSj G Øe'k% lekarj rFkk xq.kksÙkj ek/; gSa rks fn[kkb;ss
fd A > G.

6. ,d G.P. ds izFke rhu inksa dk ;ksx 
13

12
 rFkk mudk xq.kuQy –1 gSA G.P.. Kkr dhft,A

7. ,d G.P. ds izFke rhu inksa dk xq.kuQy 512 gSA ;fn izFke in esa 8 rFkk nwljs in esa
6 tksM+ fn;k tk, rks la[;k,¡ cukrh gSaA la[;k,¡ Kkr dhft,A

      vkb, nksgjk,¡vkb, nksgjk,¡vkb, nksgjk,¡vkb, nksgjk,¡

• ,d vuqØe ftlds nks Øekxr inksa dk vuqikr ges'kk fu;r jgrk gS xq.kksÙkj Js.kh dgykrk
gSA

• lekarj Js.kh a, a + d, a + 2d, ... dk O;kid in t
n
 = a + (n –1) d }kjk izkIr gksrk gSA

• A.P. a, a + d, a + 2d, ...   ds izFke n inksa dk ;ksx

S
n
 = 

n
a n d

2
2 1+ ( – )  = 

n

2
 (a + l), tgk¡ l = a + (n – 1) d.

• ,d vuqØe ftlds nks Øekxr inksa dk vUrj ges'kk fu;r jgrk gS] lekarj Js.kh dgykrk
gSA

• t
n
 = S

n
 – S

n – 1

• a vkSj b dk lekarj ek/; 
a b+

2
 gSA

• G.P.  a, ar, ar2, ... dk nok¡ in arn – 1 gSA

• G.P. a, ar, ar2, ... ds izFke n  inksa dk ;ksx gS]

S
n
 = 

a r

r

n( – )

–

1

1
 for | r | > 1 ds fy, = 

a r

r

n( – )

–

1

1
 for | r | < 1 ds fy,

• G.P. a, ar, ar2, ... ds vuUr inksa dk ;ksx gS]

S  = 
1

a

r−

 for | r | < 1 ds fy,

• nks la[;kvksa a vkSj b dk xq.kksÙkj ek/; ab gSA

• nks la[;kvksa a rFkk b dk lekarj ek/; A muds laxr xq.kksÙkj ek/; G ls ges'kk cM+k gksrk
gS] vFkkZr~ A > G.

C

A1

% + vkb;s nksgjk,¡
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        lgk;d osclkbV  lgk;d osclkbV  lgk;d osclkbV  lgk;d osclkbV

• https://www.youtube.com/watch?v=7T5yHI-po_c

• https://www.youtube.com/watch?v=ElRtd1Z2FRc

• https://www.youtube.com/watch?v=zjNC0rLeKO4

• https://www.youtube.com/watch?v=0wwg3mS7lGk

• https://www.youtube.com/watch?v=0wwg3mS7lGk

• https://www.youtube.com/watch?v=GI6bvnhjUqM\

1. 100 vkSj 200 ds chp dh lHkh izkdr̀ la[;kvksa dk ;ksx Kkr dhft,] tks 7 ls foHkfktr gksaA

2. nks lekarj Jsf.k;ksa ds izFke n inksa dk ;ksx (2n – 1) : (2n + 1) ds vuqikr esa gS] muds 10osa
inksa esa vuqikr Kkr dhft,A

3. ;fn a, b, c lekarj Js.kh esa gSa rks fn[kkb;s fd b + c, c + a, a + b Hkh lekarj Js.kh esa gSA

4. ;fn a
1
, a

2
, ..., a

n
 lekarj Js.kh esa gSa rks fl) dhft;s fd

1 1 1 1 1

1 2 2 3 3 4 1 1a a a a a a a a

n

a an n n

+ + + + =...
–

–

5. ;fn (b – c)2, (c – a)2, (a – b)2 lekarj Js.kh esa gS] rks fl) dhft;s fd

1 1 1

b c c a a b–
,

–
,

–
,  Hkh lekarj Js.kh esa gSaA

6. ;fn ,d lekUrj Js.kh ds  posa, qosa rFkk rosa in Øe'k% P, Q, R gSa] rks fl) dhft;s fd

p (Q – R) + q (R – P) + r (P – Q) = 0.

7. ;fn a, b, c G.P. esa gSa] rks fl) dhft;s fd

a2 b2 c2 
1 1 1

3 3 3

3 3 3

a b c
a b c+ +

F
HG

I
KJ = + +

8. ;fn a, b, c, d xq.kksÙkj Js.kh esa gSa rks fn[kkb;s fd fuEufyf[kr esa izR;sd in ,d xq.kksÙkj
Js.kh gS %

(a)  (a2 – b2), (b2 – c2), (c2 – d2) (b)  
1 1 1

2 2 2 2 2 2
a b b c c d+ +

, ,
–

9. ;fn x, y, z ,d G.P. ds posa, qosa rFkk rosa in gSa rks fl) dhft;s fd

xq–r yr–p zp–q = 1

lgk;d osclkbV

vkb, vH;kl djsa
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10. ;fn a, b, c A.P. esa gSa vkSj x, y, z G.P. esa gSa rks fl) dhft;s fd

xb–c yc–a za–b = 1

11. ;fn ,d G.P. ds izFke n inksa dk ;ksx S
n
 }kjk fu:fir gksrk gS rks fl) dhft;s fd

S
n
 (S

3n
 – S

2n
) = (S

2n
 – S

n
)2

12. ;fn p, q, r A.P. esa gSa rks fl) dhft, fd G.P. ds posa, qosa rFkk rosa  in Hkh G.P. esa gSaA

11. ;fn S
n
 = 1

1

2

1

22
+ +  ... + 

1

2 1n–  gks] rks n dk NksVs&ls&NksVk eku Kkr dhft, tks bl

izdkj gS fd 2
1

100
– Sn <

14. ;fn G.P. ds izFke n inksa dk ;ksx S gS rFkk blds bu inksa dk xq.kuQy p gS vkSj muds
O;qRØeksa dk ;ksx R gS rks fl) dhft, fd

p
S

R

n

2
=
F
HG
I
KJ

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 6.1

1. (a) 2n – 1 (b) 2n + 1

2. 3, 5, 7, 9, ... 3. 20, 16 4. ugha 5. m + n 6. 10, 6, 2, ...

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 6.2

1. (a) 435 (b) 
221 5

2

n
n − 

2. 5 3. 12

4. 37 5. 2 9 ,n n+ 9

6. 2a

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 6. 3

2. 5

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 6. 4

1. 3
3

2

3

4

3

8

3

16
, – , , – , 2. 11ok¡, ugha

3. 36, 6, 1 ;k 1, 6, 36 4. (a) 6 (b) 3

mÙkjekyk
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 6.5

1. (a) 6138 (b) 
2

3
1

1

220
–
F
HG

I
KJ 2. 10.

4. (a)  
80

81
10 1

8

9

n n
– –c h (b) 

2

9

2

81
1

1

10

n
n

– –
F
HG

I
KJ

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 6. 6

1. (a) 
3

2
(b) 

13

24
2. (a) 

7

9
(b) 

52

165

3. 5
1 0

3

2 0

9

4 0

2 7
, , , , . . . ∞ 4. 

1

4

1

4

1

4

1

42 3 4
, , , , . . . ∞

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 6.7

1.
1 1 1 1 1

4, 2,1, , , , , ,
2 4 8 16 32

6. 
4 3

, 1,
3 4

−  ;k 
3 4

, 1,
4 3

−

7. 4, 8, 16

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. 2107 2. 37 : 39
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7

dqN fo'ks"k Jsf.k;k¡dqN fo'ks"k Jsf.k;k¡dqN fo'ks"k Jsf.k;k¡dqN fo'ks"k Jsf.k;k¡

eku yhft, fd vkidks izR;sd fnu bl izdkj iRFkj bdës djus dks dgk tkrk gS fd igys
fnu ,d iRFkj ysuk gS] nwljs fnu igys fnu ds iRFkjksa ls nqxqus iRFkj bdës djus gSaA rhljs
fnu nwljs fnu ds iRFkjksa ls nqxqus iRFkj bdës djus gSa rFkk blh izdkj vkxs HkhA fQj bu
iRFkjksa dks frfFkuqlkj O;ofLFkr djuk gS rks vkidks ,d

1, 2, 22, 23, ....... tSlk vuqØe izkIr gksxk

vuqØe ls gesa ,d Js.kh izkIr gksrh gSA mijksDr vuqØe dh laxr Js.kh 1 + 2 + 22 + 23 + ....

,d tkuh ekuh Js.kh gS ftls fQcksuk'kh (Fibonacci) Js.kh dgrs gSa% 1 + 1 + 2 + 3 + 5+ 8 + 13 + ....

bl ikB esa ge dqN fo'ks"k izdkj ds vuqØeksa dk foLrkj ls v/;;u djsaxsA

     mís';  mís';  mís';  mís';

bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%

• Js.kh dks ifjHkkf"kr djuk

• t
n 
ls fn, gq, eku n ds fy, Js.kh ds inksa dh x.kuk djuk

• vUrj vkSj xf.krh; vkxeu ds fl)kUr dk mi;ksx djds  
2 3

, ,n n n∑ ∑ ∑ dk

eku Kkr djuk
• lk/kkj.k Js.kh tSls  1.3 + 3.5 + 5.7 +..... n inksa rd] dk eku Kkr djuk

  iwoZKku  iwoZKku  iwoZKku  iwoZKku

• Js.kh ¼vuqØe½ dh vo/kkj.kk

• lekUrj Js.kh rFkk xq.kksÙkj Js.kh ds n oka in rFkk n inksa rd ds ;ksx dk Kku

• xq.kksÙkj Js.kh dk mi;ksx dj vkorZ n'keyo fHkUu dks fHkUu la[;k esa ifjofrZr djus
dk Kku

  7.1     Js.khJs.khJs.khJs.kh

u
1
 + u

2
 + u

3
 + ... + u

n
 + .... ds :i dk O;atd Js.kh dgykrk gS] tgka u

1
, u

2
 ,u

3
 ..., u

n
 ...

l[a;kvksa dk vuqØe gSA mi;qZDr Js.kh dks  
1

n

r

r

u
=

∑ ls fu:fir fd;k tkrk gSA ;fn n ifjfer
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gks] rks Js.kh ,d ifjfer Js.kh dgykrh gS] vU;Fkk vifjfer dgykrh gSA bl izdkj ge ns[krs
gSa fd ,d Js.kh fdlh vuqØe ls lEcfU/kr gksrh gSA

bl izdkj Js.kh ,d fo'ks"k fu;e ds vuqlkj O;ofLFkr inksa ds ;ksx dk vuqØe gSA

fuEufyf[kr la[;kvksa ds lewgksa ij fopkj dhft,&

(a) 1, 6, 11, ... (b)
1 1 1 1

, , , ,
3 6 9 12

K (c) 48, 24, 12, ... (d) 12, 22, 32, ....

(a), (b), (c), (d) lHkh vuqØe gS] D;ksafd ;s in ,d fu;e ds vuqlkj tqM+s gq, gSaA budh laxr
Jsf.k;ka bl izdkj gSa%

1 + 6 + 11 + ..., 
1

3

1

6

1

9

1

12
+ + +  + ..., 48 + 24 + 12 + ..., 12 + 22 + 32 + ...

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  7.1.    fuEufyf[kr izR;sd  vuqØe ds izFke  6 inksa dks fyf[k,] ftldk noka in gS%

       (a) T
n
 = 2n + 1, (b) a

n
 = n2 – n + 1 (c) f

n
 = (– 1)n. 5n

rRi'pkr ml vuqØe ls lEcfU/kr Js.kh Kkr dhft,A

gy% gy% gy% gy%   (a) T
n
 = 2n + 1

 n = 1 ds fy,] T
1
 = 2.1 + 1 = 3 n = 2 ds fy,] T

2
 = 2.2 + 1 = 5

n = 3 ds fy,] T
3
 = 2.3 + 1 = 7 n = 4 ds fy,]T

4
 = 2.4 + 1 = 9

n = 5 ds fy,] T
5
 = 2.5 + 1 = 11 n = 6 ds fy,] T

6
 = 2.6 + 1 = 13

bl izdkj mijksDr vuqØe ls lEcfU/kr Js.kh gS% 3 + 5 + 7 + 9 + 11 + 13 + ...

(b) a
n
 = n2 – n + 1

n = 1 ds fy,] a
1
 = 12 – 1 + 1 = 1 n = 2 ds fy,] a

2
 = 22 – 2 + 1 = 3

n = 3 ds fy,] a
3
 = 32 – 3 + 1 = 7 n = 4 ds fy,] a

4
 = 42 – 4 + 1 = 13

n = 5 ds fy,] a
5
 = 52 – 5 + 1 = 21 n = 6 ds fy,] a

6
 = 62 – 6 + 1 = 31

bl izdkj mijksDr vuqØe ls lEcfU/kr Js.kh gS%  1 + 3 + 7 + 13 +...

(c) ;gka f
n
 = (–1)n 5n

n = 1 ds fy,] f
1
 = (–1)1 51= – 5 n = 2 ds fy,]  f

2
 = (–1)2 52=  25

n = 3 ds fy,] f
3
 = (–1)3 53= – 125 n = 4 ds fy,]  f

4
 = (–1)4 54=  625

n = 5 ds fy,]  f
5
 = (–1)5 55= – 3125 n = 6 ds fy,] f

6
 = (–1)6 56=  15625

 vuqØe ls lEcfU/kr laxr Js.kh gS%

–5 + 25 – 125 + 625 – 3125 + 15625 –
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 7.2.    fuEufyf[kr izR;sd vuqØe dk 'n' oka in fyf[k,%

     (a) –2 + 4 – 6 + 8 – .... (b) 1 – 1 + 1 – 1 +  ....

     (c) 4 + 16 + 64 + 256 + .... (d) √2 + √3 + 2 + √5 + ....

gy%gy%gy%gy%     (a) Js.kh gS%  – 2 + 4 – 6 + 8 .......

;gka fo"ke in dh la[;k,a _.kkRed gSa rFkk le in dh la[;k,a /kukRed gSaA mijksDr Js.kh vuqØe

–1 + 2 –3 + 4 – ....  dks 2 ls xq.kk djus ij izkIr gksrh gSA

∴ T
n
 = 2 (–1)n n= (–1)n 2n

(b) Js.kh gS% 1 – 1 + 1 – 1 + 1– ...... ∴ T
n
 = (–1)n + 1

(c)  Js.kh gS%  4 + 16 + 64 + 256 + ....

 mijksDr Js.kh dks bl izdkj fy[k ldrs gSaA 4 + 42 + 43 + 44 + .....

 vFkkZr~ n okW in T
n
 = 4n.

(d)  Js.kh gS%  √2 + √3+ 2 + √5 + ... vFkkZr~ √2 + √3 + √4 + √5 + ...

  blfy, n okW in T
n
 = n + 1.

   ns[ksa vkius fdruk lh[kk 7.1

1.  ftl vuqØe dk nok¡ in fuEufyf[kr gS mlds izFke 6 in fyf[k,%

(a)
( 1) ( 2)

6
n

n n n
T

+ +
= (b)

2
1

2 3
n

n
a

n

−
=

−

2.  ;fn  A
1
 = 1  vkSj A

2
 = 2 gks,  rks  A

6
  Kkr dhft, tcfd  A

n
 = 

1

2

, ( 2)n

n

A
n

A

−

−

>

3.  fuEufyf[kr vuqØe dk nok¡ in fyf[k,%

(a)
1 1 1

1
2 3 4

− + − + −L (b) 3 – 6 + 9 – 12 + ....

 7.2  izFke izFke izFke izFke  n izkÑr la[;kvksa ds ?kkrkadksa dk ;ksx Kkr djukizkÑr la[;kvksa ds ?kkrkadksa dk ;ksx Kkr djukizkÑr la[;kvksa ds ?kkrkadksa dk ;ksx Kkr djukizkÑr la[;kvksa ds ?kkrkadksa dk ;ksx Kkr djuk

(a) izFke n izkÑr la[;kvksa dk vuqØe gS&

1 + 2 + 3 + 4 + .... + n.

ekuk S
n
 = 1 + 2 + 3 + ... + n

;g ,d lekUrj Js.kh gS ftldk izFke in 1, lkoZ vUrj 1 rFkk inksa dh la[;k n gSA

∴ [ ] [ ]2.1 ( 1)1 2 1
2 2

n

n n
S n n= + − = + −  vFkkZr~ 

( 1)

2
n

n n
S

+
=
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∴ ge fy[k ldrs gSa fd  
( 1)

2

n n
n

+
=∑

(b) izFke n izkÑr la[;kvksa ds oxks± dk ;ksx Kkr djukA

ekuk S
n
 = 12 + 22 + 32 + .... + n2

loZlfedk] n3 – (n –1)3 = 3n2 – 3n + 1 dk mi;ksx djus ij mijksDr loZlfedk esa

n = 1, 2, 3, ...., n – 1, n vkfn eku j[kus ij gesa izkIr gksrk gS%&

13 –03 = 3.12 – 3.1 + 1

23 –13 = 3.22 – 3.2 + 1

33 –23 = 3.32 – 3.3 + 1

LL LL

LL LL

n3 – (n –1)3 = 3n2 – 3n + 1

bldk ;ksx djus ij gesa izkIr gksrk gS%

n3– 03 = 3 (12 + 22 + 32 +...+ n2) – 3 (1 + 2 + 3 + ... + n) + (1 + 1 + 1 +... n inksa rd)

;k n3 = 3 S
n
 – 3 

( )1

2

n n
n

+ 
+ 

 

( )1

2

n n
n

+ 
= 

 
∑L Q

;k 3
3 1

2

3
S n

n n
nn = +

+( )
–

= n n
n

n( – ) ( )
2

1
3

2
1+ +  = n n n( ) –+ +

F
HG

I
KJ1 1

3

2
 = 

n n n( ) ( )+ +1 2 1

2

∴ S
n n n

n =
+ +( ) ( )1 2 1

6
 vFkkZr~ n

n n n2 1 2 1

6
=

+ +

∑
( ) ( )

(c) izFke  n izkÑr la[;kvksa ds ?kuksa dk ;ksx Kkr djuk

   ;gka S
n
 = 13 + 23 + 33 + ... + n3

loZlfedk  n4 – (n –1)4 = 4n3 – 6n2 + 4n – 1 dk mi;ksx djus ij

n ds LFkku ij  1, 2, 3, .... vkfn j[kus ij gesa izkIr gksrk gS%

14 – 04 = 4.13 – 6.12 + 4.1 – 1

24 – 14 = 4.23 – 6.22 + 4.2 – 1

34 – 24 = 4.33 – 6.32 + 4.3 – 1

L L

n4 – (n – 1)4 = 4.n3 – 6.n2 + 4.n – 1

;ksx djus ij

n4 – 04 =  4(13 + 23 + ... + n3) – 6(12 + 22 + ... + n2) + 4 (1 + 2 + 3 + ... + n)

            –  (1 + 1 + ... n ckj)
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⇒  n S
n n n

n
n

nn

4
4 6

1 2 1

6
4

1

2
=

+ +L
NM

O
QP +

+
. –

( ) ( )
–

⇒ 4S
n
  = n4 + n(n + 1) (2n + 1) – 2n (n + 1) + n

        = n4 + n (2n2 + 3n + 1) – 2n2 – 2n + n

        = n4 + 2n3 + 3n2 + n – 2n2 – 2n + n = n4 + 2n3 + n2 = n2 (n2 + 2n + 1)

vFkkZr~  4S
n
  = n2 (n + 1)2

∴     S
n n n n

n =
+

=
+ UVW

R
S|
T|

2 2 2
1

4

1

2

( ) ( )

∴

2

3 ( 1)

2

n n
n

+ 
=   

∑  ;k n n
3 2

= ∑∑ ( )

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh% iz'uksa esa Js.kh dk ;ksx Kkr djus ds fy,] igys ge Js.kh dk nokW in Kkr djsaxsA

mlds i'pkr~ S
n
 = tn∑ dk mi;ksx djsaxsA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k  7.3.   Js.kh 1.3 + 3.5 + 5.7 + ... ds izFke n inksa dk ;ksx Kkr dhft,A

gy%gy%gy%gy% ekuk S
n
 = 1.3 + 3.5 + 5.7 + ...

Js.kh dk nokW in

           t
n
 = {1, 3, 5, ... dk nokW in} × {3, 5, 7,... dk nokW in}

= (2n – 1) (2n + 1) = 4n2 – 1

          S
n
 = tn∑ = 4 1

2
n –∑ ( )

2
4 1= −∑ ∑n

              = 4
1 2 1

6

n n n
n

( ) ( )
–

+ +

 = 
2 1 2 1 3

3

n n n n( ) ( ) –+ +

              = 
n

n n
3

2 2 3 1 3
2

( ) –+ +  = 
n

n n
3

4 6 1
2

+ –

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 7.4.   Js.kh 1.22 + 2.32 + 3.42 + ... ... ds izFke n inksa dk ;ksx Kkr dhft,A

gy% gy% gy% gy%  ;gka t
n
 = n {2 + (n – 1)}2 = n (n + 1)2 = n. (n2 + 2n + 1)

vFkkZr~ t
n
  = n3 + 2n2 + n

ekuk S
n
 = 1.22 + 2.32 + 2.32 + 3.42 + .... + n. (n + 1)2.

∴         S
n
 = ∑t

n
 = ∑ (n3 + 2n2 + n) = ∑n3 + 2 ∑n2 + ∑n.

= 
n n n n n n n( ) ( ) ( ) ( )+ UVW +

+ +L
NM

O
QP +

+R
S|
T|

1

2
2

1 2 1

6

1

2

2
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= n n
n n n

( )
( )

+
+

+
+

+
L
NM

O
QP1

1

4

2 1

3

1

2

= 
n n

n n
( )

( )
+

+ +
1

12
3 11 10

2
 = 

1

12
1 2 3 5n n n n( ) ( ) ( )+ + +

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 7.5.   Js.kh 2. 3. 5 + 3. 5. 7 + 4. 7. 9 + .... ds izFke n inkas dk ;ksx Kkr dhft,A

gy%gy%gy%gy%  ekuk  S
n
 = 2. 3. 5. + 3. 5. 7 + 4. 7. 9 + ....

Js.kh dk nokW in t
n

= {2, 3, 4, ... dk nokW in} × {3, 5, 7, ... dk nokW in } × {5, 7, 9, .... dk nokW in}

= (n + 1) × (2n + 1) × (2n + 3) = (n + 1) [4n2 + 8n + 3]

= 4n3 + 12n2 + 11n +3

∴    S
n
   = ∑ t

n
 = ∑ [4n3 + 12n2 + 11n + 3] = 4 ∑n3 + 12 ∑n2 + 11 ∑n + ∑(3)

= 4
1

4

12 1 2 1

6

11 1

2
3

2 2
n n n n n n n

n
( ) ( ) ( ) ( )+

+
+ +

+
+

+

 = n n n n n
n n

n
2 2

1 2 1 2 1
11 1

2
3( ) ( ) ( )

( )
+ + + + +

+
+

= 
n

n n n n n
2

2 1 4 1 2 1 11 1 6
2

( ) ( ) ( ) ( )+ + + + + + +

 = 
n

n n n n n n
2

2 2 1 4 2 3 1 11 17
2 2

( ) ( )+ + + + + + +

3 2
2 12 25 21

2

n
n n n = + + + 

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 7.6.  fuEufyf[kr Js.kh ds n inksa dk ;ksx Kkr dhft,% 
1

13

1

35

1

5 7. . .
...+ + +

gy%gy%gy%gy% t
n n

n =

+

1

2 1 2 1( – ) ( )
=

+

F
HG

I
KJ

1

2

1

2 1

1

2 1n n–
–

Øe'k% n = 1, 2, 3, .... j[kus ij

t1

1

2
1

1

3
=
L
NM
O
QP– , t2

1

2

1

3

1

5
=
L
NM
O
QP– , t3

1

2

1

5

1

7
=
L
NM
O
QP–

 L L

t
n n

n =

+

L
NM

O
QP

1

2

1

2 1

1

2 1( – )
–

( )

;ksx djus ij] 1 2

1 1
1

2 2 1
nt t t

n

 
+ + + = − 

+ 
L =

+

n

n( )2 1
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   ns[ksa vkius fdruk lh[kk    7.2

1. fuEufyf[kr Jsf.k;ksa esa izR;sd ds n inksa dk ;ksx Kkr dhft,%

(a) 1 + (1 + 3) + (1 + 3 + 5) + ... (b)
1 1 1

1.4 4.7 7.10
+ + +L

(c) (1) + (1 + 3) + (1 + 3 + 32) + (1 + 3 + 32 + 33) + ...

2. ml Js.kh    dssss  n inksa dk ;ksx Kkr dhft,] ftldk nok¡ in n(n + 1) (n + 4) gSA

3. fuEufyf[kr Js.kh ds n inksa dk ;ksx Kkr dhft,% 1. 2. 3 + 2. 3. 4. + 3. 4. 5+L

• u
1
 + u

2 
+ u

3
 + ..... + u

n
 + ... ds :i dk O;atd Js.kh dgykrk gS]

         tgka  u
1
, u

2
, u

3
 .... u

n
, .... l[a;kvksa dk vuqØe gSA

•
r

n n

r

n

=
+

=

∑
( )1

21

•
r

n n n

r

n
2

1

1 2 1

6
=

+ +

=

∑
( ) ( )

•
r

n n

r

n
3

2

1

1

2
=

+ UVW
R
S|
T|=

∑
( )

• S
n
 = ∑t

n

    lgk;d osclkbVlgk;d osclkbVlgk;d osclkbVlgk;d osclkbV

• http://en.wikipedia.org/wiki/Sequence_and_series

• http://mathworld.wolfram.com/Series.html

1. fuEufyf[kr Jsf.k;ksa esa izR;sd dk ;ksx Kkr dhft,%

(a) 2 + 4 + 6 + ... dk 40 inksa rd       (b) 2 + 6 + 18 + ... dk  6 inksa rdA

2. fuEufyf[kr Jsf.k;ksa esa izR;sd dk n inksa rd ;ksx Kkr dhft,%

(a)  1 + 3 + 7 + 15 + 31 + ..... (b)
1

135

1

35 7

1

5 7 9. . . . . .
+ +  + .....

(c)
3

14

5

4 9

7

9 16

9

16 25. . . .
....+ + + +

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV

vkb, vH;kl djsa
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3. Js.kh 12 + 32 + 52 + .... ds izFke n inksa dk ;ksx Kkr dhft,A

4. Js.kh 5 + 7 + 13 + 31 + .... ds n inksa dk ;ksx Kkr dhft,A

5. Js.kh 2 3

4 7 10
1

5 5 5
+ + + +L  ds n inksa dk ;ksx Kkr dhft,A

6. 22 + 42 + 62 + ... + (2n)2 dk ;ksx Kkr dhft,A

7. fn[kkb, fd 
1 2 2 3 1

1 2 2 3 1

3 5

3 1

2 2 2

2 2 2

× + × + + × +

× + × + + × +

=
+

+

...... ( )

...... ( )

n n

n n

n

n

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk  7.1

1. (a) 1, 4, 10, 20, 35, 56 (b) 0 3
8

3
3

24

7

35

9
, , , , ,

2.
1

2

3. (a)
1

( 1)
n

n
− (b) (–1)n +1 3n

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 7.2

1. (a)
1

6
1 2 1n n n( ) ( )+ + (b)

3 1

n

n +

(c)
11

(3 2 3)
4

n
n

+

− −

2.
2( 1)

3 23 34
12

n n
n n

+
 + + 

3.
1

( 1) ( 2) ( 3)
4

n n n n+ + +

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. (a) 1640 (b) 728

2. (a) 2n+ 1 – n – 2

(b)
1

12

1

4 2 1 2 3
–

( ) ( )n n+ +
(c) 1

1

1
2

–
( )n +

3.
n

n
3

4 1
2

( – ) 4.
1

(3 8 1)
2

n
n+ −

5.
5

4

15

16
1

1

5

3 2

4 5
1 1

+
F
HG

I
KJ– –

–

. ( )
– –n n

n
6.

2 1 2 1

3

n n n( ) ( )+ +

mÙkjekyk
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geus izkÑr la[;kvksa ls la[;kvksa ds fudk; dk v/;;u izkjaHk fd;k] rnqijkar iw.kZ la[;kvksa dk
fudk; cukus ds fy,] muesa 'kwU; dks lfEefyr fd;k rFkk vxys pj.k esa _.kkRed la[;k,¡ ifjHkkf"kr
dh x;haA bl izdkj] geus vius la[;k&fudk; dk iw.kZ la[;kvksa rFkk iw.kk±dksa rd foLrkj fd;kA

p q÷  ds :i okyh leL;kvksa ds lek/kku gsrq geus iw.kk±dksa ds fudk; esa ifjes; la[;kvksa
dks lfEefyr fd;kA ifjes; la[;kvksa ds fudk; dks vkxs vifjes; la[;kvksa rd c<+k;k x;k]
D;ksafd lHkh yEckb;ksa dk ifjes; la[;kvksa }kjk ekiuk laHko ugha FkkA ifjes; rFkk vifjes; la[;kvksa
dks feykdj okLrfod la[;k,¡ dgk x;kA fdUrq okLrfod la[;kvksa dk fudk; lHkh chtxf.krh;
lehdj.kksa dks gy djus ds fy, i;kZIr ugha gSA ,slh dksbZ okLrfod la[;k ugha gS tks lehdj.k
x2 = – 1 dks lUrq"V dj ldsA ,slh leL;kvksa dks gy djus ds fy,] vFkkZr _.kkRed la[;kvksa
ds oxZewy Kkr djus ds fy,] ge okLrfod la[;kvksa ds fudk; dks vkxs ,d u;s la[;k&fudk;
rd ys tkrs gSa ftls lfEeJ la[;kvksa dk fudk; dgk tkrk gSA bl ikB esa] f'k{kkFkhZ dks lfEeJ
la[;kvksa] muds fu:i.k rFkk mu ij chtxf.krh; lafØ;kvksa ls voxr djk;k tk;sxkA

 mís';mís';mís';mís';

bl ikB ds v/;;u ds ckn vki fuEufyf[kr es a leFk Z gk s tk,¡xs%bl ikB ds v/;;u ds ckn vki fuEufyf[kr es a leFk Z gk s tk,¡xs%bl ikB ds v/;;u ds ckn vki fuEufyf[kr es a leFk Z gk s tk,¡xs%bl ikB ds v/;;u ds ckn vki fuEufyf[kr es a leFk Z gk s tk,¡xs%

• okLrfod la[;kvksa ds leqPp; dk lfEeJ la[;kvksa ds leqPp; rd foLrkj djus
dh vko';drk dks crkuk

• lfEeJ la[;k dks ifjHkkf"kr djuk rFkk mlds mnkgj.k nsuk

• fdlh nh gqbZ la[;k ds okLrfod rFkk dkYifud Hkkxksa dks igpkuuk

• nks lfEeJ la[;kvksa ds leku gksus ds izfrcU/k dks crkuk

• bl rF; dks tkuuk rFkk igpkuuk fd vkWjxaM ry esa fcUnq P(x, y) ls lac)
,d vf}rh; lfEeJ la[;k x + iy gS ,oe foykser% izR;sd lfEeJ la[;k x +

iy ls lac) vkWjxaM ry esa ,d vf}rh; fcUnq P(x, y) gS

• ,d lfEeJ la[;k ds la;qXeh dks ifjHkkf"kr djuk rFkk Kkr djuk

• ,d lfEeJ la[;k ds ekikad ¼fujis{k eku½ rFkk dks.kkad dks ifjHkkf"kr djuk rFkk
Kkr djuk

• ,d lfEeJ la[;k dks /kzqoh; :i esa iznf'kZr djuk

8
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• lfEeJ la[;kvksa esa chtxf.krh; lafØ;kvksa ¼;ksx] ?kVk] xq.kk rFkk Hkkx½ dk mi;ksx

djuk

• chtxf.krh; lafØ;kvks a ds xq.kks a ¼xq.k/keks ±½ ¼lao`rrk] Øefofues;rk] lgpkfjrk]

rRled] foykse ,oa forj.krk½ dks crkuk ,oa mudk mi;ksx djuk

• leL;kvksa ds gy djus eas lfEeJ la[;kvksa ds fuEufyf[kr xq.kksa dks crkuk ,oa

mudk mi;ksx djuk

(i) | | 0 0z z= ⇔ =  vkSj 1 2 1 2z | | | |z z z= ⇒ =

(ii) z z z= − = (iii) 1 2 1 2| z | | | | |z z z+ ≤ +

(iv)        z1. .z z z2 1 2= (v)
11

2

2 2

, ( 0)
zz

z
z z

= ≠

• lfEeJ la[;kvksa dk oxZewy Kkr djuk

 iwoZ Kku iwoZ Kku iwoZ Kku iwoZ Kku
• okLrfod la[;kvksa ds xq.k

• jSf[kd ,oa f}?kkr lehdj.kksa ds gy

• okLrfod la[;kvksa dk la[;k&js[kk ij fu:i.k

• ,d ry esa fcUnqvksa dk fu:i.k

 8.1 lfEeJ la[;k,¡lfEeJ la[;k,¡lfEeJ la[;k,¡lfEeJ la[;k,¡

 lehdj.k x2 + 1 = 0 ...(A) ij fopkj dhft,A

bls fy[kk tk ldrk gS% x2 = –1 vFkok 1x −+=

fdUrq ,slh dksbZ okLrfod la[;k ugha gS tks x2 = – 1 dks lUrq"V djrh gksA nwljs

'kCnks a es a] ge dg ldrs gSa fd ,slh dksbZ okLrfod la[;k ugha gS ftldk oxZ

– 1 gksA ,sls lehdj.kksa dks gy djus ds fy,] vkb, ge dYiuk djsa fd ,d la[;k

‘i’ gekjs la[;k fudk; esa gS tks 1−  ds cjkcj gSA

o"kZ 1748 esa] egku xf.krK ,y- vkW;yj us la[;k ‘i’ dks vk;ksVk (Iota) uke fn;k]

ftldk oxZ –1 gSA bl vk;ksVk vFkok ‘i’ dks dkYifud bdkbZ ds :i esa ifjHkkf"kr

fd;k x;kA u;s ladsr fpUg ‘i’ ds ysus ls] ge _.kkRed la[;kvksa ds oxZewy dks

,d okLrfod la[;k rFkk ‘i’ ds xq.kuQy ds :i esa izdV dj ldrs gSaA

vr,o] ge lehdj.k (A) ds gy dks x = ± i ds :i esa iznf'kZr dj ldrs gSaA

bl izdkj]     – 4 = 4(–1)

      ∴ − = − = =4 1 4 2 22 2( )( ) .i i

bls ijEijkxr :i esa 2i fy[kk tkrk gSA

bl izdkj] ge izkIr djrs gSa% − =4 2i,       7 7i− =
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          − −4 7,  lfEeJ la[;kvksa ds mnkgj.k gSaA

      ,d vU; f}?kkr lehdj.k x2 –6x + 13 = 0 ij fopkj dhft,A

bls fuEufyf[kr :i esa gy fd;k tk ldrk gS%

(x –3)2 + 4 = 0 ;k] (x –3)2

 
= – 4

;k]       x – 3 = ± 2i ;k] x = 3 ± 2i

gesa x + yi ds :i okyh la[;k,¡ izkIr gksrh gSa ftuesa x rFkk y okLrfod la[;k,¡ gSa

rFkk i = −1  gSA

dksbZ Hkh la[;k] ftlsdksbZ Hkh la[;k] ftlsdksbZ Hkh la[;k] ftlsdksbZ Hkh la[;k] ftls a + bi ds :i esa izdV fd;k tk ldrk gks] tcfd

a rFkk b okLrfod la[;k,¡ ,oa i = −1  gks] ,d lfEeJ la[;k dgykrh gSA

izk;% ,d lfEeJ la[;k dks v{kj z }kjk fufnZ"V fd;k tkrk gSA vFkkZr~ z = a +

bi, 'a' dks z dk okLrfod Hkkx dgk tkrk gS] ftls Re (a+bi) fy[kk tkrk gS rFkk

b dks z dk dkYifud Hkkx dgk tkrk gS ftls Im (a + bi) fy[kk tkrk gSA

;fn a = 0 rFkk b ≠ 0 gks] rks lfEeJ la[;k bi gks tkrh gS] tks fd ,d iw.k Zr%

dkYifud lfEeJ la[;k gSA –7i, 
1

2
i , 3    i iπ• • • •  iw.kZr% dkYifud la[;kvksa ds mnkgj.k gSaA

;fn a ≠ 0  rFkk b = 0 gks] rks lfEeJ la[;k 'a' gks tkrh gS] tks fd ,d okLrfod la[;k gSA

5, 2.5 rFkk 7  lHkh okLrfod la[;kvksa ds mnkgj.k gSaA

;fn a = 0 rFkk b = 0 gks] rks lfEeJ la[;k 0 ¼'kwU;½ gks tkrh gSA vr% okLrfod

la[;k,¡ lfEeJ la[;kvksa dh fo'ks"k n'kk,¡ gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.1.  'i' dk mi;ksx djrs gq,] fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(i) −36 (ii) 25 4. −

 gy% gy% gy% gy% (i) −36 = 36 1( )−  = 6i    (ii) 25 4. −  = 5 × 2i = 10i

8.2 i dh /kukRed iw.kk ±dh; ?kkrs s adh /kukRed iw.kk ±dh; ?kkrs s adh /kukRed iw.kk ±dh; ?kkrs s adh /kukRed iw.kk ±dh; ?kkrs s a

ge tkurs gSa fd

i2 = –1, i3 = i2.i = –1.i = –i, i4 = (i2)2 = (–1)2 = 1, i5 = (i2)2.i = 1.i = i

i6 = (i2)3 = (–1)3 = –1, i7 = (i2)3(i) = –i, i8 = (i2)4 =1

bl izdkj] ge ns[krs gSa fd 'i' dh fdlh Hkh cM+h ?kkr dks pkj ekuksa i, –1, –i rFkk

1 esa ls fdlh ,d ds :i esa O;Dr fd;k tk ldrk gSA

;fn n ,d ,slk /kukRed iw.kk±d gS fd n > 4 gS, rks in dks Kkr djus ds fy, ge igys

n dks 4 ls Hkkx nsrs gSaA ml n'kk esa] eku yhft, fd m HkkxQy rFkk r 'ks"k feyrk

gSA rc]

    n = 4m + r       tgk¡ 0 ≤  r < 4 gSA
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bl izdkj]

in = i(4m+r) = i4m.ir = (i4)m.ir = ir (Q i4=1)

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% fdUgh nks okLrfod la[;kvk s afdUgh nks okLrfod la[;kvk s afdUgh nks okLrfod la[;kvk s afdUgh nks okLrfod la[;kvk s a a rFkkrFkkrFkkrFkk b ds fy,]ds fy,]ds fy,]ds fy,] a b ab× =

dsoy mlh n'kk es a lR; gksxk tcfd dsoy mlh n'kk es a lR; gksxk tcfd dsoy mlh n'kk es a lR; gksxk tcfd dsoy mlh n'kk es a lR; gksxk tcfd a rFkkrFkkrFkkrFkk b esa ls de ls de ,desa ls de ls de ,desa ls de ls de ,desa ls de ls de ,d
'k wU; vFkok /kukRed gk sA'k wU; vFkok /kukRed gk sA'k wU; vFkok /kukRed gk sA'k wU; vFkok /kukRed gk sA

okLro esa]     − × −a b  = i ia b×  = 2i ab

     = − ab , tgk¡ a rFkk b /kukRed okLrfod la[;k,¡ gSaA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.2.   1 + i10 + i20 + i30 dk eku Kkr dhft,A

 gy% gy% gy% gy%     1 + i10 + i20 + i30

= 1 + (i2)5 + (i2)10 + (i2)15 = 1 + (–1)5 + (–1)10 + (–1)15

= 1 + (–1) + 1 + (–1) = 1 – 1 + 1 –1 = 0

   bl izdkj]   1 + i10 + i20 + i30 = 0

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.3. 8i3 + 6i16 – 12i11 dks a + bi ds :i esa O;Dr dhft,A

gy %gy %gy %gy %       8i3 + 6i16 – 12i11 dks fy[kk tk ldrk gS%

      8(i2).i + 6(i2)8 – 12(i2)5.i

= 8(–1).i + 6(–1)8 – 12(–1)5.i = –8i + 6 – 12(–1).i

= –8i + 6 + 12i = 6 + 4i

tks a + bi ds :i esa gS] tgk¡ 'a' = 6 rFkk 'b' = 4

    ns[kas vkius fdruk lh[kk 8.1

1.  'i' dk mi;ksx djrs gq,] fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(a) − − − −27                  (c)  13 ( )b 9

2. fuEufyf[kr esa ls izR;sd dks a + bi ds :i esa O;Dr dhft,%

(a) 5     (b) –3i    (c)  0

3. ljy dhft,% 10i3 + 6i13 –12i10

4. lHkh m N∈ ds fy,] fn[kkb, fd% im + im+1 + im+2 + im+3 = 0

 8.3 ,d lfEeJ la[;k dk la;qXeh,d lfEeJ la[;k dk la;qXeh,d lfEeJ la[;k dk la;qXeh,d lfEeJ la[;k dk la;qXeh

fdlh lfEeJ la[;k z = a + bi dk lfEeJ la;qXeh ¼vFkok dsoy la;qXeh½ a – bi ds

:i esa ifjHkkf"kr fd;k tkrk gS rFkk z  ds }kjk fufnZ"V fd;k tkrk gSA

   bl izdkj] ;fn z = a + bi, rks z  = a – bi

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% fdlh lfEeJ la[;k es a mlds dkYifud Hkkx ds fpUg dks cnyfdlh lfEeJ la[;k es a mlds dkYifud Hkkx ds fpUg dks cnyfdlh lfEeJ la[;k es a mlds dkYifud Hkkx ds fpUg dks cnyfdlh lfEeJ la[;k es a mlds dkYifud Hkkx ds fpUg dks cny
n su s ls mldk la; qXeh i zkIr gk srk gSAn su s ls mldk la; qXeh i zkIr gk srk gSAn su s ls mldk la; qXeh i zkIr gk srk gSAn su s ls mldk la; qXeh i zkIr gk srk gSA
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uhps dqN lfEeJ la;qfXe;ksa ds mnkgj.k fn, x, gSa%

(i) ;fn z = 2 + 3i gks] rks z  = 2 – 3i

(ii) ;fn z = 1–i gks] rks z  = 1 + i

(iii) ;fn z = –2 + 10i gks] rks z  = –2–10i

8.3.1 lfEeJ la;qfXe;ks a ds xq.klfEeJ la;qfXe;ks a ds xq.klfEeJ la;qfXe;ks a ds xq.klfEeJ la;qfXe;ks a ds xq.k

(i) ;fn z ,d okLrfod la[;k gS] rks z = z ] vFkkZr~ ,d okLrfod la[;k dk la;qXeh

Lo;a og la[;k gh gksrh gSA mnkgj.kkFkZ] eku yhft, z = 5 bls fy[kk tk ldrk

gS%

z = 5 + 0i ∴ z  = 5 – 0i = 5 ∴ z = 5 = z

(ii) ;fn  z  ,d iw.kZr% dkYifud la[;k gS] rks z= z−

mnkgj.kkFkZ] ;fn z = 3i gS] rks bls fy[kk tk ldrk gS%

  z = 0 + 3i ∴ z  = 0 – 3i  = –3i = – z ∴ z  = – z

(iii) fdlh lfEeJ la[;k ds la;qXEkh dk la;qXeh Lo;a og la[;k gh gksrh gSA vFkkZr~ (z )= z

        mnkgj.kkFkZ]    ;fn z = a + bi gS] rks z  = a – bi

   iqu% (z) (a bi)= −  = a + bi = z

      (z) = z∴

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  8.4.   fuEufyf[kr lfEeJ la[;kvksa esa ls izR;sd dk la;qXeh Kkr dhft,%

(i) 3 – 4i (ii) (2 + i)2

 gy% gy% gy% gy%

(i) eku yhft, fd z = 3 – 4i rc] z 3 4i= −d i = 3 + 4i

vr%]  3 – 4i dk la;qXeh 3 + 4i gSA

(ii) eku yhft,  z = (2 + i)2  gSA

vFkkZr~] z = (2)2 + (i)2 + 2(2)(i) = 4 – 1 + 4i = 3 + 4i

rc]   z ( )= 3 + 4i  = 3 – 4i vr%] (2 + i)2 dk la;qXeh 3 – 4i gSA

 8.4 ,d lfEeJ la[;k dk T;kferh; fu:i.k,d lfEeJ la[;k dk T;kferh; fu:i.k,d lfEeJ la[;k dk T;kferh; fu:i.k,d lfEeJ la[;k dk T;kferh; fu:i.k

eku yhft, fd  z = a + bi  ,d lfEeJ la[;k gSA eku yhft, nks
ijLij yEc js[kkvksa XOX' rFkk YOY' dks Øe'k% x-v{k rFkk y-v{k
fy;k x;k gS ftudk mHk;fu"B fcUnq O ewyfcUnq gSA • • • • • • • •• • • • • • • •• • • • • • • •• • • • • • • •

xx′

y′

y

P( )a, b

O
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eku yhft, fd P dksbZ fcUnq gS ftlds funsZ'kkad (a,b) gSaA ge dgrs

gSa fd lfEeJ la[;k z = a + bi dks fcUnq P (a , b) }kjk fu:fir fd;k

tkrk gS] tSlk fd fp=k 8.1 esa n'kkZ;k x;k gSA

;fn b = 0 gks] rks z ,d okLrfod la[;k gksxh rFkk lfEeJ la[;k
z = a + 0i dks fu:fir djus okyk fcUnq (a, 0) }kjk fufnZ"V fd;k

tk;sxkA ;g fcUnq (a, 0) x-v{k ij fLFkr gSA

blfy, XOX' dks okLrfod v{k dgk tkrk gSA fp=k 8.8 esa] fcUnq

Q (a, 0) lfEeJ la[;k z = a + 0i dks fu:fir djrk gSA

;fn a = 0 gks] rks z ,d iw.kZr% dkYifud la[;k gksxh rFkk lfEeJ
la[;k z = 0 + bi dks fu:fir djus okys fcUnq dks (0, b) ls fufnZ"V
fd;k tk;sxkA fcUnq (0, b) y-v{k ij fLFkr gSA

blfy,  YOY' dks dkYifud v{k dgk tkrk gSA fp=k 8.8 esa] R
(0,b) lfEeJ la[;k  z = 0 + bi dks fu:fir djrk gSA

lfEeJ la[;kvksa dks fcUnqvksa ds :i esa fu:fir djus okys nks v{kksa ds ry dks lfEeJ ry vFkok
vkWjxaM ry dgk tkrk gSA

tks vkjs[k vkWjxaM ry esa lfEeJ la[;k dks fu:fir djrk gS] mls vkWjxaM vkjs[k dgk tkrk gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.5. lfEeJ la[;kvksa  2 + 3i, –2–3i rFkk 2–3i  dks ,d gh vkjxaM vkWjs[k esa

fu:fir dhft,A

gy%gy%gy%gy%

(a) 2+3i dks fu:fir djus okyk fcUnq P (2, 3) gSA

(b) –2–3i dks fu:fir djus okyk fcUnq Q (–2,–3) gSA

(c) 2–3i dks fu:fir djus okyk fcUnq
R (2, –3) gSA

 8.5 ,d lfEeJ la[;k dk ekikad,d lfEeJ la[;k dk ekikad,d lfEeJ la[;k dk ekikad,d lfEeJ la[;k dk ekikad

geus ns[kk fd fdlh Hkh lfEeJ la[;k dks

vkjxaM ry esa ,d fcUnq ds }kjk fu:fir fd;k

tk ldrk gSA ml fcUnq dh ewyfcUnq ls nwjh ge

dSls Kkr djsaxs\ eku yhft, fd ry esa a + bi

dks fu:fir djus okyk fcUnq P(a, b) gSA x-v{k

rFkk y-v{k ij Øe'k% yEc PM rFkk PL [khafp,A

eku yhft, fd OM = a rFkk OL = MP = b gesa ewyfcUnq ls P dh nwjh Kkr djuh gSA

2 2
OP OM MP∴ = +  2 2

a b= +

• • • • •• • • • •• • • • •• • • • • 8.2

• • • • •• • • • •• • • • •• • • • • 8.3

xx′

y′

y

Q( )a, 0O

a

xx′

y′

y

R(0 ), b

O

b

fp=k 8.4

x′ x

x

x′
Q(–2, –3)

R(2, –3)

O 1 2 3 4

4

3

2

1

P(2, 3)
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OP dks lfEeJ la[;k a + bi dk ekikad vFkok fujis{k eku dgk tkrk gSA

∴ fdlh lfEeJ la[;k z, tcfd  z = a + bi, a∈R, b∈R gS] dk ekikad

     | z | }kjk fufnZ"V fd;k tkrk gS rFkk a b2 2
+

ds cjkcj gksrk gSA

∴ | z | = | a + ib | = a b2 2
+

8.5.1 ekikad ds xq.kekikad ds xq.kekikad ds xq.kekikad ds xq.k

(a) | z | = 0  ⇔ z = 0

miifÙk% miifÙk% miifÙk% miifÙk% eku yhft, fd  z = a + bi,  a∈R , b∈R gSA rc] | z |  = a b2 2
+

| |z a b= ⇔ + =0 02 2

⇔ a = 0 vkSj b = 0 ¼D;ksafd a2 rFkk b2 nksuksa /kukRed gSa½ ⇔ z = 0

(b) | | | |z z=

miifÙk% miifÙk% miifÙk% miifÙk% eku yhft, fd  z = a + bi gSA rc] | z | = a b2 2
+

vc] z a bi= − ∴ = + − = +| | ( )z a b a b2 2 2 2

bl izdkj] | z | = a b z2 2
+ =| |          ...(i)

(c) | z | = | –z |

miifÙk% miifÙk% miifÙk% miifÙk% eku yhft, fd  z = a + bi gSA rc  | z | = 2 2
a b+

∴ – z = – a – bi gSA rc]  | –z | = 2 2( ) ( )a b− + −  = 2 2
a b+

bl izdkj] | z | = 2 2
a b+  = | –z |         ...(ii)

mi;qZDr (i) vkSj (ii) ls fl) fd;k tk ldrk gS fd

| z | = | – z | = |  z |        ...(iii)

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.6.    ;fn   z = 1 + 2i] rc z, – z rFkk z  ds ekikad Kkr dhft,A

 gy% gy% gy% gy% z = 1 + 2i gSA rc]  –z = –1–2i rFkk z  = 1 –2i

2 2| | 1 2 5z = + = , | | ( ) ( )− = − + − =z 1 2 52 2

rFkk | | ( ) ( )z = + − =1 2 52 2

bl izdkj] | | | | 5 | |z z z= − = =

• • • • •• • • • •• • • • •• • • • • 8.5

y

P( )a, b

xx′

y′

L

b

a MO
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.7.  vkjxaM ry (fp=. 8.6) esa fn[kkbZ xbZ lfEeJ la[;kvksa ds ekikad Kkr dhft,A

gy%gy%gy%gy%      (i) P(4, 3) lfEeJ la[;k   z = 4 + 3i

dks fu:fir djrk gSA

2 2| | 4 3 25

| | 5

z

z

∴ = + =

=• • • • •

(ii) Q(– 4, 2)  lfEeJ la[;k

z = – 4 + 2i dks fu:fir djrk gSA

( )
2 24 2 16 4 20z∴ = − + = + =

vFkok 2 5z =

(iii) R (–1, –3) lfEeJ la[;k z = –1 – 3i dks fu:fir djrk gSA

2 2| | ( 1) ( 3) 1 9

| | 10

z

z

∴ = − + − = +

=• • • • •

(iv) S(3,  –3) lfEeJ la[;k z = 3 –3i dks fu:fir djrk gSA

2 2| | (3) ( 3) 9 9

| | 18 3 2

z

z

∴ = + − = +

= =• • • • •

        ns[kas vkius fdruk lh[kk 8.2

1. fuEufyf[kr esa ls izR;sd dk la;qXeh Kkr dhft,%

(a) –2i (b) –5 –3i (c) − 2 (d) (–2 + i)2

2. fuEufyf[kr lfEeJ la[;kvksa dks vkjxaM ry esa fu:fir dhft,%
(a) (i) 2 + 0i (ii) –3 + 0i (iii) 0 – 0i (iv) 3 – 0i

(b) (i) 0 + 2i    (ii) 0 – 3i         (iii) 4i (iv) –5i

(c) (i) 2 + 5i rFkk 5 + 2i       (ii)   3 – 4i rFkk – 4 + 3i

(iii) –7 + 2i  rFkk 2 –7i       (iv)   –2 – 9i rFkk – 9 – 2i

(d) (i) 1 + i rFkk –1 – i       (ii)    6 + 5i rFkk – 6 – 5i

(iii) –3 + 4i rFkk 3 –4i      (iv)    4 – i rFkk – 4 + i

(e) (i) 1 + i rFkk 1 – i      (ii)  – 3 + 4i rFkk – 3 – 4i

(iii) 6 – 7i rFkk 6 + 7i      (iv)   –5 – i rFkk – 5 + i

y

Q(–4, 2)

P(4, 3)

x′ x

–4 –3 –2 –1 1 2 3 4

S(3, –3)
R(–1, –3)

y′

O

• • • • •• • • • •• • • • •• • • • • 8.6
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3. (a)  fuEufyf[kr lfEeJ la[;kvksa ds ekikad Kkr dhft,%

(i) 3 (ii)      (i + 1)(2 – i)    (iii)        2 – 3i     (iv)   4 5 i+

(b) fuEufyf[kr lfEeJ la[;kvksa ds fy, lR;kfir dhft, fd  | z | = | z  |

(i) – 6 + 8i (ii) –3 –7i

(c) fuEufyf[kr lfEeJ la[;kvksa ds fy, lR;kfir dhft, fd  | z | = | –z|

(i) 14 + i (ii)  11 – 2i

(d) fuEufyf[kr lfEeJ la[;kvksa ds fy, lR;kfir dhft, fd| z | = | – z | = | z  |

(i) 2 – 3i (ii) –6 – i (iii) 7 – 2i

 8.6 nks lfEeJ la[;kvksa dh lerknks lfEeJ la[;kvksa dh lerknks lfEeJ la[;kvksa dh lerknks lfEeJ la[;kvksa dh lerk

nks lfEeJ la[;k,¡ cjkcj gksaxh ;fn vkSj dsoy ;fn muds okLrfod Hkkx rFkk dkYifud
Hkkx vyx&vyx ijLij cjkcj gkssaA O;kid :i esa] a + bi = c + di gksxk ;fn vkSj dsoy

;fn a = c rFkk b = d gksA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.8.      x rFkk y  ds fdu ekuksa ds fy,] lfEeJ la[;k,¡ 5x + 6yi rFkk 10 + 18i leku

gksaxh\

gy%gy%gy%gy%       ;g fn;k gS fd 5 x + 6y i = 10 + 18i

okLrfod rFkk dkYifud Hkkxksa dh rqyuk djus ij] ge izkIr djrs gSa%

5x = 10 vFkok x = 2 rFkk 6y = 18 vFkok y = 3

 x = 2 rFkk y = 3 ds fy, nh gqbZ lfEeJ la[;k,¡ leku gSaA

8.7   lfEeJ la[;kvksa dk ;ksxlfEeJ la[;kvksa dk ;ksxlfEeJ la[;kvksa dk ;ksxlfEeJ la[;kvksa dk ;ksx

;fn z
1
 = a + bi rFkk z

2
 = c + di nks lfEeJ la[;k,¡ gSa] rks mudk ;ksx

z
1
 + z

2
 = (a + c) + (b + d)i }kjk ifjHkkf"kr fd;k tkrk gSA mnkgj.kkFkZ]

;fn z
1
 = 2 + 3i rFkk z

2
 = –4 + 5i rks z

1
 + z

2
 = [2 + (–4)] + [3 + 5]i  = – 2 + 8i

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.9.  ljy dhft,%

(i) (3 + 2i) + (4 –3i) (ii) (2 + 5i) + (–3 –7i) + (1 – i)

gy%gy%gy%gy% (i) (3 + 2i) + (4 – 3i) = (3 + 4) + (2 – 3)i = 7 _ i

(ii) (2 + 5i) + (–3 – 7i) + (1 – i) = (2 – 3 + 1) + (5 – 7 – 1) i = 0 – 3i

vFkok] (2 + 5i) + (–3 – 7i) + (1 – i) = –3i



166

   lfEeJ la[;k,¡

xf.kr

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

8.9.1 nks lfEeJ la[;kvksa ds ;ksx dk T;kferh; fu:i.knks lfEeJ la[;kvksa ds ;ksx dk T;kferh; fu:i.knks lfEeJ la[;kvksa ds ;ksx dk T;kferh; fu:i.knks lfEeJ la[;kvksa ds ;ksx dk T;kferh; fu:i.k

eku yhft, fd nks lfEeJ la[;k,¡  z
1 
rFkk z

2
 fcUnqvksa  P(a, b) rFkk Q(c, d) }kjk fu:fir gksrh

gSaA mlh vkjxaM ry esa mudk ;ksx  z
1
 + z

2
 fcUnq R (a + c, b + d) }kjk fu:fir gksrk gSA

OP, OQ, OR, PR rFkk QR dks feykb,A

fcUnqvksa  P, Q, R ls x-v{k ij Øe'k% yEc PM, QN, RL [khafp,A

RL ij yEc PK [khafp,A

∆QON esa] ON = c  rFkk QN = d  gSA

∆ROL rFkk ∆POM esa]

RL = b + d PM = b

OL = a + c rFkk OM = a

lkFk gh] PK = ML

= OL – OM = a + c – a = c = ON

     RK = RL – KL = RL – PM = b + d – b = d = QN

∆QON rFkk ∆RPK esa]

ON = PK, QN = RK rFkk ∠QNO = ∠RKP = 90o

∴ ∆QON  ≅  ∆RPK

∴ OQ = PR rFkk OQ || PR

⇒ OPRQ ,d lekUrj prqHkqZt gS rFkk OR mldk fod.kZ gSA vr%] ge dg ldrs

gSa fd lfEeJ la[;kvksa dk ;ksx ,d lekUrj prqHkqZt ds fod.kZ }kjk fu:fir gksrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.10.  fl) dhft, fd  | z
1
 + z

2
 | < | z

1
 | + | z

2
 | gSA

gy%gy%gy%gy%    geus fl) fd;k gS fd nks lfEeJ la[;kvksa
z

1
 rFkk z

2
 dk ;ksx ,d lekUrj prqHkqZt

OPRQ (fp=k 8.11 nsf[k,) ds fod.kZ }kjk
fu:fir gksrk gSA

∆OPR esa] OR< OP + PR

vFkok] OR <  OP + OQ  (D;ksafd OQ = PR )

vFkok] | z
1
 + z

2
 | < | z

1
 | + | z

2
 |

Y

Q( )c, d

R( )a + c, b + d

K

XX′

O N M L

P( )a, b

Y′

• • • • •• • • • •• • • • •• • • • • 8.7

Y

Q( )c, d

R( )a + c, b + d

K

XX′

O N M L

P( )a, b

• • • • •• • • • •• • • • •• • • • • 8.8
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.11.    ;fn  z
1
 = 2 + 3i rFkk

    z
2
 = 1 + i  gks] rks lR;kfir dhft, fd   | z

1
 + z

2
 |  < | z

1
 | + | z

2
 |

gy%gy%gy%gy% z
1
 = 2 + 3i rFkk z

2
 = 1 + i Øe'k% fcUnqvksa (2, 3) rFkk (1, 1) }kjk fu:fir fd;s tkrs

gSaA mudk ;ksx  (z
1
 + z

2
) fcUnq (2+1, 3+1), vFkkZr~ (3, 4) }kjk fu:fir gksxkA

lR;kiulR;kiulR;kiulR;kiu   2 2

1z = 2 + 3 = 13 = 3.6  yxHkx   2 2

2z = 1 +1 = 2 = 1.41  yxHkx

z z 3 4 25 51 2

2 2
+ = + = = , | z

1
 | + | z

2
 | = 3.6 + 1.41 = 5.01

∴ | z
1
 + z

2
 | < | z

1
 | + | z

2
 |

8.7.2 lfEeJ la[;kvksa dk ?kVkuklfEeJ la[;kvksa dk ?kVkuklfEeJ la[;kvksa dk ?kVkuklfEeJ la[;kvksa dk ?kVkuk

eku yhft, fd nks lfEeJ la[;k,¡ z
1
 = a + bi rFkk z

2
 = c + di Øe'k% fcUnqvksa  (a, b) rFkk

(c, d) }kjk fu:fir gksrh gSaA

∴ ( z
1
 ) – ( z

2 
) = (a + bi) – (c + di) = (a – c) + (b – d)i

tks fcUnq  (a – c, b – d) dks fu:fir djrh gSA

∴ vUrj] vFkkZr~ z
1
– z

2
 fcUnq (a – c, b – d) }kjk fu:fir gksrk gSA bl izdkj] ,d

lfEeJ la[;k esa ls nwljh la[;k ?kVkus ds fy,] ge laxr okLrfod rFkk dkYifud Hkkxksa
dks vyx & vyx ?kVkrs gSaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.12.    z
1
 – z

2
 Kkr dhft, ;fn%

z
1
 = 3 – 4i, z

2
 = –3 + 7i

gy%gy%gy%gy% (a) z
1
 – z

2
 = (3 – 4i) – (–3 + 7i) = (3 – 4i) + (3 – 7i)

= (3 + 3) + (– 4 – 7)i = 6 + (–11i)   = 6 – 11i

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.13.     5 + 4i izkIr djus ds fy,] i esa dkSu&lh la[;k tksM+h tk;sxh\

gy%gy%gy%gy%  eku yhft, fd]  z = a + bi dks i esa tksM+us ls 5 + 4i izkIr gksxhA

∴ i + (a + bi) = 5 + 4i vFkok] a + (b + 1)i = 5 + 4i

okLrfod ,oe~ dkYifud Hkkxksa dks lerqY; djus ij] gesa izkIr gksrk gS% a =5 rFkk b + 1  =

4  vFkok  b = 3

∴ i esa z = 5 +3i  tksM+us ij 5 + 4i izkIr gksxhA PROPERTIES: WITH

 8.8  lfEeJ la[;kvksa ds ;ksx ds lanHkZ esa xq.k lfEeJ la[;kvksa ds ;ksx ds lanHkZ esa xq.k lfEeJ la[;kvksa ds ;ksx ds lanHkZ esa xq.k lfEeJ la[;kvksa ds ;ksx ds lanHkZ esa xq.k

1.  laojd xq.k%laojd xq.k%laojd xq.k%laojd xq.k%    nks lfEeJ la[;kvksa dk ;ksx lnk ,d lfEeJ la[;k gksxhA

eku yhft, z
1
 = a

1
 + b

1
i  rFkk z

2
 = a

2
 + b

2
i, tgka a

1
, b

1
, a

2
, b

2
 ∈R
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vc] z
1
 + z

2
 = (a

1
 + a

2
) + (b

1
 + b

2
)i gS] tks iqu% ,d lfEeJ la[;k gSA

blls lfEeJ la[;kvksa dk laojd xq.k fl) gks tkrk gSA

2.  Øefofues; xq.k%Øefofues; xq.k%Øefofues; xq.k%Øefofues; xq.k%    ;fn z
1 
rFkk z

2
 nks lfEeJ la[;k,a gSa] rks z

1
 + z

2
 = z

2
 + z

1

eku yhft,               z
1
 = a

1
 + b

1
i rFkk z

2
 = a

2
 + b

2
i

vc] z
1
 + z

2
 = (a

1
 + b

1
i) + (a

2
 + b

2
i) = (a

1
 + a

2
) + (b

1
 + b

2
)i

= (a
2
 + a

1
) + (b

2
 + b

1
)i              [okLrfod la[;kvksa dk Øefofues;

xq.k]

= (a
2
 + b

2
i) + (a

1
 + b

1
i) = z

2
 + z

1

vFkkZr~ z
1
 + z

2
 = z

2
 + z

1
  vr,o] lfEeJ la[;kvksa dk ;ksx Øefofues; gSA

3.  lkgp;Z xq.klkgp;Z xq.klkgp;Z xq.klkgp;Z xq.k

;fn z
1
 = a

1
 + b

1
i,   z

2
 = a

2
 + b 

2
i rFkk z

3
 = a

3
 + b

3
i rhu lfEeJ la[;k,¡ gksa] rks

z
1
 + (z

2
 + z

3
) = (z

1
 + z

2
) + z

3

vc] z
1
 + (z

2
 + z

3
)

= (a
1
 + b

1
i) + {(a

2
 + b

2
i) + (a

3
 + b

3
i)} = (a

1
 + b

1
i) + {(a

2
 + a

3
) + (b

2
 + b

3
)i}

= {a
1
+(a

2
 + a

3
)} + {b

1
+(b

2
 + b

3
)}i = {(a

1
 + a

2
) + (b

1
 + b

2
)i} + (a

3
 + b

3
i)

= {(a
1
 + b

1
i) + (a

2
 + b

2
i)} + (a

3
 + b

3
i) = (z

1
 + z

2
)+z

3

vr,o] lfEeJ la[;kvksa ds ;ksx esa lkgp;Z xq.k ykxw gksrk gSA

4. ;ksx ds rRled ;ksx ds rRled ;ksx ds rRled ;ksx ds rRled (Identity) vo;o dk vfLrRo vo;o dk vfLrRo vo;o dk vfLrRo vo;o dk vfLrRo

;fn z = a + bi dksbZ lfEeJ la[;k gS] rks

(a + bi) + (0 + 0i) = a + bi

vFkkZr~ (0 + 0i), a + ib ;ksT; rRled gSA

5. ;ksT; O;qRØe ¼izfrykse½ dk vfLrRo;ksT; O;qRØe ¼izfrykse½ dk vfLrRo;ksT; O;qRØe ¼izfrykse½ dk vfLrRo;ksT; O;qRØe ¼izfrykse½ dk vfLrRo

izR;sd lfEeJ la[;k a + bi ds fy, ,d ,slh vf}rh; lfEeJ la[;k –a – bi dk vfLrRo gS]

rkfd

(a + bi) + (–a – bi) = 0 + 0i  gksA –a –ib dks a + ib dk ;ksT; O;qRozQe dgrs gSaA

O;kid :i esa] ,d lfEeJ la[;k dk ;ksT; izfrykse mlds okLrfod rFkk dkYifud Hkkxksa ds
fpUg cnyus ls izkIr gksrk gSA
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  ns[ksa vkius fdruk lh[kk 8.3

1. ljy dhft,% (a) ( ) ( )2 5 5 2i i+ + −  (b) 
2

3

2

6

+
+

−i i

(c) (1 + i) – (1 – 6i) (d) ( ) ( )2 3 2 7i i− − − −

2. ;fn z
1
 = (5 + i) rFkk z

2
 = (6 + 2i)] rks

(a)  z
1
 + z

2 
Kkr dhft,A (b)  z

2
 + z

1 
Kkr dhft,A

 
(c) D;k z

1
 + z

2
 =  z

2
 + z

1
?

(d)  z
1
 – z

2 
Kkr dhft,A (e)  z

2
 – z

1 
Kkr dhft,A

  
(f) D;k z

1
 – z

2 
=  z

2
 – z

1
?

3. ;fn z
1
 = (1 + i), z

2
 = (1 – i) rFkk z

3
 = (2 + 3i)] rks

(a)  z
1
 + (z

2
 + z

3
) Kkr dhft,A (b)  (z

1
 + z

2
) + z

3 
Kkr dhft,A

(c)  D;k z
1
 + (z

2
 + z

3
) = (z

1
 + z

2
) + z

3
? (d)  z

1
 – (z

2
 – z

3
) Kkr dhft,A

(e)  (z
1
 – z

2
) – z

3 
Kkr dhft,A (f)  D;k z

1
 – (z

2
 – z

3
) = (z

1
 – z

2
) – z

3
?

4.  fuEufyf[kr esa ls izR;sd dk ;ksT; izfryksEk Kkr dhft,%

(a) 12 – 7i (b) 4 – 3i

5. (3 –2i) izkIr djus ds fy,  (–15 + 4i) esa D;k tksM+k tkuk pkfg,\

6. fn[kkb, fd { }(3 7 ) (5 2 ) (3 7 ) (5 2 )i i i i+ − + = + − +

 8.9 ,d lfEeJ la[;k dk dks.kkad ,d lfEeJ la[;k dk dks.kkad ,d lfEeJ la[;k dk dks.kkad ,d lfEeJ la[;k dk dks.kkad (Argument)

eku yhft, fd fcUnq  P(a, b) lfEeJ la[;k z = a + bi, a ∈ R, b ∈ R dks fu:fir djrk gS rFkk
OP, x-v{k dh /kukRed fn'kk ds lkFk dks.k θ cukrh gSA

PM ⊥ OX [khafp,A

eku yhft,  OP = r

ledks.k f=kHkqt OMP esa] OM = a; MP = b

∴ r cos θ = a, r sin θ = b

rc z = a + bi dks fy[k ldrs gSa%

     z = r (cosθ + i sinθ) ...(i)

Y

P( )a, b

XX′

Y′

O

r
b

a M

• • • •• • • •• • • •• • • •  8.9
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tcfd r = a b2 2
+ rFkk tanθ =

b

a
, vFkok θ =

F
HG
I
KJ

−tan 1 b

a
 gSA

(i) dks lfEeJ la[;k z dk /kzqoh; :i dgrs gSa rFkk  r vkSj θ  dks lfEeJ la[;k ds Øe'k% ekiakd
rFkk dks.kkad dgrs gSaA

 8.10 nks lfEeJ la[;kvksa dk xq.kunks lfEeJ la[;kvksa dk xq.kunks lfEeJ la[;kvksa dk xq.kunks lfEeJ la[;kvksa dk xq.ku

nks lfEeJ la[;kvksa dks ;ksx rFkk xq.kk ds lkekU; fu;eksa ds vuqlkj gh xq.kk fd;k tk ldrk
gS] tSlk fd okLrfod la[;kvksa esa fd;k tkrk gSA

eku yhft,         z
1
 = (a + bi) rFkk z

2
 = (c + di) rc]

    z
1
.z

2
 = (a + bi).(c + di) = a (c + di) + bi (c + di)

;k = ac + adi + bci + bdi2 ;k = (ac – bd) + (ad + bc)i [D;ksafd i2  = – 1]

;fn (a + bi) rFkk (c + di) nks lfEeJ la[;k,a gksa] rks muds xq.kuQy dks lfEeJ la[;k
(ac – bd) + (ad + bc)i

ds :i esa ifjHkkf"kr fd;k tkrk gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.14.    eku Kkr dhft,% (i) (1 + 2i)(1 – 3i) (ii) ( 3 )( 3 )i i+ −  (iii) (3 – 2i)2

gy%gy%gy%gy% (i) (1 + 2i) (1 – 3i) =  {1 – (–6)} + (–3 + 2)i = 7 –  i

(ii) 3 3+ −i ie je j= {3 – (–1)} + ( )3 3 i− +  = 4 + 0i

(iii) (3 – 2i)2 = (3 – 2i) (3 – 2i) = (9 – 4) + (–6 –6)i = 5 – 12i

 8.10.1  fl) dhft, fdfl) dhft, fdfl) dhft, fdfl) dhft, fd

| z
1
.z

2
 | = | z

1
 | . | z

2
 |

 eku yhft, fd z
1
 = r

1
(cosθ

1
 + i sinθ

1
) rFkk z

2
 = r

2
(cosθ

2 
+ isinθ

2
)

∴ | z
1
 | = r

1
 2 2

1 1 1cos sin rθ θ+ =

blh izdkj] | z
2
 | = r

2

    vc] z
1
 z

2
 = r

1
(cosθ

1
 + i sinθ

1
). r

2
(cosθ

2
 + i sinθ

2
)

= r
1
r

2
 [(cosθ

1
cosθ

2
 – sinθ

1
 sinθ

2
) + (cosθ

1
sinθ

2
 + sinθ

1
cosθ

2
 )i]

= r
1
r

2
[cos(θ

1
 + θ

2
) + i sin (θ

1
 + θ

2
)]

[D;ksafd cos(θ
1
 + θ

2
) = cosθ

1
cosθ

2
 – sinθ

1
sinθ

2
 rFkk

sin(θ
1
 + θ

2
) = sinθ

1
cosθ

2
 + cosθ

1
 sinθ

2
]
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2 2

1 2 1 2 1 2 1 2 1 2| . | cos ( ) sin ( )z z r r r rθ θ θ θ= + + + =

∴ | . | | |.| |z z r r z z1 2 1 2 1 2= =

rFkk  z
1
z

2 
dk dks.kkad  = θ

1
 + θ

2
  = z

1 
dk dks.kkad + z

2
 dk dks.kkad

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.15.      lfEeJ la[;k (1 + i) (4 – 3i) dk ekikad Kkr dhft,A

gy%gy%gy%gy% eku yhft, z = (1 + i) (4 – 3i)

rc] | z | = | (1 + i) (4 – 3i)| = | (1 + i) | . | (4 – 3i) |    [D;ksafd |z
1
z

2
| = |z

1
|.|z

2
| ]

fdUrq | 1 + i | = 1 1 22 2
+ =  vkSj  | 4 – 3i | = 4 3 52 2

+ − =( )

∴ = =| | .z 2 5 5 2

  8.11  nks lfEeJ la[;kvksa esa Hkkxnks lfEeJ la[;kvksa esa Hkkxnks lfEeJ la[;kvksa esa Hkkxnks lfEeJ la[;kvksa esa Hkkx

lfEeJ la[;kvksa esa Hkkx ds fy, va'k vkSj gj nksuksa dks gj ds la;qXeh ls xq.kk fd;k tkrk gSA
ge bls ,d mnkgj.k }kjk Li"V djasxsA

eku yhft, 1z a bi= + rFkk  z
2
 = c+di  rc]   ( )

1

2

0
z a bi

c di
z c di

+
= + ≠

+

          
( ) ( )

( ) ( )

a bi c dia bi

c di c di c di

+ −+
=

+ + −
  [va'k vkSj gj dks gj ds la;qXeh ls xq.kk djus ij]

        
( ) ( )

2 2

ac bd bc ad i

c d

+ + −

=

+

bl izdkj] 2 2 2 2

a bi ac bd bc ad
i

c di c d c d

+ + −
= +

+ + +

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 8.16.     3 + i dks 4 – 2 i ls Hkkx nhft,A

gy%gy%gy%gy%        
3

4 2

i

i

+

−

 = 
( ) ( )

( ) ( )

3 4 2

4 2 4 2

i i

i i

+ +

− +
  [va'k vkSj gj dks  (4 −2i) ds la;qXeh ls xq.kk djus ij]

                    
10 10 1 1

20 2 2

i
i

+
= = +

bl izdkj]   
3 1 1

4 2 2 2

i
i

i

+
= +

−
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8.11.1  fl) dhft, fdfl) dhft, fdfl) dhft, fdfl) dhft, fd         
z

z

z

z

1

2

1

2

=

| |

| |

miifÙk%miifÙk%miifÙk%miifÙk%  z
1
 = r

1
(cosθ

1
 + i sinθ

1
), z

2
 = r

2
(cosθ

2
 + i sinθ

2
)

2 2

1 1 1 1 1| | cos sinz r rθ θ= + =

blh izdkj] | z
2
 | = r

2

rFkk dks.kkad (z
1
) = θ

1
  vkSj dks.kkad (z

2
)=  θ

2

rc]
1 1 1 1

2 2 2 2

(cos sin )

(cos sin )

z r i

z r i

θ θ

θ θ

+
=

+
 

( ) ( )

( ) ( )

1 1 1 2 2

2 2 2 2 2

cos sin cos sin

cos sin cos sin

r i i

r i i

θ θ θ θ

θ θ θ θ

+ −

=

+ −

1 1 2 1 2 1 2 1 2

2 2

2 2 2

(cos cos cos sin sin cos sin sin )
.

(cos sin )

r i i

r

θ θ θ θ θ θ θ θ

θ θ

− + +
=

+

( ) ( )
1

1 2 1 2 1 2 1 2

2

cos cos sin sin sin cos cos sin
r

i
r

θ θ θ θ θ θ θ θ= + + −  

= − + −
r

r
cos isin( )1

2
1 2 1 2( )θ θ θ θ

bl izdkj] = − + −
z

z

r

r
 cos ( ) sin

r

r
1

2

1

2

2

1 2

2 1

2

= θ θ θ θ  = 
1 2

( )  
1

2

z

z
=

∴

1

2

z

z
 dk dks.kkad 1 2θ θ= −    = z

1 
dk dks.kkad –z

2
 dk dks.kkad

mnkgj.k mnkgj.k mnkgj.k mnkgj.k  8.17.     lfEeJ la[;k 
2

3

+

−

i

i
 dk ekikad Kkr dhft,A

gy%gy%gy%gy%             eku yhft,   z = 
2

3

+

−

i

i

∴ =
+

−

| |z
i

i

2

3
      =     

2 i

3 i

+

−
    

11

2 2

zz

z z

 
=  

 
• • • ••• •

( )

2 2

22

2 1 5 1

10 23 1

+
= = =

+ −

∴ =      z 1

2
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8.12  nks lfEeJ la[;kvksa ds xq.ku ds xq.knks lfEeJ la[;kvksa ds xq.ku ds xq.knks lfEeJ la[;kvksa ds xq.ku ds xq.knks lfEeJ la[;kvksa ds xq.ku ds xq.k

1.   laojd xq.klaojd xq.klaojd xq.klaojd xq.k

;fn  z
1
 = a + bi rFkk z

2
 = c + di nks lfEeJ la[;k,¡ gksa] rks mudk xq.kuQy  z

1
z

2
 Hkh ,d

lfEeJ la[;k gksrh gSA

2. Øefofues; xq.kØefofues; xq.kØefofues; xq.kØefofues; xq.k

;fn z
1
 = a + bi rFkk z

2
 = c + di nks lfEeJ la[;k,¡ gksa] rks z

1
z

2
 = z

2
z

1

3. lkgp;Z xq.klkgp;Z xq.klkgp;Z xq.klkgp;Z xq.k

;fn z
1
 = (a + bi), z

2
 = c + di  rFkk z

3
 = (e +  fi) rks z

1
(z

2
.z

3
) = (z

1
.z

2
).z

3

4. xq.ku ds rRled vo;o dk vfLrRo%xq.ku ds rRled vo;o dk vfLrRo%xq.ku ds rRled vo;o dk vfLrRo%xq.ku ds rRled vo;o dk vfLrRo%

izR;sd 'kwU;srj lfEeJ la[;k z
1
 = a + bi ds fy, ,d vf}rh; lfEeJ la[;k (1 + 0i) dk vfLrRo

gksrk gS] rkfd (a + bi).(1 + 0i) = (1 + 0i) (a + bi) = a + bi

eku yhft, fd z
1
 = x + yi lfEeJ la[;k  z = a + bi ds fy, xq.ku dk rRled vo;o gSA

rc z.z
1
 = z  gSA vFkkZr~ (a + bi) (x + yi) = a + bi

;k (ax – by) + (ay + bx)i = a + bi ;k ax – by = a rFkk ay + bx = b

;k x = 1  vkSj  y = 0                                 [lehdj.kksa dks gy djus ij]

vFkkZr~ z
1
 = x + yi = 1 + 0i xq.ku ds fy, rRled vo;o gSA

lfEeJ la[;k 1 + 0i xq.ku ds fy, rRled vo;o gSA

5. xq.kkRed  O;qRØe ¼izfrykse½ dk vfLrRoxq.kkRed  O;qRØe ¼izfrykse½ dk vfLrRoxq.kkRed  O;qRØe ¼izfrykse½ dk vfLrRoxq.kkRed  O;qRØe ¼izfrykse½ dk vfLrRo

xq.kkRed  O;qRØe ,d ,slh lfEeJ la[;k gS ftldks fdlh nh gqbZ 'kwU;srj lfEeJ la[;k ds

lkFk xq.kk djus ij xq.kuQy 1 vkrk gSA nwljs 'kCnksa esa] izR;sd 'kwU;srj lfEeJ la[;k   z = a

+ bi   ds fy, ,d ,slh vf}rh; lfEeJ la[;k (x + yi) dk vfLrRo gksrk gS rkfd mudk xq.kuQy
(1 + 0i) gksA vFkkZr~] (a + bi) (x + yi) = 1 + 0i ;k] (ax – by) + (bx + ay)i = 1 + 0i

okLrfod rFkk dkYifud Hkkxksa dh rqyuk djus ij] ge izkIr djrs gSa%
ax – by = 1 rFkk bx + ay = 0

otz & xq.ku }kjk] x
a

y

b
1

a b2 2
=

−

=

+

( )

22 2

za
x

a b z
⇒ = =

+

• • • • • • • • •
 rFkk 

( )

22 2

zb
y

a b z

−
= = −

+

• • • • • • • •

bl izdkj ,d 'kwU;srj lfEeJ la[;k z = (a + bi) dk xq.kkRed izfrykse gS%

2 2 2

(z) (z) z
x yi i

z z z

 
+ =  −  =

 
 

• • • • • • • • • • •
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8. 18.   2 −4i dk xq.kkRed izfrykse Kkr dhft,A

gy%gy%gy%gy% eku yhft, z 2 4i= −

gesa izkIr gksrk gS% 
2 2 2z 2 4i  z 2 ( 4) 20= + = + − =• • • •

∴ okafNr xq.kkRed izfrykse gS% 
z

z
   2 + 4i

20
   =   1

10
1
5

i
2

= +

6.   xq.ku dk ;ksx ij forj.k xq.kxq.ku dk ;ksx ij forj.k xq.kxq.ku dk ;ksx ij forj.k xq.kxq.ku dk ;ksx ij forj.k xq.k

     eku yhft,z
1
 = a

1
 + b

1
i, z

2
 = a

2
 + b

2
i rFkk z

3 
= a

3
 + b

3
i  rc] z

1
(z

2
 + z

3
) = z

1
z

2
 + z

1
z

3

  ns[ksa vkius fdruk lh[kk 8.4

1. fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(a) (1 2i)( 2 i)+ − (b) ( )2 2
+ i

(c) (3 + i)(1 – i)(–1 + i) (d) (2 + 3i)  ÷ (1 –2i)

(e) (1 + 2i) ÷ (1 + i) (f) (1 + 0i) ÷ (3 + 7i)

2. fuEufyf[kr lfEeJ la[;kvksa esa ls izR;sd dk xq.kkRed izfrykse Kkr dhft,%

(a) 3 – 4i (b)  3 7
3 5

2 3
+

+

−

i c
i

i
( )

3. ;fn z
1
 = 4 + 3i, z

2
 = 3 –2i rFkk z

3
 = i + 5 gks] rks lR;kfir dhft, fd

z
1
(z

2
 + z

3
) = z

1
z

2
 + z

1
z

3

4. ;fn z
1
 = 2 + i, z

2
 = –2 + i rFkk  z

3
 = 2 – i gks] rks lR;kfir dhft, fd

        (z
1
.z

2
)z

3
 = z

1
(z

2
.z

3
)

8-13 lfEeJ la[;k dk oxZewy

eku yhft, a + ib ,d lfEeJ la[;k gS rFkk x + iy mldk oxZewy gSA

rc a ib+  = x + iy ⇒ a + ib = (x + iy)2 = 2 2 2x y ixy− +

okLrfod rFkk dkYifud Hkkxksa dks cjkcj djus ij

x2 – y2 = a ....(1)

rFkk 2xy = b ...(2)

chtxf.krh; rRled dk iz;ksx djus ij %

 (x2 + y2)2 = (x2 – y2)2 + 4x2y2 = (a)2 + (b)2 = a2 + b2

 x2 + y2 = 2 2
a b+ ...(3)
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lehdj.k (1) rFkk (3) ds vuqlkj %

      2x2 = ( )
2 2 2 2

1

2
a b a x a b a+ + ⇒ = ±

+ +

rFkk ( )
2 2 2 2 2

1
2

2
y a b a y a b a= + − ⇒ = ±

+ −  

...(4)

lehdj.k (4) esa] bl rjg x rFkk y ds eku ds 4 ;qXe ikrs gSa vkSj ge x rFkk y

ds ogh eku Lohdkj djsaxs tks lehdj.k (1) rFkk (2) nksuksa dks lUrq"V djrs gksaA

lehdj.k (2) esas ;fn ‘b’ /kukRed gS rc x rFkk y nksuksa /kukRed gksaxs] vFkok nksuksa _.kkRed

gksaxsA

2 2 2 21 1
( ) ( )

2 2
a ib a b a i a b a+ = + + + + −

rFkk 2 2 2 21 1
( ) ( )

2 2
a b a i a b a− + + − + −

;fn b _.kkRed gS rks x rFkk y foijhr fpUg ds gksaxs] rc

2 2 2 21 1
( ) ( )

2 2
a ib a b a i b b a+ = − + + + + −

rFkk ( ) ( )2 2 2 2
1 1

2 2
ia b a a b a−

+ + + −

vr% a + ib ds nksuksa voljksa ij nks&nks oxZewy foijhr fpUgksa ds gksaxsA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.19. 7 + 24i dk oxZewy Kkr dhft,A

gy gy gy gy : ekuk 7 24i a ib+ = + ...(1)

nksuksa vksj oxZ djus ij] 7 + 24i = a2 – b2 + 2 iab, izkIr gksrk gSA

okLrfod rFkk dkYifud Hkkxksa dh rqyuk djus ij

a2 – b2 = 7 ...(2)

rFkk 2 ab = 24 ⇒ ab = 12 ....(3)

vr% 2 2 2 2 2 2 2 2( ) ( ) 4a b a b a b+ = − +  ⇒ 
2 2 2( ) 49 4 144a b+ = + ×

⇒ 2 2 2( ) 625a b+ =  ⇒ a2 + b2 = 25 ...(4)

lehdj.k (2) rFkk (4), dks gy djus ij
2a2 = 32 ⇒ a2 = 16 ⇒ a = ± 4

rFkk 2b2 = 18 ⇒ b2 = 9 ⇒ b = ± 3

lehdj.k (3), ab = 12 /kukRed gS] vr% a rFkk b leku fpUgksa ds gksaxs

;gk¡ ij a = 4, b = 3 vFkok a = – 4, b = – 3 gksaxs

vr% 7 + 24i ds nks oxZewy 4 + 3i rFkk – 4 –3i gksaxsA
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.20. ‘– i’ dk oxZewy Kkr dhft,A

gygygygy : ekuk i a ib− = +

⇒ –i = a2 – b2 + 2 iab ...(1)

okLrfod rFkk dkYifud Hkkxksa dks cjkcj djus ij

a2 – b2 = 0 ...(2)

rFkk 2 ab = – 1 ⇒ ab = –
1

2
...(3)

vc] (a2 + b2)2 = (a2 – b2)2 + 4a2b2 = 
1

0 4 1
4

 
+ =  

 ⇒ a2 + b2 = 1     ...(4)

lehdj.k (2) rFkk (4) }kjk] 2b2 = 1 ⇒ b2 = 
1

2
 ⇒ b = ± 

1

2

rFkk 2 2 1 1
2 1 .

2 2
a a a= ⇒ = ⇒ = ±

lehdj.k (3) ds vuqlkj % ‘a’ rFkk ‘b’ dks foijhr fpUg dk gksuk pkfg,

vr% ‘–i’ ds oxZewy 
1

2 2

i
−  rFkk 

1

2 2

i
− +

      ns[ksa vkius fdruk lh[kk 3-5

fuEufyf[kr lfEeJ la[;kvksa ds oxZewy Kkr dhft, %

(i) –21 – 20i (ii) – 4 – 3i (iii) – 48 – 14i

• z = a + bi ekud :i esa ,d lfEeJ la[;k gS] ftlesa a,b ∈ R rFkk i = −1  gSA

• 'i' dh dksbZ Hkh cM+h ?kkr pkj ekuksa  i, –1, –i, 1 esa ls fdlh ,d ds :i esa O;Dr dh tk ldrh gSA

•   lfEeJ la[;k z = a + bi  dk la;qXeh a – bi gksrk gS rFkk bls z  }kjk fufnZ"V fd;k tkrk gSA

• lfEeJ la[;k z = a + bi dk ekikad ¼fujis{k eku½ 2 2a b+  gksrk gS( vFkkZr~

2 2| z | | a bi | a b= + = +  (a) | z | = 0   ⇔ z = 0 (b) | z | = | z  | (c) z z  < z z1 2 1 2+ +

• lfEeJ la[;k z = r (cosθ + i sinθ) lfEeJ la[;k z = a + bi dk /kzqoh; :i fu:fir djrh

gS] tgk¡ r = a b2 2
+  ekikad rFkk θ =

F
HG
I
KJ

−tan 1 b

a
 dks.kkad gSA

• lfEeJ la[;k z = a + bi  dk xq.kkRed izfrykse  
z

z| |2
 gSA

C

A1

% + vkb;s nksgjk,¡
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• ,d lfEeJ la[;k dk oxZewy lfEeJ la[;k gksrh gSA

• ,d lfEeJ la[;k ds nks oxZewyksa esa dsoy foijhr fpUg dk gh vUrj gksrk gSA

� https://www.youtube.com/watch?v=ldjDzriyi28

� https://www.youtube.com/watch?v=BvZcjQivfEs

� https://www.youtube.com/watch?v=M9071V5gye4

� https://www.youtube.com/watch?v=5MzCm16JN0k

� https://www.youtube.com/watch?v=hGGHbSgXXO4

� https://www.youtube.com/watch?v=cLQJ8x7fB_s

� https://www.youtube.com/watch?v=3s4CIWsLEXk

� https://www.youtube.com/watch?v=ag-VRTxSRHw

1. fuEufyf[kr esa ls izR;sd ds okLrfod rFkk dkYifud Hkkxksa dks Kkr dhft,%

(a) 2 + 7i (b) 3 + 0i (c) −
1

2

(d) 5i (e) 
1

2 3+ i

2. fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(a) − −3 27. (b) − −4 72 –3 (c) 3i15 – 5i8 + 1

3. og lfEeJ la[;k,¡ fyf[k, ftuds okLrfod rFkk dkYifud Hkkx Øfer ;qXeksa ds :i esa fn;s x;s gSa%

(a) z(3, –5) (b) z(0 , – 4) (c) z(8, π)

4. fuEufyf[kr esa ls izR;sd dk la;qXeh Kkr dhft,%

(a) 1 – 2i (b) – 1 – 2i (c) 6 – 2 i

(d) 4i (e) – 4i

5. fuEufyf[kr esa ls izR;sd dk ekikad Kkr dhft,%

(a) 1– i (b) 3 + πi (c) 
3

i (d) 2 3i
2

− − +

6. 7i17 – 6i6 + 3i3 – 2i2 + 1 dks a + bi ds :i esa O;Dr dhft,A

7. x  rFkk  y ds eku Kkr dhft,] ;fn

vkb, vH;kl djsa

lgk;d osclkbV
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(a) (x – yi) + 7 – 2i = 9 – i (b) 2x + 3yi = 4 – 9i (c) x – 3yi = 7 + 9i

8. fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(a) (3 + i) – (1 – i) + (–1 + i) (b) 
1 2 3

i i 2i
7 7 7

     
+ − − + −     

     

9. fuEufyf[kr esa ls izR;sd dk ;ksT; izfrykse rFkk xq.kkRed izfrykse Kkr dhft,%

(a) 3 – 7i (b) 11 – 2i (c) 3 2+ i (d) 1 2 i− (e) 
1 5i

1 i

+

−

10. fuEufyf[kr lfEeJ la[;kvksa esa ls izR;sd dk ekikad Kkr dhft,%

(a) 
1

3

5 2

2 3

+

−

+

+

i

i
b

i

i
( )

(c) (3 + 2i) (1 – i)        (d) (1 –3i) (– 2i3 + i2 + 3)

11. lfEeJ la[;kvksa ds fuEufyf[kr ;qXeksa ds fy,] lR;kfir dhft, fd | z
1
z

2
 | = | z

2
 | | z

1
 |

:

(a) z
1
 =  3 – 2i, z

2
 = 1 –5i

(b) z
1
= 3 – 7 i , z

2
 = 3 − i

12. lfEeJ la[;kvksa ds fuEufyf[kr ;qXeksa ds fy, lR;kfir dhft, fd  
z

z

z

z

1

2

1

2

=

| |

| |
:

(a)  z
1
 = 1 + 3i,      z

2
 = 2 + 5i         (b) z

1
 = – 2 + 5i,   z

2
 = 3 – 4i

13. ‘2 + 3i’ dk oxZewy Kkr dhft,A

14. 2 2 3− + −  dk oxZewy Kkr dhft,A

15. ‘i’ dk oxZewy Kkr dhft,A

mÙkjekykmÙkjekykmÙkjekykmÙkjekyk

ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk 8.1

1 (a) 3 3 i (b) –3i (c) 13 i

2. (a) 5 + 0i (b) 0 –3i (c) 0 + 0i

3. 12 – 4i

mÙkjekyk
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ns[kas vkius fdruk lh[kkns[kas vkius fdruk lh[kkns[kas vkius fdruk lh[kkns[kas vkius fdruk lh[kk  8.2

1 (a) 2i (b) – 5 + 3i (c) 2− (d) 3 + 4i

2. (a)

(b)

(c)

y′

x′ x

y

(0, 0) (2, 0) (3, 0)(–3, 0)

O

x′ x

(0, –3)

(0, –5)

O

y′

(0, 4)

(0, 2)

x′ x

y′

y

(–9,–2)

(–4,3)
(–7,2)

(2,5)

(5,2)

(3,–4)

(–2,–9)

(2,–7)
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(d)

 (e)

3. (a)  (i) 3 (ii)  10             (iii) 13              (iv)  21

ns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kk 8.3

1. (a) ( ) ( )
1

2 5 5 2 i (b) (6 i)
6

+ + − +

(c) 7i (d) ( )2 2 1 (7 3)+ + −

xx′

y′

y

(–6,–5)
(3, –4)

(4, –1)(–1,–1)

(1, 1)
(–4, 1)

(–3, 4)

(6, 5)

y

(6, 7)

(–3, 4)

(1, 1)

(1, –1)
(–5, –1)

(–5, 1)

(–3, –4)

(6, –7)

y′

x′ x
0
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2. (a) 11 + 3i (b) 11 + 3i

(c)  gk¡ (d) –1 – i

(e) 1 + i (f)  ugha

3. (a) 4 + 3i (b) 4 + 3i

(c)  gk¡ (d) 2 + 5i

(e) – 2 – i (f)  ugha

4. (a) –12 +  7i (b) – 4 + 3i

5. 18 – 6i

ns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kk 8.4

1. (a) 2 2 2 2 1+ + −e j e ji (b) 1 2 2 i+

(c)  –2 + 6i (d) 
1

( 4 7i)
5

− +

(e) 
1

2
3( )+ i (f) 

1

58
3 7( )− i

2. (a) 
1

25
3 4+ ib g (b)  

1

52
3 7( )− i

(c) 
1

34
9 19− − ib g

ns[ksa vkius fdruk lh[kk 8-5ns[ksa vkius fdruk lh[kk 8-5ns[ksa vkius fdruk lh[kk 8-5ns[ksa vkius fdruk lh[kk 8-5

(i) 2 –5i, –2 + 5i (ii)
1 3 1 3

,
2 2 2 2

i i
−

− + (iii) 1 7 , 1 7i i− − +

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. (a) 2, 7 (b) 3, 0     (c) −
1
2

,  0 (d) 0, 5

(e) 
2

13
, 3

13
−

2. (a) –9 (b) 12 6 i−     (c) – 4 – 3i

3. (a) 3 – 5i (b) 0 – 4i     (c) 8 + πi
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4. (a) 1 + 2i (b) –1 + 2i     (c) 6 2 i+

(d) – 4i (e) 4i

5. (a) 2 (b) 9 2
+ π (c) 

3

2
(d) 7

6. 9 + 4i

7. (a) x = 2,  y = –1 (b) x = 2, y = –3 (c) x = 7, y = – 3

8. (a) 1 + 3i (b) 
2

7
+ 0i

9. (a) –3 + 7i, 
1

(3 7i)
58

+

(b) 
1

11 2i,  ( 11 2i)
125

− + − +

(c) ( )
1

3 2 , 3 2
7

i i− − −

(d) 
1

1 2 i,  (1 2 i)
3

− + +

(e) ( )
1

2 3i, 2 3i
13

− +

10.  (a) 
1 1

(b) 145 (c) 26 (d) 4 5
55

13.
13 2 13 2

2 2
i

 
+ −

± + 
  

14. 1 3 , 1 3i i+ − −

15.
1 1 1 1

,
2 2 2 2

i i
−

+ −
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  9

f}?kkr lehdj.k ,oa jSf[kd vlfedk,af}?kkr lehdj.k ,oa jSf[kd vlfedk,af}?kkr lehdj.k ,oa jSf[kd vlfedk,af}?kkr lehdj.k ,oa jSf[kd vlfedk,a

Lej.k dhft, fd ,d chth; f}?kkrh lehdj.k lkekU;r% 2 0, 0ax bx c a+ + = ≠  ds :i esa

fy[kk tkrk gSA

bls x esa ,d f}?kkrh lehdj.k dgk tkrk gSA xq.kkad ‘a’ izFke ,oa ekxZ n'kZd xq.kkad gS] ‘b’ nwljk
vFkok e/; xq.kkad rFkk ‘c’ vpj in ¼vFkok rhljk xq.kkad½ gSA

mnkgj.kkFkZ  7x² + 2x + 5  = 0,  
2

5
x² + 

2

1
x + 1 = 0,

3x² −  x = 0,  x² + 
2

1
 = 0, 2 x² + 7x = 0  ;s lHkh f}?kkr lehdj.k gSaA

dHkh&dHkh 'kkfCnd leL;k dks lehdj.k esa ifjorZu djuk lEHko ugha gksrk gSA vkb, fuEu
fLFkfr ij fopkj djsaA

vkyksd 30 # ysdj isfUlyas [kjhnus ds fy, cktkj tkrk gSA ,d isfUly dk ewY; 2.60 #- gSA
;fn x, ml }kjk [kjhnh tkus okyh isfUlyksa dh la[;k dks n'kkZrk gS] rks og 2.60 x # [kpZ djsxkA
;g jkf'k 30 # ds cjkcj ugha gks ldrh D;ksafd x ,d izkdr̀ la[;k gSA bl izdkj

2.60 x < 30 … (i)

vkb, ,d vkSj fLFkfr ij fopkj djsa ftl esa ,d O;fDr ds ikl 50,000 #- gSa rFkk og dqflZ;ksa
vkSj est+sa [kjhnuk pkgrk gSA ,d est+ dk ewY; 550 #- rFkk ,d dqlhZ dk ewY; 450 #- gSA ekuk
x dqflZ;ksa dh la[;k rFkk y est+ksa dh la[;k] tks og [kjhnrk gS] dks n'kkZrs gSaA

mldk dqy ewY; = (550 x + 450 y)

bl n'kk esa] ge fy[k ldrs gSa fd

550x + 450y < 50,000

;k 11x + 9y ≤  1000 … (ii)

dFku (i) esa vlfedk dk fpg~u ‘<’ rFkk dFku (ii) esa nks dFku lfEefyr gSa 11x+9y < 1000,

11x+9y = 1000 ftlesa igyk lehdj.k ugha gSA

,sls dFku ^vlfedk* dgykrs gSaA bl ikB esa ge jSf[kd vlfedkvksa dh ppkZ djsaxs rFkk vkgkj]
O;kikj rFkk ifjogu lEcU/kh leL;kvksa dks vkys[kh; fof/k ls gy djsaxsA

bl ikB esa ge okLrfod ,oa lfEeJ xq.kkadksa okys f}?kkr lehdj.kksa ds gy djus rFkk ewy vkSj
xq.kkadksa ds e/; laca/k LFkkfir djus ds fo"k; esa ppkZ djsaxsA
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     mís';  mís';  mís';  mís';

bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,¡xs

• okLrfod xq.kkadksa okys f}?kkr lehdj.kksa dks xq.ku [kaMu }kjk rFkk f}?kkr lw= dk mi;ksx
djds gy djuk

• ewy rFkk xq.kkadksa esa laca/k LFkkfir djuk

• fn;s gq, ewyksa ls ,d f}?kkr lehdj.k cukuk

• jSf[kd lehdj.k rFkk jSf[kd vlehdj.k esa vUrj djuk

• ;g dFku dguk fd leryh; {ks= ,d jSf[kd vlfedk ds gy dks iznf'kZr djrk gS

• nks pjksa esa jSf[kd vlfedkvksa dks vkys[k }kjk n'kkZus esa

• ,d vlfedk ds gy ds mfpr {ks= dks Nk;kafdr djuk

• nks pjksa esa nks ;k rhu vlfedkvksa dks vkys[kh; fof/k }kjk gy djuk

  iwoZ Kku  iwoZ Kku  iwoZ Kku  iwoZ Kku

• okLrfod la[;k,a

• okLrfod xq.kkadksa okys f}?kkr lehdj.k

• ,d ;k nks pjksa esa jSf[kd lehdj.kksa ds gy

• ,d ;k nks pjksa esa jSf[kd lehdj.kksa ds ry esa vkys[k

• nks pjksa esa jSf[kd lehdj.k fudk; ds vkys[kh; gy

  9.1 f}?kkr lehdj.k ds ewyf}?kkr lehdj.k ds ewyf}?kkr lehdj.k ds ewyf}?kkr lehdj.k ds ewy

fdlh lehdj.k esa] mls larq"V djus okyk pj ds LFkku ij izfrLFkkfir eku lehdj.k dk ,d
ewy ¼vFkok gy½ dgykrk gSA

;fn α  f}?kkr lehdj.k  2 0, 0ax bx c a+ + = ≠ ... (i)

dk ,d ewy gks] rks 2 0a b cα α+ + =

nwljs 'kCnksa esa]  x − α  f}?kkr lehdj.k  (i) dk ,d xq.ku[kaM gSA

 fo'ks"kr;k] f}?kkr lehdj.k   x2 + x −6 = 0 ij fopkj dhft,A  ...(ii)

            ;fn (ii) esa ge x = 2 izfrLFkkfir djrs gSa] rks gesa feyrk gS%

ck;ak i{k  = 22 + 2 – 6 = 0

∴ ck;ak i{k = nk;ka i{k

iqu%  (ii) esa x = −3 j[kus ij ge izkIr djrs gSa%

ck;ak i{k  = ( −3)2 –3 –6 = 0

∴ ck;ak i{k = nk;ka i{k

iqu%   (ii) esa x = −1 j[kus ij ge izkIr djrs gSa%
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ck;ak i{k = ( −1)2 + ( −1) – 6 = –6 0≠

∴  ck;ak i{k ≠  nk;ka i{k

∴ x = 2 rFkk  x = −3 gh  x ds nks ,sls eku gSa tks f}?kkr lehdj.k  (ii)  dks lUrq"V djrs
gS aA

nwljs dksbZ eku ,sls ugha gSa tks  (ii)  dks lUrq"V djrs gksaA

∴ f}?kkr lehdj.k (ii) ds dsoy nks ewy x = 2 rFkk x = −  3 gSaA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh% ;fn α , β  f}?kkr lehdj.k

ax 2 + bx + c = 0, a 0≠ ...(A)

ds nks ewy gksa] rks (x − α ) rFkk (x − β ) f}?kkr lehdj.k (A) ds xq.ku[kaM gksaxsA
fn;s gq, f}?kkr lehdj.k dks bu xq.ku[kaM ds inksa esa (x − α ) (x − β ) = 0 ds :i
esa fy[kk tk ldrk gSA

 9.2   f}?kkr lehdj.k dks xq.ku [kaMu }kjk gy djukf}?kkr lehdj.k dks xq.ku [kaMu }kjk gy djukf}?kkr lehdj.k dks xq.ku [kaMu }kjk gy djukf}?kkr lehdj.k dks xq.ku [kaMu }kjk gy djuk

;kn dhft, fd vkius ( )
2 , 0,p x ax bx c a= + + ≠  ds :i okys f}?kkr cgqin ds] e/; in dks

rksM+dj mHk;fu"B xq.ku[kaM ysdj] fdl izdkj xq.ku[kaM fd;s tkrs gSa] ;g lh[kk FkkA f}?kkr
lehdj.k dks xq.ku [kaMu }kjk gy djus esa ogh fof/k viukbZ tkrh gSA

;fn f}?kkr lehdj.k
2 0 0ax bx c a+ + = ≠  ds ck;sa i{k ds nks xq.ku[kaM x −  

p
q  rFkk x −  r

s gksa] rks

 ( x −  
p
q )( x −

r
s  ) = 0

∴ ;k rks  x = 
p
q   ;k  x = r

s  gksxkA

∴ f}?kkr lehdj.k ax2 + bx + c = 0 ds ewy  
p
q  rFkk  r

s  gksaxsA
mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.1.    xq.ku[kaMu fof/k ds mi;ksx ls fuEufyf[kr f}?kkr lehdj.k dks gy

dhft,% 6x 2 + 5x −  6  = 0

gy%gy%gy%gy%           fn;k x;k f}?kkr lehdj.k gS%
6x 2 + 5x −  6  = 0 ... (i)

e/; in dks rksM+us ij ge izkIr djrs gSa%
6x 2 + 9x – 4x −  6 = 0

;k]  3x (2x + 3) –2 (2x + 3) = 0

;k]  (2x + 3)(3x – 2) = 0

∴ ;k rks 2x + 3 = 0 ⇒   x = −  
2

3

;k      3x – 2 = 0 ⇒   x =  
3

2

∴ fn;s gq, lehdj.k ds nks ewy −  
2

3
 rFkk 

3

2
 gSaA
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 9.2.      xq.ku[kaMu fof/k ds mi;ksx ls] fuEufyf[kr f}?kkr lehdj.k dks

gy dhft,% 23 x2 + 7x −  23  = 0

gy%gy%gy%gy%               e/; in dks rksM+us ij ge izkIr djrs gSa%

23 x2 + 9x – 2x −  23  = 0

;k] 3x ( 2 x + 3) −  2 ( 2 x + 3) = 0

;k] ( 2 x + 3)(3x − 2 ) = 0

∴ ;k rks  2 x + 3 = 0 ⇒  x = −  
2

3

;k] 3x − 2   = 0 ⇒   x = 
3

2

∴ fn, x, f}?kkr lehdj.k ds nks ewy  −  
2

3
 rFkk 

3

2
 gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.3.    xq.ku[kaMu fof/k ds mi;ksx ls fuEufyf[kr f}?kkr lehdj.k dks
gy dhft,% (a + b)2 x2 + 6 (a2 −  b2) x + 9 (a – b)2 = 0

gy%gy%gy%gy%             fn;k x;k f}?kkr lehdj.k gS%

(a + b)2 x2 + 6 (a2 −  b2) x + 9 (a – b)2 = 0

             e/; in dks rksM+us ij ge izkIr djrs gSa%

       (a + b)2 x2 + 3(a2 −  b2) x + 3(a2 – b2) x + 9 (a – b)2 = 0

;k] (a + b) x {(a + b) x + 3 (a −  b) } + 3 (a – b) {(a +b) x + 3 (a – b) } = 0

;k] {(a + b) x + 3 (a −  b) } {(a + b) x + 3 (a – b) } = 0

      ∴ ;k rks  (a + b) x + 3 (a – b) =0 ⇒  x =  
ba

)ba(3

+

−−

 =
ba

)ab( 3

+

−

;k] (a + b) x + 3 (a – b) =0 ⇒  x = 
ba

)ba(3

+

−−

=
ba

)ab( 3

+

−

fn;s x;s f}?kkr lehdj.k ds leku ewy  
ba

)ab( 3

+

−

, 
ba

)ab( 3

+

−

 gSaA

oSdfYid fof/koSdfYid fof/koSdfYid fof/koSdfYid fof/k

     fn;k x;k f}?kkr lehdj.k gS

(a + b)2 x2 + 6(a2 −  b2) x + 9(a – b)2 = 0

        bls ge ,d vU; uhps fn, x, :i esa fy[k ldrs gSa%

{(a + b) x}2 + 2 .(a + b)x . 3 (a – b) + {3(a – b)}2 = 0

 ;k] { (a + b)x + 3(a – b) }2 = 0

;k] x = −  
ba

)ba(3

+

−

 = 
ba

)ab( 3

+

−

∴ fn;s x;s f}?kkr lehdj.k ds leku ewy  
ba

)ab( 3

+

−

, 
ba

)ab( 3

+

−

 gSaA
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     ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 9.1

1. fuEufyf[kr f}?kkr lehdj.kksa esa ls izR;sd dks xq.ku [kaMu fof/k }kjk gy dhft,%

(i)  3  x2 + 10x + 8 3  = 0 (ii)  x2 – 2ax + a2 – b = 0

(iii) x2 + 







−

ab

c

c

ab
 x – 1 = 0 (iv)  x2 – 4 2 x + 6 = 0

 9.3  f}?kkr lw= }kjk f}?kkr lehdj.k gy djukf}?kkr lw= }kjk f}?kkr lehdj.k gy djukf}?kkr lw= }kjk f}?kkr lehdj.k gy djukf}?kkr lw= }kjk f}?kkr lehdj.k gy djuk

  ,d ekud f}?kkr lehdj.k
            ax2 + bx + c = 0, a 0≠

     dks iw.kZ oxZ cukus dh fof/k }kjk gy djus dks Lej.k dhft,A

      mi;qZDr f}?kkr lehdj.k ds ewy gSa%

        x 
1
 = 

a2

ac4bb 2
−+−

rFkk   x 
2
 = 

a2

ac4bb 2
−−−

= 
a2

Db+−

,   = 
a2

Db−−

     tgka ij  D = b2 – 4ac dks f}?kkr lehdj.k dk fofoDrdj (Discriminant) dgk tkrk gSA

,d f}?kkr lehdj.k,d f}?kkr lehdj.k,d f}?kkr lehdj.k,d f}?kkr lehdj.k 2 0, 0ax bx c a+ + = ≠  ds fy,] ;fnds fy,] ;fnds fy,] ;fnds fy,] ;fn

(i) D>0, rks lehdj.k ds nks okLrfod rFkk vleku ewy gksaxsArks lehdj.k ds nks okLrfod rFkk vleku ewy gksaxsArks lehdj.k ds nks okLrfod rFkk vleku ewy gksaxsArks lehdj.k ds nks okLrfod rFkk vleku ewy gksaxsA

(ii) D=0, rks lehdj.k ds nks okLrfod rFkk leku ewy gksaxs rFkk nksuksa ewyrks lehdj.k ds nks okLrfod rFkk leku ewy gksaxs rFkk nksuksa ewyrks lehdj.k ds nks okLrfod rFkk leku ewy gksaxs rFkk nksuksa ewyrks lehdj.k ds nks okLrfod rFkk leku ewy gksaxs rFkk nksuksa ewy
b

2a
−  ds cjkcj gksaxsAds cjkcj gksaxsAds cjkcj gksaxsAds cjkcj gksaxsA

(iii) D<0, rks lehdj.k ds nks lfEeJ ¼dkYifud½ la;qXeh ewy gksaxsArks lehdj.k ds nks lfEeJ ¼dkYifud½ la;qXeh ewy gksaxsArks lehdj.k ds nks lfEeJ ¼dkYifud½ la;qXeh ewy gksaxsArks lehdj.k ds nks lfEeJ ¼dkYifud½ la;qXeh ewy gksaxsA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.4.    fuEufyf[kr f}?kkr lehdj.kksa esa ls izR;sd ds ewyksa dh izd`fr dh tkap
dhft, rFkk lw= }kjk lR;kfir dhft,%

(i) x2 + 9 x +10 = 0 (ii) 29 6 2 2 0y y− + = (iii) 2 t2 −  3t + 3 2  = 0

gy%gy%gy%gy%       (i) fn;k gqvk f}?kkr lehdj.k gS%

             x2 + 9 x + 10 = 0

;gka] a = 1, b = 9 rFkk c= 10

∴ D = b2 – 4ac = 81 – 4.1.10 = 41>0.

∴ lehdj.k ds nks okLrfod rFkk vleku ewy gksaxsA

lR;kiu%lR;kiu%lR;kiu%lR;kiu%  f}?kkr lw= ls ge izkIr djrs gSa%

x = 
2

419±−
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∴ nks ewy  
2

419+−

 rFkk 
2

419−−

 gSa tks okLrfod rFkk vleku gSaA

(ii) fn;k gqvk f}?kkr lehdj.k gS%

         9 y2 – 6 2 y + 2 = 0

         ;gka]  D = b2 – 4 ac = ( −6 2 )2 – 4.9.2 = 72 – 72 = 0

∴ lehdj.k ds nks okLrfod rFkk cjkcj ewy gksaxsA

lR;kiu% lR;kiu% lR;kiu% lR;kiu%  f}?kkr lw= ls ge izkIr djrs gSa%

y = 
9.2

0 26 ±

   = 
3

2

∴ nks cjkcj ewy  
3

2
, 

3

2
 gSaA

(iii)  fn;k gqvk f}?kkr lehdj.k gS%  2 t2 −  3t + 3 2  = 0

   ;gka]D = ( −3)2 
−  4. 2 .3 2  = −15< 0

∴ f}?kkr ds nks lfEeJ la;qXeh ewy gksaxsA

lR;kiu% lR;kiu% lR;kiu% lR;kiu%  f}?kkr lw= ls ge izkIr djrs gSa%

t = 
22

153 −± 3 15
,

2 2

i±
=  tgka   1 i −=

∴ nks lfEeJ la;qXeh ewy  
22

i 153+

 rFkk 
22

i 153−

 gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 9.5.   fl) dhft, fd  p ds lHkh okLrfod ekuksa ds fy, f}?kkr lehdj.k
x2 + px – 1 = 0 ds ewy okLrfod rFkk vleku gksaxsA

gy%gy%gy%gy% ;gka]  D = p2 + 4, tks p ds lHkh okLrfod ekuksa ds fy, /kukRed gS vFkkZr~ D > 0 gSA

∴ p ds lHkh okLrfod ekuksa ds fy, lehdj.k ds ewy okLrfod rFkk vleku gksaxsA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.6.     k ds fdu ekuksa ds fy, f}?kkr lehdj.k (4k+ 1) x2 + (k + 1) x + 1 =

0 ds ewy leku gksaxs\

gy%gy%gy%gy%            fn;k gqvk f}?kkr lehdj.k gS%  (4k + 1)x2 + (k + 1) x + 1 = 0

          ;gka]  D = (k + 1)2 – 4.(4k + 1).1

leku ewyksa ds fy, D = 0

∴ (k + 1)2 – 4 (4k + 1) = 0

⇒ k 2 – 14k –3 = 0

∴ k = 
2

1219614 +±

;k] k = 
2

20814±

 = 7 ± 2 13

vr%        7 + 2 13 , 7 – 2 13

             k ds okafNr eku gSaA
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 9.7.    fl) dhft, fd a, b, c, d ds lHkh okLrfod ekuksa ds fy, f}?kkr lehdj.k
x2 (a2+ b2) + 2x (ac+ bd) + (c2+ d2) = 0  ds ewy dkYifud gSaA fdUrq ;fn
ad = bc gks] rks ewy okLrfod rFkk leku gksaxsA

gy%gy%gy%gy% fn;k gqvk f}?kkr lehdj.k gS%

                           x2 (a2 + b2) + 2x (ac + bd) + (c2 + d2) = 0

fofoDrdj =  4 (ac + bd)2 – 4 (a2 + b2) (c2 + d2) = 8 abcd – 4(a2 d2 + b2 c2)

= −  4 ( −2 abcd + a2 d2 + b2 c2)

= −  4 (ad –bc)2 < 0, a, b, c, d  ds lHkh okLrfod ekuksa ds fy,

∴ fn, gq, lehdj.k ds ewy dkYifud gSaA

okLrfod rFkk leku ewyksa ds fy,] fofoDrdj 'kwU; ds cjkcj gksxkA

⇒ −  4 (ad −  bc)2  = 0

;k] ad = bc

vr,o] ;fn ad=bc, ewy okLrfod rFkk leku gksaxsA

 ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 9.2

1. fuEufyf[kr f}?kkr lehdj.kksa esa ls izR;sd dks f}?kkr lw= }kjk gy dhft,%

(i) 2x2 – 3 x + 3 = 0 (ii) 2 2 1 0x x− + − =

(iii) 24 5 3 0x x− + − = (iv) 23 2 5 0x x+ + =

2. k ds fdu ekuksa ds fy, lehdj.k

     y2 – 2 (1 + 2k) y + 3 + 2k = 0

ds ewy leku gksaxs\

3. n'kkZb, fd lehdj.k (x −a) (x −b) + (x −b) (x −c) + (x −c) (x −a) = 0 ds ewy loZnk
okLrfod gksaxs rFkk ;g rc rd leku ugha gksaxs tc rd fd a = b = c u gksA

 9.4 ,d f}?kkr lehdj.k ds ewyksa vkSj xq.kkadksa esa laca/k,d f}?kkr lehdj.k ds ewyksa vkSj xq.kkadksa esa laca/k,d f}?kkr lehdj.k ds ewyksa vkSj xq.kkadksa esa laca/k,d f}?kkr lehdj.k ds ewyksa vkSj xq.kkadksa esa laca/k

vkius lh[kk gS fd f}?kkr lehdj.k

       ax2 + bx + c = 0, a 0≠

ds ewy
a2

ac 4b b 2
−+−

 rFkk  
a2

ac 4b b 2
−−−

 gSaA

eku yhft, α  = 
a2

ac 4b b 2
−+−

     ...(i)     rFkk   β  = 
a2

ac 4b b 2
−−−

... (ii)

(i) vkSj (ii) dks tksM+us ij ge izkIr djrs gSa%
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α  + β  = 
a2

b2−

 = 
a

b−

∴ ewyksa dk ;ksxQy = – 
2

= −
x b

x a

dk xq.kkad

dk x.q kkad
... (iii)

vc (i) rFkk (ii) dks ijLij xq.kk djus ij ge izkIr djrs gSa%

α β  = 2

22

a4

ac) 4  (b  b −−+

 = 2
a4

ac 4
 = 

a

c

∴        ewyksa dk xq.kuQy = 2
=

c

x a

vpj in

dk x.q kkda
...(iv)

(iii) rFkk (iv) ,d fn, gq, f}?kkr lehdj.k ds ewyksa rFkk xq.kkadksa esa okafNr laca/k iznku djrs gSaA
;s laca/k] ftl f}?kkr lehdj.k ds ewy fn, gq, gksa] mls Kkr djus esa lgk;rk iznku djrs gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 9.8.   ;fn α , β  lehdj.k  3x2 – 5x + 9 = 0 ds ewy gksa] rks

(a)  α 2 + β
2 (b)  2

1

α
+ 2

1

β
 ds eku Kkr dhft,A

gy%gy%gy%gy%      (a) ;g fn;k gS fd α , β  f}?kkr lehdj.k 3x2 – 5x + 9 = 0 ds ewy gSaA

5

3
α β∴ + = ... (i)

rFkk
9

3
3

αβ = = ... (ii)

vc]  ( )
22 2 2+ = + −α β α β α β  = 

2

3

5








−  2.3 = −  

9

29
     [ (i) rFkk (ii) ls]

∴ okafNr eku  −  
9

29
 gSA

(b)  vc]      2

1

α
+ 2

1

β
 = 22

22

βα

βα +

29

9

9

−

=  = −  
81

29
[ (i) rFkk (ii) ls]

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.9.      ;fn lehdj.k 3y2 + 4y + 1 = 0  ds ewy α , β  gksa] rks ,d ,slk f}?kkr

lehdj.k cukb,] ftlds ewy α
2, β

2  gSaA

gy%gy%gy%gy%   ;g fn;k gS fd α , β  f}?kkr lehdj.k 3y2 + 4y + 1 = 0 ds ewy gSaA

∴ ewyksa dk ;ksxQy] vFkkZr~

α  + β  = − 2

y

y

dk x.q kkad

dk xq.kkda
 = −  

3

4
... (i)

ewyksa dk xq.kuQy] vFkkZr~

             α β = 
2y

vpj in

dk x.q kkda
 = 

3

1
... (ii)
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vc]  α 2 + β
2  = (α  + β )2 – 2 α  β  = 

2

3

4
 







−  −  2. 

3

1
[  (i) rFkk (ii) ls]

            = 
9

16
 −  

3

2
 = 

9

10

rFkk  α 2
β

2 = (α β )2 = 
9

1
          [ (ii) ls ]

∴ okafNr f}?kkr lehdj.k gS( y2 – (α
2 + β

2)y + α 2
β

2 = 0

vFkok] y2 −  
9

10
y + 

9

1
 = 0

vFkok] 9y2 – 10y + 1 = 0

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.10. ;fn lehdj.k 2 0, 0ax bx c a+ + = ≠ dk ,d ewy nwljs dk oxZ gks] rks

fl) dhft, fd b3 + ac2 + a2c = 3abc

gy%gy%gy%gy%    eku yhft, fd lehdj.k  ax2 + bx + c = 0 ds ewy  α , α 2 gSaA

∴ α  + α 2 = −  
a

b
... (i)

rFkk α .α 2 = 
a

c
vFkkZr~ α

3 = 
a

c
 . ... (ii)

 (i) ls gesa feyrk gSa%

α  (α  + 1) = −  
a

b

;k] { }
3

1)  ( +αα  = 

3

a

b
 







− = −  3

3

a

b

;k] α
3 (α

3 + 3α
2 + 3α  +1) = −  3

3

a

b

;k]
a

c
 









+







−+ 1

a

b
  3  

a

c
 = −  3

3

a

b
... [ (i) rFkk  (ii) ls]

;k] 2

2c

a
 – 2

bc 3

a
 + 

a

c
 = – 3

3

a

b

;k] ac2 – 3abc + a2c = −  b3

;k] b3 + ac2 + a2c = 3abc

            tks okafNr ifj.kke gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.11.    og izfrcU/k Kkr dhft, ftl ls lehdj.k  ax2 + bx + c = 0 ds ewy
m : n ds vuqikr esa gksaA
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gy%gy%gy%gy%   eku yhft, lehdj.k   ax2 +bx + c = 0 ds ewy mα  rFkk nα  gSaA

  vc] mα  + nα  = – 
a

b
... (i)

rFkk mnα
2  =  

a

c
... (ii)

(i) ls gesa feyrk gS% α  (m + n ) = – 
a

b

;k] α
2 (m + n)2 = 2

2

a

b

;k]
a

c
 (m + n)2 = mn 2

2

a

b
[  (ii) ls]

;k] ac (m+n)2 = mn b2

tks oakfNr izfrcU/k gSA

    ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk    9.3

1. ;fn lehdj.k  ay2 + by + c = 0 ds ewy α , β  gksa] rks fuEufyf[kr ds eku Kkr dhft,%

(i)  2

1

α
+ 2

1

β
(ii)  4

1

α
+ 4

1

β

2. ;fn lehdj.k  5x2 – 6x + 3 = 0 ds ewy α , β  gksa] rks ,d f}?kkr lehdj.k cukb,

ftlds ewy gksa%

(i)   α 2, β
2 (ii)  α 3

β , α β
3

3. ;fn lehdj.k ay2 + by + c = 0   ds ewy 3:4 ds vuqikr esa gksa] rks fl) dhft, fd
12b2 = 49 ac

4. og izfrcU/k Kkr dhft, ftlls lehdj.k px2 – qx + p = 0 dk ,d ewy nwljs ls 1
vf/kd gksA

  9.5  ,d f}?kkr lehdj.k dk gy tc fd ,d f}?kkr lehdj.k dk gy tc fd ,d f}?kkr lehdj.k dk gy tc fd ,d f}?kkr lehdj.k dk gy tc fd D < 0 gksgksgksgks

vkb, fuEufyf[kr f}?kkr lehdj.kksa ij fopkj djsa%

(a) t ds fy, gy dhft,%

t2 + 3t + 4 = 0

∴ t =    
2

169  3 −±−

 = 
2

7  3 −±−



xf.kr 193

f}?kkr lehdj.k ,oa jSf[kd vlfedk,a

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

;gka] D= –7 < 0 gSA

∴ ewy gSa%  
2

7  3 −+−

 rFkk  
2

7 3 −−−

 ;k] 
2

i 7  3 +−

 rFkk 
2

i 7  3 −−

bl izdkj] ewy lfEeJ rFkk la;qXeh gSaA

(b) y ds fy, gy dhft,% −3y2 + 5 y – 2 = 0

∴ y = 
)3(2

)2).(3(45 5

−

−−−±−

;k] y = 
6

19 5

−

−±−

;gka] D = −  19 < 0

∴ ewy gSa% 
5 19 5 19

,
6 6

i i− + − −

− −

;gka ij Hkh ewy lfEeJ rFkk la;qXeh gSaA

mi;qZDr mnkgj.kksa ls ge fuEufyf[kr fu"d"kZ fudkyrs gSa%

(i) nksuksa n'kkvksa ls D < 0

(ii) ewy lfEeJ rFkk ijLij la;qXeh gaSA

D;k ;g loZnk lR; gS fd lfEeJ ewy la;qXeh tksM+ksa esa gh gksrs gSa\

vkb, ,d f}?kkr lehdj.k cuk,a ftlds ewy

2 + 3i rFkk 4 – 5i gksaA lehdj.k gksxk

{x – (2 + 3i)} {x – (4 – 5i)} = 0

vFkok]  x2 – (2 + 3i)x – (4 – 5i)x + (2 + 3i) (4 – 5i) = 0

vFkok]  x2 + (–6 + 2i)x + 23 + 2i = 0

tks fd lfEeJ xq.kkadksa esa ,d lehdj.k gSA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh% ;fn f}?kkr lehdj.k ds nks lfEeJ ewy ijLij la;qXeh u gksa] rks ;fn f}?kkr lehdj.k ds nks lfEeJ ewy ijLij la;qXeh u gksa] rks ;fn f}?kkr lehdj.k ds nks lfEeJ ewy ijLij la;qXeh u gksa] rks ;fn f}?kkr lehdj.k ds nks lfEeJ ewy ijLij la;qXeh u gksa] rks
f}?kkr lehdj.k lfEeJ xq.kkadksa okyk lehdj.k gksrk gSAf}?kkr lehdj.k lfEeJ xq.kkadksa okyk lehdj.k gksrk gSAf}?kkr lehdj.k lfEeJ xq.kkadksa okyk lehdj.k gksrk gSAf}?kkr lehdj.k lfEeJ xq.kkadksa okyk lehdj.k gksrk gSA

 9.6 chtxf.kr dh vk/kjHkwr izes; ¼fl)kUr½chtxf.kr dh vk/kjHkwr izes; ¼fl)kUr½chtxf.kr dh vk/kjHkwr izes; ¼fl)kUr½chtxf.kr dh vk/kjHkwr izes; ¼fl)kUr½

'kk;n vkidh :fp ^^,d lehdj.k ds fdrus ewy gksrs gSa** tkuus esa gks ldrh gSA

chtxf.krh; vk/kkjHkwr izes; ¼fcuk izek.k½ ds vuqlkj ^^,d cgqin lehdj.k dk de
ls de ,d ewy gksrk gSA**

blh fl)kUr ds ifj.kkeLo:i 'n' ?kkr ds ,d cgqin ds 'n' gh ewy gksaxsA
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    ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 9.4

fuEufyf[kr f}?kkr lehdj.kksa dks gy djsa

(1) –x2 + x + 2 = 0 (2) 23 2 3 3 0− + =x x

(3) 
2 1

1 0
2

+ + =x x (4) 25 5 0+ + =x x

(5) x2 + 3x + 5 = 0

  9.7 vlfedk ¼vlehdj.k½vlfedk ¼vlehdj.k½vlfedk ¼vlehdj.k½vlfedk ¼vlehdj.k½

bl ikB esa ge jSf[kd vlfedkvksa ¼vlehdj.kksa½ ds ckjs esa vkSj ppkZ djsaxs rFkk nSfud thou
esa buds vuqiz;ksx ds ckjs esa v/;;u djsaxsA

,d dFku ftlesa lekurk dk fpg~u (=) gksrk gS] mls lehdj.k dgrs gSaA

blh izdkj ,d dFku ftlesa vlfedk dk fpg~u <, >, ≤ , ;k ≥  gks] ,d vlfedk dgykrk gSA

vlfedkvksa ds dqN mnkgj.k gSa %

(i) 2x + 5 > 0 (ii) 3x – 7 < 0

(iii) ax + b ≥  0, a ≠  0 (iv) ax + b ≤  c, a ≠  0

(v) 3x + 4y ≤  12 (vi) 2 5 6 0x x− + <

(vii) ax + by + c > 0

(v) rFkk (vii) nks pjksa esa vlehdj.k gSa rFkk 'ks"k lHkh ,d pj esa vlehdj.k gSaA (i) ls (v) rd
rFkk (vii) jSf[kd vlehdj.k gSa tcfd (vi) ,d f}?kkr vlehdj.k gSA

bl ikB esa ge dsoy ,d ;k nks pjksa esa vlehdj.kksa ds ckjs i<+saxsA

  9.8 ,d ;k nks pjksa esa jSf[kd vlfedkvksa ds gy,d ;k nks pjksa esa jSf[kd vlfedkvksa ds gy,d ;k nks pjksa esa jSf[kd vlfedkvksa ds gy,d ;k nks pjksa esa jSf[kd vlfedkvksa ds gy

,d vlfedk dks gy djus dk vFkZ gS fd pj ¼pjksa½ dk eku ¼ds eku½ Kkr djuk] ftUgsa tc
vlfedk esa j[ksa rks og lUrq"V gks tk,A

mnkgj.kkFkZ dFku (i) esa vlfedk 2.60x<30 ds x≤11 lHkh eku blds gy gaS! (x iw.kZ la[;k gS)

vlfedk 2x + 16>0, tgk¡ fd x ,d okLrfod la[;k gS]  – 8 ls cM+h lHkh la[;k,¡ x dk eku
gks ldrh gSa rFkk blds gy gSaA

nks pjksa esa jSf[kd vlfedk ax + by + c > 0, ds fy, gesa x rFkk y ds ekuksa ds ;qXe Kkr djus
gksaxs ftuds fy, vlfedk lR; gksA

vkb, fuEu fLFkfr ij fopkj djsa %

vfuy ds ikl 60 #- gSa rFkk og ,d nqdku ls isu vkSj isfUlysa [kjhnuk pkgrk gSA ,d isu dk
ewY; 5 # rFkk ,d isfUly dk ewY; 3 # gSA ;fn x isuksa dh la[;k] rFkk y  isafUlyksa dh la[;k] tks
vfuy [kjhnrk gS] dks n'kkZrk gks] rks gekjs ikl vlfedk 5 x + 3 y ≤  60 gS  ... (i)



xf.kr 195

f}?kkr lehdj.k ,oa jSf[kd vlfedk,a

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

;gk¡ ij x = 6, y = 10 vlfedk (i). dk ,d gy gS bl izdkj x = 5, y =11; x = 4,

y = 13; x = 10, y = 3 vlfedk ds dqN gy gSaA

vlfedk gy djrs le; ge fuEu fu;eksa dk ikyu djrs gSa %

1. ,d vlfedk ds nksuksa i{kksa esa leku la[;k tksM+h ¼;k ?kVkbZ½ tk ldrh gSA

bl izdkj (i) ;fn a > b rc a + c > b + c rFkk a – c > b – c

rFkk (ii) ;fn a ≤  b rc a + d ≤  b + d rFkk a – d ≤  b – d

2. vlfedk ds nksuksa i{kksa dks ,d /kukRed la[;k ls xq.kk ¼;k Hkkx½ fd;k tk ldrk gSA

bl izdkj (i) ;fn a > b rFkk c > 0 rc ac > bc vkSj 
a b

c c
>

rFkk (ii) ;fn a < b rFkk c  > 0 rc ac < bc vkSj 
a b

c c
≤

3. tc ,d vlfedk ds nksuksa i{kksa dks ,d _.kkRed la[;k ls xq.kk fd;k tk, rks vlfedk
dk fpg~u cny tkrk gSA

bl izdkj (i) ;fn a > b rFkk d < 0 gks] rks ad < bd vkSj 
a b

d d
<

rFkk (ii) ;fn a < b rFkk c < 0 gks] rks ac > bc vkSj 
a b

c c
≥

 9.9 ,d ;k nks pjksa esa jSf[kd vlfedk dk vkys[kh; fu:i.k,d ;k nks pjksa esa jSf[kd vlfedk dk vkys[kh; fu:i.k,d ;k nks pjksa esa jSf[kd vlfedk dk vkys[kh; fu:i.k,d ;k nks pjksa esa jSf[kd vlfedk dk vkys[kh; fu:i.k

vuqPNsn 9.2 esa] isuksa rFkk isfUlyksa ds [kjhnus dh leL;k dks vlehdj.k esa ifjorZu djus ij] gesa
fuEu vlehdj.k izkIr gqvkA

5x + 3y < 60 ................... (i)

;g /;ku j[krs gq, fd x rFkk y iw.kZ la[;k,¡ gSa] vkb, bl vlfedk ds lHkh gy Kkr djsaA

vkjEHk djus ds fy,] ekuk x = 0.

∴ 3y < 60 ;k y < 20,

vFkkZr~ x = 0 ds laxr y ds eku dsoy 0,1,2,3............, 20 gks ldrs gSaA bl izdkj x = 0 ds
lkFk gy gSaA

(0,0), (0,1), (0,2) ......(0, 20)

blh izdkj vlehdj.k ds vU; gy gSa tc x = 1,2, ...12

(1,0) (1,1) (1,2) ...... (1,18)

(2,0) (2,1) (2,2) ...... (2,16)

...........................................................................

...........................................................................
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(10,0) (10,1) (10,2), (10,3)

(11,0) (11,1)

(12,0)

vki ns[k ldrs gSa fd mijksDr Øfer ;qXeksa esa ls dqN
;qXe (0,20), (3, 15), (6, 10), (9, 5), (12,0) lehdj.k 5x

+ 3y = 60 dks lUrq"V djrs gSa tks fd fn, x, vlfedk
dk Hkkx gS rFkk 'ks"k lEHkkfor gy] js[kk 5x + 3y = 60

}kjk xy - ry dks nks Hkkxksa esa foHkkftr v/kZ leryksa esav/kZ leryksa esav/kZ leryksa esav/kZ leryksa esa
ls fdlh ,dls fdlh ,dls fdlh ,dls fdlh ,d esa fLFkr gSaA

;fn ge x rFkk y ds izkUr dk] iw.kZ la[;k ls okLrfod
la[;kvksa esa foLrkj dj nsa] rks vlfedk 5x + 3y ≤60 mu
nks v/kZ leryksa esa ls ,d v/kZlery dks] fu/kkZfjr djsxk]
ftuesa js[kk 5x + 3y = 60, xy- ry dks foHkkftr djrh gSA

vr% ge bls O;kid ifj.kke ds :i esa bl izdkj O;Dr
djrs gSa %

;fn a,b,c okLrfod la[;k,¡ gSa rc ax + by + c = 0 nks pjksa x rFkk y esa ,d lehdj.k dgykrk
gS tcfd ax + by + c < 0 ;k ax + by + c ≥  0, ax + by

+ c>0 rFkk ax + by + c < 0 nks pjksa esa jSf[kd vlfedk,¡
dgykrh gSaA

lehdj.k ax + by + c = 0 ,d ljy js[kk gS tk xy

lery dks nks v/kZleryksa esa foHkkftr djrh gS ftUgsa
ax+ by +c ≥ 0 rFkk ax + by + c ≤  0 n'kkZrs gSaA

mnkgj.kkFkZ js[kk AB 3x + 4y – 12 = 0, funsZ'kk¡d
lery dks nks v/kZleryh; {ks=ksa es a foHkkftr djrh
gSA

(i) js[kk AB ls Åij dk v/kZlery I

(ii) js[kk AB ds uhps dk v/kZlery II ,d {ks= 3x +

4y  –12 < 0 ...(i) dk s rFk k n wljk {k s=
3x + 4y – 12 > 0.  ... (ii) dks iznf'kZr djsxkA

vlfedk (i) ds laxr v/kZlery dh igpku djus ds fy, ge ,d LosPN fcUnq] vf/kdrj ewy
fcUnq ;fn ;g js[kk AB ij u gks] ysrs gSaA ;fn fcUnq vlfedk (i) dks lUrq"V djrk gS] rc og
v/kZlery ftlesa LosPN fcUnq gS] vHkh"V v/kZlery gSA bl n'kk esa] ewy fcUnq dks LoSfPNd fcUnq
ysdj]

0+0–12<0 vFkkZr~ –12<0

bl izdkj ewyfcUnq vlehdj.k 3x + 4y – 12 < 0 dks lUrq"V djrk gSA vc ewy fcUnq v/kZlery
II esa fLFkr gSA vr% vlfedk 3x + 4y –12 < 0 v/kZlery II dks n'kkZrh gS rFkk 3x + 4y – 12 >0

v/kZlery I dks n'kkZ,xhA

fp= 9-1fp= 9-1fp= 9-1fp= 9-1

fp= 9-2fp= 9-2fp= 9-2fp= 9-2

y

20

16

12

8

4

O 2 4 6 8 10 12
x

5
 +

 3
 =

 60

x
y

4

3

2

1

2

1

y′

x′

2 1 1 2 3 4
B x

II

3
 + 4

 = 12

x

y

A

y
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 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 9.12.   vlfedk x + 2y ≥ 5 }kjk fu/kkZfjr {ks= vkys[k esa n'kkZb,A

gy %gy %gy %gy % igys ge laxr lehdj.k x + 2y ≥ 5 ysdj bldk vkys[k [khapsaxsA

x 1 3 5

y 2 1 0

D;ksafd (0,0) js[kk AB ij ugha gS] bl fy, ge (0,0) dks LosPN fcUnq eku ldrs gSaA

Q  0 + 0 > 5 lR; ugha gSA

∴ vHkh"V v/kZlery og gS ftlesa ewyfcUnq ugha gSA

vHkh"V v/kZlery dks fp= 9.3 esa Nk;kafdr fd;k x;k gSA

A

B

C
xx′

y

5

4

3

2

1

y′

O 1 2 3 4 5 6

x

y
 + 2

  5≥

vU; mnkgj.k ysus ls igys] ge fuEu dks ifjHkkf"kr djrs gaS %

(i) laor̀ v/kZlery % laor̀ v/kZlery % laor̀ v/kZlery % laor̀ v/kZlery % ,d v/kZlery dks laor̀ v/kZlery dgk tkrk gS fd ml js[kk ds lkjs
fcUnq] tks nks v/kZleryksa dks vyx djrh gS] vlehdj.k ds gy esa lfEefyr gSaaA mnkgj.k
6.1 esa v/kZlery laor̀ v/kZlery gSA

(ii) foor̀ ¼[kqyk½ v/kZlery % foor̀ ¼[kqyk½ v/kZlery % foor̀ ¼[kqyk½ v/kZlery % foor̀ ¼[kqyk½ v/kZlery % x y lery esa ,d v/kZlery dks foÑr v/kZlery dgk
tkrk gS ;fn v/kZleryksa dks vyx djus okyh js[kk ds fcUnqvksa dks v/kZlery esa lfEefyr
u fd;k tk,A

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.13. vlfedk x – 5y > 0 dk
vkys[k [khafp,A

gy %gy %gy %gy % nh xbZ vlfedk gS% x – 5y > 0

laxr lehdj.k gS % x – 5y = 0

ge fuEu lkj.kh cukrs gSa %

x 0 5 –5

y 0 1 –1

fp= 9-3fp= 9-3fp= 9-3fp= 9-3

fp= 9-4fp= 9-4fp= 9-4fp= 9-4

5

4

3

2

1

–5

–5 –4 –3 –2 –1 1 2 3 4 5
x

B

A

I

II

x
y

 – 5
 > 0
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js[kk AOB, xy lery dks nks v/kZleryksa I rFkk II esa foHkkftr djrh gSA D;ksafd js[kk AOB ewy
fcUnq ls xqtjrh gS ge dksbZ vU; fcUnq] ekuk (3,4) LosPN fcUnq ysrs gSaA vkb, ns[ksa fd D;k ;g
vlehdj.k x – 5y > 0 larq"V djrk gSA

vc 3 – 5 (4) > 0 ;k 3 – 20 > 0, ;k –17 > 0, tks fd lR; ugha gSA

∴  vHkh"V v/kZlery II gSA

D;ksafd vlfedk iw.kZ vlfedk x – 5y > 0 gS

∴ js[kk AOB vkys[k dk Hkkx ugha gS

vr% bl js[kk dks fcUnqnkj js[kk }kjk n'kkZ;k x;k gSA

vr% nh xbZ vlfedk dk vkys[k js[kk AOB dks NksM+dj
Nk;kafdr {ks= gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.14

 vlfedk  3x – 12 > 0 dks vkys[k }kjk fu:fir dhft,A

gy %gy %gy %gy % nh xbZ vlfedk 3x – 12 > 0 gSA blds laxr
lehdj.k 3x–12 = 0 ;k x – 4 =0 ;k x = 4 gS ftls xy

ry esa js[kk ABC }kjk n'kkZ;k x;k gSA (fp= 9.5).

(0,0) dks LoSfPNd fcUnq ysdj] ge ns[k ldrs gSa fd 0 ≠ 4

vr% v/kZlery II vlfedk 3x – 12 ≥  0 dks n'kkZrk gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.15.  vlfedk 2y + 4 ≥  0 dks

vkys[kh; fof/k }kjk gy dhft,A

gy %gy %gy %gy % vlfedk 2 y + 4 ≥  0 ds laxr lehdj.k
2y + 4 = 0 ;k y = – 2 gSA

js[kk ABC lehdj.k y = – 2 dks n'kkZrh gS
rFkk xy  lery dks nks v/kZleryksa esa foHkkftr
djrh gSA

2y + 4 > 0 v/kZlery I dks n'kkZrh gS!

     ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 9.5

f}foe ry esa fuEufyf[kr vlfedkvksa esa ls izR;sd ds gy vkys[kh; fof/k ls n'kkZb, %

1. 2x + y > 8 2. x – 2y < 0

3. 3x + 6 > 0 4. 8 – 2y > 2

5. 3y > 6 – 2x 6. 3x > 0

7. y < 4 8. y > 2x – 8

fp= 9-5fp= 9-5fp= 9-5fp= 9-5

fp= 9-6fp= 9-6fp= 9-6fp= 9-6

O
x

III

B

A

Y

C

x
 =

 4

4

3x
 –

 1
2 

 0
≥

A B C

II

(0,0) O

–1

–2

x

y = –2

I

2  + 4  0y ≥

y



xf.kr 199

f}?kkr lehdj.k ,oa jSf[kd vlfedk,a

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

9. – y < x – 5 10. 2y < 8 – 4x

  9.10 nks pjksa esa jSf[kd vlfedk fudk; dss vkys[kh; gynks pjksa esa jSf[kd vlfedk fudk; dss vkys[kh; gynks pjksa esa jSf[kd vlfedk fudk; dss vkys[kh; gynks pjksa esa jSf[kd vlfedk fudk; dss vkys[kh; gy

vki igys gh tkurs gSa fd nks pjksa esa jSf[kd lehdj.k fudk; dks dSls gy fd;k tkrk gSA

vc vki nks pjksa esa jSf[kd vlfedk dks vkys[k }kjk gy djuk lh[k pqds gSaA vc ge ;qxir
jSf[kd vlfedk fudk; dks gy djus dh fof/k ij ppkZ djsaxsA ;qxir jSf[kd vlfedk fudk;
ds gy dk vFkZ lHkh Øfer (x, y) Kkr djuk gS] ftuds fy, fudk; dh izR;sd jSf[kd vlfedk
larq"V gksA

jSf[kd vlfedk fudk; dk ;k rks dksbZ Hkh gy ugha gksxk ;k mlds ,sls vuUr gy gksaxs]
tks jSf[kd lehdj.kksa dh laxr js[kkvksa ls lEcfU/kr lhfer ;k vlhfer {ks= n'kkZrk gSA

bl fof/k dks Li"V djus ds fy, ge fuEu mnkgj.k ysrs gSaaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.16.  vkys[kh; fof/k ls fuEufyf[kr vlfedk fudk; dks gy dhft,%

x + y > 6, 2x – y > 0.

gy %gy %gy %gy %  nh xbZ vlfedk,¡ gSa %

x + y > 6 ..... (i)

rFkk 2x – y > 0 ..... (ii)

ge js[kkvksa x + y = 6 rFkk 2x – y = 0 ds vkys[k
[khaprs gSa ¼fp=- 9.7½

vlfedk (i) js[kk x + y = 6 ds Åij Nk;kafdr {ks=
dks fu:fir djrh gS rFkk vlfedk (ii) js[kk 2x –

y = 0 ds nkb± vksj ds {ks= dks fu:fir djrh gSA

fp= 9.7 esa] nksgjk Nk;kafdr mHk;fu"B {ks= fn, x, vlfedk fudk; dk gy gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.17. fuEufyf[kr jSf[kd vlfedk fudk; dks vkys[kh; fof/k ls gy dhft, %

x + y ≤  5, 4x + y ≥  4, x+ 5y ≥  5, x ≤  4,  y ≤  3.

gy %gy %gy %gy % nh xbZ vlfedk,¡ gSa %

x + y ≤  5 ..... (i)

4x + y ≥  4 ..... (ii)

x + 5y ≥  5 ..... (iii)

x ≤  4 ..... (iv)

rFkk y ≤  3 ..... (v)

ge js[kkvksa x + y = 5,  4x + y = 4,  x + 5y =

5, x = 4 rFkk y = 3 ds vkys[k [khaprs gSa
¼fp=- 6.8½

fp= 9-7fp= 9-7fp= 9-7fp= 9-7

fp= 9-8fp= 9-8fp= 9-8fp= 9-8

x

y
C

B

(0,0)

2

4

6

8

(0,6)

2 4 6

(6,0)

2  –   6x y ≥

2  –   0x y ≥

(2
,4

)

x + y = 6

2

 =
 0

x 
– 

y

O

y
x = 4 

y = 3EA

5

4

3

2

1
B

1 2 3 54 x + y = 5

4
 =

 4
x +

 y

O

x + y5  = 5

C

D
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vlfedk (i) js[kk x +y = 5 ds uhps ds {ks= dks fu:fir djrh gSA vlfedk (ii) lehdj.k 4x +

y = 4 ds nkb± vksj ds {ks= dks fu:fir djrh gSA lehdj.k x + 5y = 5 ds Åij ds {ks= dks
vlfedk (iii). fu:fir djrh gSA blh izdkj (iv) rFkk (v) ds {ks=ksa dks Nk;kafdr dj ge mHk;fu"B
{ks= ABCDE izkIr djrs gSa ¼fp= 9.8½A bl {ks= ds lkjs fcUnq fn, x, lehdj.k fudk; ds gy
dks larq"V djrs gSa rFkk blfy, fn, x, fudk; ds gy dks iznf'kZr djrs gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  9.18.  vkys[kh; fof/k ls fuEufyf[kr

vlfedk fudk; dks gy dhft, %

x + 2y ≤  3, 3x + 4y ≥  12,  x ≥  0, y ≥  0.

gy %gy %gy %gy % ge vlfedkvksa x + 2y ≤  3,

3x + 4y ≥  12, x ≥  0, y ≥  0 ds laxr {ks=ksa dks
Nk;kafdr dj buds vkys[k dks fn[kkrs gSaA

ge ikrs gS fd dksbZ mHk;fu"B {ks= ugha gSA

blls ge ;g fu"d"kZ fudkyrs gSa fd fn,
x, jSf[kd vlfedk fudk; dk dksbZ gy
ugha gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 9.19. fuEufyf[kr jSf[kd vlfedk fudk; dks vkys[kh; fof/k ls gy dhft, %

x – y < 2,  2x + y < 6; x ≥  0, y ≥  0.

gy %gy %gy %gy % nh xbZ vlfedk,¡ gSa %

x – y < 2 ... (i)

2x + y < 6 ... (ii)

x ≥  0 ; y ≥  0 ... (iii)

vlfedkvksa x – y < 2, 2x + y < 6, x > 0 rFkk y > 0 dks xzkQ ij fu:fir djus ds ckn ge
ikrs gSa fd mHk;fu"B {ks= OABC gSA ¼fp= 9.10½

fp= 9-9fp= 9-9fp= 9-9fp= 9-9

fp= 9-10fp= 9-10fp= 9-10fp= 9-10

O

1

2

3

4

y

3  + 4   12
  0
  0

x y
x
y

≥

≥

≥

3
 + 4

 = 12

x
y

x
y

 + 2  = 3

1 2 3 4 5

x y + 2   3≤

x y  0   0≥ ≥

x –
 y 

= 2

1 2 3 4A

B

O
1

2

3

4

5

6

y
C

2

 =
 6

x +
 y

–1

–2
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     ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk    9.6

fuEufyf[kr esa izR;sd nks pjksa esa jSf[kd vlfedk fudk; dks vkys[kh; fof/k ls gy dhft, %

1. x ≥  3,  y ≥  1.

2. y ≥  2x, y ≤  2.

3. 2x + y – 3 ≥  0, x – 2y + 1 ≤  0.

4. 3x + 4y ≤  12, 4x + 3y ≤ 12, 0, 0x y≥ ≥

5. 2x + 3y ≥  3, 3x + 4 y ≤  18, 7 4 14 0, 6 3, 0, 0x y x y x y− + ≥ − ≤ ≥ ≥

6. x + y ≥  9, 3x + y ≥  12, x ≥  0,  y ≥  0

7. x + y ≥  1; 2x + 3y ≤  6, x ≥  0, y ≥  0.

8. x + 3y ≥  10; x + 2y ≤  3, x – 2y ≤  2, x ≥  0 ; y ≥  0

• ;fn D < 0, rks f}?kkr lehdj.k ax2 + bx + c = 0 ds ewy lfEeJ rFkk ijLij
la;qXeh gksrs gS aA

• ;fn f}?kkr lehdj.k ax2 + bx + c = 0  ds ewy α , β  gksa] rks  α  + β  = −

b

a
 rFkk

α β  = 
a

c

• ;fn α rFkk β fdlh f}?kkr lehdj.k ds ewy gSa rks og f}?kkr lehdj.k gksxk%

x2 – (α + β)x + αβ = 0

• ,d lehdj.k ds ewyksa dh vf/dre la[;k] ml lehdj.k dh ?kkr ds cjkcj gksrk gSSA

• ,d dFku ftlesa fpg~u <, >, ≤ , ≥ , ,d vlfedk dgykrk gSA

• lehdj.k ax + by + c = 0 ,d ljy js[kk gS tks xy ry dks nks v/kZryksa esa foHkkftr djrk
gS tks fd ax + by + c > 0 rFkk ax + by + c < 0 }kjk fu:fir gksrs gSaA

• jSf[kd vlfedk fudk; ds gy dk vFkZ gS fd lHkh Øfer ;qXe (x,y) Kkr djuk tks fudk;
dh izR;sd jSf[kd vlfedk dks lUrq"V djrs gSaA

C

A1

% + vkb;s nksgjk,¡
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• https://www.youtube.com/watch?v=lSwG-S7tLFo

• https://www.youtube.com/watch?v=Tq0mCZxjKXk

• https://www.youtube.com/watch?v=rwTwKsxkTRI

• https://www.youtube.com/watch?v=5jSuC-sxe74

• https://www.youtube.com/watch?v=gmONf1mcEXA

1. ;fn a ≠ b, rks n'kkZb;s fd lehdj.k

2(a2 + b2 )x2 + 2(a + b)x + 1=0 ds ewy dkYifud gksaxsA

2. ;fn lehdj.k ax2 + b( 2x + 1) = 0 ds ewy dkYifud gksa] rks n'kkZb;s fd lehdj.k

bx2 + ( b – c)x = c + a –b ds ewy loZnk okLrfod gksaxsA

3. ;fn lehdj.k   2x2 – 6x + 5 = 0 ds ewy α , β  gksa] rks lehdj.k Kkr dhft, ftlds

ewy gSa%

(i)  
β

α

 , 
α

β

(ii)  α  + 
β

1
 , β  + 

α

1
(iii) α 2 + β

2 , 2

1

α
+ 2

1

β

4. x > – 2 5. y < 2. 6. x < 3 7. y > – 3

8. 5 – 3y > – 4 9. 2x – 5 < 3. 10. 3x – 2y < 12 11. 1.
3 5

x y
+ ≥

12. 2x – 3y > 0 13. x + 2y < 0.

fuEufyf[kr nks pjksa esa jSf[kd vlfedk fudk; dks vkys[kh; fof/k ls gy dhft, %
14. – 1 < x < 3, 1 < y < 4. 15. 2x + 3y < 6,  3x + 2y < 6.

16. 6x + 5y < 150, 17. 3x + 2y < 24, x + 2y < 16

  x + 4y < 80         x + y < 10, x > 0, y > 0

  x < 15, x > 0, y > 0.

18. x + y > 3, 7x + 6y < 42

      x < 5, y < 4

      x > 0, y > 0

19. 
3( 2) 5(2 )

5 3

− −
≤

x x
20. 37 – (3x + 5) ≥ 9x – 8(x – 3)

lgk;d osclkbV

vkb, vH;kl djsa
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21. 
(2 1) (3 2) (2 )

3 4 5

− − −
≥ −

x x x
22. 5x + 1 > –24, 5x – 1 < 24

23. 3x – 7 > 2(x – 6), 6 – x > 11 – 2x

24. 5(2x – 7) – 3 (2x + 3) ≤ 0, 2x + 19 ≤ 6x + 47

25. 8% cksfjd vEy ds ,d foy;u esa 2% cksfjd vEy dks feykdj vEyh; ek=k dks de
fd;k x;kA izkIr feJ.k esa cksfjd vEy 2% ls vf/kd rFkk 4% ls de gksuk pkfg,A ;fn
gekjs ikl 8% cksfjd vEy dk 640 yhVj foy;u gks rks mlesa fdrus yhVj 2% cksfjd
vEy dk foy;u feykuk gksxk\

26. 45% vEyh; ek=k ds 1125 yhVj foy;u esa fdrus yhVj ikuh feyk,a fd izkIr foy;u
esa vEy dh ek=k 25% ls vf/kd rFkk 30% ls de gks\

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 9.1

1. (i) −

−
2 3

4

3
,  (ii) a − b  a + b,

(iii)
ab

c
  , 

c

ab
− (iv) 2  ,2 3

ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk 9.2

1. (i)
4

i 15  3 ±

(ii)
2

i   1±

(iii)
8

i 43  5 ±

(iv)
6

i 58  2 ±−

2. –1, 
2

1

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 9.3

1. (i) 2

2

c

2ac  b −

(ii) 4

2222

c

c 2a 2ac)  b( −−

2. (i) 25x2 – 6x + 9 = 0 (ii) 625x2 – 90x + 81 = 0

4. q2 – 5p2 = 0

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 9.4

1.
1 7

2

− ± i
2. 

2 34

2

± i
3. 

1 7

2 2

− ± i

4.
1 19

2

− ± i
5. 

3 11

2

− ± i

mÙkjekyk
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 9.5

1.

x

y

2  +   8x y ≥

O

2

4

6

8

2 4 6 8

2  +  = 8x y

2.

x

y
 –

 2
 

 0
=

y

8

6

4

2

O
2 4 6 8

x

x

y
 –

 2
 

 0
≤

3.
3  + 6  0 

    or   2

x

x

≥

≥

y

x

21–1–2

3 + 6 = 0x 

4.  

x

8 – 2  = 2y3

2

1

y

O

8 – 2   2y ≥

5.

O 1 2 3
x

3  = 6 – 2y x

1

2

y 
3

  6 – 2

y

x

≥     6.  

O
x

y
3   0x ≥

  3   0
or  = 0

x
x

=

fp= 9-11fp= 9-11fp= 9-11fp= 9-11 fp= 9-12fp= 9-12fp= 9-12fp= 9-12

fp= 9-13fp= 9-13fp= 9-13fp= 9-13

fp= 9-14fp= 9-14fp= 9-14fp= 9-14

fp= 9-16fp= 9-16fp= 9-16fp= 9-16

fp= 9-15fp= 9-15fp= 9-15fp= 9-15
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7. y

y = 4

y  4≤

O
x

4
3
2
1

    8.     
y

y x > 2  – 8

y

x
 =

 2
 –

 8
8

6

4

2

–2

–4

–6

–8

x

9.   

x
1 2 3 4 5

5
4
3
2

–
 <  – 5

y
x

10. y

x

2
 =

 8 –
 4

y

x

2
 

 8
 –

 4

y

x

≤

O 1 2

1

2

3

4

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 9.6

1. y x 

y

≥

≥ 

 3

 1

x

O

x = 3

1 2 3

         2.  

2

1

y  2≤

y  2≥

y y 
x

= 2

y = 2

O

fp= 9-17fp= 9-17fp= 9-17fp= 9-17

fp= 9-18fp= 9-18fp= 9-18fp= 9-18

fp= 9-19fp= 9-19fp= 9-19fp= 9-19

fp= 9-20fp= 9-20fp= 9-20fp= 9-20

fp= 9-22fp= 9-22fp= 9-22fp= 9-22fp= 9-21fp= 9-21fp= 9-21fp= 9-21
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3.   

x
y

 – 2
 + 1 = 0

2  +  – 3  0

 – 2  + 1  0

x y

x y

≥

≤

2
 +

 
 – 3 =

 0

x
y

y

3

–1O 1 2 3

4. 

4

3

2

1

O 1 2 3 4

x

3  + 4  = 12

  0,   0

x y

x y≤ ≥4  + 3  = 12x y

5.

O
12 1 2 3 4 5 6

6

5

4

3

2

1

y

7  – 4  + 14 = 0x y

x y – 6  = 3

x

3  + 4  = 18

  0,   0 

x y

  x y≥ ≥

2  + 3  = 3

x
y

       6.  

O 3 6 9 12
x

3

6

9

12

y

(4,0)

3  + = 12x y 
x y + = 9
x  y ≥ ≥ 0,  0

7 .

4

3

2

1

O 1 2 3
x

2  + 3  = 6,x yx y

x  y 

 +  = 1

 0,  0≥ ≥

x = 4

y = 5

y

fp= 9-23fp= 9-23fp= 9-23fp= 9-23
fp= 9-24fp= 9-24fp= 9-24fp= 9-24

fp= 9-25fp= 9-25fp= 9-25fp= 9-25
fp= 9-26fp= 9-26fp= 9-26fp= 9-26

fp= 9-27fp= 9-27fp= 9-27fp= 9-27
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8.

x

y
 –

 2
 =

 2

y

x y

x 

x 

+ 2  = 3

 0

 0

≥

≥

x y+ 3  = 10

O

–1
2 4 6 8 10

x

4

3

2

1

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

3. (i) 5x2 – 8x + 5 = 0    (ii)   10x2 – 42x + 49 = 0   (iii)    25x2 – 116x + 64 = 0

4.    

x = –2

x

x ≥ –2

y

–2 –1 O

5.

y = 2

x
y ≤ 2

y

1

2

O

6.

x = 3

x < 3

1 2 3 4

y

x < 3

O
x

7.  
y

y ≥ –3

O
x

y = –3

–1

–2
–3
–4

dksbZ gy
ughafp= 9-28fp= 9-28fp= 9-28fp= 9-28

fp= 9-29fp= 9-29fp= 9-29fp= 9-29 fp= 9-30fp= 9-30fp= 9-30fp= 9-30

fp= 9-32fp= 9-32fp= 9-32fp= 9-32fp= 9-31fp= 9-31fp= 9-31fp= 9-31
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8.
y

y = 3

5 – 3   –4y ≥

x
O

2
1

3 9.
y

2  – 5 = 3x

x
O

1 2 3 4 5

2  – 5  3x ≤

10.  

O 4
x

–6

3  – 2 = 12xy3  – 2  12xy ≤

y

4

  11. 

1 2 3O

1
2
3
4
5

x y +   1

3 + 5  1

≥

≥
y

x y +  = 1

3 + 5  1=

x

12.
y

2  – 3 = 0xy

2  – 3  0xy ≥

x
O

13.         

x y + 2  = 0

y

x

x

y
 + 2

 
 0

≤

–1 1 2O

14.    y

y = 4

x = –1 x = 3

y = 1
x

O–1 1 2 3

4
3
2
1

15.    y

x

3  + 2  6

2  + 3  6

x

x

≤

≤

O 1 2 3 4
2

 + 3  = 6

x
y

3
 + 2

 = 6

x

y
4

3
2
1

fp= 9-33fp= 9-33fp= 9-33fp= 9-33 fp= 9-34fp= 9-34fp= 9-34fp= 9-34

fp= 9-35fp= 9-35fp= 9-35fp= 9-35
fp= 9-36fp= 9-36fp= 9-36fp= 9-36

fp= 9-38fp= 9-38fp= 9-38fp= 9-38
fp= 9-37fp= 9-37fp= 9-37fp= 9-37

fp= 9-39fp= 9-39fp= 9-39fp= 9-39 fp= 9-40fp= 9-40fp= 9-40fp= 9-40
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16. y

x = 15

x + y 4 = 80

80

60

40
30
20

O 20 40 60 80
x

6
 + 5

 = 150

x

y

          17. 

O

y

x
x y + = 16

x y +  = 10
3  + 2  = 24x y

18

15

12

9

6

3

10

8

16108

3 6 9 12 15 18

18.  
y

x = 5

y = 4

x y + = 3
7 + 6 = 24x y 

1 2 3 4 5 6 7
x

7

6

5

4

3

2

1

O

19. (–∞, 2)

20. (–∞, 2)

21. (–∞, 2)

22. (–5, 5)

23. (5, ∞)

24. (–7, 11)

25. 320 yhVj ls vf/kd rFkk 1280 yhVj ls de

26. 562-5 yhVj ls vf/kd rFkk 900 yhVj ls de

X

fp= 9-41fp= 9-41fp= 9-41fp= 9-41
fp= 9-42fp= 9-42fp= 9-42fp= 9-42

fp= 9-43fp= 9-43fp= 9-43fp= 9-43
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5

xf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUr

vki vius nSfud thou esa ifjfLFkfr ds vuqlkj fofo/k izdkj ds rdks±] dk iz;ksx djrs gSaA

mnkgj.kkFkZ] ;fn vki dks ;g Kkr gqvk gks fd vki ds fe= ds ;gk¡ lUrku iSnk gqbZ] rks vki

tkuuk pkgsaxs fd og iq=h gS vFkok iq=A ;gk¡ vki ,d fo'ks"k fLFkfr ds fy, lkekU; fl)kUrksa

dk mi;ksx djsaxsA bl izdkj dk rdZ fuxeu rdZ dk mnkgj.k gSA

vkb,] vc ge ,d nwljh fLFkfr ij fopkj djsaA tc vki vius vklikl ns[krs gSa rks Kkr gksrk

gS fd fo|kFkhZ fu;fer :i ls i<+rs gSa] os ijh{kk esa vPNk djrs gSaA vki blls lkekU; fu;e

¼fopkjèkkjk½ ¼xyr ;k lgh½ cuk ldrs gSa fd ^^tks Hkh fu;fer :i ls i<+sxk] ijh{kk esa vPNk

djsxkA** bl esa vki vusd fof'k"V mnkgj.kksa }kjk lkekU; fu;e fcuk,¡xsA ,slk rdZ vkxefud

(inductive) dgykrk gSa] tks rdZ dh ,d ,slh izfØ;k gS] ftlesa vusd fof'k"V fLFkfr;ksa ds

O;fDrxr izs{k.kksa rFkk fopkjksa }kjk O;kid fu;eksa dk irk yxk;k tkrk gSA ,sls rdZ dk mi;ksx

foKku rFkk xf.kr esa fd;k tkrk gSA

xf.krh; vkxeu bl izfØ;k dk vkSj vf/kd ;FkkFkZ :i gSA ,slh ;FkkFkZrk dh vko';drk gksrh

gS] D;ksafd dksbZ dFku xf.kr ds vuqlkj rHkh lR; ekuk tkrk gS tc izR;sd fLFkfr esa] ftlds

lanZHk esa og gS] ml dh lR;rk n'kkZbZ tk ldsA bl ikB esa ge loZizFke dFku ls vkidk ifjp;

djok;saxs vkSj mlds i'pkr~ xf.krh; vkxeu ds fl)kUr ls ifjfpr gksdj bldh lgk;rk ls

fofHkUu xf.krh; dFkuksa dks fl) djsaxsA

         mís';       mís';       mís';       mís';

bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk,¡xs%

•    ;g crk ikuk fd fn;k gqvk okD;k dFku gS vFkok ugha gSaA

• xf.krh; vkxeu ds fl)kUr dk dFku nsuk

• dFku P(n) dks n = 1 ds fy, lR;kfir djuk

• ;fn dFku P(k) lR; gks] rks dFku P(k +1 ) dks lR;kfir djuk

• xf.krh; vkxeu ds fl)kUr }kjk dqN xf.krh; dFkuksa dks fl) djuk

10
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 iwoZ Kku% iwoZ Kku% iwoZ Kku% iwoZ Kku%

• la[;k fudk;

• la[;kvksa rFkk O;tdksa ij pkj ewy&Hkwr lafØ;k,¡A

 10.1 dFku D;k gS\dFku D;k gS\dFku D;k gS\dFku D;k gS\

vki vius nSfud O;ogkj esa cgqr lh ckrsa okD;ksa ds :i esa djrs gSaA bu okD;ksa esa ls os] tks ;k
rks lR; ;k vlR; gksrs gSa] mUgsa dFkudFkudFkudFku    ;k lk/;lk/;lk/;lk/;    dgrs gSaA mnkgj.kkFkZ]

^^eSa chl o"kZ dk gw¡]** vkSj ;fn x = 3, rks x2 = 9** dFku gSa( ijUrq ^^vki dc tk,¡xs\** rFkk ^^fdruk
vk'p;Ztud!** dFku ugha gSaA

/;ku nhft, fd dFku ,d fuf'pr okD; gksrk gS] tks ;k rks lR; gksrk gS ;k vlR;] nksuksa ,d lkFk ughaA
mnkgj.kkFkZ ‘x – 5 = 7’ dFku ugha gS D;ksafd ge ugha tkurs fd x dk eku D;k gSA ;fn x = 12 gS rks ;g
lR; gS ijUrq ;fn x = 5 gS] rks ;g vlR; gSA vr% ‘x – 5 = 7’ dks xf.krKksa us dFku ugha ekukA

ijUrq ^^x – 5 = 7 ⇒ x = 12** rFkk lHkh okLrfod x ds fy, x – 5 = 7 nksuksa dFku gSaA buesa ls
izFke lR; rFkk f}rh; vlR; gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k  10.1.   fuEufyf[kr esa ls dkSu ls okD; dFku gSa\

(i) Hkkjr dk jk"Vªifr dHkh efgyk ugha jghA

(ii) 5 le la[;k gSA

(iii) xn > 1

(iv) (a + b)2 = a2 + 2ab + b2

gy %gy %gy %gy % (i) vkSj (ii) dFku gSa (i) lR; gS vkSj (ii) vlR; gSA (iii) dFku ugha gS D;ksafd tc rd  x vkSj
y ds ekuksa dk ijkl Kkr ugha gS] ge ml dh lR;rk ;k vlR;rk fu/kkZfjr ugha dj ldrsA

vc (iv)  dks nsf[k,A izFke n`f"V esa ;g dFku ugha yxsxk] ftl vk/kkj ij (iii) ugha gSA ijUrq è;ku
ls (iv) dks nsf[k,A a rFkk b ds lHkh ekuksa ds fy, ;g lR; gSA ;g ,d loZlfedk gSA ;|fi ;gk¡
a vkSj b ds ekuksa dk ijkl ugha fn;k x;k gS] rc Hkh (iv) ,d dFku gSA

dqN dFku] tSlk ,d uhps fn;k x;k gS] lkekU;r% izkdr̀ la[;kvksa ds fy, gSaA vkb, uhps fn,
x, dFku ij fopkj djsaA

1 2
1

2
+ + + =

+
...

( )
n

n n

;g izkÑr la[;k n ls lEc) gSA ge bl dFku dks P (n) dgsaxsA ¼;gk¡ P lk/; dks lwfpr djrk gSA½

rc P (1)  gksxk %  
1(1 1)

1
2

+
=

blh izdkj P (2) gksxk % 
2(2 1)

1 2
2

+
+ =   bR;kfn
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vkidks bl ladsr fpg~u ls HkyhHkk¡fr vH;Lr djkus ds fy, ge dqN vkSj mnkgj.kksa ij fopkj djrs gSa%

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 10.2.  ;fn P (n) ' 2n > n–1' dks O;Dr djrk gS rks P (1), P (k) rFkk  P  (k+1) fyf[k,
tgk¡ k N∈ A

gy %gy %gy %gy %  n ds LFkku ij Øe'k% 1, k rFkk k + 1, j[kus ij ge izkIr djrs gSa %

P (1) : 21 > 2 – 1, vFkkZr~ 2 > 1

P (k) : 2k  > k – 1

P (k + 1) : 2k + 1 > (k + 1) – 1, vFkkZr~ 2k + 1 > k

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 10. 3.   ;fn P (n) uhps fy[kk dFku gS %

‘1 + 4 + 7 + (3n – 2) =
−n n( )3 1

2
]

rks  P (1), P(k) vkSj  P(k + 1) fyf[k,A

gy %gy %gy %gy % P(1) fy[kus ds fy,]  P(n)  ds ck;sa i{k esa tc n ds LFkku ij 1 fy[krs gSa rks vfUre in

3× 1 – 2,  izkIr gksrk gS tks igyk in gS] vFkkZr~ ck;sa i{k esa dsoy ,d in gh gS tks izFke in gSA

P(1) dk nk;k¡ i{k  = 
1 3 1 1

2
1

× × −
=

( )

vr% P(1) '1 = 1' gSA

 n ds LFkku ij 2 j[kus ij ge izkIr djrs gSa]

P(2) : 1 + 4 =
2 3 2 1

2

× × −( )
, vFkkZr~  5 = 5.

n ds LFkku ij Øe'k% k rFkk  k + 1, j[kus ij ges izkIr gksrk gS %

P(k) : 1 + 4 + 7 + .... + (3k – 2) = 
k k( )3 1

2

−

P(k + 1) : 1 + 4 + 7 + .... + (3k – 2) + [3 (k + 1) – 2] 
( 1)[3( 1) 1]

2

k k+ + −
=

vFkkZr~ 1 + 4 + 7 +.... + (3k + 1) = 
( )[( )k k+ +1 3 2

2

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 10.1

1. fuEufyf[kr esa ls dkSu&dkSu ls dFku gSa\

(a) 1 + 2 + 4    ........+ 2n > 20 (b) 1 + 2 + 3 + ....... + 10 = 99

(c) psUubZ eqEcbZ dh rqyuk esa vf/kd lqUnj gS (d) rktegy dgk¡ gS\

(e) 
1

1 2

1

1 1×

+ +

+

=

+

...
( )n n

n

n
, n = 5 ds fy,  (f) cosecθ < 1
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2. fn;k gS fd P(n) : n3 + 5n dk 6 ,d xq.ku[k.M gSA P(1), P(2), P(k) rFkk P(k+1) fyf[k,
tcfd  k ,d izkdr̀ la[;k gSA

3.  P(1), P(k) vkSj P(k + 1), fyf[k, ;fn  P(n) gS %

(a) 2n
≥  

n + 1          (b) (1 + x)n ≥  1 + nx

(c) n (n +1) (n + 2), 6 ls foHkkT; gSA     (d) (xn – yn),  (x – y) ls foHkkT; gSA

(e) (ab)n = an bn (f) 
n n n

5 3

5 3

7

15
+ +

F
HG

I
KJ ,d izkdr̀ la[;k gSA

4. P(1), P(2), P(k) rFkk P(k +1), fyf[k, ;fn P(n) fuEu gS %

(a) 
1

1 2

1

1 1×

+ +

+

=

+

...
( )n n

n

n
(b) 1 + 3 + 5 + ........ + (2n −1) = n2

(c) ( ) ( ) .... ( ) ( )1 2 2 3 1 1 2
× + × + + + < +n n n n

(d) 
1

1 3

1

3 5

1

2 1 2 1 2 1×

+

×

+

− +

=

+

...
( )( )n n

n

n

,sls dFkuksa] tks mnkgj.k 10.2 rFkk 10.3 esa fn, gq, gSa] dh lR;rk vFkok vlR;rk dh vki tk¡p
dSls djsaxs\ ,d izHkko'kkyh fof/k xf.krh; vkxeu gS] ftldh vc ge ppkZ djsaxsA

 10.2 xf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUr

xf.krh; vkxeu bl izfØ;k dk vkSj vf/kd ;FkkFkZ :i gSA ,slh ;FkkFkZrk dh vko';drk gksrh gS]
D;ksafd dksbZ dFku xf.kr ds vuqlkj rHkh lR; ekuk tkrk gS tc izR;sd fLFkfr esa] ftlds lanZHk esa og
gS] ml dh lR;rk n'kkZbZ tk ldsA fuEufyf[kr fl)kUr mlds ?kfVr gksus dh tk¡p djkrk gSA

xf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUrxf.krh; vkxeu dk fl)kUr

eku yhft, fd P(n) izkdr̀ la[;k n ls lEc) dksbZ dFku gSA ;fn

(i) ;g n = 1, ds fy, lR; gS] vFkkZr~ P(1) lR; gS] vkSj

(ii) P(k), k ≥  1, dks lR; ekurs gq, ;g fl) fd;k tk ldrk gS fd P(k+ 1) lR; gS]
rc P(n) izR;sd izkdr̀ la[;k n ds fy, vo'; gh lR; gksxkA

uksVuksVuksVuksV  dhft, fd mi;qZDr izfrca/k (ii) ls vfHkizk; ;g ugha gS fd P(k) lR; gSA blls vfHkizk;
gS fd tc P(k) lR; gS rHkh P( k + 1) lR; gSA

mnkgj.kkFkZ] vkb, fopkj djsa] fd xf.krh; vkxeu ds fl)kUr ls n = 11 ds fy, P(n) ds lR;
gksus dk fu"d"kZ dSls fudyrk gSA (i) ls P(1) lR; gSA tc P(1) lR; gS rks ge (ii) esa k = 1 esa
j[k ldrs gSA vr% P(1 + 1) vFkkZr~ P(2) lR; gSA P(2) lR; gS rks ge (ii) esa k = 2 esa j[k ldrs
gSa vkSj P(2 + 1) vFkkZr~ P(3) lR; gSA vc (ii) esa k = 3 j[kus ij gesa P(4) dh lR;rk izkIr gks tkrh
gSA bl izfØ;k dks blh izdkj pykrs jgus ij gesa P(11) dh lR;rk izkIr gks tk,xhA
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;g Li"V gS fd mi;qZDr rdZ esa 11 dh dksbZ fo'ks"k Hkwfedk ugha gSA ge] blh izdkj P(137) dks
Hkh lR; fl) dj ldrs gSaA okLro esa ;g Li"V gS fd n > 1 ds fy, P(n) lR; gSA

vkb,] vc mnkgj.kksa dh lgk;rk ls ns[ksa fd xf.krh; vkxeu dk fl)kUr fofo/k izdkj ds
xf.krh; dFkuksa dks fl) djus esa dSls lgk;d gksrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 10.4.   fl) dhft, fd

1 2 3 ( 1)
2

n
n n+ + + + = +L , tgk¡ n izkdr̀ la[;k gSA

gy %gy %gy %gy % gesa izkIr gS fd

P(n) : 1 + 2 + 3 + ... + n = 
n

2
(n + 1)

vr% P(1) ‘1 = 
1

2
(1+1)’ gS tks lR; gS

vr% P(1) lR; gS

vc ge ;g ns[ksaxs fd tc P(k) lR; gS] rks D;k P(k+1) Hkh lR; gSA

vr% eku ysrs gSa fd P(k) lR; gS vFkkZr~

1 + 2 + 3 ... + k =  
k

2
(k + 1) ....(i)

vc P(k + 1) : 1 + 2 + 3 + ... + k + (k + 1) = 
( )( )k k+ +1 2

2

;g rHkh lR; gksxk ;fn ck;k¡ i{k = nk;k¡ i{k

P (k + 1)  dk ck;k¡ i{k = (1 + 2 + 3 ... + k) + (k + 1)

= 
k

2
(k+1) + (k + 1) ....[lehdj.k (i) ls]

= (k + 1) 
k

2
1+

F
HG
I
KJ

= 
( )( )k k+ +1 2

2

=  P (k +1) dk nk;k¡ i{k

vr% ;fn ge P(k) dks lR; ekurs gSa rks P(k + 1) lR; izkIr gks tkrk gSA pwafd P(1) Hkh lR; gS]
vr% xf.krh; vkxeu ds fl)kUr ds nksuksa izfrca/k iwjs gks tkrs gSa vkSj ge fu"d"kZ fudkyrs gSa fd
fn;k gqvk dFku izR;sd izkdr̀ la[;k n ds fy, lR; gSA vki ns[k ldrs gSa fd ge us rhu inksa
esa ifj.kke dks fl) fd;k( vk/kkj in ¼vFkkZr~ (i) dh tk¡p½] nwljk vkxeu in ¼vFkkZr~ (ii) dh
tk¡p½ vkSj rhljk ifj.kke ij igq¡pukA
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 10.5.     izR;sd izkdr̀ la[;k n ds fy,] fl) dhft, fd ( )
2 1 2 1n n

x y
− −

+ , (x + y) ls

foHkkT; gS( tcfd x, y .N∈

gy %gy %gy %gy % vkb, ns[ksa fd D;k ge ;gk¡ vkxeu ds fl)kUr dks yxk ldrs gSaA ge dFku

‘ ( )
2 1 2 1n n

x y
− −

+ , (x + y)’, ls foHkkT; gS]* dks ( )P n  dgsaxsA

rcrcrcrc P(1) : ‘ ( )
2 1 2 1

x y
− −

+ , (x + y)’ ls foHkkT; gS] tks lR; gSA

vr% P(1) lR; gSA

vc ge eku ysrs gSa fd fdlh izkdr̀ la[;k k ds fy, P(k) lR; gSA

vFkkZr~ 2 1 2 1( )k k
x y

− −

+ , (x + y) ls foHkkT; gSA

bldk vFkZ gS fd fdlh izkdr̀ la[;k t ds fy, 2 1 2 1 ( )k k
x y x y t

− −

+ = +

rc] 2 1 2 1( )k k
x x y t y

− −

= + −

vc] ge fl) djuk pkgrs gSa fd P (k +1) lR; gSA

vFkkZr~ ‘ 2( 1) 1 2( 1) 1[ ]k k
x y

+ − + −

+ , (x+y) ls foHkkT; gSA*

vc

 

2( 1) 1 2( 1) 1 2 1 2 1

2 1 2 2 1

2. 2 1 2 1

2. 2 1 2 1

2 2 2 1 2 1

2 2 2 1 2 2 1

2 2 1 2 2

2 2 1

[( ) ]

( )

( )

( ) ( )

( )[ ( ) ]

k k k k

k k

k k

k k

k k

k k

k

k

x y x y

x y

x x y

x x y t y y

x x y t x y y

x x y t x y y y

x x y t y x y

x y x t x y y

+ − + − + +

− + +

− +

− +

− +

− −

−

−

+ = +

= +

= +

= + − +

= + − +

= + − +

= + − −

= + − −

tks] (x + y) dk xq.kt gSA

bl izdkj P (k+1) lR; gSA

vr% xf.krh; vkxeu ds fl)kUr ls fn;k gqvk dFku izR;sd izkÑr la[;k n ds fy, lR; gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 10.6.   izR;sd izkÑr la[;k n ds fy,] fl) dhft, fd 2n > n

gy %gy %gy %gy % gesa izkIr gS P(n) : 2n > n.

vr% P(1) : 21 > 1, vFkkZr~ 2 > 1, tks lR; gSA

ge eku ysrs gSa fd P(k) lR; gS

vFkkZr~ 2k > k ... (i)

vc] ge fl) djuk pkgrs gSa fd P(k + 1) lR; gS vFkkZr~ 2k + 1 > k + 1.
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(i) ds nksuksa i{kksa dks 2 ls xq.kk djus ij] gesa izkIr gksrk gS

2k + 1 > 2k

⇒ 2k + 1 > k + k ⇒ 2k + 1 > k + 1, ¼D;ksafd k > 1½

vr% P(k + 1) lR; gSA

blfy, xf.krh; vkxeu ds fl)kUr ls fn;k gqvk dFku izR;sd izkÑr la[;k n ds fy, lR; gSA

dHkh&dHkh gesa] ,sls dFku tks fdlh fo'ks"k izkÑr la[;k] eku yhft, a, ls cM+h izkdr̀ la[;kvksa
ls lEc) gksrk gS( dks fl) djus dh vko';drk gksrh gS ¼tSlk uhps mnkgj.k 8.8 esa fn;k x;k
gS½A fl)kUr ds dFku esa ge P(1)  dks P(a + 1) }kjk cny nsrs gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 10.7.   fl) dhft, fd izR;sd n ≥ 3 ds fy, n2 > 2(n + 1) tgk¡ n ,d izkd̀r la[;k gSA

gy % gy % gy % gy % ;gk¡ ge n2 > 2 (n + 1) dFku dks P (n) dgsaxsA

D;ksafd gesa fn;k gqvk dFku n ≥  3 ds fy, fl) djuk gS] izFke lEcfU/kr dFku P(3) gSA vr% ge
ns[ksaxs fd D;k P(3) lR; gSA

P(3) : 32 > 2 ×  4 vFkkZr~ 9 > 8.

vr% P (3) lR; gSA

ge eku ysrs gSa fd P(k) lR; gS tgk¡ k ≥ 3  vFkkZr~

k2 > 2(k + 1) ........ (i)

ge ;g fl) djuk pkgrs gSa fd P (k + 1) lR; gSA

P (k + 1) : (k + 1)2 > 2(k + 2)

P (k + 1) dk ck;k¡ i{k = (k + 1)2 = k2 + 2k + 1

    > 2 (k + 1) + 2k + 1 ... [ (i) ls ]

    > 3 + 2k +1 D;ksafd 2 (k + 1) > 3 = 2 (k + 2),

bl izdkj (k + 1)2 > 2(k + 2)

vr% P(k + 1) lR; gSA

blfy, xf.krh; vkxeu ds fl)kUr ls fn;k gqvk dFku izR;sd izkd̀r la[;k n ≥ 3 ds fy, lR; gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 10.8.    xf.krh; vkxeu ds fl)kUr }kjk] fl) dhft, fd izR;sd izkÑr la[;k n

ds fy, 







++

15

7

35

35
nnn

 ,d izkdr̀ la[;k gSA

gy % gy % gy % gy % eku yhft, fd P(n) : 







++

15

7

35

35
nnn

 ,d izkdr̀ la[;k gSA









++∴

15

7

3

1

5

1
:)1(P  ,d izkdr̀ la[;k gSA



218

 xf.krh; vkxeu dk fl¼kUr

xf.kr

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

vc] 1
15

15

15

753

15

7

3

1

5

1
==

++
=++ , tks fd ,d izkdr̀ la[;k gSA

∴ P(1) lR; gSA

eku yhft, P(k) : 







++

15

7

35

35
kkk

 ,d izkdr̀ la[;k gS] lR; gS ... (i)

vc 
15

)1(7

3

)1(

5

)1( 35
+

+
+

+
+ kkk

= [ ] [ ] 







+++++++++++

15

7

15

7
133

3

1
1510105

5

1 232345
kkkkkkkkk

= ( ) 







+++++++








++

15

7

3

1

5

1
232

15

7

35

234
35

kkkk
kkk

= ( ) 1232
15

7

35

234
35

+++++







++ kkkk

kkk
...(ii)

(i) ls]   
15

7

35

35
kkk

++  ,d izkdr̀ la[;k gSA

lkFk gh] kkkk 232 234
+++ ,d izkdr̀ la[;k gS rFkk 1 Hkh izkdr̀ la[;k gSA

∴ (ii), izkdr̀ la[;kvksa dk ;ksx gksus ds dkj.k izkdr̀ la[;k gSA

∴ P(k + 1) lR; gS ;fn P(k) lR; gSA

∴ P(n) lHkh izkdr̀ la[;kvksa ds fy, lR; gSA

vr% 







++

15

7

35

35
nnn

 lHkh izkdr̀ la[;kvksa n ds fy, izkdr̀ la[;k gSA

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 10.2

1. xf.krh; vkxeu ds fl)kUr ds mi;ksx ls fuEufyf[kr dFkuksa dks izR;sd izkdr̀ l[a;k n
ds fy, fl) dhft, %

(a) )12)(1(
6

........321 2222
++=++++ nn

n
n

(b) 3 3 3 3 21 2 3 ........ (1 2 ..... )n n+ + + + = + + +

(c) 1 + 3 + 5 + ........ + (2n −1) = n2

(d) ( )1 4 7 ........ (3 2 3 1
2

n
n ) n+ + + + − = −

[(1) }kjk]
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2. xf.krh; vkxeu ds fl)kUr ds mi;ksx ls fuEufyf[kr loZlfedkvksa dks izR;sd izkdr̀
la[;k n ds fy, fl) dhft, :

(a)
1)1(

1
....

32

1

21

1

+

=

+

++

×

+

× n

n

nn

(b)
12)12)(12(

1
....

7.5

1

5.3

1

3.1

1

+

=

+−

++++

n

n

nn

(c)
3

)2)(1(
)1(....)32()21(

++
=+++×+×

nnn
nn

3. izR;sd izkdr̀ la[;k n ds fy, fl) dhft, fd

(a) n3 + 5n,  6 ls foHkkT; gSA (b) (xn
−1),  (x −1) ls foHkkT; gSA

(c) (n3  + 2n), 3 ls foHkkT; gS (d) 4, (n4 + 2n3 + n2) dks iw.kZr;k foHkkftr djrk gSA

4. izR;sd izkÑr la[;k n ds fy, fuEufyf[kr vlfedkvksa dks fl) dhft, %

(a) 3n 
 ≥ 2n + 1 (b) 42n  >  15 n (c) 

2)12(
8

1
....21 +<+++ nn

5. xf.krh; vkxeu ds fl)kUr dk mi;ksx djrs gq, fuEufyf[kr dFkuksa dks fl) dhft, %

(a) n  ≥  5 ds fy, 2n > n2  tgk¡ n ,d izkdr̀ la[;k gSA

(b) n > 2 ds fy,
24

13

2

1
....

2

1

1

1
>++

+

+

+ nnn
 tgk¡ n ,d izkdr̀ la[;k gSA

6. fl) dhft, fd n(n2  – 1) la[;k 3 ls iwjk foHkkftr gksxk ;fn n,1 ls cM+h izkdr̀ la[;k gksA

    fVIi.kh%    fVIi.kh%    fVIi.kh%    fVIi.kh% izkdr̀ la[;kvksa ls lEc) fdlh dFku P(n) dks lR; fl) djus ds fy, nksuksa
vkèkkj rFkk vkxeu inksa dk lR; gksuk vko';d gSA

;fn buesa ls ,d Hkh vlR; gS] rks miifÙk vekU; gSA mnkgj.kkFkZ ;fn P(n) :

( )n n n
a b a b+ ≤ +  gS] rc P(1) fuf'pr gh lR; gSA ijUrq P(k) dh lR;rk dk vFkZ ;g ugha

gS fd P (k + 1) Hkh lR; gSA vr% dFku izR;sd n ∈  N ds fy, lR; ugha gSA [mnkgj.kkFkZ
2 2 2(2 3) 2 3 ).+ ≤ + ] vkb,] nwljs mnkgj.k ij fopkj djsa

 P(n) % n > 20
2

+
n

yhft,A

bl fLFkfr esa vk/kkj in P(1) lR; ugha gSA ijUrq vkxeu in lR; gSA D;ksafd ;fn ge
P(k) dks lR; eku ysa] vFkkZr~

⇒ k > 20
2

+
k

 gS] rks

P (k + 1) : 
1 1

1 20 1 20 20
2 2 2 2

k k k
k

+
⇒ + > + + > + + = +  )1( +⇒ kP  lR; gSA
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• ,sls okD; tks ;k rks lR; gksrs gSa ;k vlR; gksrs gSa] mUgsa dFku ;k lkè; dgrs gSaA

• vkxeu 'kCn dk vFkZ fof'k"V fLFkfr;ksa ;k rF;ksa ls O;kihdj.k djuk gSA

• xf.krh; vkxeu ds fl)kUr dk dFku%

lHkh n ≥ 1 ds fy,] izkd̀r la[;k n ls laca) ,d dFku P(n), tgk¡] n ,d fuf'pr izkd̀r la[;k
gS] lR; gksx ;fn(i) P(1) lR; gSaA (ii) K ∈ N ds fy, ;fn p(k) lR; gS] rks p(k + 1) Hkh lR; gSaA

� http://www.bbc.co.uk/education/asguru/maths/13pure/01proof/01proof/05induction/

index.shtml

� www.mathguru.com/result/principle-of-mathematical-induction.aspx

� http://en.wikipedia.org/wiki/Mathematical_induction

xf.krh; vkxeu ds fl)kar ds iz;ksx }kjk fuEufyf[kr dks fl) dhft,A

1- n vo;oksa okys ,d leqPp; ds mileqPp;ksa dh la[;k 2n gksrh gS] tgk¡ n ∈ N !

2- (a + b)n > an + bn × n ≥ 2, tgk¡ a vkSj b /kukRed okLrfod la[;k,a gSa vkSj n ∈ N

3- 2 1 ( 1)

1

− −
+ + + + =

−

L

n
n a r

a ar ar ar
r

 tgk¡ n ∈ N, r > 1 vkSj a ,d okLrfod la[;k gSA —

4- 2( 1), ( 1)− +
n

x x  ls foHkkT; gS tgk¡ n ∈ N

5- 2 1(10 1), 11−
+

n  dk ,d xq.kt gS tgk¡ n ∈ N

6- 2 2 1(4.10 .10 5),−
+ +

n n
a  99 dk ,d xq.kt gS tgk¡ n ∈ N

7- (1 + x)n > 1 + nx tgk¡ x > 0 vkSj n ∈ N

8- 2 3 4 11.2 2.2 3.2 4.2 .2 ( 1) 2 2+
+ + + + + = − ⋅ +L

n n
n n , tgk¡ n ∈ N

9-
2

3 3 3 3 ( 1)
1 2 3

2

+ 
+ + + + =  

 
L

n n
n , tgk¡ n ∈ N

10-
1 2 1 1

3.5 5.7 7.9 (2 1) (2 3) 3(2 3)
+ + + + =

+ + +

L
n

n n n
, tgk¡ n ∈ N

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV

vkb, vH;kl djsa
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 10.1

1. (b), (e) ,oa (f) dFku gSaA (a) dFku ugha gS] D;ksaafd n  dk ijkl ugha fn;k gS] vr% ge blds
lR; ;k vlR; gksus dk fu.kZ; ysus dh fLFkfr esa ugha gSA (c) O;fDrijd gS vkSj blhfy,
xf.krh; dFku ugha gSA(d) ,d iz'u gS u fd dFkuA

/;ku nhft, fd (f) O;kid :i esa vlR; gSA

2. P(1) : 13 + 5.1 dk 6 ,d xq.ku[k.M gSA

P(2) : 23 + 5.2 dk 6 ,d xq.ku[k.M gSA

P(k) : k3 + 5k dk 6 ,d xq.ku[k.M gSA

P(k+1) : (k + 1)3 + 5(k + 1) dk 6 ,d xq.ku[k.M gSA

3. (a) P(1) : 2 ≥  2

P(k) : 2k  
≥  k + 1

P(k + 1) : 2k+1 
≥  k + 2

(b) P(1) : 1 + x ≥  1 + x

P(k) : (1 + x)k  
≥  1 + kx

P(k + 1): (1 + x)k + 1
≥  1 + (k + 1)x

(c) P(1): 6, 6 ls foHkkT; gSA

P(k) : k(k + 1)(k + 2), 6 ls foHkkT; gSA

P(k + 1): (k + 1) (k + 2) (k + 3), 6 ls foHkkT; gSA

(d) P(1): (x – y), (x – y) ls foHkkT; gSA

P(k): (xk –yk), (x – y) ls foHkkT; gSA

P(k + 1): (xk + 1 –yk + 1), (x – y) ls foHkkT; gSA

(e) P(1): ab = ab

 P(k): (ab)k = a k  b k

 P(k+1): (ab) k+1 = a k+1. b k+1

(f) P(1) : 
15

7

3

1

5

1
++  ,d izkdr̀ la[;k gSA

P(k): 
15

7

35

35 kkk
++ ,d izkdr̀ la[;k gSA

P(k + 1): 
15

)1(7

3

)1(

5

)1( 35
+

+
+

+
+ kkk

,d izkdr̀ la[;k gSA

mÙkjekyk
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4. (a) P(1):
2

1

21

1
=

×

3

2

32

1

21

1
:)2( =

×

+

×

P

1 1 1
( ) : ...

1 2 2 3 ( 1) 1

k
P k

k k k
+ + + =

× × + +

2

1

)2)(1(

1

)1(

1
...

21

1
:)1(

+

+
=

++

+

+

++

×

+

k

k

kkkk
kP

(b)

[ ]
2

2

2

2

)1(1)1(2)12(...531:)1(

)12(...531:)(

231:)2(

11:)1(

+=−++−+++++

=−++++

=+

=

kkkkP

kkkP

P

P

(c) 2

2

2

2

(1) : 1 2 1(2)

(2) : (1 2) (2 3) 2(3)

( ) : (1 2) (2 3) ... ( 1) ( 1) .

( 1) : (1 2) (2 3) ... ( 1)( 2) ( 1)( 2)

P

P

P k k k k k

P k k k k k

× <

× + × <

× + × + + + < +

+ × + × + + + + < + +

(d)
1 1

(1) :
1 3 3

1 1 2
(2) :

1 3 3 5 5

1 1 1
( ) : ...

1 3 3 5 (2 1)(2 1) 2 1

1 1 1 1
( 1) : ...

1 3 3 5 (2 1)(2 3) 2 3

P

P

k
P k

k k k

k
P k

k k k

=

×

+ =

× ×

+ + + =

× × − + +

+
+ + + + =

× × + + +
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11

Øep; rFkk lap;Øep; rFkk lap;Øep; rFkk lap;Øep; rFkk lap;

,d fnu esjh bPNk jsyxkM+h ls cSaxyksj ls bykgkckn tkus dh gqbZA cSaxyksj ls bykgkckn rd dksbZ

lhèkh jsyxkM+h ugha gS] ijUrq cSaxyksj ls bVkjlh rFkk bVkjlh ls bykgkckn rd dh jsyxkfM+;k¡

gSaA eSaus jsyos le;&lkfj.kh esa ik;k fd nks xkfM+;k¡ cSaxyksj ls bVkjlh rFkk rhu xkfM+;k¡ bVkjlh

ls bykgkckn rd gSaA vc] eSa cSaxyksj ls bykgkckn rd fdruh fofèk;ksa ls ;k=k dj ldrk gw¡\

;g ,d x.ku leL;k gS tks xf.kr dh ,d 'kk[kk ^lap; foU;kl* ds vUrxZr vkrh gSA

eku yhft, vkids ikl ik¡p elkyksa ds fMCcs gSa ftUgsa vki viuh jlksbZ ds 'kSYQ ij Øe ls

yxkuk pkgrs gSaA vki pkgrs gSa fd mu fMCcksa esa ls rhu] ftudk iz;ksx vfèkd djrs gSa] rd igq¡p

vklku gks] ckdh nks rd igq¡p de gksA bl fLFkrh esa fMCcksa dk Øe egRoiw.kZ gSA vki bls fdruh

fofèk;ksa ls dj ldrs gSa\

,d nwljh fLFkfr ysaA ekuk vki vius ?kj dks jax djok jgs gSaA ;fn ,d fo'ks"k jax vFkok xgjk

jax miyCèk ugha gS] rks vki fHkUu&fHkUu jaxksa dks feykdj bl jax dks cuk ldrs gSaA tc bl

izdkj jax cuk, tkrs gSa] rks blesa feykus ds Øe ls dksbZ vUrj ugha iM+rkA ;g jaxkas dk lap;

;k p;u gS tks u;k jax fuèkkZj.k djrk gS u fd feykus dk ØeA

blh rjg dk ,d vU; mnkgj.k ysaA tc vki fdlh ;k=k ij tkrs gSa] rks vki vius lkjs diM+s

rks lkFk ugha ys tk ldrsA gks ldrk gS vkids ikl pkj dehtksa vkSj iSaV ds tksM+s gksa] ijUrq vki

dsoy 2 tksM+s ys tkuk pkgsaA ,slh fLFkfr esa vkidks 4 tksM+ksa esa ls 2 tksM+ksa dk p;u djuk gS vkSj

,slk djus esa tksM+ksa ds p;u ds Øe ls dksbZ vUrj ugha iM+rkA bu mnkgj.kksa esa] gesa mu p;uksa

dh la[;k Kkr djuh gS ftuesa ge ,slk dj ldrs gSaA

bl ikB esa] ge dqN ljy x.ku fofèk;ksa dh ppkZ djsaxs rFkk budk iz;ksx Åij tSlh ljy x.ku

leL;kvksa dks gy djus esa djsaxsA

     mís';  mís';  mís';  mís';

bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,¡xs %bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,¡xs %bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,¡xs %bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,¡xs %

• Kkr djuk fd nh xbZ oLrqvksa dks fdruh fofèk;ksa ls O;ofLFkr dj ldrs gSa

• ewyHkwr x.ku fl)kUr dk dFku nsuk
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• n! dks ifjHkkf"kr djuk rFkk n ds fHkUu&fHkUu ekuksa ds fy, bldk eku Kkr djuk

• Øep; dh O;k[;k foU;kl ds :i esa djuk rFkk n

r
P  dk vFkZ fy[kuk

•

!

( )!

n

r

n
P

n r
=

−
 dk dFku nsuk rFkk bldk iz;ksx iz'u gy djus esa djuk

• fl) djuk fd 1

1( ) ( 1) ( ) ( )n n n n

n n r r
i n P P ii P n r P

+

+
+ = = −

• lap; dh oLrqvksa ds pquus ds :i esa O;k[;k djuk rFkk nC
r
 dk vFkZ fy[kuk

• Øep; rFkk lap; esa vUrj crkuk

• lw= 
!

!( )!

n

r

n
C

r n r
=

−
 dh O;qRifÙk djuk rFkk bl ifj.kke dk iz'uksa dks gy djus esa iz;ksx

djuk

• lEcUèk !n n

r r
P r C= dh O;qRifÙk djuk

• lw= n n

r n rC C
−

=  lR;kfir djuk vkSj bldh O;k[;k djuk

• lw= 1n n n

r n r r
C C C

+

−
+ = dh O;qRifÙk djuk rFkk bls iz'uksa dks gy djus esa iz;ksx djuk

  iwoZ KkuiwoZ KkuiwoZ KkuiwoZ Kku

• la[;k fudk;

• pkj ewyHkwr lafØ;k,¡

  11.1 ewyHkwr x.ku fl)kUrewyHkwr x.ku fl)kUrewyHkwr x.ku fl)kUrewyHkwr x.ku fl)kUr

vc ge Hkwfedk esa pfpZr iz'u dks gy djrs gSaaA ge cSaxyksj ls bVkjlh rd dh xkfM+;ksa dks t
1
,

t
2
 rFkk bVkjlh ls bykgkckn rd dh xkfM+;ksa dks T

1
, T

2
, T

3
 ls iznf'kzr djsaxsA eku yhft,] eSa t

1

ls cSaxyksj ls bVkjlh rd dh ;k=k djrk gw¡A rc bVkjlh ls eSa T
1

, T
2
 ;k T

3
 ls ;k=k dj ldrk

gw¡A vr% laHkkouk,¡ t
1
T

1
, t

1
T

2
 rFkk t

1
T

3
 gSa tgk¡ t

1
T

1
 cSaxyksj ls bVkjlh rd t

1
 ls ;k=k rFkk bVkjlh

ls bykgkckn rd T
1 
ls ;k=k iznf'kZr djrk gSA blh izdkj] ;fn eSa t

2
 ls cSaxyksj ls bVkjlh rd

;k=k djrk gw¡] rc laHkkouk,¡ t
2
T

1
, t

2
T

2
 vFkok t

2
T

3
 curh gSaA vr,o cSaxyksj ls bykgkckn rd

;k=k djus dh dqy fofèk;k¡ 6 gSaA

;gk¡ gekjs ikl xkfM+;ksa dh la[;k de Fkh vkSj blhfy, ge lEHko fLFkfr;k¡ dh lwph cuk ik,A
;fn cSaxyksj ls bVkjlh rd 10 xkfM+;k¡ rFkk bVkjlh ls bykgkckn rd 15 xkfM+;k¡ gksrha] rc
;g dk;Z tfVy gks tkrkA ;gk¡ ewyHkwr x.ku fl)kUr ;k dsoy x.ku fl)kUr iz;ksx esa yk;k
tkrk gS %

;fn dksbZ ?kVuk;fn dksbZ ?kVuk;fn dksbZ ?kVuk;fn dksbZ ?kVuk m fofèk;ksa ls ?kfVr gks ldrh gS rFkk blds fdlh ,d fofèk ls ?kfVrfofèk;ksa ls ?kfVr gks ldrh gS rFkk blds fdlh ,d fofèk ls ?kfVrfofèk;ksa ls ?kfVr gks ldrh gS rFkk blds fdlh ,d fofèk ls ?kfVrfofèk;ksa ls ?kfVr gks ldrh gS rFkk blds fdlh ,d fofèk ls ?kfVr
gksus ds i'pkr~ ,d vU; ?kVuk gksus ds i'pkr~ ,d vU; ?kVuk gksus ds i'pkr~ ,d vU; ?kVuk gksus ds i'pkr~ ,d vU; ?kVuk n fofèk;ksa ls ?kfVr gks ldrh gS] rks nksuksa ?kVukvksafofèk;ksa ls ?kfVr gks ldrh gS] rks nksuksa ?kVukvksafofèk;ksa ls ?kfVr gks ldrh gS] rks nksuksa ?kVukvksafofèk;ksa ls ?kfVr gks ldrh gS] rks nksuksa ?kVukvksa
ds ,d lkFk ?kfVr gksus dh dqy fofèk;k¡ds ,d lkFk ?kfVr gksus dh dqy fofèk;k¡ds ,d lkFk ?kfVr gksus dh dqy fofèk;k¡ds ,d lkFk ?kfVr gksus dh dqy fofèk;k¡ nm×  gksaxhAgksaxhAgksaxhAgksaxhA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.1.  10 ls 95 rd 5 ds fdrus xq.kt gSa\

gy % gy % gy % gy % tSlk fd vki tkurs gSa fd 5 ds xq.kt os iw.kk±d gksrs gSa ftudk lcls nk;k¡ ¼vFkkZr~ bdkbZ

dk vad½ 0 rFkk 5 gSA
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nk;sa ls izFke vad 2 fofèk;ksa ls pquk tk ldrk gSA

f}rh; vad 1,2,3,4,5,6,7,8,9 esa ls dksbZ ,d gks ldrk gSA

vFkkZr~ f}rh; vad ds 9 fodYi gSaA

∴  10 ls 95 rd] 5 ds xq.ktksa dh la[;k 1892 =× A

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.2.   ,d uxj esa cl ekxZ la[;k ds fy,] 100 ls NksVh izkdr̀ la[;k ds lkFk

A,B,C,D,E rFkk F esa ls dksbZ v{kj fy[kk tkrk gSA ,sls fdrus fofHkUu cl ekxZ laHko gSa\

gy %gy %gy %gy % 1 ls 99 rd dh izkdr̀ la[;kvksa esa ls dksbZ ,d la[;k gks ldrh gSA

la[;k pquus ds 99 fodYi gSaA

v{kj 6 fofèk;ksa ls pqus tk ldrs gSaA

∴   dqy laHko cl ekxks± dh la[;k 594699 =× A

    ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.1

1. (a)3 vadksa okyh fdruh la[;k,¡ 5 dh xq.kt gSa\

(b) ,d flDdk rhu ckj mNkyk tkrk gSA dqy laHko ifj.kke fdrus gSa\

(c) ;fn vkids ikl 3 dehtsa vkSj 4 iSaV gSa vkSj dksbZ Hkh deht fdlh Hkh iSaV ds lkFk iguh
tk ldrh gSA fdruh fofèk;ksa ls vki deht&iSaV igu ldrs gSa\

2. (a) 4 iq#"k rFkk 12 efgykvksa ls nks fjDr in fdruh fofèk;ksa ls Hkjs tk ldrs gSa] tcfd ,d
in iq#"k rFkk nwljk in efgyk }kjk Hkjk tkuk gS\

(b) ,d i;ZVd] tyekxZ ls ,d vU; ns'k esa tkdj ok;qekxZ ls okfil ykSVuk pkgrh gSA
;fn tkus ds fy, 5 fHkUu ty;ku rFkk okfil vkus ds fy, 4 fHkUu ok;q;ku daifu;ksa ds
fodYi gSa] rks og fdruh fof/k;ksa ls viuh ;k=k lEiUu dj ldrh gSA

vc rd geus x.ku fl)kUr dk iz;ksx nks ?kVukvksa ds fy, fd;k gSA fdUrq bls 3 ;k vfèkd
?kVukvksa ds fy, Hkh iz;ksx fd;k tk ldrk gS] tSlk fd vki fuEu mnkgj.kksa esa ns[k ldrs gSa%

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.3.   ,d iz'u i= esa 3 iz'u gSaA ;fn bu iz'uksa ds Øe'k% 4,3 rFkk 2 gy gksa] rks gyksa
dh       dqy la[;k Kkr dhft,A

gy % gy % gy % gy % ;gk¡ ij igys iz'u 1 ds 4 gy gSaA

nwljs iz'u ds 3 gy gSa rFkk rhljs iz'u ds 2 gy gSaA

∴ x.ku fl)kUr }kjk]

gyksa dh dqy la[;k =  234 ×× =  24

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.4.   'kCn ROTOR. ij fopkj dhft,A bls vki pkgsa ck;sa ls i<+sa ;k nk;sa ls i<+sa] ogh
'kCn feysxkA ,sls 'kCn dks iSfyuMªkse (palindrome) dgk tkrk gSA 5 v{kjksa ds
iSfyuMªkseksa dh lEHkkfor vfèkdre la[;k Kkr dhft,A
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gygygygy : D;ksafd vaxzsth o.kZekyk esa 26 v{kj gSa] blfy,

nk;sa ls izFke v{kj dk p;u 26 fofèk;ksa ls dj ldrs gSaA

bl p;u ds i'pkr~ f}rh; v{kj dk Hkh p;u 26 fofèk;ksa ls fd;k tk ldrk gSA

∴  igys nks v{kjksa dk p;u 6762626 =×  fofèk;ksa ls fd;k tk ldrk gSA

izFke nks v{kjksa ds p;u ds ckn rhljs v{kj dk Hkh p;u 26 fofèk;ksa ls fd;k tk ldrk gSA

∴rhuksa v{kjksa ds p;u dh dqy fofèk;k¡ 1757626676 =×

pkSFkk v{kj ogh gS tks nwljk v{kj gS rFkk ik¡pok¡ v{kj ogh gS tks igyk v{kj gSA

∴ik¡p v{kjksa okys iSfyuMªkseksa dh vfèkdre lEHkkfor la[;k = 17576

fVIi.kh %fVIi.kh %fVIi.kh %fVIi.kh %    mnkgj.k 11-4 esa geus 5&v{kj dks iSfyuMªkseksa dh vfèkdre lEHkkfor la[;k Kkr dh
gSA ;g la[;k 17576 ls vfèkd ugha gks ldrhA ijUrq bldk vFkZ ;g ugha gS fd 17576 iSfyuMªkse
gSa] D;ksafd dqN p;u CCCCC dh rjg gSa tks vaxzsth Hkk"kk esa fujZFkd 'kCn ekus tkrs gSaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.5.    vadksa 1,4,7,8 rFkk 9 ls 3 vadksa okyh fdruh la[;k,¡ cukbZ tk ldrh gSa] ;fn vadksa
      dks nksgjk;k u tk,\

gygygygy : rhu vadksa dh la[;k esa bdkbZ] ngkbZ rFkk lSadM+s ds LFkku gksrs gSaA

fn, x, 5 vadksa esa ls bdkbZ dk LFkku dksbZ Hkh vad ys ldrk gSA

,slk 5 fofèk;ksa ls fd;k tk ldrk gSA ... (i)

bdkbZ dk LFkku Hkjus ds ckn] pkj vad cprs gSa rFkk buesa ls dksbZ ,d vad ngkbZ dk LFkku ys ldrk
gSA

;g 4 fofèk;ksa ls fd;k tk ldrk gSA ... (ii)

ngkbZ dk LFkku Hkjus ds ckn] lSdM+s ds LFkku ij cps gq, 3 vadksa esa ls dksbZ Hkh vad fy;k tk
ldrk gSA ,slk 3 fofèk;ksa ls fd;k tk ldrk gSA ... (iii)

∴  x.ku fl)kUr ls] 3 vadksa okyh la[;kvksa dh la[;k = 345 ××  =  60

vkb, vc ge x.ku ds O;kid fl)kUr x.ku ds O;kid fl)kUr x.ku ds O;kid fl)kUr x.ku ds O;kid fl)kUr dk dFku nsa %

;fn;fn;fn;fn n ?kVuk,¡ gSa rFkk izFke ?kVuk ?kVuk,¡ gSa rFkk izFke ?kVuk ?kVuk,¡ gSa rFkk izFke ?kVuk ?kVuk,¡ gSa rFkk izFke ?kVuk 1m  fofèk;ksa ls ?kfVr gks ldrh gS] igyh ?kVuk dsfofèk;ksa ls ?kfVr gks ldrh gS] igyh ?kVuk dsfofèk;ksa ls ?kfVr gks ldrh gS] igyh ?kVuk dsfofèk;ksa ls ?kfVr gks ldrh gS] igyh ?kVuk ds

?kfVr gksus ds i'pkr~ nwljh ?kVuk?kfVr gksus ds i'pkr~ nwljh ?kVuk?kfVr gksus ds i'pkr~ nwljh ?kVuk?kfVr gksus ds i'pkr~ nwljh ?kVuk 2m  fofèk;ksa ls ?kfVr gks ldrh gS] nwljh ?kVukfofèk;ksa ls ?kfVr gks ldrh gS] nwljh ?kVukfofèk;ksa ls ?kfVr gks ldrh gS] nwljh ?kVukfofèk;ksa ls ?kfVr gks ldrh gS] nwljh ?kVuk

?kfVr gksus ds i'pkr~ rhljh ?kVuk?kfVr gksus ds i'pkr~ rhljh ?kVuk?kfVr gksus ds i'pkr~ rhljh ?kVuk?kfVr gksus ds i'pkr~ rhljh ?kVuk 3m  fofèk;ksa ls ?kfVr gks ldrh gS bR;kfn] rks lHkhfofèk;ksa ls ?kfVr gks ldrh gS bR;kfn] rks lHkhfofèk;ksa ls ?kfVr gks ldrh gS bR;kfn] rks lHkhfofèk;ksa ls ?kfVr gks ldrh gS bR;kfn] rks lHkh

n ?kVukvksa ds ?kfVr gksus dh dqy fofèk;k¡?kVukvksa ds ?kfVr gksus dh dqy fofèk;k¡?kVukvksa ds ?kfVr gksus dh dqy fofèk;k¡?kVukvksa ds ?kfVr gksus dh dqy fofèk;k¡ 1 2 1n nm m m m
−

× × × ×K gSaAgSaAgSaAgSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.6. eku yhft, fd vki LFkku A ls LFkku B rd 3 clksa ls] LFkku B ls LFkku C rd 4
clksa ls] LFkku C ls LFkku D rd 2 clksa ls rFkk LFkku D ls LFkku E rd 3 clksa

ls ;k=k dj ldrs gSaA fdruh fofèk;ksa ls vki A ls E rd ;k=k dj ldrs gSa?

gygygygy : A ls B rd dh cl dk p;u 3 izdkj ls fd;k tk ldrk gSA

B ls C rd dh cl dk p;u 4 izdkj ls fd;k tk ldrk gSA
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C ls D rd dh cl dk p;u 2 izdkj ls fd;k tk ldrk gSA

D ls E rd dh cl dk p;u 3 izdkj ls fd;k tk ldrk gSA

A ls E rd ;k=k djus dh dqy fofèk;k¡ =3 4 2 3× × ×  = 72

        ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.2

1. (a) 6& v{kj iSfyuMªkseksa dh vfèkdre la[;k D;k gS\

(b) 6 vadksa okyh iSfyuMªksfed la[;kvksa dh la[;k D;k gS] ftuds izFke vad 'kwU; ugha gS\

2. (a) ,d fo|ky; esa 5 vaxzsth ds vè;kid] 7 fgUnh ds vè;kid rFkk 3 Ýsap Hkk"kk ds
vè;kid gSaA ,d rhu lnL;h; lfefr dk xBu djuk gS] ftlesa ,d vè;kid izR;sd
Hkk"kk dk gksuk pkfg,A fdruh fofèk;ksa ls ;g fd;k tk ldrk gS\

(b) ,d egkfo|ky; fo|kFkhZ la?k ds pquko esa] 4 fo|kFkhZ vè;{k] 5 fo|kFkhZ mikè;{k rFkk
3 Nk= lfpo in ds izR;k'kh gSaA lEHko ifj.kkeksa dh la[;k Kkr dhft,A

3. (a) vadksa 1,2,5,6,8 ls 3 vadksa okyh 600 ls cM+h fdruh la[;k,¡ cukbZ tk ldrh gSa] ;fn
dksbZ Hkh vad 1 ls vfèkd ckj u vk,\

(b) ,d O;fDr 4 ihfj;Mksa dh le;&lkj.kh cukuk pkgrk gSA mls izR;sd fo"k; vaxzsth]
xf.kr] vFkZ'kkL= rFkk dkWelZ dks ,d ihfj;M nsuk gSA og fdruh fHkUu&fHkUu le;&lkjf.k;k¡
cuk ldrk gS\

 11.2 Øep;Øep;Øep;Øep;

eku yhft, fd vki viuh iqLrdksa dks 'kSYQ ij Øe ls yxkuk pkgrs gSaA ;fn vkids ikl dsoy
,d gh iqLrd gS] rks mldks O;ofLFkr djus dh ,d gh fofèk gSA ;fn vkids ikl nks iqLrdsa
gSa&,d bfrgkl rFkk ,d Hkwxksy dh] rks vki Hkwxksy dh iqLrd igys] fQj bfrgkl dh GH vFkok
bfrgkl dh iqLrd igys] fQj Hkwxksy dh HG j[k ldrs gSaA nwljs 'kCnksa esa] nks iqLrdsa nks Øeksa
ls O;ofLFkr dh tk ldrh gSaA

vc eku yhft, fd vki ,d xf.kr dh Hkh iqLrd vkSj lfEefyr djuk pkgrs gSaA bfrgkl rFkk
Hkwxksy dh iqLrdsa nks esa ls fdlh ,d fofèk tSls GH ds Øe esa O;ofLFkr djus ds i'pkr~] vki
xf.kr dh iqLrd fuEu fofèk;ksa esa ls fdlh Hkh ,d fofèk ls j[k ldrs gSa %

MGH, GMH vFkok GHMA blh izdkj] HG ds laxr vkids ikl iqLrdksa ds Øe dh 3 fofèk;k¡
vkSj gSaA vr% x.ku ds fl)kUr ls vki xf.kr] Hkwxksy vkSj bfrgkl dh iqLrdksa dks 3 2× = 6 Øeksa
esa O;ofLFkr dj ldrs gSaA

Øep; Øep; Øep; Øep; ls gekjk rkRi;Z oLrqvksa ds ,d fuf'pr Øe esa fd, x, foU;kl ls gksrk gSA mijksDr
mnkgj.k esa] ge ,d iqLrd] nks iqLrdksa vFkok rhu iqLrdksa dh ppkZ dj jgs FksA O;kid :i esa]
;fn vki n oLrqvksa ds Øep; dh la[;k Kkr djuk pkgrs gSa] tgk¡ 1≥n ] rks bls vki dSls dj
ldrs gSa\ gesa ns[kuk gS fd D;k bldk mÙkj lEHko gS\

iqLrdksa ds lEcUèk esa tks geus ns[kk mlh izdkj ,d oLrq dk Øep; 1] nks oLrqvksa ds Øep;

12×  rFkk rhu oLrqvksa ds Øep; 123 ××  gSaA ;g gks ldrk gS fd n oLrqvksa ds Øep;
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12...)2()1( ×××−×−× nnn  gSaA okLro esa] ;g ,sls gh gS] tSlk fd vki rc ns[ksaxs tc ge

fuEu ifj.kke fl) djsaxsA

 izes;izes;izes;izes; 11.1   n oLrqvksa ds dqy Øep;ksa dh la[;k n (n – 1) ....2.1 gksrh gSA

miifÙkmiifÙkmiifÙkmiifÙk : igyk LFkku ge n fHkUu fofèk;ksa ls Hkj ldrs gSaA blds Hkjus ds i'pkr~] nwljk LFkku
ge 'ks"k (n–1) oLrqvksa ls Hkj ldrs gSa rFkk ;g ge (n–1) fofèk;ksa ls dj ldrs gSaA blh izdkj]
igys nks LFkku Hkjus ds ckn rhljk LFkku  (n–2) fofèk;ksa ls Hkjk tk ldrk gS rFkk bl izdkj ge
djrs tk,¡xsA vUr esa vfUre LFkku ge 'ks"k cph ,d oLrq ls ,d fofèk ls HkjsaxsA

x.ku fl)kUr dk iz;ksx djrs gq,] Øep;ksa dh dqy la[;k gSa%

( )( ) .1.2........21 −− nnn .....(11.1)

xq.kuQy n (n – 1) ... 2.1 xf.kr esa izk;% vkrk jgrk gSA vr% bls ,d uke rFkk ladsr nsus dh

vko';drk gSA lkekU;r% bls ge n! ¼vFkok n ½ ls O;Dr djrs gSa rFkk n ^QSDVksfj;y* i<+rs gSaA

vr%] n! = n (n – 1) ... 3.2.1

bl ladsr ls vkidks ifjfpr djkus ds fy,] ge ,d mnkgj.k ysrs gSa%

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.7.   eku Kkr dhft, % (a) 3! (b) 2! + 4! (c) !3!2 ×

gygygygy : (a) 6123!3 =××=

(b) 212!2 =×=

 241234!4 =×××=

∴ 26242!4!2 =+=+

(c) 2! 3! 2 6 12× = × =

è;ku nhft, fd n! fuEu lEcUèk dks lUrq"V djrk gS %

( )! 1 !n n n= × − ... (11.2)

;g blfy, gS] D;ksafd n (n – 1)! = n [(n – 1) . (n – 2)... 2.1] = n . (n – 1) . (n – 2) ...2.1 = n!

fuLlUnsg] mijksDr lEcUèk dsoy 2≥n  ds fy, gh oSèk gS D;ksafd vHkh rd 0! ifjHkkf"kr ugha fd;k
gSA vkb, ns[ksa fd D;k 0! dks mijksDr lEcUèk ls esy [kkrs gq, ifjHkkf"kr dj ldrs gSaA okLro
esa] ;fn ge 0! = 1 ifjHkkf"kr dj nsa] rks n = 1 ds fy, Hkh lEcUèk ... (11.2) oSèk gks tk,xkA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.8.   eku yhft, fd vki viuh vaxzsth] fgUnh] xf.kr] bfrgkl] Hkwxksy rFkk foKku
dh iqLrdksa dks 'kSYQ ij O;ofLFkr djuk pkgrs gSaA bls vki fdruh fofèk;ksa ls
dj ldrs gSa\

gygygygy : gesa 6 iqLrdksa dks O;ofLFkr djuk gSA

n oLrqvksa ds Øep;ksa dh la[;k gS % n! = n. (n – 1) . (n – 2) ... 2.1

∴ 6 oLrqvksa ds Øep;ksa dh la[;k = 6.5.4.3.2.1 = 720
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     ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.3

1. (a) eku Kkr dhft, : (i) 6!    (ii) 7!     (iii) 7! + 3!    (iv) 6! ×  4!     (v) 
!2!.3

!5

(b) fuEu esa ls dkSu&dkSu ls dFku lR; gaS\

(i) 2!× 3! = 6! (ii)  2! + 4! = 6!

(iii)  3!,  4! dks iwjk foHkkftr djrk gSA

(iv)  4! −  2! = 2!

2. (a) 5 fo|kFkhZ ,d 'k;ukxkj esa Bgjs gSaA fdruh fofèk;ksa ls vki mudks 5 fcLrj vkoafVr
dj ldrs gSa\

(b) fdruh fofèk;ksa ls 'kCn ‘TRIANGLE’ ds v{kj O;ofLFkr fd, tk ldrs gSa\

(c) vadksa 1, 2, 3, 4 ls pkj vadksa dh fdruh fHkUu la[;k,¡ cukbZ tk ldrh gSa] tcfd izR;sd
la[;k ds lHkh vad fHkUu gksa\

 11.3      n oLrqvksa esa lsoLrqvksa esa lsoLrqvksa esa lsoLrqvksa esa ls r oLrqvksa dk Øep;oLrqvksa dk Øep;oLrqvksa dk Øep;oLrqvksa dk Øep;

eku yhft, fd vkids ikl 5 dgkfu;ksa dh iqLrdsa gSaA vki bUgsa vk'kk] v[rj vkSj tlfoUnj
esa ck¡Vuk pkgrs gSaA vki bls fdruh fofèk;ksa ls dj ldrs gSa\ vki ik¡p iqLrdksa esa ls dksbZ Hkh
iqLrd vk'kk dks ns ldrs gSaA mlds i'pkr~] 'ks"k pkj iqLrdksa esa ls dksbZ Hkh iqLrd v[rj dks
ns ldrs gSaA mlds ckn 'ks"k rhu iqLrdksa esa ls dksbZ Hkh iqLrd tlfoUnj dks ns ldrs gSaA vr%]
x.ku fl)kUr ls] vki iqLrdksa dks 5×4×3=60 fofèk;ksa ls ck¡V ldrs gSaA

vf/kd O;kid :i esa eku yhft, vkidks n oLrqvksa esa ls r oLrq,¡ O;ofLFkr djuh gSaA bls vki fdruh
fofèk;ksa ls dj ldrs gSa\ vkb, bls ,d fHkUu rjhds ls ns[ksaA eku yhft, fd vkids ikl n oLrq,¡ gSa
vkSj buesa ls r oLrqvksa dks r cDlksa esa O;ofLFkr djuk gS] rkfd ,d cDls esa ,d oLrq jgsA

n r –  + 1 fof/;k¡n – 1 fof/;k¡n fof/;k¡

r cDls

fp=fp=fp=fp= 11.1

eku yhft, fd ,d cDlk gSA rc] r = 1 gSA vki n oLrqvksa esa ls dksbZ oLrq blesa j[k ldrs gSaA
;g n fofèk;ksa ls fd;k tk ldrk gSA ;fn nks cDls gSa] vFkkZr~ r = 2 gS] rks vki n oLrqvksa esa ls dksbZ
,d igys cDls esa j[kdj mlds i'pkr~ (n – 1) oLrqvksa esa ls fdlh dks nwljs cDls esa j[k ldrs
gSaA x.ku fl)kUr ls] nksuksa cDls n (n – 1) fofèk;ksa ls Hkjs tk ldrs gSaA blh izdkj] rhu cDls
n (n – 1) (n – 2) fofèk;ksa ls Hkjs tk ldrs gSaA O;kid :i esa] gekjs ikl fuEu izes; gS %

 izes;izes;izes;izes; 11.2  n oLrqvksa esa ls r oLrqvksa ds Øep;ksa dh la[;k n (n–1)L(n – r + 1) gksrh gSA

n oLrqvksa ls r oLrqvksa ds Øep;ksa dh la[;k dks lkekU;r% 
r

n
P  ls O;Dr fd;k tkrk gSA

bl izdkj] ( )( ) ( )1...21 +−−−= rnnnnPr

n ... (11.3)
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miifÙkmiifÙkmiifÙkmiifÙk : eku yhft, fd gesa] n fHkUu&fHkUu oLrqvksa esa ls r oLrqvksa dks O;ofLFkr djuk gSA okLro
esa] ,slk djuk] n oLrqvksa esa ls ,d&,d ysdj r LFkkuksa ds Hkjus ds leku gSA

igyk LFkku n fHkUu&fHkUu fofèk;ksa ls Hkjk tk ldrk gSA ,slk djus ds ckn] nwljs LFkku ij 'ks"k
(n –1) oLrqvksa esa ls dksbZ ,d oLrq Hkjh tk ldrh gS vkSj ;g (n–1) fofèk;ksa ls gks ldrk gSA blh
izdkj] rhljk LFkku (n – 2) fofèk;ksa ls Hkjk tk ldrk gS vkSj bl rjg ge djrs jgsaxs tc rd
fd vfUre LFkku u vk tk,A vc rd ge r–1 LFkku Hkj pqds gSaA vr% gekjs ikl  [n – (r – 1)],

vFkkZr~ (n – r + 1) oLrq,¡ gSa vkSj buesa ls fdlh ls Hkh rok¡ LFkku Hkjk tk ldrk gSA ;g (n – r

+ 1) fofèk;ksa ls fd;k tk ldrk gSA

x.ku fl)kUr }kjk] n oLrqvksa esa ls r oLrqvksa ds Øep;ksa dh la[;k )1...().........2()1( +−−− rnnnn  gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.9.   eku Kkr dhft, : (a) 4P
2
    (b) 6P

3
    (c) 

2

3

3

4

P

P
    (d) 6 5

3 2P P×

gygygygy : (a) .1234)14(42

4
=×=−=P

(b) .120456)26()16(63

6
=××=−−=P

(c) 4
23

234

)13(3

)24()14(4

2

3

3

4

=

×

××
=

−

−−
=

P

P

(d) 6 5

3 2 6 (6 1) (6 2) 5 (5 1)P P× = − − × − 45456 ××××=  =  2400

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.10.   ;fn vkids ikl 6 uoo"kZ cèkkbZ i= gSa vkSj vki vius 4 fe=ksa dks uoo"kZ cèkkbZ
i= Hkstuk pkgrs gSa] rks ,slk fdruh fofèk;ksa ls fd;k tk ldrk gS\

gygygygy : gesa 6 oLrqvksa esa ls 4 oLrqvksa ds Øep;ksa dh la[;k Kkr djuh gSA

;g la[;k 3603.4.5.6)36()26()16(64

6
==−−−=P

vr%] cèkkbZ i= 360 fofèk;ksa ls Hksts tk ldrs gSaA
nP

r
, ds lw=] vFkkZr~

nP
r
 = n (n – 1) ... (n – r + 1) ij fopkj dhft,A

;g n! ds xq.kuQy esa ls inksa n – r, n – r – 1,...,2, 1 dks gVkus ls izkIr fd;k tk ldrk gSA

bu inksa dk xq.kuQy = (n – r) (n – r – 1) ...2.1 = (n – r)!

vc 
)!(

!

rn

n

−
  =  

1.2...)1()(

1.2...)()1)...(2()1(

−−−

−+−−−

rnrn

rnrnnnn
 =  )1(...)2()1( +−−− rnnnn  =  

r

n
P

vr%] QSDVksfj;y ladsr dk iz;ksx djrs gq,] ge bls fy[k ldrs gSa % 
)!(

!

rn

n
Pr

n

−

=   ... (11.4)

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.11.   
0P

n  dk eku Kkr dhft,A

gygygygy : ;gk¡ r = 0 gSA

lEcUèk 11.4 }kjk 
!

!
0

n

n
P

n
=  = 1



xf.kr 231

Øep; rFkk lap;

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.12.   n'kkZb, fd (n + 1) nP
r

=  n+1P
r+1 

gksrk gSA

gygygygy : (n + 1) nP
r

=  
)!(

!
)1(

rn

n
n

−

+  = 
)!(

!)1(

rn

nn

−

+

= 
( ) ( )[ ] !11

!)1(

+−+

+

rn

n
 [ n – r dks [(n + 1) – (r + 1) ds :i esa fy[kus ij]

=  n+1P
r+1

(ifjHkk"kk ls)

     ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.4

1. (a) eku Kkr dhft, % (i) 
2

4
P        (ii) 

3

6
P        (iii) 

2

3

3

4

P

P
       (iv)  6 5

3 2P P×         (v)  
n

n
P

(b) tk¡p dhft, fd fuEufyf[kr dFkuksa esa ls dkSu ls dFku lR; gSa vkSj dkSu ls vlR;\

(i) 5 6

2 26 P P× = (ii) 7 7

3 44 P P× =

(iii) 3 4 12

2 2 4P P P× = (iv) 3 4 7

2 2 4P P P+ =

2. (a) (i) vaxzstha esa 3 v{kjksa ls cus 'kCnksa dh vfèkdre la[;k D;k gS] ftuesa dksbZ Loj ugha gSA

(ii) vaxzsth esa 3 v{kjksa ls cus 'kCnksa dh vfèkdre la[;k D;k gS ftuesa dsoy ‘a’ ds vfrfjDr
dksbZ vkSj Loj ugha gS\

(b) eku yhft, fd vkids ?kj esa 2 iyax vkSj 5 pknjsa gSaA vki fdruh rjg ls iyaxksa ij
pknjsa fcNk ldrs gSa\

(c) vki nhokyh ds 7 dkMks± esa ls 4 fe=ksa dks nhokyh ij cèkkbZ Hkstuk pkgrs gSaA vki ,slk
fdruh fofèk;ksa ls dj ldrs gSa\

3. n'kkZb;s fd 
n

n

n

n
PP =

−1
 gSA

4. n'kkZb;s fd 
1)(

+
=− r

n

r

n
PPrn gSA

 11.4 dqN izfrcUèkksa ds vUrxZr Øep;dqN izfrcUèkksa ds vUrxZr Øep;dqN izfrcUèkksa ds vUrxZr Øep;dqN izfrcUèkksa ds vUrxZr Øep;

vc ge Øep;ksa ls lEcfUèkr dqN mnkgj.k ns[ksaxs ftuesa dqN vfrfjDr izfrcUèk yxs gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.13.  eku yhft, fd 7 fo|kFkhZ ,d 'k;ukxkj esa Bgjs gSa vkSj mUgsa 7 iyax vkcafVr

fd, x, gSaA muesa ls izoh.k] vatw ds fudV ds iyax dks ugha pkgrk] D;ksafd vatw [kjkZVs Hkjrh

gSA vki fdruh fofèk;ksa ls iyax vkcafVr dj ldrs gSa\

gygygygy : eku yhft, fd iyaxksa fd la[;k 1 ls 7 rd gSA

fLFkfrfLFkfrfLFkfrfLFkfr 1 : ;fn vatw dks iyax la[;k 1 fn;k x;k gS] rks izoh.k dks iyax la[;k 2 ugha fn;k tk
ldrkA blfy, izoh.k dks iyax 5 fofèk;ksa ls vkcafVr fd;k tk ldrk gSA izoh.k ds vkcaVu ds
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i'pkr~] 'ks"k 5 iyaxksa esa ls 'ks"k fo|kfFkZ;ksa dks 5! fofèk;ksa ls iyax vkcafVr fd, tk ldrs gSaA

vr%] bl fLFkfr esa iyaxksa ds vkcaVu dh fof/k;ksa dh la[;k 5 5! 600× =

fLFkfrfLFkfrfLFkfrfLFkfr 2 : vatw dks iyax la[;k 7 fn;k x;k gSA rc izoh.k dks iyax la[;k 6 ugha fn;k tk
ldrk  gSA tSlk fd fLFkfr 1 esa gS] vkcaVuksa dh la[;k = 600

fLFkfrfLFkfrfLFkfrfLFkfr 3 : vatw dks iyax la[;k 2,3,4,5 vFkok 6 esa ls dksbZ iyax fn;k x;k gSA rc izoh.k dks
mlds ck,¡ vkSj nk,¡ dk iyax ugha fn;k tk ldrk gSA mnkgj.kkFkZ] ;fn vatw dks iyax
la[;k 2 fn;k x;k gks] rks izoh.k dks iyax la[;k 1 rFkk 3 ugha fn, tk ldrs gSaA

vr%] izR;sd voLFkk esa izoh.k dks 4 fofèk;ksa ls iyax fn;k tk ldrk gSA

vr%] bl fLFkfr esa vkcaVuksa dh la[;k = 480!54 =×

vr%] dqy vkcaVuksa dh la[;k = (2 600 5 480) (1200 2400) 3600× + × = + =

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.14.    ,d i'kq izf'k{kd 5 'ksj vkSj 4 phrs ,d iafDr esa fdruh fofèk;ksa ls [kM+k
dj ldrk gS rkfd nks 'ksj ,d lkFk u jgsa\

gy % gy % gy % gy % mUgsa fuEu fofèk ls O;ofLFkr djuk gS %

L T L T L T L T L

5 'ksj 5 LFkkuksa] ftUgsa L ls fn[kk;k x;k gS] esa O;ofLFkr djus gSaA ;g 5! fofèk;ksa ls fd;k tk ldrk gSA

4 phrs 4 LFkkuksa] ftUgsa T ls fn[kk;k x;k gS] esa O;ofLFkr djus gSaA ;g 4! fofèk;ksa ls fd;k tk ldrk gSA

blfy, 'ksj vkSj phrs 5! 4!×  fof/k;ksa 2880=  fofèk;ksa ls O;ofLFkr fd, tk ldrs gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.15.  ifj;ksa dh dgkfu;ksa ij 4 iqLrdksa] 5 miU;kl vkSj 3 ukVd dh iqLrdksa dks
fdruh fofèk;ksa ls O;ofLFkr fd;k tk ldrk gS fd ifj;ksa dh dgkuh dh iqLrdsa
,d lkFk] miU;kl ,d lkFk rFkk ukVd ,d lkFk jgsa vkSj Øe ifj;ksa dh
dgkuh] miU;kl rFkk ukVd gksA

gy %gy %gy %gy % ifj;ksa dh dgkuh dh 4 iqLrdsa gSa vkSj mUgsa ,d lkFk j[kuk gSA ;g 4! fofèk;k¡ ls fd;k tk ldrk gSA

blh izdkj] 5 miU;kl gSaA bUgsa 5! fofèk;ksa ls O;ofLFkr fd;k tk ldrk gSA

lkFk gh] 3 ukVd gSaA bUgsa 3! fofèk;ksa ls j[kk tk ldrk gSA

vr%] x.ku ds fl)kUr ls] lcdks lkFk j[kus dh dqy fof/k;ksa dh la[;k = 4! 5! 3!× ×  = 17280

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.16.    eku yhft, fd ifj;ksa dh dgkuh dh 4 iqLrdsa] 5 miU;kl rFkk 3 ukVd
gSa] tSlk mnkgj.k 11.15 esa gSA mUgsa bl izdkj O;ofLFkr djuk gS fd ifj;ksa dh
dgkuh dh iqLrdsa ,d lkFk jgsa] miU;kl ,d lkFk jgsa rFkk ukVd ,d lkFk jgsa]
ijUrq vc ge ;g ugha pkgrs fd mudk dksbZ fof'k"V Øe gksA fdruh fofèk;ksa
ls ;g fd;k tk ldrk gS\

gygygygy : vkb, igys ge ifj;ksa dh dgkuh dh iqLrdksa] miU;klksa rFkk ukVdksa dks ,d&,d oLrq eku ysaA

bu rhu oLrqvksa ds foU;kl = 3! = 6
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vc ge buesa ls ,d fof'k"V Øe ekuk miU;kl→ifj;ksa dh dgkuh→ukVd] ysrs gSaA

bl Øe esa] ,d fo"k; dh iqLrdsa fuEu izdkj ls O;ofLFkr dh tk ldrh gSa % miU;kl dh 5

iqLrdsa 5! = 120 fofèk;ksa ls O;ofLFkr dh tk ldrh gSaA

ifj;ksa dh dgkuh dh 4 iqLrdksa dks ge 4! = 24 fofèk;ksa ls O;ofLFkr dj ldrs gSa rFkk

3 ukVd 3!= 6 fofèk;ksa ls O;ofLFkr fd, tk ldrs gSaA

bl fof'k"V Øe esa dqy Øep;ksa dh la[;k = 120 24 6 17280× × =

∴ 6 lEHkkfor Øeksa ds fy, dqy Øep;ksa dh la[;k = 6 17280 103680× =

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.17.  fdruh fofèk;ksa ls 4 yM+fd;ksa rFkk 5 yM+dksa dks ,d iafDr esa [kM+k fd;k tk

ldrk gS rkfd pkjksa yM+fd;k¡ bdV~Bh jgsa\

gygygygy : eku yhft, fd 4 yM+fd;ksa dk ,d lewg gS bl lewg ds lkFk 5 yM+ds feydj 6 bdkbZ
cu tkrs gSaA bUgsa 6! fofèk;ksa ls [kM+k fd;k tk ldrk gSA

ijUrq 4 yM+fd;ksa dks vkil esa 4! fofèk;ksa ls [kM+k fd;k tk ldrk gSA

∴ dqy Øep;ksa dh ok¡fNr la[;k = 6! ×  4! = 720 ×  24 = 17280

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.18.   ‘BENGALI’ 'kCn ds v{kjksa dks fdrus izdkj ls O;ofLFkr fd;k tk ldrk gS] ;fn

                Loj ges'kk bdV~Bs gksa\

gygygygy : 'kCn 'BENGALI' esa 7 v{kj gSa] ftuesa ls 3 Loj rFkk 4 O;atu gSaA

Loj a, e, i dks ,d v{kj ekudj ge 4+1 v{kjksa dks 5! fofèk;ksa ls O;ofLFkr dj ldrs gSaA
ftuesa Loj lnk bdV~Bs jgsaxsA bu 3 Lojksa dks vkil esa 3! fofèk;ksa ls O;ofLFkr dj ldrs
gSaA vr% dqy 'kCnksa dh la[;k = 5! ×  3! = 120 ×  6 = 720

     ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.5

1. Jh xqIrk] Jherh xqIrk vius pkj cPpksa ds lkFk ;k=k dj jgs gSaA mUgsa nks uhps dh 'kkf;dk,¡]
nks chp dh 'kkf;dk,¡ rFkk nks Åij dh 'kkf;dk,¡ vkcafVr dh xbZ gSaA Jh xqIrk ds ?kqVus
dk vkWijs'ku gqvk gSA blfy, mUgsa uhps dh 'kkf;dk pkfg,A Jherh xqIrk ;k=k ds nkSjku
vkjke djuk pkgrh gSaA blfy, mUgsa Åij dh 'kkf;dk pkfg,A fdruh fofèk;ksa ls ifjokj
}kjk 'kkf;dk,¡ vkil esa ck¡Vh tk ldrh gSa\

2. 'kCn UNBIASED ij fopkj dhft,A bl 'kCn ds v{kjksa ls fdrus 'kCn cuk, tk ldrs
gSa] ftuesa dksbZ nks Loj ,d lkFk u jgsa\

3. 4 xf.kr dh iqLrdsa] 5 vaxzsth dh iqLrdsa vkSj 6 foKku dh iqLrdsa gSaA bUgsa fdruh fofèk;ksa
ls O;ofLFkr fd;k tk ldrk gS] ;fn ,d fo"k; dh iqLrd lkFk jgsa vkSj mudk Øe xf.kr
→  vaxzsth →  foKku gks\
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4. 3 HkkSfrdh] 4 jlk;u] 5 ouLifr foKku rFkk 3 tarq foKku dh iqLrdsa gSaA bUgsa vki fdruh
fofèk;ksa ls O;ofLFkr dj ldrs gSa] rkfd ,d fo"k; dh iqLrdsa lnSo ,d lkFk jgsa\

5. 4 yM+dksa vkSj 3 yM+fd;ksa dks 7 dqflZ;ksa ij bl izdkj cSBkuk gS fd nks yM+ds bdV~Bs u
cSBsaA ,slk fdruh fofèk;ksa ls fd;k tk ldrk gS\

6. fuEu voLFkkvksa esa 'kCn ‘TENDULKAR’ ds v{kjksa ls fdrus Øep; cu ldrs gSa\

(i) T ls vkjEHk rFkk R ij lekIr (ii) Loj lnk bdV~Bs jgsa (iii) Loj dHkh bdV~Bs u gksa

 11.5  lap; lap; lap; lap;

vkb, Hkwfedk esa of.kZr mnkgj.k ij fQj fopkj djsaA eku yhft, fd vkids ikl deht vkSj
iSUV ds 4 lsV ¼tksM+s½ gSaA tc vki ;k=k ij tk jgs gSa] rks nks lsV lkFk ys tkuk pkgrs gSaA ;g
dk;Z fdruh fofèk;ksa ls fd;k tk ldrk gS\

eku yhft, fd ge lsVksa dks S
1
, S

2
, S

3
, S

4
 ls O;Dr djrs gSaA rc nks tksM+ksa dk p;u fuEu fofèk;ksa

ls fd;k tk ldrk gS %

1.  { }21, SS 2.  { }31, SS 3.  { }41, SS

4.  { }32 , SS 5.  { }42 , SS 6.  { }43 , SS

è;ku ls ns[ksa { }21, SS  ogh gS] tks { }12 , SS  gSA vr%] nks tksM+s tks vki vius lkFk ys tkuk pkgrs

gSa muds p;u dh 6 fofèk;k¡ gSaA fuLlUnsg] ;fn vkids ikl 10 tksM+s gksrs vkSj 7 tksM+s ys tkuk
pkgrs] rks tksM+ksa dh la[;k Åij nh xbZ fofèk ls Kkr djuk cgqr dfBu gksrkA

vc tSls vki 4 tksM+ksa esa ls 2 tksM+s nks fnu tSls lkseokj vkSj eaxyokj dks iguus dh fofèk;ksa
dh la[;k tkuuk pkgsaxs] tgk¡ iguus dk Øe Hkh vkids fy, egÙoiw.kZ gSA ge igys gh i<+ pqds

gSa fd ;g 122

4
=P  fofèk;ksa ls fd;k tk ldrk gSA ijUrq è;ku nsa 4 lsV esa ls nks lsV dk izR;sd

p;u vkidks iguus dh nks fofèk;k¡ iznku djrk gS] tSlk fd uhps n'kkZ;k x;k gS %

1. {S
1
,S

2
} →   lkseokj dks S

1
 rFkk eaxyokj dks S

2
 ;k lkseokj dks S

2
 rFkk eaxyokj dks S

1

2. {S
1
,S

3
} →  lkseokj dks S

1
 rFkk eaxyokj dks S

3
 ;k lkseokj dks S

3
 rFkk eaxyokj dks S

1

3. {S
1
,S

4
} →  lkseokj dks S

1
 rFkk eaxyokj dks S

4
 ;k lkseokj dks S

4
 rFkk eaxyokj dks S

1

4. {S
2
,S

3
} →  lkseokj dks S

2
 rFkk eaxyokj dks S

3
 ;k lkseokj dks S

3
 rFkk eaxyokj dks S

2

5. {S
2
,S

4
} →  lkseokj dks S

2
 rFkk eaxyokj dks S

4
 ;k lkseokj dks S

4
 rFkk eaxyokj dks S

2

6. {S
3
,S

4
} →  lkseokj dks S

3
 rFkk eaxyokj dks S

4
 ;k lkseokj dks S

4
 rFkk eaxyokj dks S

3

bl izdkj] 4 tksM+ksa esa ls 2 ds iguus dh fofèk;k¡ 12 gSaA

fuEufyf[kr izes; ls ge ns[krs gSa fd ;g rdZ O;kid :i ls Hkh ykxw gksrk gS %

 izes;izes;izes;izes; 11.3   eku yhft, fd 1≥n  ,d iw.kk±d gS vkSj nr ≤ gSA iqu% eku yhft, fd n oLrqvksa esa

ls r oLrqvksa ds pquus dh la[;k 
r

n
C ls O;Dr dh tkrh gSA rc]

!r

P
C r

n

r

n
= ... (11.5)
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miifÙkmiifÙkmiifÙkmiifÙk : n oLrqvksa esa ls r oLrqvksa dks
r

n
C  fofèk;ksa ls pqu ldrs gSaA izR;sd pquh r oLrq,¡] r! fofèk;ksa

ls O;ofLFkr dh tk ldrh gSaA vr%] x.ku fl)kUr ls] r oLrqvksa dks pquuk rFkk pquh gqbZ r oLrqvksa

dks . !n

r
C r  fofèk;ksa ls O;ofLFkr fd;k tk ldrk gSA Li"Vr% ;g 

r

n
P  gSA

r

n

r

n
CrP !.= ... (11.6)

nksuksa i{kksa dks r! ls Hkkx nsus ij] gesa izes; esa fn;k x;k ifj.kke izkIr gks tkrk gSA

vc ge ,d mnkgj.k ns jgs gSa] tks vkidks 
r

n
C ls ifjfpr djkus esa lgk;d gksxkA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.19.   fuEufyf[kr esa ls izR;sd dk eku Kkr dhft, %

(a) 
2

5
C (b) 

3

5
C (c) 

2

4

3

4
CC + (d) 

6

3

4

2

C

C

gy %gy %gy %gy % (a) 10
2.1

4.5

!2

2

5

2

5
===

P
C (b) 10

3.2.1

3.4.5

!3

3

5

3

5
===

P
C

    (c) 1064
2.1

3.4

3.2.1

2.3.4

!2!3

2

4

3

4

2

4

3

4
=+=+=+=+

PP
CC

    (d) 20
3.2.1

4.5.6

!3

3

6

3

6
===

P
C  rFkk 6

2.1

3.4
2

4
==C

       
3

10

6

20

2

4

3

6

==∴

C

C

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.20.   leqPp; {1,2,3,4,5,6,7,8,9,10,11} ds mu mileqPp;ksa dh la[;k Kkr

dhft, ftuesa 4 vo;o gksaA

gygygygy : ;gk¡ vo;oksa dks pquus esa Øe dk egÙo ugha gS vkSj ;g lap; dk iz'u gSA

gesa bl leqPp; ds] ftuesa 11 vo;o gSa] pkj vo;oksa dks pquus dh fofèk;ksa dh la[;k Kkr djuh gSA

lecUèk (11.5) ls] bls

330
4.3.2.1

8.9.10.11
4

11
==C  fofèk;ksa ls fd;k tk ldrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.21.   ,d o`Ùk ij 12 fcUnq fn, gq, gaSA bu fcUnqvksa dk iz;ksx djds fdrus pØh;

prqHkqZt [khaps tk ldrs gSa\

gygygygy : pkj fcUnqvksa ds fdlh Hkh leqPp; ls gesa ,d pØh; prqHkqZt izkIr gksrk gSA 12 fcUnqvksa esa

ls 4 fcUnqvksa dks pquus dh fofèk;ksa dh la[;k 4954

12
=C A

vr%] ge 495 pØh; prqHkqZt [khap ldrs gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.22.   ,d cDls esa 5 dkys] 3 lQsn vkSj 4 yky dye gSaaA fdruh fofèk;ksa lss 2 dkys]

2 lQsn] 2 yky dye pqus tk ldrs gSa\
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gygygygy : 5 dkys dyeksa esa ls 2 dkys dye pquus dh fofèk;ksa dh la[;k 
5

5 2
2

5.4
10

2! 1.2

P
C= = = =

3 lQsn dyeksa esa ls 2 lQsn dye pquus dh fofèk;ksa dh la[;k 3
2.1

2.3

!2

2

3

2

3
====

P
C

4 yky dyeksa esa ls 2 yky dye pquus dh fofèk;ksa dh la[;k 6
2.1

3.4

!2

2

4

2

4
====

P
C

∴ x.ku fl)kUr ls] 2 dkys dye] 2 lQsn dyeksa rFkk 2 yky dye ds p;u djus dh

1806310 =××  fofèk;k¡ gks ldrh gSa!

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.23.   ,d iz'u i=] ftlesa 10 iz'u gSa] dks nks Hkkxksa A vkSj B esa foHkkftr fd;k x;k
gSA izR;sd Hkkx esa 5 iz'u gSaA ,d ijh{kkFkhZ dks dqy 6 iz'u djus gSa] ftuesa de&ls&de 2 iz'u
Hkkx A rFkk de&ls&de 2 iz'u Hkkx B ls gksaA ijh{kkFkhZ fdruh fofèk;ksa ls iz'uksa dk p;u dj

ldrk gS] ;fn og lHkh iz'uksa dks leku :i ls lgh gy dj ldrk gks\

gygygygy : ijh{kkFkhZ dks dqy 6 iz'uksa dk p;u djuk gS] ftuesa de&ls&de 2 iz'u Hkkx A ls rFkk
de&ls&de 2 iz'u Hkkx B ls gksus pkfg,A og iz'uksa dks fuEu fofèk;k¡ ls pqu ldrk gS %

HkkxHkkxHkkxHkkx A HkkxHkkxHkkxHkkx B

(i ) 2 4

(ii ) 3 3

(iii ) 4 2

p;u (i) dk vuqlj.k djus ij] fofèk;ksa dh la[;k = 505104

5

2

5
=×=× CC

p;u (ii) dk vuqlj.k djus ij] fofèk;ksa dh la[;k = 10010103

5

3

5
=×=× CC

p;u (iii) dk vuqlj.k djus ij] fofèk;ksa dh la[;k = 502

5

4

5
=× CC

vr%] p;u dh fofèk;ksa dh dqy la[;k = 50 + 100 + 50 = 200

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.24.   6 iq#"kksa rFkk 4 efgykvksa esa ls 5 O;fDr;ksa dh ,d desVh dk xBu djuk

gSA ;g fdruh fofèk;ksa ls fd;k tk ldrk gS] ;fn

(i ) de&ls&de 2 efgyk,¡ blesa lfEefyr gksa\

(ii ) vfèkd&ls&vfèkd 2 efgyk,¡ blesa lfEefyr gksa\

gygygygy : (i) tc de&ls&de 2 efgyk,¡ lfEefyr gksa %

 (a) 2 efgyk,¡ vkSj 3 iq#"k lfEefyr gks ldrs gSa % ,slk djus dh fofèk;ksa dh la[;k

= 
3

6

2

4
CC ×

(b) 3 efgyk,¡ vkSj 2 iq#"k lfEefyr gks ldrs gSa % ,slk djus dh fofèk;ksa dh la[;k

= 
2

6

3

4
CC ×
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(c) 4 efgyk,¡ vkSj 1 iq#"k lfEefyr gks ldrs gSa % ,slk djus dh fofèk;ksa dh la[;k

= 
1

6

4

4
CC ×

∴ desVh cukus dh fofèk;ksa dh dqy la[;k

          = 4C
2
.6C

3 
+ 4C

3
.6C

2
 + 4C

4
.6C

1
 = 4 × 15 + 1 × 6 + 6 × 20 = 60 + 6 + 120 = 186

(ii ) tc vfèkd&ls&vfèkd 2 efgyk,¡ lfEefyr gksa %

(a) 2 efgyk,¡] 3 iq#"k gks ldrs gSaA ,slk djus dh fofèk;ksa dh la[;k = 
3

6

2

4 . CC

(b) 1 efgyk] 4 iq#"k gks ldrs gSaA ,slk djus dh fofèk;ksa dh la[;k =
4

6

1

4 . CC

(c) 5 iq#"k gks ldrs gSaA ,slk djus dh fofèk;ksa dh la[;k = 
5

6
C

∴ desVh cukus dh fofèk;ksa dh dqy la[;k

5

6

4

6

1

4

3

6

2

4 .. CCCCC ++= 6154206 +×+×= = 120 + 60 + 6 = 186

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.25.   Hkkjrh; fØdsV Vhe esa 16 f[kykM+h gSaA blesa 2 fodsVdhij rFkk 5 xsanckt
gSaA ,d fØdsV ,dkn'k ds 11 f[kykM+h fdruh fofèk;ksa ls pqus tk ldrs gSa]
tcfd 1 fodsVdhij rFkk de&ls&de 4 xsanckt pqus tkus gSa\

gy % gy % gy % gy % ge    1 fodsVdhij rFkk 4 xsanckt ;k 1 fodsVdhij rFkk 5 xsanckt pqu ldrs gSaA

1 fodsVdhij] 4 xsanckt rFkk 6 vU; f[kykfM+;ksa dks pquus dh fofèk;ksa dh la[;k

   
6

9

4

5

1

2 .. CCC=

5 4 3 2.1 9 8 7 6 5 4
2

4.3.2.1. 6 5 4 3 2 1

× × × × × × × ×
= × ×

× × × × ×

9 8 7
2 5 840

3 2 1

× ×
= × × =

× ×

1 fodsVdhij] 5 xsanckt rFkk 5 vU; f[kykfM+;ksa dks pquus dh fofèk;ksa dh la[;k

5

9

5

5

1

2 .. CCC=

9 8 7 6 5 9 8 7 6
2 1 2 1

5 4 3 2 1 4 3 2 1

× × × × × × ×
= × × = × ×

× × × × × × ×

 = 252

∴         Vhe pquus dh fofèk;ksa dh dqy la[;k = 840 + 252 = 1092

            ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.6

1. (a) eku Kkr dhft, %

(i) 13C
3

(ii) 
5

9
C (iii) 

3

8

2

8
CC + (iv) 

3

6

3

9

C

C

(b) tk¡p dhft, fd fuEufyf[kr esa ls dkSu ls dFku lR; gSa rFkk dkSu ls dFku vlR; gSa %

(i)
3

5

2

5
CC = (ii)

6

12

2

3

3

4
CCC =×

(iii) 4 4 8

2 3 5C C C+ = (iv)
3

11

3

10

2

10
CCC =+
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2. leqPp; {1, 3, 5, 7, 9, 11, 13, ..., 23}ds mu mileqPp;ksa dh la[;k Kkr dhft, ftuesa
3 vo;o gksaA

3. 14 fcUnq ,d òÙk ij fLFkr gSaA bu fcUnqvksa dk iz;ksx djds fdrus iapHkqt [khaps tk ldrs gSa\

4. Qyksa dh ,d Vksdjh esa 5 lsc] 7 vkyw cq[kkjs rFkk 11 ukjafx;k¡ gSaA vkidks buesa ls 3 Qy
pquus gSaA vki fdruh fofèk;ksa ls viuh ilUn cuk ldrs gSa\

5. ,d iz'u i=] ftlesa 12 iz'u gSa] dks nks Hkkxksa A rFkk B esa foHkkftr fd;k x;k gS] ftuesa Øe'k%
5 rFkk 7 iz'u gSaA ,d fo|kFkhZ dks dqy 6 iz'u djus gSa] ftuesa izR;sd Hkkx ls de&ls&de 2

iz'u djuk vko';d gSA og fo|kFkhZ fdruh fofèk;ksa ls iz'uksa dk p;u dj ldrk gS\

6. 5 iq#"kksa rFkk 3 efgykvksa es ls 3 O;fDr;ksa dh ,d desVh dk xBu djuk gSA ;g fdruh
fofèk;ksa ls fd;k tk ldrk gS] tcfd blesa

 (i) Bhd 1 efgyk gks\ (ii) de&ls&de 1 efgyk gks\

7. ,d fØdsV Vhe esa 17 f[kykM+h gSa] ftuesa 2 fodsVdhij rFkk 4 xsanckt gSaA fdruh fofèk;ksa
ls buesa ls 11 f[kykM+h pqus tk ldrs gSa] ;fn 1 fodsVdhij rFkk de&ls&de rhu xsancktksa
dk p;u djuk gks\

8. 5 fjDr LFkkuksa dh HkrhZ ds fy, 25 mEehnokjksa us izkFkZuk i= fn,A bu mEehnokjksa esa 7 vuqlwfpr
tkfr rFkk 8 vU; fiNM+h tkfr ds mEehnokj FksA ;fn 2 LFkku vuqlwfpr tkfr rFkk 1 LFkku
fiNM+h tkfr ds fy, lqjf{kr gksa] rks p;u djus dh dqy fofèk;ksa dh la[;k Kkr dhft,A

  11.6  nC
r 
 ds dqN ljy xq.kds dqN ljy xq.kds dqN ljy xq.kds dqN ljy xq.k

bl vuqPNsn esa] ge 
r

n
C  ds dqN ljy xq.kksa dks fl) djsaxs tks blds ekuksa ds vfHkdyuksa dks

ljy cuk,¡xsA vkb, ge izes; 11.3 dk voyksdu djsaA lEcUèk 11.6 dk iz;ksx djds 
r

n
C  ds lw=

dks ge bl izdkj fy[k ldrs gSa %

)!(!

!

rnr

n
Cr

n

−

=        ....(11.7)

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.26.   nC
0. 
dk eku Kkr dhft,A

gy % gy % gy % gy % ;gk¡ ij r = 0 gSA

∴ 1
!0

1

!!0

!
0 ===

n

n
C

n
,

D;skafd geus ( 0! = 1) ifjHkkf"kr fd;k gSA

izes; 11.3 esa fn, x, lw= dks geus fiNys vuqPNsn esa iz;ksx fd;k FkkA vc ge 'kh?kz gh ns[ksaxs

fd lehdj.k 11.7 esa fn;k x;k lw= 
r

n
C  ds dqN xq.kksa dks fl) djus esa ykHknk;d gksxkA

rn

n

r

n
CC

−
=        ...(11.8)

bldk vFkZ ;gh gS fd n oLrqvksa esa ls r oLrqvksa ds pquus dh fofèk;ksa dh la[;k ogh gS] tks n oLrqvksa
esa ls (n – r) oLrqvksa ds u pquus dh fofèk;ksa dh la[;k gSA Hkwfedk esa pfpZr mnkgj.k dk Bhd
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;gh vFkZ gS fd 2 tksM+s oL=ksa ds pquus dh fofèk;ksa dh la[;k ogh gS tks 4 – 2 = 2 tksM+s oL=ksa
dks u ysus dh fofèk;ksa dh la[;k gSA mnkgj.k 11.20 esa bldk vFkZ gS fd 4 vo;oksa ds
mileqPp; ds pquus dh fofèk;ksa dh la[;k ogh gS tks 8 vo;oksa ds mileqPp; ds u pquus dh
gSA D;ksafd 4 vo;oksa ds ,d fo'ks"k mileqPp; dk pquuk mlds vkB vo;oksa okys iwjd leqPp;
dks u pquus ds rqY; gSA

vkb, vc bl lEcUèk dks lehdj.k 11.7 dk iz;ksx djds fl) djsaA bl lehdj.k ds nk;sa i{k
ds gj esa r! (n – r)! gSA blls dksbZ vUrj ugha iM+rk ;fn ge r ds LFkku ij n – r j[k nsa tSlkfd
uhps n'kkZ;k x;k gS\

( )!.[ ( )]! ( )!. !n r n n r n r r− − − = −

va'k r ls LorU= gSA blfy, lehdj.k 11.7 esa r ds LFkku ij n – r j[kus ij] gesa ifj.kke (11.8)

izkIr gks tkrk gSA

lEcUèk 11.8 fdruk ykHknk;d gS\ mnkg.kkFkZ bl lw= dk iz;ksx djds 100C
98

 dks 100C
2
 ds cjkcj

izkIr djrs gSaA f}rh; eku dh x.kuk izFke dh rqyuk esa cgqr ljy gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.27.   eku Kkr dhft, %

(a) 
5

7
C       (c) 

9

10
C   (b) 

9

11
C (d) 

9

12
C

gygygygy : (a) lEcUèk 11.8 ls] 21
2.1

6.7
2

7

57

7

5

7
====

−
CCC

(b) blh izdkj 101

10

910

10

9

10
===

−
CCC

(c) 55
2.1

10.11
2

11

911

11

9

11
====

−
CCC

(d) 66
2.1

11.12
2

12

1012

12

10

12
====

−
CCC

 ,d cgqr mi;ksxh lEcUèk] tks,d cgqr mi;ksxh lEcUèk] tks,d cgqr mi;ksxh lEcUèk] tks,d cgqr mi;ksxh lEcUèk] tks 
r

n
C }kjk lUrq"V gksrk gS%}kjk lUrq"V gksrk gS%}kjk lUrq"V gksrk gS%}kjk lUrq"V gksrk gS%

r

n

r

n

r

n
CCC =+

−

−

− 1

1

1   ....(11.9)
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.28.   eku Kkr dhft, %

(a)  
1

6

2

6
CC + (b)  

1

8

2

8
CC +          (c)  

2

5

3

5
CC +      (d)  

3

10

2

10
CC +

gy gy gy gy :(a) laca/k (11.9) esa] n = 7 vkSj r = 2A blfy,, 212

7

1

6

2

6
==+ CCC

(b) ;gk¡ ij n = 9,  r = 2A ∴ 8 8 9

2 1 2 36C C C+ = =

(c) ;gk¡ ij n = 6,  r = 3A ∴ 203

6

2

5

3

5
==+ CCC

(d) ;gk¡ ij n = 11, r = 3A ∴ 10 10 11

2 3 3 165C C C+ = =

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.29   ;fn 
1210 CC

nn
=  gks] rks n Kkr dhft,A

gygygygy : 
rn

n

r

n
CC

−
=  dk iz;ksx djrs gq,]

n – 10 = 12 ;k n = 12 + 10 = 22

        ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.7

1. (a) nC
n–1

 dk eku Kkr dhft,A D;k 
n

n

n

n
CC =

−1
? (b) n'kkZb, fd 

0CC
n

n

n
= A

2. eku Kkr dhft, %

(a) 
5

9
C (b) 

10

14
C         (c) 

9

13
C    (d) 

12

15
C

3. eku Kkr dhft, %

(a) 
2

7

3

7
CC + (b) 

5

8

4

8
CC + (c) 

2

9

3

9
CC +        (d) 

2

12

3

12
CC +

4. ;fn 10 10

2 1r rC C
+

=  gks] rks r dk eku Kkr dhft,A

5. ;fn 
2

1818

+
= rr CC  gks] rks 

5C
r dk eku Kkr dhft,A

    11.7 Øep; rFkk lap; nksuksa ls lEcfUèkr leL;k,¡ Øep; rFkk lap; nksuksa ls lEcfUèkr leL;k,¡ Øep; rFkk lap; nksuksa ls lEcfUèkr leL;k,¡ Øep; rFkk lap; nksuksa ls lEcfUèkr leL;k,¡

vHkh rd geus ;k rks dsoy Øep; ls lac) ;k dsoy lap; ls lac) iz'uksa dk vè;;u fd;k gSA
bl vuqPNsn esa] ge dqN mnkgj.kksa ij fopkj djsaxs] ftuesa nksuksa ladYiukvksa dh vko';drk gksxhA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.30.   5 miU;kl rFkk 4 thofu;k¡ nh gqbZ gSaA ,d 'kSYQ ij buesa ls 4 miU;klksa

vkSj 2 thofu;ksa dks fdruh fofèk;ksa ls O;ofLFkr fd;k tk ldrk gS\

gygygygy : 5 esa ls 4 miU;kl 
4

5
C fofèk;ksa ls pqus tk ldrs gSa rFkk 4 esa ls 2 thofu;k¡ 

2

4
C  fofèk;ksa

ls pquh tk ldrh gSaA

miU;klksa rFkk thofu;ksa ds p;u dh la[;k =  5 4

4 2 5 6 30C C× = × =
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30 fofèk;ksa esa ls fdlh ,d fofèk ls 6 iqLrdksa ¼4 miU;kl vkSj 2 thofu;k¡½ pquus ds i'pkr~]
mUgsa 'kSYQ ij 6! = 720 fofèk;ksa ls O;ofLFkr fd;k tk ldrk gSA

x.ku fl)kUr ls] O;oLFkkvksa dh dqy la[;k = 2160072030 =×

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 11.31.   5 O;atuksa rFkk 4 Lojksa esa ls 3 O;atuksa rFkk 2 Lojksa okys fdrus 'kCn cuk, tk ldrs gSa\jjjj....kkkk

gygygygy : 5 O;atuksa esa ls 3 O;atu 
3

5
C fofèk;ksa ls pqus tk ldrs gSa rFkk 4 Lojksa esa ls 2 Loj 

2

4
C  fofèk;ksa

ls pqus tk ldrs gSaA izR;sd p;u ds lkFk] 5 v{kjksa dks O;ofLFkr djus dh fofèk;ksa dh la[;k = 
5

5
P A

∴  dqy 'kCnksa dh la[;k = 
5

5

2

4

3

5
PCC ××  = !5

12

34

12

45
×

×

×
×

×

×

 = 12345610 ××××××  = 7200

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 11.8

1. xf.kr dh 5 iqLrdsa] HkkSfrdh dh 4 iqLrdsa rFkk jlk;u dh 5 iqLrdsa gSaA buesa ls 4 xf.kr]
3 HkkSfrdh rFkk 4 jlk;u dh iqLrdsa vki fdruh fofèk;ksa ls O;ofLFkr dj ldrs gSa ;fn

(a) ,d gh fo"k; dh iqLrdsa ,d lkFk j[kh tk,¡] ijUrq ,d fo"k; ds vUnj] bldh iqLrdksa
  dk Øe d;k gS bldk egÙo ugha gS\

(b) iqLrdkas dks fo"k; vuqlkj gh j[kk tk, rFkk fo"k; ds vUnj iqLrdksa ds Øe dk Hkh egÙo gS\

2. 9 O;atuksa rFkk 5 Lojksa esa ls 7 v{kjksa ds fdrus 'kCn cuk, tk ldrs gSa] tcfd buesa ls
4 O;atu rFkk 3 Loj ysus gSa\

3. vki vius 6 fe=ksa esa ls de&ls&de ,d fe= dks jkr ds [kkus ij fdruh fofèk;ksa ls
vkeU=.k ns ldrs gSa\

4. ,d ijh{kk esa ,d ijh{kkFkhZ dks 4 fHkUu fo"k;ksa esa lQy gksuk gSA og fdruh fofèk;ksa ls
vlQy gks ldrk gS\

      vkb, nksgjk,¡vkb, nksgjk,¡vkb, nksgjk,¡vkb, nksgjk,¡
• x.ku ds ewyHkwr fl)kUr dk dFku gS %x.ku ds ewyHkwr fl)kUr dk dFku gS %x.ku ds ewyHkwr fl)kUr dk dFku gS %x.ku ds ewyHkwr fl)kUr dk dFku gS %

;fn n ?kVuk,¡ gSa vkSj izFke ?kVuk m
1
 fofèk;ksa ls ?kfVr gks ldrh gS] izFke ?kVuk ds ?kfVr

gksus ds i'pkr~ f}rh; ?kVuk m
2
 fofèk;ksa ls ?kfVr gks ldrh gS] f}rh; ?kVuk ds ?kfVr gksus

ds i'pkr~ rr̀h; ?kVuk m
3
 fofèk;ksa ls ?kfVr gks ldrh gS] bR;kfn] rks lHkh ?kVukvksa ds

?kfVr gksus dh dqy fofèk;k¡ m
1  ×

 m
2
 ×  m

3 ×
 ........ ×  m

n – 1 ×
 m

n 
gksaxhA

• n oLrqvksa ds Øep;ksa dh la[;k = n!

•
)!(

!

rn

n
Pr

n

−

=

• !n

n
P n=

• n oLrqvksa esa ls r oLrqvksa ds pquus dh fofèk;ksa dh la[;k 
)!(!

!

rnr

n
Cr

n

−

=

•
rn

n

r

n
CC

−
=

•
n–1 C

r
 + n–1

1r
C

−
 =  nC

r

C

A1

% + vkb;s nksgjk,¡
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• www.mathsisfun.com/combinatorics/combinations-permutations.html

• https://www.youtube.com/watch?v=M9prgasECts

• https://www.youtube.com/watch?v=K6Cmt8CMPaE

1. ,d iz'ui= esa 8 lR;&vlR; iz'u gSaA buds fdrus mÙkj lEHko gSa\

2. ,d ikls ds N% Qydksa ij 1,2,3,4,5 vkSj 6 fy[kk gksrk gSA ,sls nks iklksa dks ,d lkFk
mNkyk tkrk gSA os fdruh fofèk;ksa ls fxj ldrs gSa\

3. ,d tyiku x̀g esa 3 lfCt;k¡] 2 lykn vkSj 2 izdkj dh czsM gSaA ;fn dksbZ xzkgd 1 lCth]
1 lykn] 1 czsM [kkuk pkgrk gS] rks og fdruh fofèk;ksa ls budk p;u dj ldrk gS\

4. eku yhft, fd vki viuh nhokjksa ij dkxt yxkuk pkgrs gSaA nhokj ij fpidkus ds
dkxt 4 fHkUu jaxksa ds gSaA mu ij 5 fHkUu jaxksa ds 7 fHkUu fMt+kbu (designs) gSaA fdruh
fofèk;ksa ls bu dkxtksa dk p;u fd;k tk ldrk gS\

5. 7 fo|kfFkZ;ksa dks ,d iafDr esa 7 LFkkuksa ij fdruh fofèk;ksa ls cSBk;k tk ldrk gS\

6. ALTRUISM 'kCn ds v{kjksa ls 8 v{kjksa okys fdrus 'kCn cuk, tk ldrs gSa\

7. ;fn vkids ?kj esa 5 f[kM+fd;k¡ vkSj 8 insZ gSa] rks vki fdruh fofèk;ksa ls f[kM+fd;ksa ij insZ
yxk ldrs gSa\

8. 'kCn POLICY ds v{kjksa esa ls rhu v{kjksa dks ysdj] vfèkdre fdrus 'kCn cu ldrs gSa\

9. nkSM+ dh ,d izfr;ksfxrk esa 10 f[kykM+h Hkkx ys jgs gSaA rhu iqjLdkj izFke] f}rh; rFkk
rr̀h; fn, tkus gSaA ;s iqjLdkj fdruh fofèk;ksa ls fn, tk ldrs gSa\

10. 'kCn ATTAIN ds v{kjksa dks fdruh fofèk;ksa ls O;ofLFkr fd;k tk ldrk gS rkfd nksuksa T
rFkk nksuksa A ,d lkFk jgsa\

11. 12 fe=ksa dk ,d lewg ,d izhfrHkkst esa feyrk gSA buesa ls izR;sd O;fDr vU; lHkh ls
,d ckj gkFk feykrk gSA gkFk feykus dh dqy la[;k Kkr dhft,A

12. eku yhft, fd vkids ikl ,d nqdku gS] tgk¡ Vsyhfotu fcdrs gSaA vki 5 fHkUu izdkj ds
Vsyhfotu lsV csp jgs gSa] ijUrq fn[kkus ds fy, vkids 'kksdsl esa dsoy 3 Vsyhfotu lsV j[kus
dk gh LFkku gSA fn[kkus ds fy, vki fdruh fofèk;ksa ls Vsyhfotu lsVksa dk p;u dj ldrs
gSa\

13. ,d Bsdsnkj dks 4 c<+b;ksa dh vko';drk gSA leku ;ksX;rk okys ik¡p c<+bZ bl dke ds
fy, vkosnu nsrs gSaaA Bsdsnkj fdruh fofèk;ksa ls c<+b;ksa dk pquko dj ldrk gS\

14. 13 O;fDrksa ds ,d lewg esa ls 9 lnL;ksa dh ,d lfefr fdruh fofèk;ksa ls cukbZ tk ldrh gS\

lgk;d osclkbV

vkb, vH;kl djsa
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15. 15 iq#"kksa vkSj 12 efgykvksa ds ,d lewg esa ls 3 iq#"k vkSj 2 efgyk,¡ pqudj ,d lfefr
fdruh fofèk;ksa ls cukbZ tk ldrh gS\

16. 4 xzsM (grade)  I vkSj 7 xzsM II vfèkdkfj;ksa esa ls 6 O;fDr fdruh fofèk;ksa ls pqus tk ldrs
gSa] rkfd izR;sd Js.kh ls de&ls&de nks vfèkdkjh vo'; gh fy, tk,¡\

17. 6 yM+dksa vkSj 4 yM+fd;ksa esa ls 5 lnL;ksa dh ,d lfefr cukuh gSA ,slk fdruh fofèk;ksa
ls fd;k tk ldrk gS] ;fn lfefr esa

(a)  Bhd 2 yM+fd;k¡ gksa\ (b)  de&ls&de 2 yM+fd;k¡ gksa\

18. vaxzsth o.kZekyk esa 5 Loj vkSj 21 O;atu gSaA bl o.kZekyk esa ls 2 fHkUu Loj vkSj 2 fHkUu
O;atu ysdj cuk, tk ldus okys 'kCnksa dh vfèkdre la[;k D;k gS\

19. 5 O;atuksa vkSj 5 Lojksa esa ls 3 O;atuksa vkSj 2 Lojksa dk iz;ksx djrs gq,] fdrus 'kCn cuk,
tk ldrs gSa\

20. ,d fo|ky; ds okf"kZd lekjksg esa ,d fofoèk dk;ZØe vk;ksftr fd;k x;kA 3 NksVs
ukVd] 6 xk;u vkSj 4 u`R; ds dk;ZØe dh ;kstuk cukbZ xbZA ijUrq lekjksg ds fy,
vkefU=r eq[; vfrfFk us vius Hkk"k.k dks lekIr djus esa vk'kk ls cgqr vfèkd le; ys
fy;kA 'kh?kz gh lekIr djus ds fy,] ;g fu.kZ; fy;k x;k fd dsoy 2 ukVd] 4 xk;u
vkSj 3 u`R; ds dk;ZØe gh fd, tk,¡A mUgsa pquus dh fdruh fofèk;k¡ miyCèk Fkha]

(a) ;fn dk;ZØe fdlh Hkh Øe esa fd, x,\

(b) ;fn ,d izdkj ds dk;ZØe ,d gh nkSj esa fd, x,\

(c) ;fn ,d izdkj ds dk;ZØe ,d gh nkSj esa fd, x, vkSj lkFk&lkFk ,d izdkj ds
dk;ZØe ds izn'kZu ds Øe dk Hkh è;ku j[kk x;k\

     mÙkjekykmÙkjekykmÙkjekykmÙkjekyk

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.1

1. (a) 180 (b) 8 (c) 12 2. (a) 48 (b) 20

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.2

1. (a) 17576 (b) 900 2. (a) 105 (b) 60

3. (a) 24 (b) 24

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.3

1. (a) (i) 720 (ii) 5040 (iii) 5046 (iv) 17280 (v) 10

(b) (i) vlR; (ii) vlR; (iii) lR; (iv) vlR;

2. (a) 120 (b) 40320 (c) 24

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.4

1. (a) (i) 12 (ii) 120 (iii) 4 (iv) 7200 (v) n!

mÙkjekyk
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(b) (i) vlR; (ii) lR; (iii) vlR; (iv) vlR;

2. (a) (i) 7980 (ii) 9240 (b) 20 (c) 840

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.5

1. 96 2. 1152 3. 2073600 4. 2488320

5. 144 6. (i) 5040 (ii) 30240 (iii) 332640

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.6

1. (a) (i) 286 (ii) 126 (iii) 84 (iv) 
21

5

(b)  (i) lR; (ii) vlR;  (iii) vlR;   (iv) lR;

2. 1771 3. 2002 4. 57750 5. 805

6. (i) 30 (ii) 46 7. 3564 8. 7560

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.7

1. (a) n , ugha

2. (a)  126 (b)  1001 (c)  715 (d)  455

3. (a)  56 (b)  126 (c)  120 (d)  286

4. 3   5. 56

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 11.8

1 (a) 600 (b) 2073600 2. 6350400

3. 63   4. 15

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. 256 2. 36 3. 12 4. 140

5. 5040 6. 40320 7. 6720 8. 120

9. 720 10. 24 11. 66 12. 10

13. 5 14. 715 15. 30030 16. 371

17. (a) 120 (b) 186 18. 50400 19. 12000

20. (a) 65318400 (b) 1080 (c) 311040
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12

f}in izes;f}in izes;f}in izes;f}in izes;

eku yhft, fd vkius dksbZ /kujkf'k 15% okf"kZd pØo`f) C;kt dh nj ls ykHk ds fy, yxkbZ
gS vkSj vki ifjdyu djuk pkgrs gSa fd 5 o"kZ ckn vkidks feyus okys C;kt dh jkf'k fdruh
gksxhA vFkok eku yhft, fd ;fn gesa o`f) nj Kkr gS vkSj ge 10 o"kZ ckn ns'k dh tula[;k
dk vkdkj Kkr djuk pkgrs gSaA ,d ifj.kke tks bu jkf'k;ksa dks Kkr djus esa lgk;d gksxk]

og f}in izes; gSA tSlk fd vki ns[ksaxs] ;g izes;] fdlh okLrfod f}in O;atd vFkkZr~ nks inksa
ls laEc) O;atd dh ifjes; ?kkrkadksa ds ifjdyu esa gekjh lgk;rk djrk gSA

dqN ifjLFkfr;ksa esa f}in izes; Hkkjrh; rFkk ;wukuh xf.krKksa dks 300 bZ- iw- esa Kkr FkkA izkd`frd
la[;k ?kkrkdks a ds ifj.kke dk Js; ,d vjc dfo rFkk xf.krK mej [kS¸;ke
¼1048-1122 bZ-½ dks tkrk gSA blls vkxs ifjes; ?kkrkadksa ds fy,] vkSj vf/kd O;kidhdj.k
fczfV'k xf.krK U;wVu ¼1642-1727 bZ-½ }kjk fd;k x;kA

xf.krh; ykHk ds vfrfjDr] vf/kdkf/kd O;kidhdj.k dk ,d vU; dkj.k FkkA ;g dkj.k bldh
cgqr lh mi;ksfxrk,¡ FkhaA izkjEHk esa pfpZr ifjfLFkfr;ksa ds vfrfjDr f}in izes; dh vusd
mi;ksfxrk;sa izkf;drk fl)kUr] vodyu xf.kr rFkk la[;kvksa (1.02)7 vkfn dh rjg ds lfUudV
eku Kkr djus esa gSA

     mís';mís';mís';mís';
bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk,¡xs %

• /kukRed iw.kk±d ds fy, f}in izes; dk o.kZu djuk rFkk xf.krh; vkxeu ds fl)kUr }kjk
bls fl) djuk

• f}in izes; ds mi;ksx ls O;atd ( )n
x y+  dk n rFkk y ds fHkUu ekuksa ds fy,] f}in izlkj fy[kuk

• fdlh f}in izlkj dk O;kid rFkk e/; in fy[kuk

 iwoZ KkuiwoZ KkuiwoZ KkuiwoZ Kku

• la[;k fudk;

• la[;kvksa rFkk C;atdksa ij pkj ewy&Hkwr lafØ;k,¡

• chth; O;atd rFkk mudk ljyhdj.k

• ?kkr rFkk ?kkrkad



246

  f}in izes;

xf.kr

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

 12.1 izkdr̀ la[;k ?kkrkad ds fy, f}in izes;izkdr̀ la[;k ?kkrkad ds fy, f}in izes;izkdr̀ la[;k ?kkrkad ds fy, f}in izes;izkdr̀ la[;k ?kkrkad ds fy, f}in izes;

vkius ,d f}in dk Lo;a mlls vFkok vU; f}in ls xq.kk vo'; fd;k gksxkA bl Kku dk iz;ksx
djrs gq,] vkb, dqN izlkj djsaA f}in (x + y) ij fopkj dhft,A vc]

(x + y)1 =  x + y

(x + y)2 =  (x + y) (x + y) =  x2 + 2xy + y2

(x + y)3 = (x + y) (x + y)2 =  x3 + 3x2y + 3xy2 + y3

(x + y)4 = (x + y) (x + y)3 =  x4 + 4x3y + 6x2y2 + 4xy3 + y4

(x + y)5 = (x + y) (x + y)4 =  x5 + 5x4y + 10x3y2 + 10x2y3 + 5xy4 + y5 bR;kfnA

mijksDr lehdj.kksa esa ls izR;sd esa] nk;k¡ i{k] ck,¡ i{k dk f}in izlkj dgykrk gSA

/;ku nhft, fd mijksDr izlkj esa ls izR;sd esa] geus ,d f}in dh ?kkr dks izlkfjr :i esa bl
izdkj fy[kk gS fd mlds in f}in ds igys in ¼tks bu mnkgj.kksa esa x gS½ dh ?kVrh gqbZ ?kkrksa
ds inksa esa jgsaA ;fn vki bu izlkjksa dks /;kuiwoZd ns[ksa] rks vkids lEeq[k fuEu ckrsa vk,¡xh %

1. izlkj esa inksa dh la[;k f}in ds ?kkrkad ls ,d vf/kd gSA mnkgj.kkFkZ] (x + y)4 ds izlkj
esa inksa dh la[;k 5 gSA

2. izFke in esa x dk ?kkrkad f}in ds ?kkrkad ds cjkcj gS rFkk izlkj ds izR;sd mÙkjksÙkj in
esa ;g ?kkrkad 1 de gksrk tkrk gSA

3. izFke in esa y dk ?kkrkad 'kwU; gS (pw¡fd y0 = 1)A nwljs in esa y dk ?kkrkad 1 gSA izR;sd
mÙkjksÙkj in esa ;g 1 c<+rk tkrk gS] tc rd fd ;g f}in dh ?kkrkad ds cjkcj ugha gks
tkrkA ,slk izlkj ds vfUre in esa gksrk gSA

4. izR;sd in esa x vkSj y ds ?kkrkadksa dk ;ksx f}in ds ?kkrkad ds leku gksrk gSA mnkgj.kkFkZ
(x + y)5 ds izlkj esa izR;sd in esa x vkSj y ds ?kkrkadksa dk ;ksx 5 gSA

;fn ge lap;h xq.kkadksa dk iz;ksx djsa] rks izlkjksa dks bl izdkj fy[k ldrs gSa %

(x + y)3 = 3C
0
 x3 + 3C

1
x2y + 3C

2
x y2 + 3C

3 
y3

(x + y)4 = 4C
0
x4 + 4C

1
x3y + 4C

2
x2y2 + 4C

3
xy3 + 4C

4 
y4

(x + y)5 = 5C
0
x5 + 5C

1
x4y + 5C

2
x3y2 + 5C

3
x2y3 + 5C

4
xy4 + 5C

5 
y5, bR;kfnA

vf/kd O;kid :i esa] (x + y)n ds f}in izlkj dks ge fuEu izes; esa fn, x, :i esa fy[k
ldrs gSa] tgk¡ n ,d /kukRed iw.kk±d gSA ;g dFku izkdr̀ la[;kizkdr̀ la[;kizkdr̀ la[;kizkdr̀ la[;k ¼vFkok /kukRed¼vFkok /kukRed¼vFkok /kukRed¼vFkok /kukRed
iw.kk±dh;½ ?kkrkad ds fy, f}in izes; dgykrk gSAiw.kk±dh;½ ?kkrkad ds fy, f}in izes; dgykrk gSAiw.kk±dh;½ ?kkrkad ds fy, f}in izes; dgykrk gSAiw.kk±dh;½ ?kkrkad ds fy, f}in izes; dgykrk gSA

izes;%izes;%izes;%izes;%    (x + y) n = n C
0
 x n + nC

1 
 x n–1 y 1 + nC

2  
x n–2 y 2 + ... + nC

n–1 
xy n– 1 + nC

n 
 y n ...(A)

tgk¡ Nn∈  vkSj x, y ∈  RA

miifÙk %miifÙk %miifÙk %miifÙk %    vkb,] bl izes; dks xf.krh; vkxeu ds fl}kUr ls fl) djsaA eku yhft, ge dFku
(A) dks P (n) ls O;Dr djrs gSaA vFkkZr~]
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P(n): (x + y)  n = nC
0
xn + nC

1
xn–1y + n C

2
xn–2 y 2 + nC

3
xn–3 y3 +.. .

      + nC
n–1

 xy n–1 + nC
n 
y n ...(i)

vkb,] tk¡p djsa fd P(1) lR; gS vFkok ughaA ¼i½ ls gesa fuEu izkIr gksrk gS %

P(1) : (x + y)1 = 1C
0
x + 1C

1  
y = yx ×+× 11

vFkkZr~] (x + y)1 = x + y bl izdkj] P(1) lR; gSA

vc ge ;g eku ysrs gSa fd P(k) lR; gSA vFkkZr~]

P(k): (x + y)k = kC
0
xk + kC

1
xk–1 y + kC

2
xk–2 y2 + kC

3
xk–3 y3 + ... + kC

k–1 
xy k–1 + kC

k 
 y k   ...(ii)

;g ekurs gq, fd P(k) lR; gS] ;fn ge fl) dj nsa fd P(k + 1) Hkh lR; gS] rks P(n) lHkh n
ds fy, lR; gksxkA vc]

( )
1 1 2 2

0 1 2( )( ) ( ) (
k k k k k k k k

x y x y x y x y C x C x y C x y
+

− −

+ = + + = + + + +

 1

1... )k k k k

k kC xy C y
−

−
+ +

= 1 1 2 1 2 2 3

0 0 1 1 2 2

k k k k k k k k k k k k
C x C x y C x y C x y C x y C x y

+ − − −

+ + + + + +

         2 1 1

1 1... k k k k k k k k

k k k k
C x y C xy C xy C y

− +

− −
+ + + +

vFkkZr~] (x+y)k+1 = 1 1 2

0 0 1 1 2( ) ( )k k k k k k k k
C x C C x y C C x y

+ −

+ + + + +

1

1... ( )k k k k k

k k k
C C xy C y

+

−
+ + +            ...(iii)

ikB 11 ls] vki tkurs gSa fd kC
0
=1 = k+1C

0
          ....(iv)

vkSj kC
k
 = 1 = k+1C

k+1 
lkFk gh] kC

r
+kC

r–1
 = k+1C

r

vr%]                
1

1

10 CCC
kkk +

=+                        ....(v)

2

1

21 CCC
kkk +

=+

3

1

32 CCC
kkk +

=+

........................

........................ bR;kfnA

(iv) vkSj (v) dk iz;ksx djds] ge (iii) dks fuEu :i esa fy[k ldrs gSa %

( )
1 1 1 1 1 1 2

0 1 2

k k k k k k k
x y C x C x y C x y

+
+ + + + −

+ = + + +
1 1 1

1... k k k k

k k
C xy C y

+ + +

+
+ +

tks ;g n'kkZrk gS fd P(k +1) lR; gSA

bl izdkj geus n'kkZ;k fd (i) P (1) lR; gS rFkk (ii) ;fn P (k) lR; gS] rks P(k+1) Hkh lR; gSA

vr%] xf.krh; vkxeu ds fl)kar ls] n ds fdlh Hkh eku ds fy, P(n) lR; gSA vFkkZr~ geus fdlh
Hkh izkdr̀ la[;k ?kkrkad ds fy, f}in izes; fl) dj fn;k gSA

,slk le>k tkrk gS fd ;g ifj.kke vjc ds izfl) dfo mej [kŞ ;ke }kjk fl) fd;k x;k FkkA
;|fi mudk ;g izek.k vHkh rd fdlh dks izkIr ugha gqvk gSA

vc ge bl izes; dks Li"V djus ds fy, dqN mnkgj.k ysaxsA
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 12.1.    (x + 3y)5  dk f}in izlkj fyf[k,A

gy % gy % gy % gy % ;gk¡ f}in dk igyk in x rFkk f}rh; in 3y gSA f}in izes; dk iz;ksx djds] gesa fuEu
izkIr gksrk gS %

         (x + 3y)5 = 5

5

54

4

532

3

523

2

514

1

55

0

5 )3()3()3()3()3( yCyxCyxCyxCyxCxC +++++

= 54322345 2431)81(5)27(10)9(10351 yyxyxyxyxx ×+×+×+×+×+×

= 54322345 2434052709015 yxyyxyxyxx +++++

bl izdkj] (x+3y)5 = 54322345 2434052709015 yxyyxyxyxx +++++

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 12.2.  (1+a)n dk a dh ?kkrksa ds inksa esa izlkj dhft,] tgk¡ a ,d okLrfod la[;k gSA

gy % gy % gy % gy % f}in izes; ds dFku esa] x = 1 rFkk y = a ysus ij] gesa fuEu izkIr gksrk gS %

(1 + a)n = n

n

nn

n

nnnnnnn
aCaCaCaCC +++++

−

−

−− 1

1

22

2

1

10 )1(...)1()1()1(

vFkkZr~] (1 + a)n = n

n

nn

n

nnn
aCaCaCaC +++++

−

−

1

1

2

21 ...1 ... (B)

(B) f}in izes; ds dFku dk ,d vU; :i gSA

bl izes; dk mi;ksx 
5

1








+

x
x , 

5

1








+

yx

y
, 

5
2

4








+

a

a
, 

6

2

3

3

2








−

t

t
, bR;kfn izdkj ds

O;atdksa ds izlkjksa dks izkIr djus ds fy, Hkh fd;k tk ldrk gSA

vkb,] bls ,d mnkgj.k ls Li"V djsaA

mnkg.kmnkg.kmnkg.kmnkg.k 12.3.    

4

1








+

yx

y
 dk izlkj fyf[k,] tgk¡ x, y ≠  0 gSA

gy % gy % gy % gy % gesa fuEu izkIr gS %

4 24 3 2

4 4 4

0 1 2

1 1 1y y y y
C C C

x y x x y x y

          
+ = + +          

          

3 4

4 4

3 4

1 1y
C C

x y y

    
+ +    

    

= 4322

2

3

3

4

4 1
1

1
4

1
6

1
41

yyx

y

yx

y

yx

y

x

y
×+×








×+××+××+×

= 4223

2

4

4 146
4

yxyxx

y

x

y
++++

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 12.4.   ,d uxj dh tula[;k 3% okf"kZd dh nj ls c<+rh gSA 5 o"kZ ds ckn fdrus

izfr'kr o`f) visf{kr gS\ n'keyo ds 2 LFkkuksa rd mÙkj nhft,A

gy % gy % gy % gy % eku yhft, fd orZeku tula[;k a gSA 1 o"kZ ckn ;g 







+=+

100

3
1

100

3
aaa  gksxhA
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2 o"kZ ckn ;g 















++








+

100

3
1

100

3

100

3
1 aa = 








+








+

100

3
1

100

3
1a  = 

2

100

3
1 








+a

blh izdkj] 5 o"kZ ckn ;g 

5

100

3
1 








+a  gksxhA f}in izes; dk iz;ksx djrs gq, rFkk

n'keyo ds 3 LFkkuksa ls vf/kd ls lEcfU/kr inksa dks NksM+rs gq,] gesa fuEu izkIr gksrk gS %

[ ]
2

5

)03.0(10)03.0(51
100

3
1 ++≈








+ aa  = 159.1×a

blfy,] 5 o"kks± esa o`f) %9.15
100

1
100

1000

159
%100159.0 =××=×  gksxhA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 12.5.   f}in izes; dk iz;ksx djrs gq,] eku Kkr dhft,% (i) 1024 (ii) 973

gy %gy %gy %gy %

(i) 1024 = (100 + 2)4

= 4C
0
 (100)4 + 4C

1
(100)3.2 + 4C

2
(100)2.22 + 4C

3
 (100).23 + 4C

4
 .24

= 100000000 + 8000000 + 240000 + 3200 + 16 = 108243216

(ii) (97)3 = (100 −3)3 = 3 3 3 2 3 2 3 3

0 1 2 3(100) (100) .3 (100).3 .3C C C C− + −

= 1000000 −  90000 + 2700 −  27 = 1002700 −  90027 = 912673

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 12.1

1. fuEufyf[kr esa ls izR;sd dk izlkj fyf[k, %

(a) (2a + b)3 (b) (x2 –3y)6 (c) (4a – 5b)4 (d) (ax + by)n

2. fuEufyf[kr ds izlkj fyf[k, %

(a) (1 –  x)7 (b) 

7

1 







+

y

x
(c) (1 + 2x)5

3. fuEufyf[kr ds izlkj fyf[k, %

(a) 

5

3 2

a b 
+ 

 
(b) 

7

2

5
3 








−

x
x (c) 

4
1








+

x
x (d) 

5









+

x

y

y

x

4. eku yhft, eSa ,d yk[k #i;s 18% okf"kZd pØo`f) C;kt dh nj ls fuos'k djrk gw¡A
10 o"kZ ckn eq>s fdruh jkf'k feysxh\ vius mÙkj dks 2 n'keyo LFkkuksa rd nhft,A

5. thok.kqvksa dh la[;k 2% izfr ?k.Vs dh nj ls c<+rh gSA ;fn izkr% 9 cts thok.kqvksa dh
la[;k 5105.1 ×  gks] rks mlh fnu nksigj ckn 1 cts dh mudh la[;k Kkr dhft,A
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6. f}in izes; }kjk] fuEufyf[kr eas ls izR;sd dk eku Kkr dhft,%

(i) (101)4 (ii) (99)4 (iii) (1.02)3 (iv) (0.98)3

 12.2 f}in izlkj esa O;kid inf}in izlkj esa O;kid inf}in izlkj esa O;kid inf}in izlkj esa O;kid in

vkb,] (x + y)n ds izlkj (A) esa vFkkZr~

(x + y)n = n

n

nn

n

nnnnnnnnn
yCxyCyxCyxCyxCxC ++++++

−

−

−−− 1

1

33

3

22

2

1

10 ...

fofHkUu inksa dh tk¡p djsaA

ge ns[krs gSa fd

nn
xC0

, vFkkZr~ 0

11 yxC
nn

−
 izFke in gSA

yxC
nn 1

1

− , vFkkZr~ 11

12 yxC
nn −

−
f}rh; in gS]

22

2 yxC
nn − , vFkkZr~ 22

13 yxC
nn −

−
 rr̀h; in gS] bR;kfnA

mijksDr ls] ge O;kid :i ls ;g dg ldrs gSa fd

(r + 1)ok¡ in 
rrn

r

n
yxC

−

−+ 1)1( , vFkkZr~ rrn

r

n
yxC

−  gksxkA

;fn ge bl in dks T
r+1

 ls O;Dr djsa] rks gesa izkIr gksrk gS fd rrn

r

n

r yxCT
−

+
=1

T
r+1

 dks lkekU;r% f}in izlkj dk O;kid inO;kid inO;kid inO;kid in dgk tkrk gSA

vc ge dqN mnkgj.k ysaxs vkSj dqN izlkjksa ds O;kid in Kkr djsaxsA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 12.6.   

n

x
x 








+

12
 ds izlkj esa (r + 1)ok¡ in Kkr dhft, tgk¡] n ,d izkdr̀ la[;k gSA

izlkj ds izFke in ds fy, vius mÙkj dk lR;kiu dhft,A

gy % gy % gy % gy % izlkj dk O;kid in fuEu ls izkIr gS %

r

rn

r

n

r
x

xCT 







=

−

+

1
)( )(2

1  = r

rn

r

n

x
xC

122 −

 = rn

r

n
xC

32 −           ...(i)

blfy,] izlkj esa (r + 1)ok¡ in nC
r
x2n–3r gSA

n

x
x 








+

12
 dk izlkj djus ij] ge ns[krs gSa fd izFke in (x2)n vFkok x2n gSA (i) dk iz;ksx

djrs gq,] r = 0 j[kdj] ge izFke in Kkr djrs gSaA

pw¡fd T
1 
= T

0 +1

                 
nnn

xxCT
202

01 ==∴
−

;g lR;kfir djrk gS fd T
r+1 
ds fy, fn;k O;atd] r + 1 = 1 ds fy, lgh gSA
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 12.7.

6

3

3

2
1 








− x ds izlkj dk ik¡pok¡ in Kkr dhft,A

gy %gy %gy %gy % ;gk¡ T
r+1  

= T
5
 ftlls r +1 = 5, vFkkZr~ r = 4 izkIr gkssrk gSA

lkFk gh] n = 6 vkSj eku yhft, fd x = 1 ,oa  y = 
32

3

− x
 gSA

         ∴   

4

6 3

5 4

2

3
T C x

 
= − 

 

6 12

2

16

81
C x
 

=  
 

1212

27

80

81

16

2

56
xx =××

×
=

bl izdkj] izlkj esa ik¡pok¡ in 
12

27

80
x  gSA

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 12.2

1. ,d izkdr̀ la[;k n ds fy,] fuEu esa ls izR;sd ds izlkj esa (r + 1)ok¡ in fyf[k, %

(a) ( )2
n

x y+ (b) ( )
22 1

n

a − (c) ( )1
n

a− (d) 

n

x








+

2

1
3

2. fuEu izlkjksa esa ls izR;sd esa] fufnZ"V in Kkr dhft,%

(a) ( ) ;21
8

y+  NBk in (b) ( ) ;32
7

+x pkSFkk in

(c) ( )
11

2 ba − ; lkrok¡ in (d) 

6
1








+

x
x ; pkSFkk in

(e)

7

2

3 1








−

x
x ; ik¡pok¡ in

12-3  f}in izlkj esa eè; in12-3  f}in izlkj esa eè; in12-3  f}in izlkj esa eè; in12-3  f}in izlkj esa eè; in

vc rd vki ,d izlkj ds O;kid in ls ifjfpr gks pqds gSaA vkb, ns[ksa fd e/; ine/; ine/; ine/; in ¼vFkok
inksainksainksainksa½ dks ge dSls izkIr dj ldrs gSaA ;kn dhft, fd ,d f}in izlkj esa inksa dh la[;k f}in
ds ?kkrkad ls lnSo ,d vf/kd gksrh gSA bldk vFkZ ;g gS fd ;fn ?kkrkad ,d le la[;k gS]
rks inksa dh la[;k fo"ke gksxh vkSj ?kkrkad ;fn ,d fo"ke la[;k gks] rks inksa dh la[;k le gksxhA

bl izdkj] ,d f}in izlkj esa e/; in Kkr djrs le;] gekjs lkeus nks izdkj dh fLFkfr;k¡ vkrh
gSa %

fLFkfr fLFkfr fLFkfr fLFkfr 1 %  %  %  % tc n ,d le la[;k gS

,slh fLFkfr dk v/;;u djus ds fy,] ge n dk fof'k"V eku] tSls n = 6 ysrs gSaA rc izlkj esa
inksa dh la[;k 7 gksxhA fp= 12.1 ls] vki ns[k ldrs gSa fd pkSFks in ds nksuksa vksj rhu&rhu
in gSaA
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3 in 3 in

eè; in

fp= fp= fp= fp= 12.1

O;kid :i esa] tc f}in dk ?kkrkad ,d le la[;k n gS] rks 







+1

2

n
osa in ds nksuksa vksj 

2

n
 in

gSaA blfy,] 







+1

2

n
ok¡ in e/; in gSA

fLFkfr fLFkfr fLFkfr fLFkfr 2 %  %  %  % tc n ,d fo"ke la[;k gSA

vkb,] mnkgj.kkFkZ n = 7 ysdj ns[krs gSa fd bl fLFkfr esa D;k gksrk gSA izlkj esa inksa dh la[;k
8 gksxhA fp= 12.2 dks nsf[k,A D;k blesa dksbZ ,d e/; in ikrs gS\ ughaA ijUrq ge bls ,d
js[kk }kjk nks leku Hkkxksa esa foHkkftr dj ldrs gSa] tSlk fd fp= esa fn[kk;k x;k gSA ge
foHkkftr djus okyh js[kk ds izR;sd vksj ds fudVre in dks e/; in dgrs gSa] D;ksafd ,d e/
; in ds ck;ha vksj rFkk nwljs e/; in ds nk;ha vksj ds inksa dh la[;k leku gSA

3 in
     eè; in      

3 in

fp= fp= fp= fp= 12.2

bl izdkj] bl fLFkfr esa] nks eè; in gSaA

bl izdkj] e/; in pkSFks] vFkkZr~ 






 +

2

17
 osa vkSj ik¡posa vFkkZr~ 







 +

2

37
osa in gSaA

blh izdkj ;fn n = 13 gS] rc 






 +

2

113
ok¡ vkSj 







 +

2

313
ok¡] vFkkZr~ 7ok¡ vkSj 8ok¡ nks e/; in gSa]

tSlk fd fp= 12.3 esa fn[kk;k x;k gSA

fp= fp= fp= fp= 12.3

mijksDr ls] ge fu"d"kZ fudkyrs gSa fd tc fdlh f}in dk ?kkrkad mijksDr ls] ge fu"d"kZ fudkyrs gSa fd tc fdlh f}in dk ?kkrkad mijksDr ls] ge fu"d"kZ fudkyrs gSa fd tc fdlh f}in dk ?kkrkad mijksDr ls] ge fu"d"kZ fudkyrs gSa fd tc fdlh f}in dk ?kkrkad n ,d fo"ke,d fo"ke,d fo"ke,d fo"ke

izkdr̀ la[;k gksrh gS] rks laxr f}in izlkj esaizkdr̀ la[;k gksrh gS] rks laxr f}in izlkj esaizkdr̀ la[;k gksrh gS] rks laxr f}in izlkj esaizkdr̀ la[;k gksrh gS] rks laxr f}in izlkj esa 






 +

2

1n
osa rFkkosa rFkkosa rFkkosa rFkk 







 +

2

3n
osa in mldsosa in mldsosa in mldsosa in mlds

nks e/; in gksrs gSaAnks e/; in gksrs gSaAnks e/; in gksrs gSaAnks e/; in gksrs gSaA
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vkb, vc dqN mnkgj.kksa ij fopkj djsaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k    12.8.   (x2 + y2)8 ds izlkj esa e/; in Kkr dhft,A

gy % gy % gy % gy % ;gk¡ ij  n = 8 ¼,d le la[;k½ gSA

∴ 







+1

2

8
ok¡ vFkkZr~ 5ok¡ in e/; in gSA

O;kid in T
r+1 

= 8C
r
(x2)8–r yr esa r = 4 j[kus ij]

8842482

4

8

5 70)()( yxyxCT ==
−

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 12.9.   

9

2 1
2 








+

x
x  ds izlkj esa e/; in Kkr dhft,A

gy % gy % gy % gy %  ;gk¡ ij n = 9 gS] tks ,d fo"ke la[;k gSA

∴ 

9 1

2

+ 
 
 

 ok¡ rFkk 
9 3

2

+ 
 
 

 ok¡ in e/; in gSa]

vFkkZr~  T
5
 rFkk T

6
 e/; in gSaA

T
5 
rFkk T

6 
 Kkr djus ds fy,] O;kid in

T
r+1 

= 9C
r
(2x2)9–r 

1
( ) ,r

x
 esa  r = 4 rFkk r = 5  j[kus ij]

4

492

4

9

5

1
)2( 








=

−

x
xCT  =  

4

10 1
)32(

234

6789








××

××

×××

x
x  = 4032 x6

rFkk T
6
 = 9C

5
 (2 x2)9–5 

5
1

x

 
 
 

= 2016 x3

bl izdkj] ok¡fNr nks e/; in 4032 x6 rFkk 2016 x3 gSaA

     ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk    12.3

1.  fuEufyf[kr esa ls izR;sd ds izlkj esa e/; in Kkr dhft, %

(a) 10)2( yx + (b) 

8

3

3

2
1 








+ x              (c) 

6
1








+

x
x           (d) ( )

1021 x−

2. fuEufyf[kr esa ls izR;sd ds izlkj esa e/; in Kkr dhft, %

(a) 7)( ba + (b) 9)2( ba − (c) 

7

3

4

4

3








−

yx
         (d) 

11

2

1








+

x
x
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• ,d izkdr̀ la[;k n ds fy,] ( )
1 2 2 1

1 2 1

n n n n n n n n n n n

o n nx y C x C x y C x y C xy C y
− − −

−
+ = + + + + +K

;g /kukRed iw.kk ±dh; ¼vFkok izkd`r la[;k½ ?kkrk ad ds fy, f}in izes;;g /kukRed iw.kk ±dh; ¼vFkok izkd`r la[;k½ ?kkrk ad ds fy, f}in izes;;g /kukRed iw.kk ±dh; ¼vFkok izkd`r la[;k½ ?kkrk ad ds fy, f}in izes;;g /kukRed iw.kk ±dh; ¼vFkok izkd`r la[;k½ ?kkrk ad ds fy, f}in izes;
dgykrk gSAdgykrk gSAdgykrk gSAdgykrk gSA

• /kukRed iw.kk±dh; ?kkrkad ds fy,] f}in izes; dk ,d vU; :i bl izdkj gS %

(1 + a)n = nC
o
 + nC

1
 a + nC

2
 a2 + .... + nC

n–1
 an–1 + nC

n
 an

• (x + y)n  ds izlkj esa O;kid in nC
r 
x n–r y r gksrk gS vkSj (1 + a)n ds izlkj esa ;g in nC

r
ar,

gksrk gS] tgk¡ n ,d izkdr̀ la[;k gS vkSj 0 nr ≤≤ gSA

• ;fn n ,d le izkdr̀ la[;k gS] rks (x + y) n  ds izlkj esa dsoy ,d gh e/; in gksxkA ;fn

n ,d fo"ke izkdr̀ la[;k gS] rks blds izlkj esa nks e/; in gksaxsA

• O;kid in ds lw= dk iz;ksx ,d izlkj esa e/; in ¼inksa½ vkSj dqN vU; fof'k"V in Kkr
djus esa fd;k tk ldrk gSA

• https://www.youtube.com/watch?v=g0ilZEf1N6A

• https://www.youtube.com/watch?v=jH7VVVTEkxs

• https://www.youtube.com/watch?v=HXPJLHR4G4s

1. fuEu esa ls izR;sd dk izlkj fyf[k, %
(a) (3x + 2y)5 (b) (p – q)8 (c) (1– x)8

(d) 

6
2

1
3

x
 

+ 
 

6
1

( )
2

e x
x

 
+ 

 
( )

5
2( ) 3f x y−

4
2 2

( )
4

x
g

x

 
+ 

 

7

2

3

1
( )h x

x

 
− 

 

5

3

2

1
( )i x

x

 
+ 

 

4

3

2

1
( )j x

x

 
− 

 

2. fuEu esa ls izR;sd ds izlkj esa (r + 1)ok¡ in fyf[k,] tgk¡ n :N∈

(a) (3x – y 2) n (b) 

n

x
x 








+

13

3. fuEu izlkjksa esa ls izR;sd esa fufnZ"V in Kkr dhft, %

(a) (1 –2x)7 : rhljk in [ladsr : ;gk¡ r = 2] (b)

6

2

1








+

x
x : e/; in (inksa)

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV

vkb, vH;kl djsa
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(c) (3x – 4y)6 : pkSFkk in (d) 

11

2 1








−

y
y : e/; in (inksa)

(e) (x3 – y3)12 : pkSFkk in (f) (1 – 3x2)10 : e/; in (inksa)

(g) (–3x–4y)6 : ik¡pok¡ in (h)  (x – 2y)6 ds izlkj esa  rok¡ in

4. ;fn x dh c<+rh gqbZ ?kkrksa ds Øe esa] (1 + x)n ds izlkj esa T
r +1

,
 
 r osa in dks O;Dr djrk

gS ¼tgk¡ n ,d izkdr̀ la[;k gS½] rks fl) dhft, fd

r(r + 1)T
r +2

 =(n – r + 1) (n – r) x2 T
r 
[ladsrladsrladsrladsr : T

r

 = nC
r-1

 x r–1 vkSj T
r+2

 = nC
r +1

 x r +1]

5. x dh c<+rh gqbZ ?kkrksa ds Øe esa] (1 + 2x)10 ds izlkj esa x r–1 dk xq.kkad k
r
 gS vkSj k

r+2
 = 4k

r
.

gSA r dk eku Kkr dhft,A [ladsrladsrladsrladsr : k
r
 = 10C

r–1
 2 r–1 vkSj 1

1

10

2 2 +

++
=

r

rr Ck ]

6. (1+a)n ds izlkj esa ¼tgk¡ n ,d izkdr̀ la[;k gS½] ik¡posa] NBs vkSj lkrosa inksa ds xq.kkad ,d

lekUrj Js<+h esa gSaA n Kkr dhft,A [ladsrladsrladsrladsr : 
5645 CCCC

nnnn
−=− ]

7. (1 + y + y2)4 dk izlkj dhft,A  ( ) { }
4 4

2 2: 1 (1 ) 
+ + = + +  

y y y y• •• •• •

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 12.1

1. (a) 3 2 2 38 12 6a a b ab b+ + +

(b) 6524436281012 7291458121554013518 yyxyxyxyxyxx +−+−+−

(c) 432234 625200024001280256 babbabaa +−+−

(d) 
1 1 2 2 2 2( 1)

...
2!

n n n n n n n nn n
a x na x by a x b y b y

− − − −
−

+ + + +

2. (a) 2 3 4 5 6 71 7 21 35 35 21 7x x x x x x x− + − + − + −

(b) 7

7

6

6

5

5

4

4

3

3

2

2 7213535217
1

y

x

y

x

y

x

y

x

y

x

y

x

y

x
+++++++

(c) 5432 32808040101 xxxxx +++++

3. (a)  
3248

5

36

5

54

5

162

5

243

54322345
babbababaa

+++++

(b) 
7 4

2 5 8

354375 590625 590625
2187 25515 127575x x x

x x x
− + − + −

11 14

328125 78125

x x
+ −

(c) 42

24 14
64

xx
xx ++++ (d) 

5 3 3 5

5 3 3 5
5 10 10 5

x x x y y y

y y y x x x
+ + + + +

4. 4.96 yk[k #i, 5. 162360

6. (i) 104060401 (ii) 96059601 (iii) 1.061208 (iv) 0.941192

mÙkjekyk
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ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 12.2

1. (a) 
rrnrn

r

n
yxC

−−2 (b) rrnrn

r

n
aC )1(2 22

−
−− (c) rr

r

n
aC )1(−

(d) rrn

r

n
xC

2.3 −−

2. (a) 1792y5 (b) 15120x4 (c) 14784a5b6

(d) 20 (e) 35x

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 12.3

1. (a) 8064x5y5 (b) 
12

81

1120
x (c) 20 (d) –252x10

2. (a) 35a4b3, 35a3b4 (b) 4032a5b4,–2016a4b5 (c) 
4334

3

140
,

4

105
yxyx

−

(d) 74

462
,

462

xx

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. (a) 54322345 322407201080810243 yxyyxyxyxx +++++

(b) 87625344352678 828567056288 qpqqpqpqpqpqpqpp +−+−+−+−

(c) 8765432 8285670562881 xxxxxxxx +−+−+−+−

(d) 
65432

729

64

81

64

27

80

27

160

3

20
41 xxxxxx ++++++

(e) 642

246

64

1

16

3

16

15

2

5

4

15
3

xxx
xxx ++++++

(f) 1086243245 1590270405243 yxyyxyxyxx −+−+−

(g) 4

2
58 168

2

3

8256 xx
x

xx
++++

(h) 2116116

4914 17213535
217

xxxxx
xxx −+−+−+−

(i) 105

51015 15
10105

xx
xxx +++++

(j) 
1272

38
46

41
xxx

xx
+−+−

2. (a) (–1)r  n C
r
3n – r xn – r y2r (b) 

3 4n n r

r
C x

−

3. (a) 84x2 (b) 
2

5
(c) – 34560 x3y3 (d) – 462y7, 462y4

(e) – 220x27y9 (f) – 61236 x10 (g) 34560x2y4

(h) (–2)r–1   6C
r–1

 x 7– r y r–1 (i) –2r–2   8C
r–2

 x r–2

5. 5  6. 7, 14            7. 1 + 4y + 10y2 +16y3 +19y4 + 16y5 +10y6 + 4y7 + y8
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13

fu n sZ ' k k ad k sa d h  d k r h Z ;  i z . k k y hfu n sZ ' k k ad k sa d h  d k r h Z ;  i z . k k y hfu n sZ ' k k ad k sa d h  d k r h Z ;  i z . k k y hfu n sZ ' k k ad k sa d h  d k r h Z ;  i z . k k y h

vkiu s f lu sek gkW y] L V sf M ;e] cl ;k j sy esa viu k L Fkku  < w¡ < k gksxkA mn kgj .kkFkZ H-4 dk vFkZ gS
Hoha iaf Dr  esa pkSFkk L Fkku A n wlj s ' kCn ksa esa H vkSj  4 vkids L Fkku  ds f u n sZ' kkad gSaA bl izdkj  f dlh
Hkh f L Fkf r  dks T ;kf ef r  esa la[;k r Fkk o .kZekyk ¼chth; vo /kkj .kk½  } kj k f u :f ir  f d;k tkr k gSA
f dlh dkW yksu h ds f p= esa Hkh f of HkUu  ?kj ksa ¼tks f d ,d f o' ks"k vu qØe esa gksa½  dh r Fkk lM +dksa vkSj
ikdks±  dh f L Fkf r  f n [kkbZ tkr h gS] vFkkZr ~ chth; vo/kkj .kk dks T ;kf er h; f p=sa tSls lj y j s[kk] o`Ùk
vkSj  cgqHkqt } kj k f u :f ir  f d;k tkr k gSA

xf .kr  dh ml ' kk[kk ds v/;;u ] tks T ;kf ef r  o chtxf .kr  esa ij L ij  lEc U/k cr kr h gS] dks
f u n sZ' k k ad  T ; k f e f rf u n sZ' k k ad  T ; k f e f rf u n sZ' k k ad  T ; k f e f rf u n sZ' k k ad  T ; k f e f r  ;k dkr hZ; T ;kf ef r  dgr s gSaA bldk Js; Ýkal ds izf l) xf .kr K j su s n dksr Z

dks tkr k gSA

bl ikB  esa ge f u n sZ' kkad T ;kf ef r  dh ekSf ydr k,¡  r Fkk T ;kf ef r  esa lj y j s[kk dh /kkj .kk vkSj  mlds
chtxf .kr h; f u :i.k esa lEcU/k ds ckj s esa i< +saxsA

     m í s' ; m í s' ; m í s' ; m í s' ;

b l  i k B  d s v / ; ; u  d s c k n ]  v k i  f u E u f y f [ k r  e sa l e F k Z g k s t k , ¡ x s %b l  i k B  d s v / ; ; u  d s c k n ]  v k i  f u E u f y f [ k r  e sa l e F k Z g k s t k , ¡ x s %b l  i k B  d s v / ; ; u  d s c k n ]  v k i  f u E u f y f [ k r  e sa l e F k Z g k s t k , ¡ x s %b l  i k B  d s v / ; ; u  d s c k n ]  v k i  f u E u f y f [ k r  e sa l e F k Z g k s t k , ¡ x s %

• f u n sZ' kkadksa dh dkr hZ; iz.kkyh dks if j Hkkf "kr  dj u k] f tu esa ewyf cUn q] f u n sZ' kkad v{k] pr qFkk± ' k
vkf n  lf Eef yr  gSa(

• n wj h lw= vkSj  f oHkktu  lw= O;qRiUu  dj u k(

• f n , gq, ' kh"kks±  ls f =Hkqt ds {ks=Qy dk lw= O;qRiUu  dj u k(

• f n , gq, r hu  f cUn qvksa dh laj s[kr k izekf .kr  dj u k(

• >qdko r Fkk j s[kk dh izo.kr k tSls in ksa dh O;k[;k dj u k(

• n ks f cUn qvksa ls gksdj  tku s okyh j s[kk dh izo.kr k dk lw= Kkr  dj u k(

• n h xbZ izo.kr k okyh j s[kkvksa dh lekUr j r k r Fkk yEcor r k ds izf r cU/k dh O;k[;k dj u k(

• j s[kk } kj k f u n sZ' kkad v{kksa ij  cu s vUr %[k.M ksa dks Kkr  dj u k(

• n ks j s[kkvksa ds chp dks.k Kkr  dj u k] ;f n  mu dh izo .kr k,a n h gqbZ gSaA
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• ,d f cUn q ds f u n sZ' kkad Kkr  dj u k] ;f n  ewy f cUn q dks f dlh vU; f cUn q ij  L Fkku kUr f j r  dj
f n ;k tk, A

• f dlh oØ dk :ikar f j r  lehdj .k Kkr  dj u k] ;f n  ewy f cUn q dks f dlh vU; f cUn q ij
L Fkku kUr f j r  dj  f n ;k tk,A

 i wo Z K k u i wo Z K k u i wo Z K k u i wo Z K k u

• la[;k i)f r

• ,d f u n sZ' kkad r y esa f cUn qvksa dks f pf =r  dj u k

• j Sf [kd lehdj .kksa dk vkys[k

• j Sf [kd lehdj .kksa ds gy

    13.1 v k ; r k d k j  f u n sZ' k k ad  v { k v k ; r k d k j  f u n sZ' k k ad  v { k v k ; r k d k j  f u n sZ' k k ad  v { k v k ; r k d k j  f u n sZ' k k ad  v { k

iqu % ;kn  dhf t,  f d ge f iNyh d{kkvksa esa n ks
ij Lij  yEcor  js[kkvksa } kj k ,d r y esa ,d f cUn q
dh f L Fkf r  f L Fkj  ¼f u f ' pr ½  dj u k lh[k pqds gSaA
ml f L Fkj  ¼f u f ' pr ½  f cUn q O dks] tgk¡  ;s j s[kk,¡
,d n wlj s dks dkV r h gSa ewyf cUn q dgr s gSa tSlk
f p= 13.1 esa n ' kkZ;k x;k gSA ;s ij L ij  yEcor
j s[kk,¡  f u n sZ' kkad v{k dgykr h gSaA {kSf r t j s[kk
XOX' dks x- v{k ;k x dk v{k r Fkk Å/okZ/kj
j s[kk YOY' dks y- v{k ;k y dk v{k dgr s gSaA

13.1.1 , d  f c U n q d s d k r h Z;  f u n sZ' k k ad , d  f c U n q d s d k r h Z;  f u n sZ' k k ad , d  f c U n q d s d k r h Z;  f u n sZ' k k ad , d  f c U n q d s d k r h Z;  f u n sZ' k k ad

,d fcUn q ds fun sZ'kkad Kkr djus ds fy, ge f uEu
fof/k dk vuqlj .k dj saxsA X'OX rFkk YOY' dks
fu nsZ' kkad v{k ysaA eku k bl ry esa P dksbZ fcUnq gSA
fcUnq P ls '

PA XOX⊥ rFkk '
PB YOY⊥  [khafp,A

rc nwjh OA = x, x-v{k ds vu qfn 'k rFkk OB = y,

y-v{k ds vu qf n' k yhf t,A bu v{kksa ds vu qlkj
fcUn q P dh f LFkfr  dk irk pyrk gSA x v{k ds
vu qf n' k ekih xbZ n wj h OA, Hkqt ;k  x- fu nsZ' kkad
rFkk y- v{k ds vu qf n'k ekih xbZ nwjh OB (=PA)

fcUn q P dh dksfV  ;k y- fu nsZ' kkad dgykr s gSaA Hkqt
vkSj  dksf V ,d lkFk ysus ij f cUnq P ds f unsZ' kkad
dgykrs gSaA bl izdkj fcUnq P ds f un sZ' kkad (x rFkk
y) gSa] tks ry esa ,d f cUn q dh fL Fkfr  n' kkZr s gSaA ;s
nks la[;k,¡  Øf er  ; qX eØf er  ; qX eØf er  ; qX eØf er  ; qX e cukrh gSa] D;ksafd ;g Øe
ftlesa ge bu iw.kk±dksa dks fy[krs gSa] egÙoiw.kZ gSA

f p =  1 3 - 1f p =  1 3 - 1f p =  1 3 - 1f p =  1 3 - 1

f p =  1 3 - 2f p =  1 3 - 2f p =  1 3 - 2f p =  1 3 - 2

xx′

y′

y

O

x
AO

B P( )x, y

y

x′

y′
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f p= 13.3 esa vki n s[k ldr s gSa f d ;qX e (2, 3) ds Øe dh
f L Fkf r  (3, 2) ls f HkUu  gSA bl izdkj  ge dg ldr s gSa f d
(x, y) r Fkk (y, x) n ks f HkUu  izdkj  ds tksM +s r y esa n ks f HkUu
izdkj  ds f cUn q n ' kkZr s gSaA

13.1.2 p r q F k k ± ' kp r q F k k ± ' kp r q F k k ± ' kp r q F k k ± ' k

ge tku rs gSa f d fu nsZ'kkad v{k XOX' rFkk YOY' ,d r y
dks pkj  Hkkxksa esa ck¡ Vrs gSaA ;s Hkkx prqFkk± 'k dgykr s gSa] tSlk
fp= 13.4 esa n' kkZ;k x;k gSA fpg~u ksa ds vuqlkj f cUnq
P(x, y) dh f LFkfr  f ofHkUu prqFkk±' kksa esa] gesa izkIr gksrh gSA
I izFke pr qFkk± ' k x > 0, y > 0

II f } r h; pr qFkk± ' k x < 0, y > 0

III r r̀ h; pr qFkk± ' k x < 0, y < 0

IV pr qFkZ pr qFkk± ' k x > 0, y < 0

 13.2 n k s f c U n qvn k s f c U n qvn k s f c U n qvn k s f c U n qv

1 3 - 2  n k s f c U n qv k sa d s c h p  d h  n wj h1 3 - 2  n k s f c U n qv k sa d s c h p  d h  n wj h1 3 - 2  n k s f c U n qv k sa d s c h p  d h  n wj h1 3 - 2  n k s f c U n qv k sa d s c h p  d h  n wj h

;kn  dhf t, f d vkiu s n ks f cUn qvksa P (x
1
,y

1
) r Fkk Q (x

2
,y

2
) ds chp dh n wj h f u Eu  izdkj  ls O;qRiUu

dh gSA ,d j s[kk l  XX' [khaf p, tks P ls gksdj  tk,A Q ls l ij  ,d yEc [khaf p;s r Fkk ekf u ;s

f d izf r PNsn h f can q R gSA ∆ PQR ,d ledks.k f =Hkqt gSA

lkFk gh] PR
21MM=

12

12

xx

OMOM

−=

−=

vkSj QR
22 RMQM −=

2 1

2 1

2 1

QM PM

ON ON

y y

= −

= −

= −

vc PQ2 22
QRPR += (ikbFkkxksj l izes;)

2

12

2

12 )()( yyxx −+−=

∴   PQ 2

12

2

12 )()( yyxx −+−=

f p =  1 3 - 4f p =  1 3 - 4f p =  1 3 - 4f p =  1 3 - 4

f p =  1 3 - 3f p =  1 3 - 3f p =  1 3 - 3f p =  1 3 - 3

f p =  1 3 - 5f p =  1 3 - 5f p =  1 3 - 5f p =  1 3 - 5

O

y′

xx′

y

• (2,3)

• (3,2)

N2

y

Q( , )x y2 2

N1

x′ x

1
RP( , )x y1 1

M1 M2

y′

O

x′ x
NMLO

O(0, 0)

S
V

T

m1

R( )x, y

m2

P( , )x y1 1

Q( , )x y2 2

y
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f V I i . k h %f V I i . k h %f V I i . k h %f V I i . k h %     ;g lw= lHkh pr qFkk± ' kksa ds f cUn qvksa ds f y, lR; gSA f cUn q P(x,y) dh ewyf cUn q
O(0,0) ls n wj h

 OP 22
yx +=  gSA

vkb, bu  lw=ksa dks mn kgj .kksa } kj k L i"V  dj saA

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.1.    f u Eu f yf [kr  f cUn q ;qX eksa ds chp dh n wj h Kkr  dhf t,A

(i) A(14,3) rFkk B(10,6) (ii) M(–1,2) rFkk N(0,–6)

g y  %g y  %g y  %g y  %

(i) n ks f cUn qvksa ds chp dh n wj h ( ) ( )
2

12

2

12 yyxx −+−=

;gk¡ x
1
 = 14, y

1
 = 3, x

2
 = 10, y

2
 = 6

∴  A vkSj B ds chp dh n wj h ( ) ( )
22

361410 −+−=

( ) ( )
22

34 +−= 916 += 25=  = 5

A vkSj B ds chp dh n wj h 5 b dkbZ gSA

(ii) ;gk¡ x
1
 = –1, y

1
 = 2, x

2
 = 0 vkSj y

2
 = –6

M vkSj N ds chp dh n wj h = ( ) ( )
22

26)1(0 −−+−−  = 2)8(1 −+  = 641+  = 65

M vkSj  N f cUn qvksa ds chp dh n wj h = 65  bdkbZ

mn kgj .kmn kgj .kmn kgj .kmn kgj .k 13.2. fl) dhft, fd fcUnq P(–1, –1), Q(2, 3) vkSj R (–2, 6) ledks.k f=Hkqt ds 'kh"kZ gaSA

g y %g y %g y %g y %

PQ2  = (2 + 1)2 + (3 + 1)2 =  32 + 42 = 9 + 16 =  25

  QR2 = ( −4)2 + (3)2 = 16 + 9 = 25

vkSj     RP2  = 12 + ( −7)2 = 1 + 49 = 50

∴ PQ2  + QR2 = 25+25=50= RP2

⇒
∆ PQR ,d ledks.k ∆  gS ¼ikbFkkxksj l izes; ds f oykse } kj k½

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.3.   n ' kkZb;s f d f cUn q A(1, 2), B(4, 5) r Fkk C(–1, 0) ,d lj y j s[kk ij  f L Fkr  gSaA

g y  %  g y  %  g y  %  g y  %  ;gk¡

AB = ( ) ( )
22

2514 −+−  bdkbZ = 18  bdkbZ = 3 2  bdkbZ

BC = ( ) ( )
22

5041 −+−− bdkbZ = 50  bdkbZ = 5 2  bdkbZ
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v kS j AC = ( ) ( )
22

2011 −+−−  bdkbZ = 44 +  bdkbZ = 2 2  bdkbZ

vc AB + AC = ( )3 2 2 2+  bdkbZ 5 2=  bdkbZ = BC

vFkkZr ~ BA + AC = BC

vr % A, B, C ,d lj y j s[kk ij  f L Fkr  gSaA n wlj s ' kCn ksa esa( A,B,C laj s[k gSaA

  m n k g j . km n k g j . km n k g j . km n k g j . k 13.4.    f l) dhf t;s f d f cUn q (2a, 4a), (2a, 6a) r Fkk ( )2 3 ,5a a a+  leckgq f =Hkqt

ds ' kh"kZ gSa f tldh izR;sd Hkqtk 2a gSA

g y  %g y  %g y  %g y  % eku k f cUn q A (2a, 4a), B (2a, 6a) r Fkk C ( )2 3 ,5a a a+  gSaA

AB = 2)2(0 a+  = 2a bdkbZ

BC = 2 2( 3 ) ( )a a+ −  bdkbZ = 223 aa +  = 2a b dkbZ

vkSj AC   = 2 2( 3 ) ( )a a+ +  = 2a b dkbZ

⇒ AB + BC > AC, BC + AC > AB vkSj

AB + AC > BC vkSj AB = BC = AC = 2a

⇒ A, B, C Hkqtk 2a okys leckgq f =Hkqt ds ' kh"kZ gSaA

     n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.1

1. f u Eu f yf [kr  f cUn q ;qX eksa ds chp dh n wj h Kkr  dhf t;s%

(a) (5, 4) r Fkk (2, –3) (b) (a, –a) r Fkk (b, b)

2. f l) dhf t,  f d f u Eu  f cUn qvksa dk izR;sd lewg ,d ledks.k f =Hkqt ds ' kh"kZ gSa %

(a) (4, 4), (3, 5), (–1,–1) (b) (2, 1), (0, 3), (–2, 1)

3. f n [kkb;s f d f u Eu  f cUn qvksa dk izR;sd lewg ,d f =Hkqt ds ' kh"kZ gSa %

(a)  (3, 3), (–3, 3) r Fkk (0, 0) (b) (0, a), (a, b) r Fkk (0, 0) (;f n ab = 0)

4. f n [kkb;s f d f u Eu  f cUn qvksa dk izR;sd lewg laj s[k gS %

(a) (3, –6), (2, –4) r Fkk (– 4, 8) (b) (0,3), (0, – 4) r Fkk (0, 6)

5. (a) f n [kkb;s f d f cUn q (0, –1), (–2, 3), (6, 7) r Fkk (8, 3) ,d vk;r  ds ' kh"kZ gSaA

(b) f n [kkb;s f d f cUn q (3, –2), (6, 1), (3, 4) r Fkk (0, 1) ,d oxZ ds ' kh"kZ gSaA
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  13.3 f o H k k t u  l w=f o H k k t u  l w=f o H k k t u  l w=f o H k k t u  l w=

13.3.1 v U r %  f o H k k t uv U r %  f o H k k t uv U r %  f o H k k t uv U r %  f o H k k t u

eku k ),( 11 yxP  vkSj ),( 22 yxQ  j s[kk l ij  n ks f n , x,  f cUn q gSa r Fkk ),( yxR , PQ dks m
1
 : m

2

vu qikr  esa vUr % f oHkkf tr  dj r k gSA

K k r  d j u k  g S %K k r  d j u k  g S %K k r  d j u k  g S %K k r  d j u k  g S % f cUn q R ds f u n sZ' kkad x vkSj y

j p u kj p u kj p u kj p u k : P, Q vkSj  R ls XX' ij  Øe' k% PL, QN vkSj RM yEc [khaf p;s tks XX'  dks Øe' k% L, M

r Fkk N ij  f eyr s gSaA QNRT⊥  r Fkk QNPV⊥ [khaf p;sA

f o f / k  %f o f / k  %f o f / k  %f o f / k  % R j s[kk[k.M PQ dks m
1
 : m

2
 ds vu qikr  esa vUr % f oHkkf tr  dj r k gSA

⇒  R j s[kk[k.M PQ ij  f L Fkr  gS vkSj 
1

2

mPR

RQ m
=

r Fkk ∆  RPS vkSj ∆  QRT esa]

QRTRPS ∠=∠ (laxr  dks.k D;ksaf d RTPS )

v kS j 090=∠=∠ QTRRSP

∴ QRTRPS ∆∆ ~ (dks‚] dks‚ dks‚ le:ir k)

⇒
PR RS PS

RQ QT RT
= = ... (i)

lkFk gh 
1xxOLOMLMPS −=−==

xxOMONMNRT −=−== 2

1yySMRMRS −=−=

yyTNQNQT −=−= 2
.

lehdj .k (i) ls gesa izkIr  gksr k gS%

1 1 1

2 2 2

m x x y y

m x x y y

− −
= =

− −

)()( 1221 xxmxxm −=−⇒

vkSj )()( 1221 yymyym −=−

1 2 2 1

1 2

m x m x
x

m m

+
⇒ =

+
 r Fkk 

1 2 2 1

1 2

m y m y
y

m m

+
=

+

bl izdkj R ds f u n sZ' kkad gSa %










+

+

+

+

21

1221

21

1221 ,
mm

ymym

mm

xmxm

f p =  1 3 - 6f p =  1 3 - 6f p =  1 3 - 6f p =  1 3 - 6

x′ x
NMLO

O(0, 0)

S
V

T

m1

R( )x, y

m2

P( , )x y1 1

Q( , )x y2 2

y
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j s [ k k [ k . M  d s e / ;  f c U n q  d s f u n s Z' k k adj s [ k k [ k . M  d s e / ;  f c U n q  d s f u n s Z' k k adj s [ k k [ k . M  d s e / ;  f c U n q  d s f u n s Z' k k adj s [ k k [ k . M  d s e / ;  f c U n q  d s f u n s Z' k k ad

;f n R, PQ dk e/; f cUn q gS] r ks 121 == mm  (D;ksaf d R, PQ  dks vu qikr 1:1 esa f oHkkf tr

dj r k gS½

e/; f cUn q ds f u n sZ' kkad 






 ++

2
,

2

2121 yyxx

13.3.2 c k g ~ ;  f o H k k t uc k g ~ ;  f o H k k t uc k g ~ ;  f o H k k t uc k g ~ ;  f o H k k t u

eku k R j s[kk[k.M PQ  dks vu qikr  m
1
:m

2 
esa ckg~; f oHkkf tr  dj r k gSA

K k r  d j u k  g SK k r  d j u k  g SK k r  d j u k  g SK k r  d j u k  g S :  R ds f u n sZ' kkad

j p u kj p u kj p u kj p u k : f cUn q P, Q vkSj R ls XX' ij  Øe' k% PL, QN vkSj RM yEc [khaf p;s vkSj PS ⊥ RM  r Fkk QT

⊥ RM [khaf p;sA

L i"V r % ∆ RPS ~ ∆ RQT..

RP PS RS

RQ QT RT
∴ = =

;k 
2

1

2

1

2

1

yy

yy

xx

xx

m

m

−

−
=

−

−
=

)()( 1221 xxmxxm −=−⇒

r Fkk )()( 1221 yymyym −=−

bu ls izkIr  gksr k gS

1 2 2 1

1 2

m x m x
x

m m

−
=

−
 r Fkk  

1 2 2 1

1 2

m y m y
y

m m

−
=

−

vr % ckg~; f oHkktu  ds f cUn q ds f u n sZ' kkad










−

−

−

−

21

1221

21

1221 ,
mm

ymym

mm

xmxm
 gSaA

vc ge dqN mn kgj .k dj saxsA

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.5.   ml f cUn q ds f u n sZ' kkad Kkr  dhf t, tks f c Un qvksa (4, –2) r Fkk (–3, 5) dks f eyku s

okys j s[kk[k.M  dks 2:3 ds vUr % o cká vu qikr  esa f oHkkf tr  dj r k gSA

g y  %g y  %g y  %g y  % (i) eku k P (x, y) vUr % f oHkktu  dk f cUn q gSA

2( 3) 3(4) 6

2 3 5
x

− +
∴ = =

+

 vkSj 
2(5) 3( 2) 4

2 3 5
y

+ −
= =

+

 ∴  








5

4
,

5

6
 f cUn q P ds f u n sZ' kkad gSaA

;f n Q (x', y') ckg~; f oHkktu  dk f cUn q gS] r c

f p =  1 3 - 7f p =  1 3 - 7f p =  1 3 - 7f p =  1 3 - 7

y

Q( , )x y2 2

R( )x, y

T

S
S

O L MN
x′ x

y′

P( , )x y1 1
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18
32

)4(3)3)(2(
' =

−

−−
=x vkSj 

(2)(5) 3( 2)
' 16

2 3
y

− −
= = −

−

vr% cká foHkktu ds fcUnq ds funsZ'kkad (18, –16) gSaA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 13.6.    (1,4) vkSj (–3, 16) dks feykus okys js[kk[k.M dks fcUnq (3, –2) fdl vuqikr

esa foHkkftr djrk gS\

gygygygy : ekuk fd fcUnq P(3, –2) js[kk[k.M dks k : 1 esa foHkkftr djrk gSA

rc P ds funsZ'kkad 
3 1 16 4

,
1 1

k k

k k

− + + 
 

+ + 
 gSaA

ijUrq P ds fn, x, funsZ'kkad (3, −2) gSaA

3
1

13
=

+

+−
∴

k

k
 3313 +=+−⇒ kk  

1

3
k⇒ = −

P⇒ ] js[kk[k.M dks 1:3 ds ckg~; vuqikr esa ck¡Vrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  13.7.    ,d prqHkqZt ABCD ds 'kh"kZ Øe'k% (1, 4), ( −2,1), (0, –1) vkSj (3, 2) gSaA ;fn

E, F, G, H Øe'k% Hkqtkvksa AB, BC, CD vkSj DA ds e/; fcUnq gksa] rks fl) dhft,

fd EFGH ,d lekUrj prqHkqZt gSA

gygygygy : D;ksafd E, F, G, H Øe'k% Hkqtkvksa AB, BC, CD vkSj DA, ds e/; fcUnq gSa] blfy, E, F, G,

H ds funsZ'kkad Øe'k%

1 2 4 1 2 0 1 1 0 3 1 2
, , , , ,

2 2 2 2 2 2

− + − + − + − +     
     
     

 rFkk 
1 3 4 2

,
2 2

+ + 
 
 

1 5 3 1
, , ( 1,0), ,

2 2 2 2
E F G

−   
⇒ −   

   
 rFkk (2, 3)H  vHkh"V fcUnq gSaA

rFkk fod.kZ EG ds e/; fcUnq ds funsZ'kkad









=


















++

−

2

3
,

2

1

2

2

1

2

5

,
2

2

3

2

1

 gSaA

FH  ds e/; fcUnq ds funsZ'kkad 







=







 ++−

2

3
,

2

1

2

30
,

2

21
 gSaA

D;ksafd nksuksa fod.kks± ds e/; fcUnq leku gSa] blfy, fod.kZ ,d&nwljs dks lef}Hkkftr djrs gSaA

vr% EFGH  ,d lekUrj prqHkqZt gSA

     ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 13.2

1. mu js[kk[k.Mksa ds e/; fcUnq Kkr dhft, ftuds vUr% fcUnq uhps fn, x, gSa %

(a) (–2, 3) vkSj (3, 5) (b) (6,0) vkSj (–2,10)
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2. ml f cUn q ds f u n sZ' kkad Kkr  dhf t, tks (–5, –2) vkSj (3, 6) dks f eyku s o kys j s[kk[k.M  dks
3:1 ds vu qikr  esa vUr % f oHkkf tr  dj r k gSA

3. (a) ,d lekr j  pr qHkqZt ds r hu  ' kh"kZ (0,3), (0,6) vkSj (2,9) gSa] pkSFkk ' kh"kZ Kkr  dhf t,A

(b) ,d oxZ ds ' kh"kZ (4, 0), (– 4, 0), (0,– 4) vkSj (0, 4) gSaA f l) dhf t, f d mldh Hkqtkvksa
ds e/; f cUn qvksa ls cu k pr qHkqZt Hkh ,d oxZ gksxkA

4. (2, 3) vkSj (5, –1) dks f eyku s okys j s[kk[k.M  dks r hu  Hkkxksa esa ck¡ V k x;k gSA mu  f cUn qvksa
ds f u n sZ' kkad Kkr  dhf t, tks bls r hu  Hkkxksa esa ck¡ V r s gSaA

5. f n [kkb;s f d ,d vk;r  dh Hkqtkvksa ds e/; f cUn qvksa dks f eyku s ls cu h vkd`f r  ,d
lepr qHkqZt gksr h gSA

 13.4 f = H k q t  d k  { k s= Q yf = H k q t  d k  { k s= Q yf = H k q t  d k  { k s= Q yf = H k q t  d k  { k s= Q y

vkb, f =Hkqt dk {ks=Qy Kkr  dj sa f tlds ' kh"kZ

1 1 2 2( , ), ( , )A x y B x y r Fkk 3 3( , )C x y gSaA

j p u k  %j p u k  %j p u k  %j p u k  % XX' ij  AL, BM r Fkk CN yEc  [khaf p;sA

∆ ABC dk {ks=Qy = leyEc pr qHkqZt BMLA  dk {ks=Qy+ leyEc pr qHkqZt ALNC dk
     {ks=Qy – leyEc pr qHkqZt BMNC dk {ks=Qy

MNCNBMLNCNALMLALBM )(
2

1
)(

2

1
)(

2

1
+−+++=

( ) ))((
2

1
)(

2

1
))((

2

1
233213312112 xxyyxxyyxxyy −+−−++−+=

= 
1

2
[ ])()()( 331323321221 yxyxyxyxyxyx −+−+−

= [ ])()()(
2

1
213132321 yyxyyxyyx −+−+−

bls ge lkj f .kd :i esa f u Eu  izdkj  f y[k ldr s gSa %

∆ ABC dk {ks=Qy = 

1

1

1

2

1

33

22

11

yx

yx

yx

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.8.   ml f =Hkqt dk {ks=Qy Kkr  dhf t, f tlds ' kh"kZ A(3, 4), B(6, –2) vkSj

 C(– 4, –5) gSaA

g y  %  g y  %  g y  %  g y  %   ABC∆  dk {ks=Qy 

3 4 1
1

6 2 1
2

4 5 1

= −

− −

f p =  1 3 - 8f p =  1 3 - 8f p =  1 3 - 8f p =  1 3 - 8

x′

y′

O M L N
x

y
A( , )x y1 1

B( , )x y2 2

C( , )x y3 3
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= [ ])830(1)46(4)52(3
2

1
−−++−+−  = [ ]

1 69
9 40 38

2 2

−
− − =

{ks=Qy /ku kRed gksr k gSA

∴
2

69
=∆ ABC  oxZ bdkbZ

 m n k g j . k   m n k g j . k   m n k g j . k   m n k g j . k  13.9.   ;f n  ,d f =Hkqt ds ' kh"kZ (1, k), (4, –3) vkSj (–9, 7) r Fkk bldk {ks=Qy 15

oxZ bdkbZ gks] r ks k dk eku  Kkr  dhf t,A

g yg yg yg y :                   ∆  dk {ks=Qy = 

1 1
1

4 3 1
2

9 7 1

k

−

−

= [ ])2728(1)94(73
2

1
−++−−− k

= [ ]11310
2

1
+−− k  = [ ]k139

2

1
−−

D;ksaf d ∆  dk {ks=Qy f n ;k gS 15,

 ∴            15
2

139
=

−− k

; k – 9 –13k = 30

; k       –13k = 39

; k k = –3

     n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.3

1. f u Eu f yf [kr  f =Hkqtksa ds {ks=Qy Kkr  dhf t;s f tu ds ' kh"kZ u hps f n , x, gSa %

(1) (0, 5), (5, –5) vkSj (0,0) (b) (2, 3), (–2,–3) vkSj (–2, 3)

(c) (a,  0), (0, – a) vkSj (0, 0)

2. f =Hkqt A BC dk {ks=Qy] f tlds ' kh"kks±  ds f u n sZ' kkad A (2, −3), B(3, −2) r Fkk C
5

,
2

k
 
 
 

gSa]

2

3
 oxZ bdkbZ gSA k dk eku  Kkr  dhf t;sA

3. ml vk;r  dk {ks=Qy Kkr  dhf t, f tlds ' kh"kZ (5, 4), (5,– 4), (–5, 4)  vkSj (–5, – 4) gSaA

4. ml pr qHkqZt dk {ks=Qy Kkr  dhf t, f tlds ' kh"kZ (5, –2), (4, –7), (1, 1) vkSj (3, 4) gSaA
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 13.5 r h u  f c U n qv k sa d s l aj s[ k  g k su s d k  i zf r c U / kr h u  f c U n qv k sa d s l aj s[ k  g k su s d k  i zf r c U / kr h u  f c U n qv k sa d s l aj s[ k  g k su s d k  i zf r c U / kr h u  f c U n qv k sa d s l aj s[ k  g k su s d k  i zf r c U / k

r hu  f cUn q  1 1 2 2( , ), ( , )A x y B x y  r Fkk 3 3( , )C x y laj s[k gksaxs ;f n  vkSj  dsoy ;f n  f =Hkqt ABC dk

{ks=Qy ' kwU; gks

vFkk Zr ~ [ ]1 2 2 1 2 3 3 2 3 1 1 3

1
0

2
x y x y x y x y x y x y− + − + − =

vFkk Zr ~ 0311323321221 =−+−+− yxyxyxyxyxyx

la{ksi esa bl if j .kke dks ge bl izdkj  f y[k ldr s gSa %

0

1

1

1

33

22

11

=

yx

yx

yx

vkb, bls mn kgj .kksa } kj k L i"V  dj sa %

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.10.   f n [kkb;s f d f cUn q ( , ), ( , )A a b c B b c a+ +   r Fkk ( , )C c a b+ laj s[k gSaA

g y  %g y  %g y  %g y  %  ABC∆  dk {ks=Qy 

1
1

1
2

1

a b c

b c a

c a b

+

= +

+

         C
1
 → C

1
 + C

2
 ds iz;ksx ls

   

1

1

1

2

1

bacba

accba

cbcba

+++

+++

+++

=  

1 1
1

( ) 1 1 0
2

1 1

b c

a b c c a

a b

+

= + + + =

+

∴ f n , x, f cUn q laj s[k gSaA

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.11.  k ds f dl eku  ds f y, f cUn q (1, 5) , (k, 1) r Fkk (4, 11)  laj s[k gSa\

g y  %g y  %g y  %g y  % f n , gq, f cUn qvksa ls cu s f =Hkqt dk {ks=Qy 

1114

11

151

2

1
k=

[ ]41120510
2

1
−++−−= kk

[ ]
1

6 6 3 3
2

k k= + = +

D;ksaf d f n , x;s f cUn q laj s[k gSa] blf y,

3k + 3 = 0 1−=⇒ k

vr % k = –1 ds f y,] f n , x;s f c Un q laj s[k gSaA

Q
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     n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.4

1. f n [kkb;s f d f cUn q (–1,–1), (5, 7) vkSj (8, 11) laj s[k gSaA

2. f n [kkb;s f d f cUn q (3, 1), (5, 3) vkSj (6, 4) laj s[k gSaA

3. f l) dhf t;s f d f cUn q (a, 0), (0, b) vkSj (1, 1) laj s[k gSa ;f n 1
11

=+

ba
.

4. ;f n  f cUn q 1 1( , ), ( , )a b a b  r Fkk 1 1( , )a a b b− − laj s[k gksa] r ks f n [kkb;s f d  a
1
b = ab

1

5. k dk og eku  Kkr  dhf t, f tlds f y, f cUn q (5, 7), (k, 5) vkSj (0, 2) laj s[k gSa

6. k dk o g eku  Kkr  dhf t,  f tlds f y, f cUn q (k, 2–2k), (– k+1, 2k) vkSj (– 4 – k,

6 – 2k) laj s[k gSaA

  13.6 v k u f r  v k Sj  j s[ k k  d h  i zo . k r kv k u f r  v k Sj  j s[ k k  d h  i zo . k r kv k u f r  v k Sj  j s[ k k  d h  i zo . k r kv k u f r  v k Sj  j s[ k k  d h  i zo . k r k

f p= 13.9 n sf [k,A j s[kk AB, x v{k ds lkFk dks.k α  c u kr h gS r Fkk BA dks.k α+π  cu kr h gS
¼?kM +h dh f oij hr  f n ' kk esa ekis tku s ij ½

,d n h xbZ j s[kk dh vku f r  ¼>qdko½  mlds } kj k /ku kRed v{k ds lkFk cu k, x, dks.k ls f u :f ir
dh tkr h gS ¼?kM +h dh f oij kr  f n ' kk esa ekis tku s ij ½

,d f o' ks"k f L Fkf r  esa tc j s[kk x- v{k ds lekUr j  gks ;k mlds lkFk laikr h gks] r ks j s[kk dh vku f r
00 if j Hkkf "kr  dh tkr h gSA

y

y′

x′ x

A

α

π
 +

 α

B

O

y

y′

x′ x

A

α

π
+
α

O

B

(a) (b)

iqu % u hps f n , x, n ks igkM +ksa ds f p= n sf [k,A ;gk¡  f p= 13.10 (a) ds igkM + dh p< +kbZ] f p= 13.10

(b) ds igkM + dh p< +kbZ ls vf /kd gSA

f p =  1 3 - 9f p =  1 3 - 9f p =  1 3 - 9f p =  1 3 - 9
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(a) (b)

bldh < yku  dh ek=k dks dSls ekir s gSa\  ;gk¡  ge dg ldr s gSa f d igkM + (a) dh Hkwf e ds lkFk
vku f r  igkM + (b) dh Hkwf e ds lkFk vku f r  ls vf /kd gSA

izR;sd n ' kk esa Hkwr y ls f ' k[kj  dh Å¡ pkb;ksa dk vu qikr  Kkr  dj u s dk iz;kl dhf t;sA

okL r o esa] vkidks ir k yxsxk f d f L Fkf r (a) dk vu qikr  f L Fkf r  (b) dh r qyu k esa vf /kd gSA bldk
vFkZ gS f d gekj k r kRi;Z Å¡ pkbZ vkSj  vk/kkj  ls gS vkSj  bu dk vu qikr  dks.k ds V sUtSUV  ls lEcf U/
kr  gSA blf y, xf .kr  esa bl vu qikr  vFkkZr ~ vku f r  ds V sUtSUV  dks izo.kr k dgr s gSaA ge izo.kr k
dks ,d dks.k ds V sUtSUV ds :i esa i f j Hkkf "kr  dj saxsA

f dlh j s[kk dh izo .kr k ml dks.k θ (eku k) ) dk V sUtSUV gksr k gS tks og j s[kk x- v{k dh /ku kRed
f n ' kk dh lkFk cu kr h gSA lkekU;r % bls ladsr m (= tan θ ) ls f y[kk tkr k gSA

f V I i . k h %  f V I i . k h %  f V I i . k h %  f V I i . k h %  ;f n  dksbZ j s[kk x–v{k ds lkFk 900 ;k 2700 dk dks.k cu kr h gS r ks mldk < yku
if j Hkkf "kr  u gha f d;k tk ldr kA

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.12.   f p= 13.9 esa j s[kkvksa AB vkSj BA dh izo.kr k Kkr  dhf t, A

gy % j s[kk  AB dh izo.kr k = tan α

j s[kk BA dk izo.kr k = tan α=α+π tan)( .

    f V Ii .k hf V Ii .k hf V Ii .k hf V Ii .k h %%%%     bl mnkgj.k ls Li"V gS f d f dlh j s[kk dh izo.kr k mldh fn' kk ij f uHkZj  u gha djr hA

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.13.   , d  j s [ k k  x- v { k  d h

_.kkRed f n ' kk ds lkFk 300

d k  d k s . k  c u k r h g S A  ml d h
izo.kr k Kkr  dhf t;sA

g y  %g y  %g y  %g y  % 

; g k ¡ θ  = 180°– 30° = 150°

∴ m = j s[kk dh izo.kr k
 = tan (180° –30°) = – tan 30°

    = 
1

3
−

f p =  1 3 - 1 0f p =  1 3 - 1 0f p =  1 3 - 1 0f p =  1 3 - 1 0

f p =  1 3 - 1 1f p =  1 3 - 1 1f p =  1 3 - 1 1f p =  1 3 - 1 1

y

xx′

y′

30°
180°–30°

B

A



270

funsZ'kkadksa dh dkrhZ; iz.kkyh

xf.kr

ekWM~;wy - IV

funsZ'kkad
T;kfefr

fVIi.kh

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.14.    ml j s[kk dh izo.kr k Kkr

dhf t, tks y-v{k dh /ku kRed f n ' kk ds lkFk 60°

dk dks.k cu kr h gSA

g y  %g y  %g y  %g y  %

;gk¡ θ = 90° + 60°

∴ m = j s[kk dh izo.kr k
    = tan (90° + 60°) = – cot 60°

    = – tan 30° = 
1

3
−

mn kg j . kmn kg j . kmn kg j . kmn kg j . k 13.15.   ;fn  ,d j s[kk v{kksa ls leku :i
ls >qdh gqbZ gS rks f n[kkb;s fd bldk izo.kr k ±1 gSA

g y  %g y  %g y  %g y  % eku k f d j s[kk AB v{kksa ls leku  :i ls >qdh gqbZ gS vkSj  v{kksa ij  f cUn q A r Fkk B ij  f eyr h
gS tSlk f p= 13.13 esa n ' kkZ;k x;k gSA

45°
x′ x

O

y′

B

      

x′ x
AO

135°

y′

B

f p= 13.13(a) esa] j s[kk AB dh vku f r = 045=∠XAB

∴    j s[kk AB dh izo.kr k = tan 45° = 1

f p= 13.13 (b) j s[kk AB dh vku f r  = 000 13545180 =−=∠XAB

∴   j s[kk AB dh izo.kr k =  tan 1350 = tan (1800–450) = – tan 450 = –1

bl izdkj  ;f n  ,d j s[kk v{kksa ls leku  :i ls >qdh gksr h gS r c ml j s[kk dh izo.kr k 1± gksxhA

    n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.5

1. ml j s[kk dh izo.kr k Kkr  dhf t;s tks /ku kRed x- v{k ds lkFk 600 (ii)1500 dk dks.k cu kr h
g S A

2. ml j s[kk dh izo.kr k Kkr  dhf t;s tks /ku kRed x- v{k ds lkFk 300  dk dks.k cu kr h gSA

3. ml j s[kk dh izo.kr k Kkr  dhf t;s tks _.kkRed x- v{k ds lkFk 600  dk dks.k cu kr h gSA

f p =  1 3 - 1 2f p =  1 3 - 1 2f p =  1 3 - 1 2f p =  1 3 - 1 2

f p =  1 3 - 1 3f p =  1 3 - 1 3f p =  1 3 - 1 3f p =  1 3 - 1 3

A
x

90°+60°

60°B

y

O
x′

y′
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 13.7 n k s f H k U u  f c U n qv k sa d k s f e y k u s o k y h  j s[ k k  d h  i zo . k r kn k s f H k U u  f c U n qv k sa d k s f e y k u s o k y h  j s[ k k  d h  i zo . k r kn k s f H k U u  f c U n qv k sa d k s f e y k u s o k y h  j s[ k k  d h  i zo . k r kn k s f H k U u  f c U n qv k sa d k s f e y k u s o k y h  j s[ k k  d h  i zo . k r k

eku k ),( 11 yxA  vkSj ),( 22 yxB  n ks f HkUu  f cUn q gSaA A vkSj B ls xqt+j r h gqbZ ,d j s[kk [khaf p;s vkSj

eku  yhf t;s f d j s[kk dh vku f r θ  gSA A ls gksr h gqbZ ,d {kSf r t j s[kk r Fkk B ls gksr h gqbZ ,d
Å/okZ/kj  j s[kk dk izf r PNsn u  f cUn q eku k M gSA r c M ds f u n sZ' kkad f p= 13.14 ds vu qlkj  gksaxsA

x′ x

y

B( , )x y2 2

( , )x y2 1
M

θ

O

y′
(a)

O

M
( , )x y2 1

B( , )x y2 2

A( , )x y1 1

θ

y′

(b)

x

y

A(
, 

)
x

y
1

1

(A) f p= 13.14 (a) esa vku f r  dks.k MAB U;wu dks.k θ  ds cj kcj  gSA QyL o:i

12

12)tan(tan
xx

yy

AM

MB
MAB

−

−
==∠=θ

(B) f p= 13.14 (b) esa vku f r  dks.k vf /kd dks.k θ  gS vkSj  D;ksaf d θ  vkSj MAB∠  lEiwj d gSa]
QyLo:i

12

12

21

12)tan(tan
xx

yy

xx

yy

MA

MB
MAB

−

−
=

−

−
−=−=∠−=θ

vr % n ksu ksa gh f L Fkf r ;ksa esa] j s[kk tks A(x
1,
, y

1
) r Fkk ),( 22 yxB  ls xqt+j r h gS dh izo.kr k

m = 
12

12

xx

yy

−

−

f V I i . k h %f V I i . k h %f V I i . k h %f V I i . k h %     ;f n  x
1 
= x

2 
 gks] r ks m if j Hkkf "kr  u gha gksr kA ml voL Fkk esa j s[kk  y- v{k ds lekUr j

gksr h gSA

D;k dksbZ j s[kk ,slh gS f tldh izo.krk 1 gS\  gk¡ tc dksbZ js[kk /kukRed x- v{k ls 45° ij  >qdh gksrh
gSA D;k dksbZ j s[kk ,slh  gS f tldh izo.kr k 3  gS\  gk¡  tc dksbZ  j s[kk /ku kRed  x-v{k ls 600 i j
>q dh  gk sr h  g SA

bu  iz' u ksa ds mÙkj  ls vki n s[ksaxs f d izR;sd okL r f od la[;k m ds f y, ,d j s[kk gksr h gS f tldh
izo.kr k m gksr h gSA ¼D;ksaf d ge ln So , d dks.k α  < w¡ < + ldr s gSa f tlds f y, tan α  = m)A

 m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  13.16.   f cUn q A(6, 3) vkSj B(4, 10) dks f eyku s okyh j s[kk dh izo.kr k Kkr  dhf t,A

g y  %g y  %g y  %g y  % ),( 11 yx  r Fkk 2 2( , )x y  ls xqtj u s okyh j s[kk dh izo.kr k 
2 1

2 1

y y

x x

−
=

−

f p =  1 3 - 1 4f p =  1 3 - 1 4f p =  1 3 - 1 4f p =  1 3 - 1 4
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;gk¡ .10,4;3,6 2211 ==== yxyx

vc bu  eku ksa dks j [ku s ij ] ge izo .kr k izkIr  dj r s gSa 
10 3 7

4 6 2

−
= = −

−

 m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  13.17.    x dk eku  Kkr  dhf t,] f tlls f d (3, 6) vkSj (x, 4) ls xqt+j u s okyh j s[kk

dh izo.kr k 2 gksA

g y %g y %g y %g y % izo.kr k = 
3

2

3

64

12

12

−

−
=

−

−
=

−

−

xxxx

yy

2
3

2
=

−

−
∴

x
.............. (f n ;k gS)

∴  2x – 6 = –2  ;k  x = 2

     n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.6

1. f cUn q A(6, 8) r Fkk B(4, 14) ls xqt+j u s okyh j s[kk dh izo.kr k D;k gksxh\

2. x dk eku  Kkr  dhf t, f tlls A(6,12) r Fkk B(x, 8) ls xqt+j u s okyh j s[kk dh izo.kr k 4 gksA

3. y dk eku  Kkr  dhf t, f tlls f cUn q A( −8, 11) r Fkk B(2, y) dks f eyku s okyh j s[kk dh

izo.kr k
3

4
−  gksA

4. f =Hkqt ABC ds ' kh"kZ A(2, 3)   B(0, 4) r Fkk C( −5, 0) gSaA f cUn q B r Fkk AC ds e/; f cUn q ls
gksdj  tku s okyh j s[kk dh izo .kr k Kkr  dhf t,A

5. A( −2, 7),  B(1, 0), C(4, 3) r Fkk D(1, 2) ,d pr qHkqZt ABCD ds ' kh"kZ gSaA f n [kkb;s f d

(i) AB dh izo.kr k = CD dh izo.kr k (ii) BC dh izo.kr k = AD dh izo.kr k

 13.8 j s[ k k v k sa d s l e k U r j r k  v k Sj  y E c o r r k  g k su s d k  i zf r c U / kj s[ k k v k sa d s l e k U r j r k  v k Sj  y E c o r r k  g k su s d k  i zf r c U / kj s[ k k v k sa d s l e k U r j r k  v k Sj  y E c o r r k  g k su s d k  i zf r c U / kj s[ k k v k sa d s l e k U r j r k  v k Sj  y E c o r r k  g k su s d k  i zf r c U / k

13.8.1 l e k U r j  j s [ k k v k s a  d h  i z o . k r kl e k U r j  j s [ k k v k s a  d h  i z o . k r kl e k U r j  j s [ k k v k s a  d h  i z o . k r kl e k U r j  j s [ k k v k s a  d h  i z o . k r k

eku k l
1
, l

2
, n ks (yEcor  u gha) j s[kk,¡  gSa f tu dh

izo.kr k Øe' k% m
1
 r Fkk m

2
 gSA

eku k 
1θ  r Fkk 

2θ  bu  j s[kkvksa dh vku f r  gSA

f L F k f rf L F k f rf L F k f rf L F k f r I : eku k j s[kk,¡ l
1
 r Fkk l

2 
lekUr j  gSa]

r c 
1θ  = 

2θ  
21 tantan θ=θ⇒

21 mm =⇒

bl izdkj ] ;f n  n ks j s[kk,¡  lekUr j  gksr h gSa
r ks mu dh izo.kr k,¡  leku  gksr h gSaA

f p =  1 3 - 1 5f p =  1 3 - 1 5f p =  1 3 - 1 5f p =  1 3 - 1 5

y

l1

l2

θ1 θ2
x

O
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f L F k f rf L F k f rf L F k f rf L F k f r II : eku k j s[kkvksa l
1
, r Fkk l

2 
 dh izo.kr k,¡  leku  gSa

vFkkZr ~ 
2121 tantan θ=θ⇒= mm

1 2 (0 180 )θ θ θ
° °⇒ = ≤ ≤  1 2l l⇒

vr % n ks ¼yEcor  u gha½  j s[kk,¡  lekUr j  gSa ;f n  vkSj  dsoy ;f n  
21 mm =

13.8.2  y E c o r  j s[ k k v k sa d h  i zo . k r ky E c o r  j s[ k k v k sa d h  i zo . k r ky E c o r  j s[ k k v k sa d h  i zo . k r ky E c o r  j s[ k k v k sa d h  i zo . k r k

eku k l
1
 r Fkk l

2
 n ks (Å/okZ/kj  u gha) j s[kk,¡  gSa f tu dh izo .kr k Øe' k% m

1
 r Fkk m

2
 gSA eku k 

1θ

r Fkk 
2θ  mu dh vku f r  gSaA

f L F k f rf L F k f rf L F k f rf L F k f r  I : eku k 
21 ll ⊥

1

0

2 90 θ+=θ⇒ ; k
2

0

1 90 θ+=θ

( )1

0

2 90tantan θ+=θ⇒ ; k ( )2

0

1 90tantan θ+=θ

( )12 cottan θ−=θ⇒ ; k ( )21 cottan θ−=θ

1

2
tan

1
tan

θ

−=θ⇒ ; k
2

1
tan

1
tan

θ

−=θ⇒

⇒  n ksu ksa f L Fkf r ;ksa esa] gesa izkIr  gksr k gS

1 2tan tan 1θ θ = −

;k       m
1
.m

2
 = –1

bl izdkj  n ks j s[kk,¡  yEcor  gksaxh ;f n  mu dh izo.kr kvksa dk xq.ku Qy –1  gSA

f L F k f rf L F k f rf L F k f rf L F k f r II : eku k n ks j s[kk,¡ l
1
 r Fkk l

2
 bl izdkj  gSa f d mu dh izo.kr kvksa dk xq.ku Qy –1 gSA

vFkk Zr ~ m
1
.m

2
 = –1 1 2tan tan 1θ θ⇒ = −

( )
0

1 2 2

2

1
tan cot tan 90

tan
θ θ θ

θ

⇒ = − = − = +

f p =  1 3 - 1 6f p =  1 3 - 1 6f p =  1 3 - 1 6f p =  1 3 - 1 6

θ1 θ2

x
O

(a)

y

θ2
θ1

x
O

(b)

y

l2 l1
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⇒   ;k r ks 
2

0

1 90 θ+=θ  or 
1

0

2 90 θ+=θ  ⇒ n ksu ksa f L Fkf r ;ksa esa l
1 ⊥ l

2
.

vr % n ks j s[kk,¡  yEcor  gksaxh ;f n  vkSj  dsoy ;f n  m
1
.m

2
 = –1.

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.18. f n [kkb;s f d f cUn qvksa A(5,6) r Fkk B(2,3) ls gksdj  tku sokyh j s[kk f cUn qvksa

C(9,–2) r Fkk D(6,–5) ls gksdj  tku sokyh j s[kk ds lekar j  gSA

g y  %g y  %g y  %g y  %  j s[kk AB dh izo.kr k = 1
3

3

52

63
=

−

−
=

−

−

j s[kk CD dh izo.kr k = 1
3

3

96

25
=

−

−
=

−

+−

D;ksaf d izo .kr k,¡  cj kcj  gSa

∴  AB CD.

 m n k g j . km n k g j . km n k g j . km n k g j . k  13.19.   f n [kkb;s f d f cUn qvksa A(2,–5) r Fkk B(–2,5) ls gksdj  tku sokyh j s[kk f cUn qvksa

L(6,3) r Fkk M(1,1) ls gksdj  tku sokyh j s[kk ij  yEc gSA

g y  %  g y  %  g y  %  g y  %  ;gk¡ m
1
 = AB j s[kk dh izo.kr k = 

2

5

4

10

22

55 −
=

−

=

−−

+

 vkSj m
2
 = LM j s[kk dh izo .kr k = 

5

2

61

31
=

−

−

vc m
1
.m

2
 = 1

5

2

2

5
−=×

−

vr % j s[kk,¡  ,d n wlj s ij  yEc gSaA

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.20.   izo.kr k dh vo/kkj .kk dk mi;ksx dj ds f n [kkb;ss f d f cUn q A(4,4), B(3,5)

r F k k

C (–1, –1) ledks.k f =Hkqt ds ' kh"kZ gSa\

g y  %g y  %g y  %g y  % j s[kk AB dh izo.kr k = m
1
 = 1

43

45
−=

−

−

j s[kk BC dh izo.kr k = m
2
 = 

2

3

31

51
=

−−

−−

v kS j j s[kk AC dh izo.kr k = m
3
 = 1

41

41
=

−−

−−

vc 131 −=× mm

ACAB⊥⇒

⇒  ABC∆  ,d ledks.k f =Hkqt gSA

vr %  A(4,4), B(3,5) r Fkk C( −1, −1) ,d ledks.k f =Hkqt ds ' kh"kZ gSaA
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m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  13.21. y dk eku  D;k gksxk f tlds f y, f cUn qvksaA(3, y) vkSj B(2,7) ls gksdj  tku sokyh

j s[kk f cUn qvksa  C ( −1, 4) r Fkk D (0,6) ls gksdj  tku sokyh j s[kk ds yEcor  gS\

g y  %  g y  %  g y  %  g y  %  j s[kk AB  dh izo.kr k = m
1
 = 7

32

7
−=

−

−
y

y

j s[kk CD dh izo.kr k = m
2
 = 2

10

46
=

+

−

D;ksaf d j s[kk,¡  yEcor  gSa

121 −=×∴ mm  ;k ( )7 2 1y − × = −  ;k 1142 −=−y  ;k 132 =y  ;k 
2

13
=y

     n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  13.7

1. f n [kkb, f d f cUn qvksa (2,–3) r Fkk (– 4,1) dks f eyku s o kyh j s[kk

(i) f cUn qvksa (7,–1) r Fkk (0,3) dks f eyku s okyh j s[kk ds lekUr j  gSA

(ii) f cUn qvksa (4,5) r Fkk (0,–2) dks f eyku s okyh j s[kk ds yEcor  gS!

2. f cUn qvksa (– 4,1) r Fkk (2,3) dks f eyku s okyh j s[kk ds lekUr j  j s[kk dh izo.kr k Kkr  dhf t,A

3. f cUn qvksa (–5,7) r Fkk (0,–2) dks f eyku s okyh j s[kk f cUn qvksa (1,3) r Fkk (4, x). dks f eyku s okyh
j s[kk ds lekUr j  gS] x Kkr  dhf t,A

4. A(–2,7), B(1,0), C(4,3) r Fkk D(1,2) ,d pr qHkqZt ABCD ds ' kh"kZ gSaA f n [kkb;s f d  ABCD

dh Hkqtk,¡  lekUr j  gSaA

5. j s[kk dh izo.kr k dh vo/kkj .kk dk mi;ksx dj ds] f n [kkb;s f d f cUn q A(6, −1), B(5,0) r Fkk
C(2,3) laj s[k gSaA [ladsr  % AB, BC r Fkk CA dh izo.kr k,¡  cj kcj  gksu k pkf g,¡]

6. k dk eku  Kkr  dhf t, f tlls f d f cUn qvksa (k, 9) r Fkk (2,7)  dks f eyku s o kyh j s[kk f cUn qvksa
(2,–2) r Fkk (6,4) dks f eyku s okyh j s[kk ds lekUr j  gSaA

7. j s[kk dh izo.kr k dh vo/kkj .kk dk mi;ksx dj ds f n [kkb;s f d f cUn qvksa (– 4,–1), (–2,– 4),

(4,0) r Fkk (2,3) dks f n , gq, Øe esa yssu s ij  ;g ,d vk;r  ds ' kh"kZ gSaA

8. f =Hkqt ABC ds ' kh"kZ A(–3,3), B(–1,– 4) r Fkk C(5,–2). gSaA M r Fkk N, AB vkSj AC ds

eè;f cUn q gSaA f n [kkb;s f d MN �  BC vkSj MN = 
2

1
BC.

 13.9  , d  j s[ k k  } k j k  v { k k sa i j  c u s v U r % [ k . M, d  j s[ k k  } k j k  v { k k sa i j  c u s v U r % [ k . M, d  j s[ k k  } k j k  v { k k sa i j  c u s v U r % [ k . M, d  j s[ k k  } k j k  v { k k sa i j  c u s v U r % [ k . M

;f n  ,d j s[kk ¼ewyf cUn q ls gksdj  u gha tkr h½ x-v{k dks f cUn q A ij  r Fkk y-v{k dks f cUn q B ij
f eyr h gS] tSlk f p= 13.17 esa n ' kkZ;k x;k gSA r c

(i) OA, x-vUr % [k.M  dgykr k gS ;k x-v{k ij  j s[kk } kj k dkV k x;k vUr % [k.M A
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(ii) OB, y-vUr %[k.M  dgykr k gS ;k y-v{k ij  j s[kk
} kj k dkV k x;k vUr %[k.M A

(iii) bl Øe esa OA r Fkk OB lkFk&lkFk ysu s ij  j s[kk l
} kj k v{kksa ij  cu s vUr %[k.M  dgykr s gSaA

(iv) v{kksa ds e/; j s[kk ij  dV s var %[k.M  dks j s[kk AB dk
Hkkx dgr s gSaA

(v) f cUn q A ds f u n sZ' kkad (a,0) r Fkk f cUn q B ds (0,b) gSaA

,d f n , x, r y esa x-v{k ij  j s[kk } kj k dV s vUr % [k.M
dks Kkr  dj u s ds f y, ge j s[kk ds f n ;s x;s lehdj .k esa y = 0 j [kr s gSaA bl izdkj izkIr  x ds
eku  dks x vUr % [k.M  dgr s gSaA y-v{k ij  j s[kk dk vUr % [k.M  izkIr  dj u s ds f y, ge x = 0 j [kr s
gSa vkSj  bl izdkj  izkIr y ds eku  dks y vUr % [k.M  dgr s gSaA

 f V I i . k h % f V I i . k h % f V I i . k h % f V I i . k h %     1 - ,d j s[kk tks ewyf cUn q ls gksdj  tkr h gS v{kksa ij  dksbZ var % [k.M  u gha cu kr hA

2. {kSf r t j s[kk dk x vUr % [k.M  r Fkk Å/of /kj  j s[kk dk y vUr % [k.M  u gha gksr kA

3. lkekU;r ;k x- v{k r Fkk y-v{k ij  dV s vUr % [k.M ksa dks Øe' k% a r Fkk b ls n ' kkZr s gSaA
ij Ur q ;f n  dsoy y-vUr % [k.M  ij  f opkj  dj u k gks r ks bls c ls n ' kkZr s gSaA

 m n k g j . km n k g j . km n k g j . km n k g j . k 13.22.   ,d j s[kk dk lehdj .k 632 =+ yx  gSA blds x r Fkk y vUr % [k.M  Kkr

d h f t ; s A

g y  %  g y  %  g y  %  g y  %  n h xbZ j s[kk dk lehdj .k gS % 632 =+ yx ... (i)

(i) esa x = 0 j [ku s ij ] gesa izkIr  gksr k gS y = 2 bl izdkj y-vUr % [k.M 2 gSA

iqu % y = 0 lehdj .k (i) esa j [ku s ij ] gesa izkIr  gksr k gS 2x = 6  ⇒  x = 3 bl izdkj x-vUr %
[k.M 3 gSA

      n s[ k sa v k i u s f d r u k  l h [ k k n s[ k sa v k i u s f d r u k  l h [ k k n s[ k sa v k i u s f d r u k  l h [ k k n s[ k sa v k i u s f d r u k  l h [ k k 13.8

1. ;f n  j s[kkvksa ds lehdj .k f u Eu  gksa] r ks x r Fkk y vUr % [k.M  Kkr  dhf t;s %

(i) 63 =+ yx (ii) 237 =+ yx (iii) 1
22

=+

b

y

a

x
(iv) cbyax =+

(v) 82
2

=− x
y

(vi) 7
3

2

3
=−

xy

13-10 nks js[kkvksa ds chp dk dks.k

eku k l
1
 r Fkk l

2
 ,slh n ks j s[kk,sa gSa tks Å/okZ/kj  vFkok yEcor  u gha gSa r Fkk f tu dh izo.kr k,¡

Øe' k% m
1
 r Fkk m

2
 gSaA eku  yhf t,  l

1
 r Fkk l

2 
} kj k x-v{k dh /ku kRed f n ' kk ds lkFk cu s

dks.k Øe' k% α
1
 r Fkk α

2 
gSaA r c m

1
 = tan α

1
 r Fkk m

2
 = tan α

2

f p =  1 3 - 1 7f p =  1 3 - 1 7f p =  1 3 - 1 7f p =  1 3 - 1 7

b

aO

A

B
l
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f p= ls] gesa izkIr  gksr k gS α
1
 = α

2
 + θ

∴ θ = α
1
 – α

2

⇒ tan θ = tan (α
1
 – α

2
)

vFkk Zr ~ tan θ = 1 2

1 2

tan tan

1 tan . tan

α − α

+ α α

vFkk Zr ~ tan θ = 
1 2

1 21

m m

m m

−

+
                                       ...(1)

x
O

y

l1

l2
π

θ–

α2 α1

tSlk f d f p= ls L i"V  gS f d j s[kkvksa l
1
 r Fkk l

2 
ds chp n ks dks.k θ r Fkk π – θ gSaA

ge tku r s gSa tan (π – θ) = – tan θ

∴ tan (π – θ) = – 
1 2

1 21

m m

m m

 −

 
+ 

ek u k π – θ = φ

∴ tan φ = – 
1 2

1 21

m m

m m

 −

 
+ 

                                     ...(2)

• ;f n 1 2

1 21

m m

m m

−

+

 /ku kRed gS r c  tan θ /ku kRed gSa r Fkk tan φ _.kkRed gS vFkkZr ~ θ

U;wu dks.k gS r Fkk φ vf /kd dks.k gSA

• ;f n 
1 2

1 21

m m

m m

−

+
_.kkRed gS r c tan θ _.kkRed gS r Fkk tan φ /ku kRed gS vFkkZr ~ θ

vf èkddks.k r Fkk φ U;wu dks.k gSA

j s[kkvksa l
1
 r Fkk l

2
 f tu dh izo.kr k,¡  Øe' k% m

1
 r Fkk m

2
 gSa ds chp U;wu dks.k (θ dg ldr s

gSa) bl izdkj  f n ;k tkr k gS

tan θ =
1 2

1 21

m m

m m

−

+
 tgk¡  1 + m

1
m

2
 ≠ 0.

vf /kddks.k (φ dg ldr s gSa) lw= φ = 180° – θ mi;ksx } kj k izkIr  dj  ldr s gSaA

f p =  1 3 - 1 8f p =  1 3 - 1 8f p =  1 3 - 1 8f p =  1 3 - 1 8
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m n k g j . km n k g j . km n k g j . km n k g j . k 13.23. mu  j s[kkvksa ds chp U;wu dks.k r Fkk vf /kddks.k Kkr  dhf t, f tu dh izo.kr k,¡

3

4
 r Fkk 

1

7

−

 gSaA

g yg yg yg y : eku  yhf t, j s[kkvksa ds chp Øe' k% θ r Fkk φ U;wu dks.k r Fkk vf /kd dks.k gSaA

∴ tan θ =

3 1

21 44 7 |1| 1
3 1 28 3

1
4 7

+
+

= = =

− −   
+       

⇒ θ = 45°

∴ φ = 180° – 45° = 135°.

m n k g j . km n k g j . km n k g j . km n k g j . k 13.24.  x-v{k r Fkk f cUn qvksa (3, –1) vkSj  (4, –2) dks f eyku s o kyh j s[kk ds chp
dks.k ¼U;wu dks.k ;k vf /kddks.k½  Kkr  dhf t,A

g yg yg yg y : x-v{k dh izo.kr k (m
1 

dg ldr s gSa) = 0

n h xbZ j s[kk dh izo.kr k (m
2 

dg ldr s gSa) = 
2 1

1
4 3

− +

= −

−

∴ tan θ =
0 1

1
1 (0)( 1)

+

=

+ −

⇒ θ = 45° U;wu dks.k gSA

m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  13.25.  ;f n  n ks j s[kkvksa ds chp dk dks.k 
4

π

 gS r Fkk ,d j s[kk dh izo.kr k 
2

1

gS r ks n wlj h j s[kk dh izo.kr k Kkr  dhf t,A

g yg yg yg y :  ;gk¡, tan
4

π

 =
2

2

1

2
1

1 ( )
2

m

m

−

 
+   

⇒
2

2

1 2

2

m

m

−

+

 = 1

⇒ 2

2

1 2

2

m

m

−

+

 = 1 or 2

2

1 2

2

m

m

−

+

 = – 1.

⇒ m
2
 =

1

3
−  or m

2
 = 3.

∴ n wlj h j s[kk dh izo.kr k 3 ;k 
1

3
− .

      ns[ksa vkius fdruk lh[kk 13.9

1. mu  j s[kkvksa ds chp U;wu dks.k Kkr  dhf t, f tu dh izo.kr k,¡  5 r Fkk 
2

3
 gSaA
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2. mu  j s[kkvksa ds chp dk vf /kddks.k Kkr  dhf t, f tu dh izo.kr k,¡  2 r Fkk –3 gSaA

3. j s[kkvksa l
1
 r Fkk l

2
 ds chp dk U;wu dks.k Kkr  dhf t, tgk¡  l

1
 f cUn qvksa (0, 0) vkSj  (2, 3) ds

f eyu s ls cu r h gS r Fkk l
2
 f cUn qvksa (2, –2) vkSj  (3, 5) ds f eyu s ls cu r h gSA

13-11 ewyfcUnq dk LFkkukUrj.k

x-v{k r Fkk y-v{k dks vkysf [kr dj  izR;sd ler y dks pkj  Hkkxksa esa ck¡ V k@ f oHkkf tr  f d;k
tkr k gS r Fkk ler y esa f L Fkr  izR;sd f can q ,d okL r f od la[;kvksa ds Øf er  ;qX e } kj k f u :f ir
f d;k tkr k gSa tks v{kksa ls ml f cUn q dh yEcor  n wf j ;k¡  n ' kkZr k gSaA ge ;g Hkh tku r s gSa
f d ;g v{k L osPNk ls f y, tk ldr s gSa] vr % ler y esa f L Fkr  bu  v{kksa dh f L Fkf r  f u f ' pr
u gha gSA v{kksa dh f L Fkf r  if j of r Zr  gks ldr hA tc ge v{kksa dh f L Fkf r  cn yr s gSa r ks izR;sd
f cUn q ds laxr  f u n sZ' kkad Hkh cn y tkr s gSaA QyL o:i o Ø dh lehdj .k Hkh cn y tkr h gSA

f u Eu f yf [kr  f of /k;ksa } kj k v{kksa dks cn y@if j of r Zr  dj  ldr s gSaA

(i) v{kksa dk L Fkku kUr j .k (ii) v{kksa dk ?kw.kZu @if j Øe.k (iii) v{kksa dk L Fkku kUr j .k vkSj  if j Øe.k

bl Hkkx esa ge dsoy v{kksa ds L Fkku kUr j .k vFkkZr ~ f u n sZ' kkadksa esa if j or Zu  ij  ppkZ dj ssaxsA
Y Y′

LO N
x

x′
MO′

P( , )x y

P( , )x y ′

h

k

,d f n , x, ler y ds ewyf cUn q dk L Fkku kUr j .k dj ds f u n sZ' kkadksa esa if j o r Zu  izkIr  dj u k
f tlesa f u n sZ' kkad v{kksa dh f n ' kk u  cn ys] dks v{kksa dk L Fkku kUr j .k dgr s gSaA

vkb, n s[ksa f d ler y esa f L Fkr  ,d f cUn q ds f u n sZ' kkad] v{kksa ds L Fkku kUr j .k } kj k dSls
if j of r Zr  gksr s gSaA eku  yhf t, OX

uuur
 r Fkk OY

uuur

  f n , x, v{k gSaA eku k ewyf c Un q O v{kksa OX
uuur

r Fkk OY
uuur

 ds L Fkku kUr j .k } kj k O′(h, k) ij  L Fkku kUr f j r  gks tkr k gSA eku  yhf t, O X′ ′

uuuuur

r Fkk O Y′ ′

uuuuur
 u ;s v{k gSa tSlk f d mij ksDr  f p= esa n ' kkZ;k x;k gSA r c O X′ ′

uuuuur
 r Fkk O Y′ ′

uuuuur

ds lan HkZ esa f cUn q O′  ds f u n sZ' kkad (0, 0) gSaA

eku  yhf t, f u dk; OX
uuur

 r Fkk OY
uuur

 esa P ds f u n sZ' kkad (x, y) r Fkk O X′ ′

uuuuur
 r Fkk O Y′ ′

uuuuur

esa P ds f u n sZ' kkad ( , )x y′ ′  gSa r c O L k=′  r Fkk OL = h gSA

vc x = ON = OL + LN

= OL + O′M

= h + x′.

r Fkk y = PN = PM + MN = PM + O′L = y′ + k.

vr % x = x′ + h; y = y′ + k

;k x′ = x – h, y′ = y – k

f p =  1 3 - 1 9f p =  1 3 - 1 9f p =  1 3 - 1 9f p =  1 3 - 1 9
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• ;f n  v{kksa ds :ikUr j .k } kj k ewyf cUn q dks (h, k) ij  L Fkku kUr f j r  f d;k tkr k gS r c
f cUn q P(x, y) ds f u n sZ' kkad P(x – h, y – k) esa i f j of r Zr  gks tkr s gSa r Fkk oØ F(x, y)

= 0 dk lehdj .k F(x′ + h, y′ + k) = 0 esa i f j of r Zr  gks tkr k gSA

• L Fkku kUr j .k lw= ges' kk lR; gksr k gS r Fkk bl ij  f u HkZj  u gha dj r k f d u , f u dk;
dk ewyf can q f dl pr qFkkZa' k esa gSA

m n k g j . km n k g j . km n k g j . km n k g j . k 13.26.  tc ewyf cUn q dks v{kksa ds L Fkku kUr j .k } kj k f cUn q (–3, 2) ij  L Fkku kUr f j r
dj  f n ;k tkr k gS] r c u ;s v{k ds lkis{k f cUn q (1, 2) ds f u n sZ' kkad Kkr  dhf t,A

g yg yg yg y : ;gk¡ (h, k) = (–3, 2), (x , y) = (1, 2), (x′, y′) = ?

x′= x – h = 1 + 3 = 4

y′ = y – k = 2 – 2 = 0

vr % (x′, y′) = (4, 0)

m n k g j . km n k g j . km n k g j . km n k g j . k 13.27.  tc ewy f cUn q dks v{kksa ds L Fkku kUr j .k } kj k f cUn q (3, 4) ij  L Fkku kUr f j r
dj  f n ;k tkr k gS r c j s[kk 3x + 2y – 5 = 0 dh if j of r Zr  lehdj .k Kkr  dhf t,A

g yg yg yg y : ;gk¡ (h, k) = (3, 4)

∴ x = x′ + 3 r Fkk y = y′ + 4.

x r Fkk y ds bu  eku ksa dks j s[kk dh lehdj .k esa j [ku s ij  gesa izkIr  gksr k gS

  3(x′ + 3) + 2(y′ + 4) – 5 = 0

vFkkZr ~ 3x′ + 2y′ + 12 = 0.

     ns[ksa vkius fdruk lh[kk 13.10

1. (i) v{kksa ds L Fkku kUr j .k } kj k] D;k j s[kk[k.M  dh yEckbZ if j of r Zr  gksr h gS\  gk¡  ;k
u gha esa mÙkj  n hf t,A

(ii) v{kksa ds L Fkku kUr j .k ds lkis{k D;k vpj  f cUn q gksr s gSa\  gk¡  ;k u gha esa mÙkj  n hf t,A

(iii) tc ewyf cUn q dks v{kksa ds L Fkku kUr j .k } kj k f cUn q (4, –5) ij  L Fkku kUr f j r  dj  f n ;k
tkr k gS] r ks f cUn q (0, 3) ds f u n sZ' kkad gSa----

(iv) tc ewy f cUn q dks (2, 3), ij  L Fkku kUr f j r  dj  f n ;k tkr k gS] r c P ds f u n sZ' kkad
cn ydj @if j of r Zr  gksdj ] (4, 5) gks tkr s gSaA ewy f u dk; esa f cUn q P ds f u n sZ' kkad gSa----

(v) v{kksa ds L Fkku kUr j .k ls ;f n  f cUn q (3, 0), f can q (2, –3) esa if j of r Zr  gks tkr k gS]
r c ewyf cUn q] f cUn q---- ij  L Fkku kUr f j r  gks tkr k gSA

• f cUn qvksa (x
1
, y

1
) vkSj (x

2
, y

2
) ds chp dh n wj h ( ) ( )

2

12

2

12 yyxx −+− gSA

C

A1

% + vkb;s nksgjk,¡
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• f cUn qvksa ( )11, yx vkSj ( )22 , yx  dks f eyku s okyh j s[kk dks m
1 
: m

2
 ds vu qikr  esa vUr % f oHkkf tr

dj u s okys f c Un q ds f u n sZ' kkad

1 2 2 1 1 2 2 1

1 2 1 2

,
m x m x m y m y

m m m m

 + +

 
+ + 

• f cUn qvksa ( )11, yx  vkSj ( )22 , yx  dks f eyku s okyh j s[kk dks 1 2:m m  ds vu qikr  esa ckg;

f oHkkf tr  dj u s okys f cUn q ds f u n sZ' kkad










−

−

−

−

21

1221

21

1221 ,
mm

ymym

mm

xmxm
g S a A

• (x
1
,y

1
) vkSj (x

2
, y

2
) dks f eyku s o kyh j s[kk ds e/; f cUn q ds f u n sZ' kkad








 ++

2
,

2

2121 yyxx
 gSaA

• ' kh"kZ ( )11, yx , ( )22 , yx  vkSj ( )33 , yx  okys f =Hkqt dk {ks=Qy

[ ])()()(
2

1
311323321221 yxyxyxyxyxyx −+−+−

• r hu  f cUn q A, B, vkSj C laj s[k gksr s gSa ;f n  mu ds } kj k cu s f =Hkqt dk {ks=Qy ' kwU; gksA

• ;f n  f dlh j s[kk dk x- v{k ls Åij  dk Hkkx /ku kRed x-v{k ds lkFk θ  dks.k cu k, r ks j s[kk
dh izo.kr k m = tanθ gksr h gSA

• ( )11, yxA  vkSj ( )22 , yxB  dks f eyku s okyh j s[kk dh izo.kr k

12

12

xx

yy
m

−

−
=

• ,d j s[kk f tldh izo.kr k 
1m  gS] j s[kk f tldh izo .kr k 

2m  gS] ds lekUr j  gksxh ;f n

21 mm =

• ,d j s[kk f tldh izo.kr k
1m  gS] n wlj h j s[kk f tldh izo.kr k 

2m  gS] ds yEcor  gksxh ;f n

21 mm × = −1.

• ,d j s[kk l ¼ewy f cUn q ls gksdj  u gha tkr h½ x- v{k dks A ij  r Fkk y- v{k dks B ij  f eyr h gS]
r c OA dks x-vUr % [k.M  r Fkk OB dks y- vUr % [k.M  dgr s gSaA

• ;f n  n ks j s[kkvksa dh izo.kr k,a Øe' k% m
1
 vkSj  m

2
 gSa] r ks mu ds chp dk dks.k θ, f u Eu  izdkj

Kkr  f d;k tkr k gSA tan θ = 
1 2

1 21

−

+

m m

m m
  tgka m

1
m

2
 ≠ 0

;f n  tan θ dk eku  _.kkRed gS r ks j s[kkvksa ds chp dk dks.k vf /kddks.k gS vkSj  ;f n  tan

θ èku kRed gks r ks dks.k vf /kddks.k gksA

• tc ewy f cUn q dks (h, k) ij  L Fkku kr f j r  f d;k tkr k gS r ks f cUn q P(x, y) ds if j of r Zr
f u n sZ' kkad ¼eku  yhf t, (x′, y′)½ (x – h, y – k) gSaA
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• https://www.youtube.com/watch?v=4qMOPFtQ4iQ

• https://www.youtube.com/watch?v=iCX3d6aQPKw

1. f cUn q ;qX eksa ds chp dh n wj h Kkr  dhf t, % v k b ,  v H ; k l    sav k b ,  v H ; k l    sav k b ,  v H ; k l    sav k b ,  v H ; k l    sa

(a) (2, 0) vkSj (1, cot θ ) (b) (–sin A, cosA) vkSj (sin B, cos B)

2. u hps f n , x, f cUn qvksa ds lewgksa esa ls dkSu &dkSu  ls f =Hkqt cu kr s gSa\

(a) (3, 2), (–3, 2) vkSj (0, 3) (b) (3, 2), (3, –2) vkSj (3, 0)

3. f cUn qvksa (3. –5) vkSj (–6, 8) dks f eyku s okys j s[kk[k.M  dk e/; f cUn q Kkr  dhf t,A

4. f =Hkqt dk {ks=Qy Kkr  dhf t, f tlds ' kh"kks±  ds f u n sZ' kkad gSa %

(a) (1, 2), (–2, 3), (–3, –4) (b)(c, a), (c + a, a), (c – a, –a)

5. f n [kkb;s f d f u Eu f yf [kr  f cUn qvksa ds lewg laj s[k gSa ¼;g f n [kkdj  f d f =Hkqt dk {ks=Qy
tks f cUn qvksa ls cu r k gS ' kwU; gS %

(a) (–2, 5), (2, –3) vkSj (0, 1) (b) (a, b + c), (b, c + a) vkSj (c, a + b)

6. ;f n (–3, 12), (7, 6) vkSj (x, a) laj s[k gksa] r ks x Kkr  dhf t,A

7. ml pr qHkqZt dk {ks=Qy Kkr  dhf t, f tlds ' kh"kZ (4,3) (–5,6) (0,7) vkSj (3,–6) gSaA

8. f u Eu  f cUn qvksa ls gksdj  tku so kyh j s[kk dh izo.kr k Kkr  dhf t, %

(a) (1,2), (4,2) (b) (4, – 6), (–2, –5)

9. y dk eku  D;k gksxk f tlls] (3, y) r Fkk (2,7) ls gksdj  tku s okyh j s[kk (–1, 4) vkSj (0, 6)

ls gksdj  tku s okyh j s[kk ds lekUr j  gksA

10. ikbFkkxksj l izes; dk iz;ksx f d, f cu k f n [kkb;s f d f cUn q (4, 4), (3, 5) vkSj  (–1, –1) ,d
ledks.k f =Hkqt ds ' kh"kZ gSaA

11. izo.kr k dh vo/kkj .kk dk mi;ksx dj ds cr kb;s f d f u Eu f yf [kr  f cUn qvksa dk dkSu  lk lewg
laj s[k gS % (i) (–2, 3) , (8, –5) vkSj (5, 4) (ii) (5, 1) , (1, −1) vkSj (11, 4),

12. ;f n A (2, –3) vkSj  B (3, 5) vk;r ABCD ds n ks ' kh"kZ gSa] izo.kr k Kkr  dhf t, %

(i) BC dh (ii) CD dh (iii) DA dh

13. ,d pr qHkqZt ds ' kh"kZ f cUn q (7, 3), (3, 0), (0, – 4) vkSj (4, –1) gSaA izo.kr k dk mi;ksx dj ds
f n [kkb;s f d pr qHkZqt dh Hkqtkvksa ds e/; f cUn qvksa ls cu k pr qHkqZt lekUr j  pr qHkqZt gksr k gSA

lgk;d osclkbV

vkb, vH;kl djsa
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14. f u Eu f yf [kr  j s[kkvksa ds x- vUr % [k.M  Kkr  dhf t, %

(i) 832 =− yx (ii) 0973 =+− yx (iii)  3
2

=−
y

x

15. tc v{kksa ds L Fkku kUr j .k ls ewyf cUn q dks f cUn q (3, 4) ij  L Fkku kf U=r  f d;k tkr k gS]

r ks 2 22 4 5 0+ + =x xy y  dh i f j of r Zr  lehdj .k Kkr  dhf t,A

16. ;f n  ewyf cUn q dks f cUn q (3, –4), ij  L Fkku kUr f j r  f d;k tkr k gS] r c o Ø dh if j of r Zr

lehdj .k 2 2( ) ( ) 4x y+ =′ ′  gS] r ks oØ dh ewy lehdj .k Kkr  dhf t,A

17. ;f n  A(–2, 3), B(3, 8) r Fkk C(4, 1) ∆ABC ds ' kh"kZ gSa] ∠ABC Kkr  dhf t,A

18. f cUn qvksa A(9, 2), B(17, 11), C(5, – 3) r Fkk D(–3, –2) } kj k cu s pr qHkqZt ABCD ds f od.kksZa
ds chp cu s U;wu dks.k dks Kkr  dhf t,A

19. j s[kkvksa AB r Fkk BC ds chp dk U;wu dks.k Kkr  dhf t,] f n ;k gS f d A (5, –3),  B

(–3, –2) r Fkk C (9, 12)A

n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.1

(a) 58 (b) 2 22( )a b+

n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.2

1. (a) 







4,

2

1
(b) (2,5) 2. (1,4)

3. (a)  (2,6) 4. 
5 1

3, , 4,
3 3

   
   
   

n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  13.3

1. (a) 
2

25
 oxZ bdkbZ (b) 12  oxZ bdkbZ (c) 

2

2
a

 o xZ bdkbZ

2.
3

5
=k 3. 80 oxZ bdkbZ 4. 

2

41
oxZ bdkbZ

n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.4

5. k = 3 6. k = 
2

1
, –1

n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.5

1. (i) 3 (ii)  
3

1
− 2. 3− 3. 3−

mÙkjekyk
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n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.6

1. −3 2. 5 3. 
3

7
− 4. 

3

5

n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.7

2.
3

1
3.

3

14
6.

3

10
=k

n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.8

1. (i) x-vUr % [k.M = 6 (ii) x-vUr % [k.M = 
7

2
(iii) x-vUr % [k.M = 2a

y-vUr % [k.M = 2 y-vUr % [k.M = 
3

2
y-vUr % [k.M = 2b

(iv) x-vUr % [k.M = 
a

c
(v) x-vUr % [k.M = −4 (vi) x-vUr % [k.M = 

21

2

−

y-vUr % [k.M = 
b

c
y-vUr % [k.M = 16 y-vUr % [k.M = 21

n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.9

1. 45° 2. 135° 3. 
11

tan
23

θ =

n s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k kn s[ k sa v k i u s f d r u k  l h [ k k 13.10

1. (i) u gha (ii) gka (i) (–4, 8), (iv) (6, 8) (v) (1, 3)

v k b ,  v H ; k l  d j sav k b ,  v H ; k l  d j sav k b ,  v H ; k l  d j sav k b ,  v H ; k l  d j sa

1. (a) cosec θ (b) 2 sin 
2

BA +

2. f n ;k x;k dksbZ lewg f =Hkqt u gha cu kr k

3. 







−

2

3
,

2

3
4. (a) 11 oxZ bdkbZ (b)  a2 oxZ bdkbZ

6.
3

551 a−

7. 29 oxZ bdkbZ 8. (a) 0 (b) 
1

6
−

9. 3=y 11. dsoy (ii) 12. (i) 
8

1
− (ii) 8 (iii) 

8

1
−

14. (i) 4 (ii) −3 (iii) 3

15. x2 + 4y2 + 4xy + 116x + 2y + 259 = 0 16. x2 + y2 – 6x + 8y + 21 = 0

17. 1 4
tan

3

−  
 
 

18. 
1 48

tan
145

−  
 
 

19. 1 62
tan

55

−  
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14

ljy js[kk,¡ljy js[kk,¡ljy js[kk,¡ljy js[kk,¡

T;kfefr esa geus js[kkvksa] dks.kksa vkSj vk;rkdkj vkÑfr;ksa ds ckjs esa i<+k gSA è;ku nhft, fd ,d
lery esa nks fcUnqvksa dks feykus ls ,d js[kk curh gSA gesa jSf[kd lehdj.kksa ls xzkQ Hkh ns[kus
dks feyrs gSa] tks ljy js[kkvksa esa vkrs gSaA

jkspdrkiw.kZ] ,d lery esa fofHkUu 'krks± ds vUrxZr mi;qZDr leL;k dk foijhr izkIr djuk gh
ljy js[kkvksa ds lehdj.k gSaA fo'ys".kkRed T;kfefr dk loZfu"B] funsZ'kkad T;kfefr dgykrk gSA

bl ikB esa ge ljy js[kkvksa ds lehdj.k fofHkUu :iksa esa Kkr djsaxs vkSj mu ij vkèkkfjr
leL;kvksa dks gy djus dk iz;Ru djsaxsA

     mís';  mís';  mís';  mís';

bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxsbl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxsbl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxsbl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs

• v{kksa ds lekUrj izR;sd js[kk dk lehdj.k O;qRiUu djuk

• js[kk ds fofHkUu :iksa ¼izo.krk&vUr%[k.M] fcUnq&izo.krk] nks fcUnq] vUr%[k.M vkSj yEcor~½
esa lehdj.k O;qRiUu djuk

• nh xbZ 'krks± ds vUrxZr fofHkUu :iksa esa js[kk dk lehdj.k Kkr djuk

• js[kk ds izFke ?kkr ds O;kid lehdj.k dk o.kZu djuk

• js[kk ds O;kid lehdj.k dks O;Dr djuk

(i) izo.krk&vUr%[k.M :i (ii) vUr%[k.M :i vkSj (iii) yEcor~ :i

• ,d nh gqbZ js[kk ls fn, gq, fcUnq dh nwjh dk lw= Kkr djuk

• ,d nh gqbZ js[kk ls fn, gq, fcUnq dh nwjh dh x.kuk djuk
• ,d fn, gq, fcUnq ls gksdj rFkk ,d nh gqbZ js[kk ds lekUrj@yEcor~ js[kk dk lehdj.k

O;qRiUu djuk(

• nks js[kkvksa ds izfrPNsnu fcUnq ls gksdj tkrh js[kkvksa ds lewg dk lehdj.k Kkr djukA
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  iwoZKkuiwoZKkuiwoZKkuiwoZKku

• f=Hkqtksa dh lok±xlerk vkSj le:irk

  14.1 ,d v{k ds lekUrj js[kk,d v{k ds lekUrj js[kk,d v{k ds lekUrj js[kk,d v{k ds lekUrj js[kk

;fn vki ,d dejs esa viuh Hkqtk,¡ fdlh fdukjs ds lekUrj [kksydj [kM+s gks tk,¡ rks ge Q'kZ
ij Hkqtkvksa ds lekUrj js[kk [khap ldrs gSaA bl js[kk ds yEcor~ ,d js[kk [khaph tk ldrh gS tks
igyh js[kk dks viuh Vkaxksa ds chp esa izfrPNsn djsA

bl fLFkfr esa vkids lkeus dh js[kk dk Hkkx o vkids ihNs tkus okyh js[kk dk Hkkx y-v{k gS rFkk
vkidh Hkqtkvksa ds lekUrj js[kk x-v{k gSA

y-v{k dk og Hkkx tks vki ns[k ldrs gSa èkukRed gS rFkk cak;h vksj dk Hkkx _.kkRedA

vc ekuk fd vkids lEeq[k fdukjk vkils 'b' ehVj nwj gS rc bl fdukjs dk lehdj.k gksxk y
= b ¼x-v{k ds lekUrj½

tgk¡ b dk fujis{k eku x-v{k ls foijhr fdukjs dh nwjh ds cjkcj gSA

;fn b > 0, rc fdukjk vkids lkeus vk;sxk vFkkZr~ x-v{k ds ÅijA

;fn b < 0, rc fdukjk vkids ihNs gksxk vFkkZr~ x-v{k ds uhpsA

;fn b = 0, rc js[kk vkils gksdj xqtjsxh vFkkZr~ Lo;a x-v{kA

iqu%] ekuk fd vkids nk;ha vksj dk fdukjk vkils c ehVj dh nwjh ij gS rc bl fdukjs dk
lehdj.k gksxk x = c ¼y-v{k ds lekUrj½

tgk¡ c dk fujis{k eku y-v{k ls nwjh ds cjkcj gS tksfd vkids nk;ha vksj gSA

;fn c > 0, rc fdukjk ¼js[kk½ vkids nk;ha vksj gS vFkkZr~ y-v{k ds nk;ha vksjA

;fn c < 0, rc fdukjk ¼js[kk½ vkids cak;ha vksj gS vFkkZr~ y-v{k ds cak;ha vksjA

;fn c = 0, rc js[kk vkils gksdj xqtjrh gS vFkkZr~ ;g y-v{k gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 14----1.    fcUnq ¼–2] –3½ ls gksdj tkus okyh js[kk dk lehdj.k Kkr dhft, tks

   (i) x-v{k ds lekUrj gks (ii) y-v{k ds lekUrj gksA

gygygygy :  (i) x-v{k ds lekUrj fdlh js[kk dk lehdj.k gS% y = b

D;ksafd ;g fcUnq ¼–2] –3½ ls gksdj tkrh gS vr% –3 = b

∴ js[kk dk okafNr lehdj.k gqvk% y = –3

(ii) y-v{k ds lekUrj fdlh js[kk dk lehdj.k gS% x = c

D;ksafd ;g fcUnq ¼–2] –3½ ls gksdj tkrh gS vr% –2 = c

∴ js[kk dk okafNr lehdj.k gS% x = –2
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     ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk 14----1

1. fcUnq ¼–3] –4½ ls gksdj tkus okyh js[kk dk lehdj.k Kkr dhft, tks

(a) x-v{k ds lekUrj gks (b) y-v{k ds lekUrj gks

2. ml js[kk dk lehdj.k Kkr dhft, tks ¼5] –3½ ls gksdj tkrh gS rFkk x-v{k ij yEc gSA

3. ml js[kk dk lehdj.k Kkr dhft, tks ¼–3] –7½ ls gksdj tkrh gS rFkk y-v{k ij yEc gSA

 14----2 ljy js[kk ds lehdj.k dk O;qRiUu% fofHkUu ekud :i esa ljy js[kk ds lehdj.k dk O;qRiUu% fofHkUu ekud :i esa ljy js[kk ds lehdj.k dk O;qRiUu% fofHkUu ekud :i esa ljy js[kk ds lehdj.k dk O;qRiUu% fofHkUu ekud :i esa

vHkh rd geus js[kk dh vkufr] >qdko] izo.krk rFkk v{kksa ds lekUrj js[kkvksa ds ckjs esa i<+k gSA
vc iz'u ;g gS fd D;k ge x vkSj y esa dksbZ lEcUèk Kkr dj ldrs gSa tcfd (x, y) js[kk ij dksbZ
LosPN fcUnq gSA

x vkSj y esa og lEcUèk tks js[kk ds LoSfPNd fcUnq ds funsZ'kkadksa ls larq"V gksrk gS ljy js[kk dk
lehdj.k dgykrk gSA js[kk dk lehdj.k nh xbZ fLFkfr;ksa ds vuqlkj fofHkUu :iksa esa Kkr fd;k
tk ldrk gS tSls

(a) tc js[kk dh izo.krk rFkk y-v{k ij mldk vUr%[k.M fn;k gksA

(b) tc js[kk dh izo.krk nh gqbZ gks rFkk ,d fn, gq, fcUnq ls gksdj tkrh gksA

(c) tc js[kk nks fn, gq, fcUnqvksa ls gksdj tkrh gksA

(d) tc gesa js[kk }kjk v{kksa ij cus vUr%[k.M fn, gksaA

(e) tc gesa ewy fcUnq ls js[kk ij yEc dh yEckbZ nh xbZ gS rFkk yEc ds }kjk èkukRed x-v{k
ds lkFk cuus okyk dks.k fn;k gksA

;gk¡ ge ,d&,d djds lHkh fLFkfr;ksa dh ppkZ djsaxs rFkk js[kk dk lehdj.k ekud :i
esa Kkr djus dk iz;Ru djsaxsA

(A) izo.krk&vUr%[k.M :iizo.krk&vUr%[k.M :iizo.krk&vUr%[k.M :iizo.krk&vUr%[k.M :i

ekuk AB ,d ljy js[kk gS tks x-v{k ds lkFk θ dks.k cukrh gS rFkk vUr%[k.M OD = c, OY

ij vUr%[k.M dkVrh gSA

js[kk y-v{k ij OD = c vUr%[k.M dkVrh gS ;g y-vUr%[k.M dgykrk gSA

ekuk AB, OX' dks T ij dkVrh gSA

AB ij dksbZ fcUnq P(x, y) ysaA PM ⊥ OX  [khafp,A

rc OM = x, MP = y. DN ⊥ MP [khapsaA

ledks.k ∆DNP ls gesa izkIr gqvk%

tan θ = 
NP

DN

MP MN

OM
=

–
 = 

y OD

OM

–
 = 

y c

x

–

∴      y = x tan θ + c
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tan θ = m ¼izo.krk½

∴       y = mx + c

D;ksafd ;g lehdj.k js[kk AB ds Åij izR;sd fcUnq ds

fy, lR; gS ijUrq ry esa fdlh vkSj fcUnq ds fy, ugha]

blfy, ;g js[kk AB ds lehdj.k dk fu:i.k gSA

fVIi.kh %fVIi.kh %fVIi.kh %fVIi.kh % (1) tc c = 0 vkSj m ≠  0 ⇒

js[kk ewyfcUnq ls xqt+j jgh gS vkSj bldk lehdj.k
y = mx gSA

(2)  tc c = 0 vkSj m = 0 ⇒ js[kk x-v{k ds lkFk laikrh gS vkSj bldk lehdj.k y = 0 gSA

(3)  tc c ≠  0 vkSj m = 0 ⇒ js[kk x-v{k ds lekUrj gS vkSj bldk lehdj.k y = c gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 14----2. ml js[kk dk lehdj.k Kkr dhft, ftldh izo.krk 4 rFkk y-vUr%[k.M 0 gSA

gygygygy : m = 4 rFkk c = 0 j[kus ij lehdj.k dk izo.krk vUr%[k.M :i ls gesa izkIr gqvk

                       y = 4 x

vkSj ;gh js[kk dk okafNr lehdj.k gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 14----3. ml js[kk dh izo.krk rFkk y-

vUr%[k.M Kkr dhft, ftldk lehdj.k

8x + 3y = 5 gSA

gygygygy : y ds fy, gy djus ij gesa izkIr gqvk

 y = – 
8

3
x +

5

3

bl lehdj.k dh rqyuk izo.krk vUr%[k.M :i

ls djus ij ge ns[krs gSa fd m = 
8

–
3

 vkSj

c = 
5

3
 vr% js[kk dh izo.krk 

8
–

3
 rFkk

y-vUr%[k.M   
5

3
 gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 14----4.    ml js[kk dk lehdj.k Kkr dhft, tks _.kkRed y-v{k ij 2 yEckbZ dk

vUr%[k.M dkVrh gS vkSj x-v{k ij 120º vkufr gSA

gygygygy : js[kk dh izo.krk vUr%[k.M :i ls

y = x tan 120° + (–2) = – 3 2x – ;k y + 3 2 0x + =

;gk¡ m = tan 120°, vkSj c = –2, D;ksafd vUr%[k.M y-v{k dh _.kkRed fn'kk esa dV jgk gSA

fp= 14-1fp= 14-1fp= 14-1fp= 14-1

fp= 14-2fp= 14-2fp= 14-2fp= 14-2

c y

θ

D

Y P B

N

XXM
xO

Y′

X′
T

A

θ

X′ X

O120°

B

Y

Y′ A

2
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(B) fcUnq&izo.krk :ifcUnq&izo.krk :ifcUnq&izo.krk :ifcUnq&izo.krk :i

;gk¡ ge ml js[kk dk lehdj.k Kkr djsaxs tks fn,
gq, fcUnq A(x

1
, y

1
) ls gksdj tkrh gS rFkk ftldh

izo.krk m gSA

ekuk P(x, y) ml js[kk ij A ds vfrfjDr dksbZ vkSj
fcUnq gSA

A(x
1
, y

1
) rFkk P (x, y) dks feykus okyh js[kk dh

izo.krk

m = tan θ  = 
y y

x x

–

–

1

1

ijUrq js[kk AP dh izo.krk m fn;k x;k gSA

∴ m = 
y y

x x

–

–

1

1

∴ okafNr js[kk dk lehdj.k gS y – y
1
 = m (x – x

1
)

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    D;ksafd y-v{k ds lekUrj js[kkvksa ds fy, izo.krk m ifjHkkf"kr ugha gS blfy,
fcUnq izo.krk :i ds lehdj.k ls ml js[kk dk lehdj.k izkIr ugha fd;k tk ldrk tks
A (x

1
, y

1
) ls gksdj tkrh gS rFkk y-v{k ds lekUrj gSA ijUrq blls dksbZ dfBukbZ ugha gksrh

D;ksafd bl izdkj dh js[kkvksa ij fdlh fcUnq dk x-funsZ'kkad x
1
 gksrk gS blfy, bl izdkj

dh js[kk dk lehdj.k x = x
1
 gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 14----5.   ml js[kk dk lehdj.k Kkr dhft, tks fcUnq ¼2] –1½ ls gksdj tkrh gS rFkk

ftldh izo.krk 
2

3
 gSA

gygygygy : fcUnq izo.krk :i ds lehdj.k esa x
1
 = 2, y

1
 = – 1 vkSj m =  

2

3
 j[kus ij gesa izkIr gqvk

y – (– 1) = 
2

3
 ( x – 2) ⇒ y + 1 = 

2

3
 ( x – 2) ⇒ y = 

2

3
 x – 

7

3

;gh js[kk dk okafNr lehdj.k gSA

(C) nks fcUnq :inks fcUnq :inks fcUnq :inks fcUnq :i

ekuk A(x
1
, y

1
) vkSj B(x

2
, y

2
) nks fHkUu fcUnq gSaA bu fcUnqvks a ls gksdj tkrh gqbZ js[kk dh

izo.krk gksrh gS

m = 
y y

x x

2 1

2 1

–

–
(x

2
 ≠ x

1
)

js[kk ds fcUnq&izo.krk :i ds lehdj.k ls gesa izkIr gqvk

fp= 14-3fp= 14-3fp= 14-3fp= 14-3

O M
θ

θ

P(  )x y1

y – y1

A( , )x y1 1
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2 1
1 1

2 1

( )
y y

y y x x
x x

−
− = −

−

;gh nks fcUnq :i esa js[kk dk lehdj.k gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 14----6. ml js[kk dk lehdj.k Kkr dhft, tks fcUnqvksa (3, – 7) rFkk (– 2,– 5) ls gksdj
tkrh gSA

gy % gy % gy % gy % nks fcUnqvksa (x
1
, y

1
) rFkk (x

2
, y

2
) ls gksdj tkus okyh js[kk dk lehdj.k gksrk gS

y –y
1
 = 

y y

x x

2 1

2 1

−

−
 (x – x

1
)            L (i)

D;ksafd x
1
 = 3, y

1
 = – 7 vkSj x

2
 = – 2, vkSj y

2
 = –5, lehdj.k (i) gks tk,xk

y + 7 = 
–

– –

5 7

2 3

+

 (x – 3) ;k y + 7 = 
2

5–
 (x – 3)

;k 2 x + 5 y + 29 = 0

(D) vUr%[k.M :ivUr%[k.M :ivUr%[k.M :ivUr%[k.M :i

ge ml js[kk dk lehdj.k Kkr djuk pkgrs gSa
tks funsZ'kkad v{kksa ij fn, x, vUr%[k.M dkVrh
gSA

ekuk PQ ,d js[kk gS tks x-v{k dks A ij rFkk y-

v{k dks B ij feyrh gSA

ekuk OA = a,         OB = b.

rc A vkSj B ds funsZ'kkad Øe'k% (a, 0) rFkk
(0, b) gksaxs

A vkSj B dks feykus okyh js[kk dk lehdj.k gS

           y – 0 = 
b

a

–

–

0

0
 (x – a)

;k   y = – 
b

a
 (x – a)

;k
y

b
 = – 

x

a
 + 1 ;k 

x

a
 + 

y

b
 = 1

;gh ml js[kk dk okafNr lehdj.k gS tks v{kksa ij a vkSj b vUr%[k.M dkVrh gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.7.  ml js[kk dk lehdj.k Kkr dhft, tks x vkSj y-v{kksa ls Øe'k% 5 vkSj –3

vUr%[k.M dkVrh gSA

gygygygy : x vkSj y-v{k ij vUr%[k.M 5 vkSj –3 gSa vFkkZr~ a = 5, b = – 3

fp= 14-4fp= 14-4fp= 14-4fp= 14-4

aO

A( , 0)a

Q

Y′

X′

B(0, b)

YP

X
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js[kk dk okafNr lehdj.k gS

1
5 3

x y
+ =

−

;k 3 x – 5y –15 = 0

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.8.  ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (3, 4) ls gksdj tkrh gS rFkk v{kksas

ij leku ifjek.k ysfdu foijhr fpà ds vUr%[k.M dkVrh gSA

gygygygy : ekuk x-vUr%[k.M rFkk y-vUr%[k.M Øe'k% a rFkk –a gSaA

∴ js[kk dk lehdj.k gS

1
x y

a a
+ =

−

    x – y = a          L (i)

pwafd (i) (3, 4) ls gksdj tkrh gS

∴ 3 – 4 = a ;k

;k      a = –1

bl izdkj js[kk dk okafNr lehdj.k gS

x – y = – 1

;k         x – y + 1 = 0

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.9.  ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (– 1,1) ls gks dj tkrh gS rFkk

x-v{k ds lekUrj gSA

gygygygy : pwafd x-v{k ds lekUrj js[kk dh izo.krk 'kwU; gksrh gS] blfy, fcUnq&izo.krk :i ds

lehdj.k ls gesa izkIr gqvk

y – 1 = 0 [ x – (– 1)]

y – 1 = 0

;gh js[kk dk okafNr lehdj.k gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.10.  funsZ'kkad v{kksa ij js[kk 3x –2y + 12 = 0 }kjk dkVs x, vUr%[k.M Kkr dhft,A

gygygygy : nh gqbZ js[kk dk lehdj.k gS

3x – 2y = – 12.

– 12 ls Hkkx djus ij] gesa izkIr gqvk 
x y

–4 6
+  = 1

bl lehdj.k dh rqyuk vUr%[k.M :i esa js[kk ds ekud lehdj.k ls djus ij gesa izkIr gqvk
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a = –4 rFkk b = 6. vr% x-v{k vkSj y-v{k ij vUr%[k.M Øe'k% –4 vkSj 6 gSaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.11.   ,d js[kk dk v{kksa ds chp dk vUr%[k.M fcUnq (x
1
, y

1
) ij lef}Hkkftr

gksrk gSA js[kk dk lehdj.k Kkr dhft,A

gygygygy : ekuk P(x
1
, y

1
) js[kk AB ds v{kksa ds chp vUr%[k.M CD dk eè;fcUnq gSA PM OX⊥

[khafp,A

∴ OM = x
1
 vkSj MP = y

1

∴ OC = 2x
1
 vkSj OD  = 2y

1

vc js[kk ds vUr%[k.M :i ds vuqlkj

x

x2 1

 + 
y

y2 1

 = 1 ;k 
x

x1

 + 
y

y1

 = 2

;g js[kk dk okafNr lehdj.k gSA

(e) yEc :i ¼vfHkyEc :i½yEc :i ¼vfHkyEc :i½yEc :i ¼vfHkyEc :i½yEc :i ¼vfHkyEc :i½

;gk¡ ge js[kk dk lehdj.k O;qRiUu djsaxs tc ewyfcUnq ls js[kk ij yEc dh yEckbZ 'p' rFkk bl
yEc }kjk èkukRed x-v{k ds lkFk cuus okyk dks.k α fn;k x;k gSA

    

P

A

Y

X′

Y′

O
X

B

b

p

a

P( , )x y1 1

(i)

α

 

B

Y

p

180–α

O
X′ X

Y′

(ii)

fp=fp=fp=fp= 14.6

(i) ekuk nh gqbZ js[kk A B, x-v{k vkSj y-v{k ls vUr%[k.M Øe'k% a vkSj b dkVrh gSA
ekuk AB ij ewyfcUnq O ls yEc OP gS vkSj ∠ POB = α  ¼fp= 14.6 (i) nsf[k,½

∴

p

a
 = cosα  ⇒ a = p secα

X′ X

A

C

P( , )x y1 1

D

B

Y

y1 

x1
M

O

fp= 14-5fp= 14-5fp= 14-5fp= 14-5
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vkSj
p

b
 = sinα  ⇒ b = p cosecα

∴ AB js[kk dk lehdj.k gS

1
sec cos

x y

p p ecα α

+ =

;k x cos α  + y cosec α  = p

(ii)
p

a
 = cos (180° – α  ) = – cos α [fp= 14.6 (ii) ls]

⇒ a = –p sec α

blh izdkj b = p cosec α

∴ js[kk AB dk lehdj.k gS 
x

a

y

b–
+ = 1

x cos α  + y sin α  = p

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    1. ewy fcUnq ls js[kk ij yEc dh yEckbZ 'p' gS rFkk ;g lnSo èkukRed yh tkrh gSA

2. ewy fcUnq ls js[kk ij Mkys x;s yEc rFkk èkukRed x-v{k ds chp dk dks.k α  gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.12. ml js[kk dk lehdj.k Kkr dhft, ftldk α  = 135° gS rFkk ewy fcUnq ls

yEcor~ nwjh p = 2  gSA

gygygygy : yEc :i ds ekud lehdj.k ls gesa izkIr gqvk

x cos 135° + y sin 135° = 2

;k –
x y

2 2
2+ =  ;k –x + y – 2 = 0 ;k x – y + 2 = 0

;gh ljy js[kk dk okafNr lehdj.k gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.13.  ml js[kk dk lehdj.k Kkr dhft, ftldh ewy fcUnq ls yEcor~ nwjh 6 bdkbZ

gS rFkk ewy fcUnq ls yEc js[kk èkukRed x-v{k ds lkFk 30°  dks.k cukrh gSA

gygygygy : ;gk¡ α  = 30°, p = 6

∴ js[kk dk lehdj.k gqvk

x cos 30° + y sin 30° = 6 ;k x y
3

2

1

2
6

F
HG
I
KJ +
F
HG
I
KJ =  ;k 3 12x y+ =
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      ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.2

1. (a) ,d js[kk dk lehdj.k Kkr dhft, ftldh izo.krk 2 gS rFkk y-vUr%[k.M –2 gSA

(b) ml js[kk dh izo.krk vkSj y-vUr%[k.M Kkr dhft, ftldk lehdj.k 4x + 3y = 6 gSA

2. ml js[kk dk lehdj.k Kkr dhft, tks _.kkRed y-v{k ij 
1

3
 dk vUr%[k.M dkVrh

gS rFkk èkukRed y-v{k ij 120° ij vkufr gSA

3. ml js[kk dh izo.krk vkSj y-vUr%[k.M Kkr dhft, ftldk lehdj.k 3x – 6y = 12 gSA

4. ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (–7, 4) ls gksdj tkrh gS rFkk ftldh izo.krk

– .
3

7
 gSA

5. ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (1, 2) ls gksdj tkrh gS rFkk nksuksa v{kksa ds
lkFk leku dks.k cukrh gSA

6. ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (2, 3) ls gksdj tkrh gS vkSj fcUnqvksa
(2, –2) rFkk (6, 4) dks feykus okyh js[kk ds lekUrj gSA

7. (a) (3, –4) rFkk (–4, 3) ls gksdj tkus okyh js[kk dk lehdj.k Kkr dhft,A

(b) vk;r ABCD ds fod.kks± ds lehdj.k Kkr dhft, ftlds 'kh"kZ A (3, 2), B (11, 8),

C (8, 12) vkSj D (0, 6) gSaA

8. ml f=Hkqt dh ekfè;dkvksa ds lehdj.k Kkr dhft, ftlds 'kh"kZ (2, 0), (0, 2) rFkk
(4, 6) gSaA

9. ml js[kk dk lehdj.k Kkr dhft, tks x-v{k vkSj y-v{k ij Øe'k% 3 bdkbZ vkSj 2 bdkbZ
vUr%[k.M dkVrh gSA

10. ml js[kk dk lehdj.k Kkr dhft, ftldh v{kksa ds chp ds [k.M dk eè; fcUnq (1, 3)

gSA

11. ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (3, –2) ls gksdj tkrh gS vkSj x vkSj y-v{kksa
ij 4 : 3 ds vuqikr esa èkukRed vUr%[k.M dkVrh gSA

12. ml js[kk dk lehdj.k Kkr dhft, ftl ij ewy fcUnq ls yEc dh yEckbZ 2 gS rFkk
x-v{k ds lkFk 45° dk dks.k cukrh gSA

13. ;fn ewy fcUnq ls js[kk ij Mkys x;s yEc dh yEckbZ p gS rFkk ftlds v{kksa ij dVs
vUr%[k.M a vkSj b gSa rks n'kkbZ, fd

1 1 1
2 2 2p a b

= + .
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  14.3  izFke ?kkr dk O;kid lehdj.kizFke ?kkr dk O;kid lehdj.kizFke ?kkr dk O;kid lehdj.kizFke ?kkr dk O;kid lehdj.k

vki tkurs gSa fd nks pjksa x vkSj y esa ,d jSf[kd lehdj.k A x + B y + C = 0 ...(1) }kjk fy[kk tkrk
gSA

bl Øe dks vkys[kh; fu:i.k ls le>us ds fy, gS] gesa fuEu rhu fLFkfr;ksa dh vko';drk gSA

fLFkfrfLFkfrfLFkfrfLFkfr-1: (tc A vkSj B nksuksa 'kwU; gksa)

bl fLFkfr esa C Lo;a 'kwU; gks tk;sxk vkSj dksbZ lehdj.k ugha cusxkA

fLFkfrfLFkfrfLFkfrfLFkfr-2: (tc A = 0 vkSj B ≠  0)

bl fLFkfr esa lehdj.k (1) cu tk;sxk By + C = 0.

;k  y = –
C

B
 vkSj bl lehdj.k dks os lHkh fcUnq larq"V djsaxs tks bl js[kk ij fLFkr gSa rFkk js[kk

x- v{k ds lekUrj gS js[kk ij fLFkr izR;sd fcUnq dk y-funsZ'kkad –
C

B
 gSA vr% ;g ljy js[kk

dk lehdj.k gSA blh izdkj dh fLFkfr gksxh tc B = 0 rFkk A ≠  0

fLFkfrfLFkfrfLFkfrfLFkfr-3: (tc A ≠  0 vkSj B ≠  0)

lehdj.k (1) dks y ds fy, gy djus ij gesa izkIr gksxk

y
A

B
x

C

B
= – –

Li"Vr% ;g ,d ljy js[kk dks fu:fir djrk gS ftldh izo.krk –
A

B
 rFkk y-vUr%[k.M –

C

B
 gSA

14.3.1 ljy js[kk ds O;kid lehdj.k dks fofHkUu :iksa esa ifjo£rr djukljy js[kk ds O;kid lehdj.k dks fofHkUu :iksa esa ifjo£rr djukljy js[kk ds O;kid lehdj.k dks fofHkUu :iksa esa ifjo£rr djukljy js[kk ds O;kid lehdj.k dks fofHkUu :iksa esa ifjo£rr djuk

;fn gesa js[kk dk O;kid lehdj.k Ax + By + C = 0 ds :i esa fn;k gS rks ge vkxs vè;;u djus
ls igys bls fofHkUu :iksa esa ifjo£rr djuk lh[ksxsaA

14.3.2 izo.krk&vUr%[k.M :i esa ifjo£rr djukizo.krk&vUr%[k.M :i esa ifjo£rr djukizo.krk&vUr%[k.M :i esa ifjo£rr djukizo.krk&vUr%[k.M :i esa ifjo£rr djuk

gesa x vkSj y esa ,d izFke ?kkr dk lehdj.k Ax + By + C = 0 fn;k gSA

D;k vki blls js[kk dh izo.krk rFkk y-vUr%[k.M Kkr dj ldrs gSa\

gk¡] fuLlansg] ;fn ge bl O;kid lehdj.k dks izo.krk vUr%[k.M :i esa j[k ldsaA blds fy,
vkb, fn, x, lehdj.k dks iqu% O;oLFkkfir djsaA

Ax + By + C = 0

;k By = – Ax – C ;k y = – –
A

B
x

C

B
 (;fn B ≠  0)

;gh okafNr :i gSA vr% izo.krk = –
A

B
, y-vUr%[k.M = –

C

B
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 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.14.   lehdj.k x + 7y – 4 = 0 dks izo.krk&vUr%[k.M :i esa ifjo£rr dhft,A

bl izdkj js[kk dh izo.krk rFkk y vUr% [k.M Kkr dhft,A

gygygygy : fn;k x;k lehdj.k gS

x + 7y – 4 = 0 ;k 7y = – x + 4 ;k y = +–
1

7

4

7
x

;gka izo.krk = 
1

7
−  vkSj y vUr% [k.M = 

4

7

14.3.3 vUr%[k.M :i esa ifjo£rr djukvUr%[k.M :i esa ifjo£rr djukvUr%[k.M :i esa ifjo£rr djukvUr%[k.M :i esa ifjo£rr djuk

ekuk fd x vkSj y esa izFke ?kkr dk lehdj.k gS

Ax + By + C = 0. ...(i)

(i) dks vUr%[k.M :i esa djus ds fy, ifjo£rr djus ds fy,] ge bls bl izdkj iqu% O;ofLFkr

djsa

Ax + By = –C ;k 
Ax

C

By

C– –
+ = 1

;k
x

C

A

y

C

B
(– ) (– )

+ = 1   (;fn A ≠  0 vkSj B ≠  0)

;gh okafNr ifjo£rr :i gSA ;gka è;ku nsa fd x-vUr%[k.M = 
–C

A
 vkSj y-vUr%[k.M = 

–C

B

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.15.   3x + 5 y = 7 dks vUr%[k.M :i esa cnfy, vkSj x-v{k ij blds vUr%[k.M

Kkr dhft,A

gygygygy : fn;k x;k lehdj.k gS

3x + 5y = 7

;k
3

7

5

7
1x y+ =  ;k 

x y

7

3

7

5

1+ =

∴ x-vUr%[k.M = 
7

3
vkSj, y-vUr%[k.M = 

7

5

14.3.4  yEc :i esa ifjorZuyEc :i esa ifjorZuyEc :i esa ifjorZuyEc :i esa ifjorZu

ekuk x vkSj y esa izFke ?kkr dk lehdj.k Ax + By + C = 0 ... (i) gSA

ge bl O;kid lehdj.k dks yEc :i esa ifjo£rr djsaxsA bl mn~ns'; ds fy, ge fn;s x,
lehdj.k (i) dks bl izdkj iqu% O;ofLFkr djsaxs

Ax + By = – C

mi;qZDr lehdj.k ds nksuksa i{kksa dks λ ls xq.kk djus ij] gesa izkIr gqvk
λAx + λBy = – λC     ... (ii)
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vkb, λ dk eku ,slk pqusa fd

(λA)2 + (λB)2 = 1

;k λ = 
1

2 2( )A B+
(/kukRed fpà ysus ij)

λ dk ;g eku (ii) esa j[kus ij] gesa izkIr gqvk

Ax

A B

By

A B

C

A B( ) ( )
–

( )2 2 2 2 2 2+
+

+
=

+
... (iii)

;g (i) dk yEc :i esa okafNr :ikUrj.k gSA blesa nks fLFkfr;k¡ mRiUu gksrh gSa _.kkRed ;k
èkukRed

(i) ;fn C < 0, rks (ii) gh okafNr :i gSA

(ii) ;fn C > 0, rks (iii) dk nk;ka i{k _.kkRed gks tkrk gSA

∴ ge lehdj.k (iii) ds nksuksa i{kksa dks –1 ls xq.kk djsaxsA

∴ rks okafNr :i gksxk

–
( )

–
( ) ( )

Ax

A B

By

A B

C

A B2 2 2 2 2 2
+ +

=

+

bl izdkj ewy fcUnq ls yEc dh yEckbZ = 
| |

( )

C

A B
2 2

+

x-v{k dh èkukRed fn'kk esa yEc dh vkufr gS%

cos θ = 
m

A

A B2 2
+

 ;k sin θ = m
B

A B( )2 2
+

F
HG

I
KJ

tcfd Åij okyk fpà C > 0 ds fy, mi;ksx gksrk gS rFkk uhps okyk fpà C < 0 ds fy,A ;fn
C = 0 gks rks js[kk ewy fcUnq ls xqtjrh gS vkSj ewy fcUnq ls js[kk rd dksbZ yEc ugha gksrk gSA

mi;qZDr rhuksa fLFkfr;ksa ds vkèkkj ij ge dg ldrs gSa fd

"x vkSjvkSjvkSjvkSj y esa izFke ?kkr lehdj.k lnSo ,d ljy js[kk dks fu:fir djrk gS c'krsZesa izFke ?kkr lehdj.k lnSo ,d ljy js[kk dks fu:fir djrk gS c'krsZesa izFke ?kkr lehdj.k lnSo ,d ljy js[kk dks fu:fir djrk gS c'krsZesa izFke ?kkr lehdj.k lnSo ,d ljy js[kk dks fu:fir djrk gS c'krsZ
fd fd fd fd A vkSjvkSjvkSjvkSj B nksuksa bdV~Bs 'kwU; u gksaAnksuksa bdV~Bs 'kwU; u gksaAnksuksa bdV~Bs 'kwU; u gksaAnksuksa bdV~Bs 'kwU; u gksaA"

D;k mijksDr dFku dk foykse lR; gS\ mijksDr dFku dk foykse gS fd izR;sd ljy js[kkmijksDr dFku dk foykse gS fd izR;sd ljy js[kkmijksDr dFku dk foykse gS fd izR;sd ljy js[kkmijksDr dFku dk foykse gS fd izR;sd ljy js[kk
dks dks dks dks x vkSjvkSjvkSjvkSj y esa izFke ?kkr lehdj.k ds :i esa O;Dr fd;k tk ldrk gSAesa izFke ?kkr lehdj.k ds :i esa O;Dr fd;k tk ldrk gSAesa izFke ?kkr lehdj.k ds :i esa O;Dr fd;k tk ldrk gSAesa izFke ?kkr lehdj.k ds :i esa O;Dr fd;k tk ldrk gSA

bl ikB esa geus ljy js[kk ds lehdj.k ds fofHkUu :iksa ds ckjs esa vè;;u fd;k gS mnkgj.kkFkZ
muesa ls dqN gSa

y = mx + c, 
x

a

y

b
+  = 1 vkSj x cos α + y sin α = p.
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Li"Vr% lHkh x vkSj y esa jSf[kd lEcUèk gSaA ge mUgsa iqu% O;ofLFkr djsa rks Øe'k% y – mx – c =

0, bx + ay – ab = 0 vkSj x cos α + y sin α – p = 0 izkIr gksrk gSA vr% ;g lHkh lehdj.k x
vkSj y esa izFke ?kkr lehdj.k ds gh fofHkUu :i gSaA bl izdkj geus LFkkfir fd;k fd

"izR;sd ljy js[kk dks izR;sd ljy js[kk dks izR;sd ljy js[kk dks izR;sd ljy js[kk dks x vkSjvkSjvkSjvkSj y esa izFke ?kkr O;kid lehdj.k ds :i esa O;Dresa izFke ?kkr O;kid lehdj.k ds :i esa O;Dresa izFke ?kkr O;kid lehdj.k ds :i esa O;Dresa izFke ?kkr O;kid lehdj.k ds :i esa O;Dr
fd;k tk ldrk gSAfd;k tk ldrk gSAfd;k tk ldrk gSAfd;k tk ldrk gSA"

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.16.   lehdj.k x + 3  y + 7 = 0 dks yEc :i esa ifjo£rr dhft,A

gygygygy : nh xbZ js[kk dk lehdj.k gS% x + 3y  + 7 = 0 ... (i)

(i) dh rqyuk ljy js[kk ds O;kid lehdj.k ls djus ij gesa izkIr gqvk

A = 1 vkSj B = 3 ∴ 
2 2 2A B+ =

lehdj.k (i) dks 2 ls Hkkx djus ij gesa izkIr gqvk%

x
y

2

3

2

7

2
0+ + =

;k – – –
1

2

3

2

7

2
0

F
HG
I
KJ +

F
HG
I
KJ =x y

;k x cos 
4

3

π

 + y sin 
4

3

π

  = 
7

2

(rhljs prqFkk±'k esa cos θ vkSj sin θ nksuksa _.kkRed gksrs gSa vr% θ dk eku rhljs prqFkk±'k esa
vk;sxkA)

;g nh xbZ ljy js[kk dk yEcor~ :i esa fu:i.k gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.17.  js[kk 3  x – y + 2 = 0 ij ewy fcUnq ls yEc dh yEckbZ Kkr dhft, rFkk

yEc dh vkufr Hkh Kkr dhft,A

gygygygy : fn;k x;k lehdj.k gS% 3  x – y + 2 = 0

nksuksa i{kksa dks ( ) (–1)3 2 2
+  ;k 2 ls Hkkx djus ij gesa izkIr gqvk%

3

2

1

2
1 0x y– + =  ;k 

3

2

1

2
1x y– –=

nksuksa i{kksa dks –1 ls xq.kk djus ij] gesa izkIr gqvk%

–
3

2

1

2
1x y+ =  ;k x cos 

5

6

π

 + y sin 
5

6

π

 = 1 (nwljs prqFkk±'k esa cos θ _.kkRed gS]

vksj sin θ èkukRed gS vr% θ dk eku nwljs prqFkk±'k esa vk;sxk)

vr% ewy fcUnq ls js[kk ij yEc dh vkufr 150° rFkk yEc dh yEckbZ 1 gSA
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 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.18.   ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (3,1) ls gks dj tkrh gS rFkk

js[kk 3x + 4y = 12 ds }kjk v{kksa ds chp vUr%[k.M dk lef}Hkktu djrh gSA

gygygygy : igys ge nh xbZ js[kk }kjk funsZ'kkad v{kksa ij dkVs x, vUr%[k.M Kkr djsaxsA

3x + 4y = 12 ;k 
3

12

4

12
1

x y
+ =  ;k 

x y

4 3
1+ =

vr% x-v{k vkSj y-v{k ij cuk, x, vUr%[k.M Øe'k% 4 vkSj 3 gSaA

bl izdkj funsZ'kkad v{kksa ij tgk¡ js[kk dkVrh gS mu fcUnqvksa ds funsZ'kkad A (4, 0) rFkk B (0, 3)

gSaA

∴ AB dk eè; fcUnq gqvk 2
3

2
,
F
HG
I
KJ

vr% (3, 1) rFkk 2
3

2
,
F
HG
I
KJ  ls gksdj tkus okyh js[kk dk

lehdj.k gqvk

y – 1 = 

3

2
1

2 3
3

–

–
( – )x

;k     y x– ( – )1
1

2
3= −

;k 2 (y –1) + (x – 3) = 0 ;k 2y – 2 + x – 3

                                     = 0 ;k x + 2y – 5 = 0

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.19.   fl) dhft, fd fcUnq (8, 7) vkSj (6, 9) ls gksdj tkus okyh js[kk funsZ'kkad

v{kksa ij cjkcj vUr%[k.M dkVrh gSA

gygygygy : (8, 7) vkSj (6, 9) ls xqtjus okyh js[kk dk lehdj.k gS

y x–
–

–
( – )7

9 7

6 8
8=

;k y – 7 = – (x – 8) ;k x + y = 15 ;k 
x y

15 15
1+ =

vr% nksuksa v{kksa ij cus vUr%[k.M 15 gSaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.20.   og vuqikr Kkr dhft, ftlesa (3, 4) vkSj (7, 8) dks feykus okyh js[kk dks

(–5, 1) vkSj (1, –3) dks feykus okyh js[kk foHkkftr djsxhA

gygygygy : fcUnq C (–5, 1) rFkk D (1, –3) dks feykus okyh js[kk dk lehdj.k

y x–
–3 –

( )1
1

1 5
5=

+

+

;k
4

1 ( 5)
6

y x− = − +

fp=fp=fp=fp=. 14.7

CO

A(4, 0)

2,
3

2

D

B
(0, 3)

(3,1)
x

y
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;k 3y – 3 = –2x – 10

;k 2x + 3y + 7 = 0 ... (i)

ekuk fd js[kk (i) A (3, 4) rFkk B (7, 8) dks feykus okyh
js[kk dks fcUnq P ij foHkkftr djrh gSA

;fn okafNr vuqikr λ : 1 gks rks ftlesa fcUnq A (3, 4)

rFkk B (7, 8) dks feykus okyh js[kk dks (i) foHkkftr
djrk gS rks P ds funsZ'kkad gksaxs

7 3

1

8 4

1

λ

λ

λ

λ

+

+

+

+

F
HG

I
KJ,

D;ksafd P fcUnq js[kk (i) ij Hkh fLFkr gS vr% gesa izkIr gksxk

2
7 3

1
3

8 4

1
7 0

λ

λ

λ

λ

+

+

F
HG

I
KJ +

+

+

F
HG

I
KJ + =

⇒ 14λ + 6 + 24λ + 12 + 7λ + 7 = 0

⇒ 45λ + 25 = 0 ⇒ λ = –
5

9

vr% (–5, 1) rFkk (1, –3) dks feykus okyh js[kk (3, 4) rFkk (7, 8) dks feykus okyh js[kk dks cká
vuqikr 5 : 9 esa foHkkftr djrh gSA

    ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.3

1. fdl fLFkfr esa x vkSj y esa izFke ?kkr esa O;kid lehdj.k Ax + By + C = 0 ,d js[kk dks
fu:fir djrk gS\

2. lehdj.k 2x + 5y + 3 = 0 dks izo.krk vUr%[k.M :i esa ifjo£rr dhft,A

3. fuEufyf[kr js[kkvksa ds x vkSj y vUr%[k.M Kkr dhft, %

(a) y = mx + c (b) 3y = 3x + 8 (c) 3x – 2y + 12 = 0

4. nks v{kksa ds chp ljy js[kk 3x – 2y + 12 = 0 }kjk dVs vUr%[k.Mksa ls js[kk[k.M AB dh
yEckbZ Kkr dhft,A

5. lehdj.k x cos α  + y sin α  = p dks vUr%[k.M :i esa ifjo£rr dhft, vkSj funsZ'kkad
v{kksa ij vUr%[k.M Hkh Kkr dhft,A

6. fuEufyf[kr dks vfHkyEc :i esa ifjo£rr dhft, %

(a) 3x – 4y + 10 = 0 (b) 3x – 4y = 0

7. js[kkvksa 2x – y + 3 = 0 rFkk x – 4y – 7 = 0 esa ls dkSu lh ewy fcUnq ds fudV gSA

vc ge nks js[kkvksa ds chp dk dks.k Kkr djus dk lw= izfrLFkkfir djsaxsA

fp=fp=fp=fp=. 14.8

B(7, 8)

A(3, 4)
C(–5, 1)

D(1, –3)P( )x, y

o X

Y
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 14.4 ,d fn, gq, fcUnq dh nh xbZ js[kk ls nwjh,d fn, gq, fcUnq dh nh xbZ js[kk ls nwjh,d fn, gq, fcUnq dh nh xbZ js[kk ls nwjh,d fn, gq, fcUnq dh nh xbZ js[kk ls nwjh

bl [k.M esa ge ,d fn, gq, fcUnq dh nh xbZ js[kk ;k js[kkvksa ls nwjh Kkr djus dh ppkZ djsaxsA

ekuk P(x
1
, y

1
) fn;k x;k fcUnq gS vkSj l] Ax + By + C = 0 nh xbZ js[kk gSA

ekuk fd js[kk l, x vkSj y v{kksa dks Øe'k% fcUnq R vkSj Q ij dkVrh gSA

PM ⊥ l [khafp, vkSj ekuk PM = d

ekuk M ds funsZ'kkad (x
2
, y

2
) gSa

d = x x y y1 2

2

1 2

2
– –b g b g }{ +          ...(i)

Q fcUnq M js[kk l ij gS

∴ Ax
2
 + By

2
 + C = 0

;k      C = – (Ax
2
 + By

2
)         ...(ii)

fcUnq R vkSj Q ds funsZ'kkad Øe'k% gSa% – ,
C

A
0

F
HG
I
KJ  vkSj 0, –

C

B

F
HG
I
KJ

QR dh izo.krk = 

0

0

+

=

C

B
C

A

A

B
– –

–
 vkSj

PM dh izo.krk = 
2 1

2 1

y y

x x

−

−

D;ksafd PM ⊥ QR

⇒           
2 1

2 1

1.
y y A

x x B

−  
× − = − 

−  
 ;k 

y y

x x

B

A

1 2

1 2

–

–
= ...(iii)

(iii) ls]  
x x

A

y y

B

x x y y

A B

1 2 1 2
1 2

2

1 2

2

2 2

– –
– –

= =

+

+

b g b g }{
c h ...(iv)

¼vuqikr vkSj lekuqikr ds xq.kèkeks± dk iz;ksx djrs gq,½

rFkk
x x

A

y y

B

A x x B y y

A B

1 2 2 1 2 1 2

2 2

– – – –
= =

+

+

b g b g
...(v)

(iv) vkSj (v) ls gesa izkIr gqvk

x x y y

A B

A x x B y y

A B

1 2

2

1 2

2

2 2

1 2 1 2

2 2

– – – –b g b g }{
c h

b g b g
+

=

+

+

fp=fp=fp=fp=. 14.9

d

M

P(  )x y1 1

Q

O
x′ x

y

y′
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;k
d

A B

Ax By Ax By

A B2 2

1 1 2 2

2 2
+

+
+ - +

+

( )
[(i) dk mi;ksx djds]

;k
Ax By C

A B
d

1 1

2 2

+ +

+
=

c h
[(ii) dk mi;ksx djds]

D;ksafd nwjh lnSo èkukRed gksrh gS blfy, ge fy[k ldrs gSa fd

d = 
Ax By C

A B

1 1

2 2

+ +

+c h
fVIi.khfVIi.khfVIi.khfVIi.kh: js[kk Ax + By + C = 0 ls ewyfcUnq (0, 0) dh yEcor~ nwjh gksrh gS
A B C

A B

( ) ( )0 0

2 2

+ +

+c h   
( )

2 2

C

A B
=

+

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.21.   x-v{k ij og dkSu&ls fcUnq gSa ftudh ljy js[kk 
x

a

y

b
+  = 1 ls yEcor~ nwjh

'a' gSA

gygygygy : ekuk  (x
1
, 0) x-v{k ij dksbZ fcUnq gSA

nh xbZ js[kk dk lehdj.k bx + ay – ab = 0 gSA fcUnq (x
1
, 0) dh nh xbZ js[kk ls yEcor~ nwjh gS

a
bx a ab

a b
= ±

+

+

1

2 2

0. –

c h ∴ x
a

b
b a b1

2 2
= ± +
RST c h}

bl izdkj, x-v{k ij fcUnq gSa 
a

b
b a b± +

F
HG

I
KJ

2 2 0e j ,

    ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.4

1. 3x + 2y + 4 = 0 ls fcUnq (2, 3) dh yEcor~ nwjh Kkr dhft,A

2. y-v{k ij fcUnq Kkr dhft, ftudh ljy js[kk 
x

a

y

b
+  = 1 ls yEcor~ nwjh b gSA

3. y-v{k ij fcUnq Kkr dhft, ftudh ljy js[kk 4x + 3y = 12 ls yEcor~ nwjh 4 gSA

4. 3x + 7y + 14 = 0 ls ewyfcUnq dh yEcor~ nwjh Kkr dhft,A

14.6  lekUrj ¼;k yEcor~½ js[kkvksa ds lehdj.klekUrj ¼;k yEcor~½ js[kkvksa ds lehdj.klekUrj ¼;k yEcor~½ js[kkvksa ds lehdj.klekUrj ¼;k yEcor~½ js[kkvksa ds lehdj.k

vHkh rd geus js[kk,a lekUrj gSa ;k yEcor~ tkuus dh fofèk lh[khA bl [k.M esa ge nh xbZ js[kk
ds lekUrj ;k yEcor~ js[kk dk lehdj.k Kkr djus dk iz;kl djsaxsA
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14.6.1 nh xbZ js[kk ds lekUrj ljy js[kk dk lehdj.knh xbZ js[kk ds lekUrj ljy js[kk dk lehdj.knh xbZ js[kk ds lekUrj ljy js[kk dk lehdj.knh xbZ js[kk ds lekUrj ljy js[kk dk lehdj.k

Ax + By + C = 0

ekuk A
1
x + B

1
y + C

1
 = 0 ...(i)

,d nh xbZ js[kk

Ax + By + C = 0 ds lekUrj gSA ...(ii)

(i) vkSj (ii) esa lekUrjrk dh 'krZ ls

A

A

B

B

1 1
=  = K

1
(ekuk)

⇒ A
1
 = AK

1
, B

1
 = BK

1

A
1
 vkSj B

1
 ds bu ekuksa dks (i) esa j[kus ij izkIr gksrk gS

AK
1
x + BK

1
 y + C

1
 = 0

;k Ax + By + 
C

K

1

1

 = 0 ;k Ax + By + K = 0, tgk¡ K = 
C

K

1

1

...(iii)

;g nh xbZ js[kk ds lekUrj js[kk gSA lehdj.k (ii) vkSj (iii) ls ge ns[krs gSa fd

(i)  x vkSj y ds xq.kkad leku gSaA

(ii) fLFkjkad fHkUu gSa] vkSj nh xbZ 'krks± ls mu dk eku Kkr gksrk gSA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.22.  ml ljy js[kk dk lehdj.k Kkr dhft, tks fcUnq (1, 2) ls gksdj tkrh gS

rFkk ljy js[kk 2x + 3y + 6 = 0 ds lekUrj gSA

gygygygy : nh xbZ js[kk ds lekUrj fdlh ljy js[kk dk lehdj.k fy[kk tk ldrk gS ;fn ge

(i)  x vkSj y ds xq.kkad ogh j[ksa tks fn, x, lehdj.k ds gSaA

(ii) fLFkjkad fn, x, lehdj.k ls fHkUu gksa ftldk ewY;kadu nh xbZ 'krZ ls djuk gS

bl izdkj okafNr js[kk dk lehdj.k gksxk

2x + 3y + K = 0 ¼fdlh fLFkjkad K ds fy,½

D;ksafd ;g fcUnq (1, 2) ls xqt+jrh gS vr%

2 × 1 + 3 × 2 + K = 0 ;k K = –8

∴ okafNr js[kk dk lehdj.k 2x + 3y = 8 gSA

 14.7 nh xbZ js[kk ds yEcor~ ljy js[kk dk lehdj.knh xbZ js[kk ds yEcor~ ljy js[kk dk lehdj.knh xbZ js[kk ds yEcor~ ljy js[kk dk lehdj.knh xbZ js[kk ds yEcor~ ljy js[kk dk lehdj.k

Ax + By + C = 0

ekuk Ax + By + C = 0 ds ... (i)

yEcor~ ,d js[kk A
1
 x + B

1 
y + C

1
 = 0 gSA ... (ii)
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js[kkvksa (i) vkSj (ii) dh yEcor~ gksus dh 'krZ ls

AA
1
 + BB

1
 = 0 ⇒ 

A

B

B

A
K1 1

1=– = (ekuk)

⇒              A
1
 = BK

1
 vkSj B

1
 = –AK

1

(i) esa A
1
 vkSj B

1 
ds eku j[kus ij

Bx – Ay + 
C

K

1

1

0=  ;k Bx – Ay + K = 0 tgk¡ K
C

K
=

1

1

... (iii)

vr% js[kk (iii) nh xbZ js[kk (ii) ds yEcor~ gSA

ge ns[krs gSa fd ,d nh xbZ js[kk ds yEcor~ js[kk dk lehdj.k Kkr djus ds fy, blesa fuEu

fofèk yxkuh pkfg,

(i)   x vkSj y ds xq.kkad ijLij cny nhft,

(ii)  fdlh ,d dk fpÌ cny nhft,

(iii) fLFkj in dks fdlh u;s fLFkjkad K ls cny nhft, vkSj nh xbZ 'krZ }kjk mldk
ewY;kadu dhft,A

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.23.  ml ljy js[kk dk lehdj.k Kkr dhft, tks fcUnq (1, 2) ls xqt+jrh gS rFkk

ljy js[kk 2x + 3y + 6 = 0 ds yEcor~ gSA

gygygygy : mijksDr fofèk }kjk gesa nh xbZ js[kk ds yEcor~ js[kk dk lehdj.k feyk

3x – 2y + K = 0 ...(i)

(i) fcUnq (1, 2) ls xqt+jrh gS] 3 × 1 – 2 × 2 + K = 0 ;k K = 1

∴ ljy js[kk dk okafNr lehdj.k gS 3x – 2y + 1 = 0

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.24.   ml ljy js[kk dk lehdj.k Kkr dhft, tks fcUnq (x
2
, y

2
) ls xqt+jrh gS rFkk

nh xbZ ljy js[kk y y
1
 = 2a (x + x

1
) ds yEcor~ gSA

gygygygy : nh xbZ ljy js[kk gS

yy
1
 – 2ax – 2ax

1
 = 0 ...(i)

(i) ds yEcor~ dksbZ ljy js[kk gS 2ay + xy
1
 + C = 0

;g fcUnq (x
2
, y

2
) ls xqt+jrh gS

∴ 2ay
2
 + x

2
 y

1
 + C = 0

⇒          C = – 2ay
2
 – x

2  
y

1

∴ okafNr js[kk dk lehdj.k gS

2a (y – y
2
) + y

1
 (x – x

2
) = 0
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    ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.5

1. ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (0, –2) ls xqt+jrh gS rFkk ljy js[kk
3x + y = 2 ds lekUrj gSA

2. ml ljy js[kk dk lehdj.k Kkr dhft, tks fcUnq (–1, 0) ls xqt+jrh gS rFkk ljy js[kk
y = 2x + 3 ds lekUrj gSA

3. ml ljy js[kk dk lehdj.k Kkr dhft, tks fcUnq (0, –3) ls xqt+jrh gS rFkk ljy js[kk
x + y + 1 = 0 ds yEcor~ gSA

4. ml ljy js[kk dk lehdj.k Kkr dhft, tks fcUnq (0, 0) ls xqt+jrh gS rFkk ljy js[kk
x + y = 3 ds yEcor~ gSA

5. ml ljy js[kk dk lehdj.k Kkr dhft, tks fcUnq (2, –3) ls xqt+jrh gS rFkk nh xbZ ljy
js[kk 2a (x + 2) + 3y = 0 ds yEcor~ gSA

6. ml js[kk dk lehdj.k Kkr dhft, ftldk x-vUr%[k.M –8 gS vkSj js[kk 3x + 4y – 17 =

0 ds yEcor~ gSA

7. ml js[kk dk lehdj.k Kkr dhft, ftldk y-vUr%[k.M 2 gS vkSj js[kk 2x – 3y + 7 = 0

ds lekUrj gSA

8. fl) dhft, fd fcUnq (a cos3 θ, a sin3 θ) ls gksdj tkus okyh rFkk x sec θ + y cosec θ =

a ds yEcor~ ljy js[kk dk lehdj.k x cos θ – y sin θ = a cos 2θ gSA

14-8 nks js[kkvksa ds izfrPNsnu fcanq ls gksdj tkrh js[kkvksa ds
lewg dk lehdj.k

eku yhft, l
1
 : 1 1 1a x b y c+ +  = 0 ...(i)

rFkk l
2
 : 2 2 2a x b y c+ +  = 0, nks izfrPNsnh js[kk,¡ gSa ...(ii)

ekuk l
1
 rFkk l

2
 dk izfrPNsnu fcUnq P(h, k) gS] rc

1 1 1a h b k c+ +  = 0 ...(iii)

2 2 2a h b k c+ +  = 0 ...(iv)

vc lehdj.k

1 1 1 2 2 2( ) ( )a x b y c a x b y c+ + + λ + +  = 0 ...(v)

ij /;ku nhft,

;g x rFkk y esa ,d ?kkr dk lehdj.k gSA

blfy, ;g λ ds fHkUu&fHkUu ekuksa ds fy, fHkUu&fHkUu js[kk,¡ iznf'kZr djsxkA

fp=fp=fp=fp=. 14.10

P( )h, k

l2

l1
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;fn ge x dks h }kjk rFkk y dks k }kjk LFkkukiUu dj nsa rks gesa

1 1 1 2 2 2( ) ( )a h b k c a h b k c+ + + λ + + = 0 ...(vi)

izkIr gksrk gSA (iii) vkSj (iv) dks (vi) esa iz;ksx djus ij gesa izkIr gksrk gSA

0 + λ0 = 0 vFkkZr~  0 = 0 tks fd lR; gSA

vr% lehdj.k (v) js[kkvksa dk lewg iznf'kZr djrk gS tks fcUnq (h, k) ls gksdj tkrh
gSA vFkkZr~ nh xbZ js[kkvksa l

1
 rFkk l

2
 ds izfrPNsnu fcUnq lsA

• λ ds fn, x, fof'k"V eku }kjk lewg ds ,d fof'k"V lnL; dks izkIr fd;k tkrk
gSA λ dk ;g eku] vU; nh xbZ 'krksZa ls Kkr dj ldrs gSaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.25.  ml js[kk dk lehdj.k Kkr dhft, tks x + y + 1 = 0 rFkk 2x – y

+ 7 = 0 ds izfrPNsnu fcUnq ls gksdj tkrh gS rFkk fcUnq (1, 2) bl js[kk ds vUrZfo"V gSA

gygygygy : js[kkvks ds lewg dk lehdj.k tks nh xbZ js[kkvksa ds izfrPNsnu ls gksdj tkrh gS]
(x + y + 1) + λ (2x – y + 7) = 0 gS

bl js[kk ij fcUnq (1, 2) gS] ;fn

(1 + 2 + 1) + λ (2 × 1 – 1 × 2 + 7) = 0

vFkkZr~ 4 + 7λ = 0 ⇒ λ = 
4

7
− .

vr% vHkh"V js[kk dk lehdj.k

4
( 1) (2 7)

7
x y x y+ + − − +  = 0 gS

vFkkZr~ 7( 1) 4(2 7)x y x y+ + − − +  = 0

– x + 11y – 21 = 0

;k x – 11y + 21 = 0

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 14.26. ml js[kk dk lehdj.k Kkr dhft, tks js[kkvksa 3x + y – 9 = 0 rFkk
4x + 3y – 7 = 0 ds izfrPNsnu ls gksdj tkrh gS rFkk y-v{k ds lekUrj gSA

gygygygy : js[kkvksa ds lewg dk lehdj.k tks nh xbZ js[kkvksa ds izfrPNsnu fcUnq ls gksdj tkrh
gS (3 9) (4 3 7)x y x y+ − + λ + −  = 0 gSA

vFkkZr~ (3 4 ) (1 3 ) (9 7 )x y+ λ + + λ − + λ = 0 ...(i)

ge tkurs gSa fd ;fn dksbZ js[kk y-v{k ds lekUrj gS rks ml lehdj.k esa y dk
xq.kkad 'kwU; gksxkA

∴ 1 + 3λ = 0 ⇒ λ = –1/3.

vr% nh xbZ js[kk dh lehdj.k

1 1
3 4 0 9 7

3 3
x y

   −    
+ − + − +           

 = 0

vFkkZr~ x = 4
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    ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.6

1. ml js[kk dk lehdj.k Kkr dhft, tks js[kkvksa x + y = 5 rFkk 2x – y – 7 = 0 ds
izfrPNsnu fcanq ls gksdj tkrh gS rFkk x-v{k ds lekUrj gSA

2. ml js[kk dk lehdj.k Kkr dhft, tks js[kkvksa x + y + 1 = 0 rFkk x – y – 1 = 0 ds
izfrPNsnu ls gksdj tkrh gS rFkk fcanq (–3, 1) bl js[kk ds vUrZfo"V gSA

• y-v{k ds lekUrj js[kk dk lehdj.k x = a gS vkSj x-v{k ds lekUrj js[kk dk lehdj.k
y = b gksrk gSA

• tks js[kk y-v{k ij c vUr%[k.M dkVrh gS rFkk ftldh izo.krk m gS dk lehdj.k gksrk gS
y = mx + c

• A(x
1
, y

1
) ls gksdj tkus okyh js[kk ftldh izo.krk m gS] dk lehdj.k gS% y – y

1
 = m (x – x

1
)

• nks fcUnqvksa A(x, y
1
) vkSj B(x

2
, y

2
) ls gksdj tkus okyh js[kk dk lehdj.k gS

y – y
1
 = 

y y

x x

2 1

2 1

–

–
 (x – x

1
)

• js[kk tks] x −v{k vkSj y – v{k ij Øe'k% a vkSj b vUr%[k.M dkVrh gS] dk lehdj.k gS
x

a

y

b
+  = 1

• js[kk dk yEc ;k vfHkyEc :i esa lehdj.k gS% x cos α  + y sin α  = p

tcfd p ewyfcUnq ls js[kk ij yEc dh yEckbZ gS vkSj ;g yEc èkukRed x-v{k ds lkFk tks
dks.k cukrk gS og α  gSA

• x vkSj y esa izFke ?kkr dk O;kid lehdj.k lnSo ,d ljy js[kk dks fu:fir djrk gS tcfd
A vkSj B nksuksa bdV~Bs 'kwU; u gksaA

• O;kid lehdj.k Ax + By + C = 0 ls ge fuEufyf[kr Kkr dj ldrs gSa %

(i) js[kk dh izo.krk = –
A

B
(ii) x-vUr%[k.M = –

C

A
        (iii) y-vUr%[k.M = –

C

B

(iv) ewyfcUnq ls js[kk ij Mkys x;s yEc dh yEckbZ = 
| |

( )

C

A B
2 2

+

(v) ewyfcUnq ls yEc dh vkufr cos α  = 
mA

A B( )2 2
+

 ; sin α  = 
mB

(A + B )
2 2

tcfd Åij okyk fpÌ C > 0 ds fy, rFkk uhps okyk fpÌu C < 0 ds fy, fy;k tkrk gSA
ijUrq ;fn C = 0 gks rks Åij okyk ;k uhps okyk fpÌ bPNkuqlkj fy;k tk ldrk gS

• ,d fn, x, fcUnq (x
1
, y

1
) dh nh xbZ js[kk Ax + By + C = 0 ls nwjh d = 

Ax By C

A B

1 1

2 2

+ +

+( )

C

A1

% + vkb;s nksgjk,¡
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• ,d js[kk Ax + By + C = 0 ds lekUrj js[kk dk lehdj.k Ax + By + k = 0 gSA

• ,d js[kk Ax + By + C = 0 ds yEcor~ js[kk dk lehdj.k Bx – Ay + k = 0 gSA

• nks js[kkvksa a
1
x + b

1
y + c

1
 = 0 a

2
x + b

2
y + c

2
 = 0 ds izfrPNsnu fcUnq ls gksdj tkrh js[kkvksa

ds lewg dk lehdj.k (a
1
x + b

1
y + c

1
) + λ(a

2
x + b

2
y + c

2
) = 0 gSA

        lgk;d osclkbV  lgk;d osclkbV  lgk;d osclkbV  lgk;d osclkbV

• http://en.wikipedia.org/wiki/Straight_lines

• http://mathworld.wolfram.com/Straight_lines

1. ml ljy js[kk dk lehdj.k Kkr dhft, ftldk y-vUr%[k.M –3 gS vkSj tksfd%

(a) fcUnqvksa (–2,3) vkSj (4, –5) dks feykus okyh js[kk ds lekUrj gSA

(b) fcUnqvksa (0, –5) vkSj (–1, 3) dks feykus okyh js[kk ds yEcor~ gSA

2. ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (4, –5) ls gksdj tkrh gS vkSj

(a) fcUnqvksa (3, 7) vkSj (–2, 4) dks feykus okyh js[kk ds lekUrj gSA

(b) fcUnqvksa (–1, 2) vkSj (4, 6) dks feykus okyh js[kk ds yEcor~ gSA

3. fn[kkb, fd fcUnq (a, 0), (0, b) vkSj (3a, – 2b) lajs[k gSaA budks feykus okyh js[kk dk
lehdj.k Hkh Kkr dhft,A

4. ,d f=Hkqt ABC ds 'kh"kZ A (1, 4), B (2, –3) vkSj C (–1, –2) gSa Kkr dhft,

(a) A ls ekfè;dk dk lehdj.k

(b) A ls vfHkyEc dk lehdj.k

(c) Hkqtk BC dk lef}Hkktd

5. fcUnq A (2, 1) ls ,d ljy js[kk [khaph tkrh gS tks èkukRed x-v{k ls 
6

π

 dks.k cukrh gSA

js[kk dk lehdj.k Kkr dhft,A

6. ml js[kk dk lehdj.k Kkr dhft, tks fcUnq (2, 3) ls gksdj tkrh gS rFkk js[kk 2x + 3y + 7

= 0 ds lekUrj gSA

7. ml js[kk dk lehdj.k Kkr dhft, ftlds x-v{k rFkk y-v{k ls vUr%[k.M Øe'k% a vkSj
b gSaA

8. js[kkvksa y = (2 – 3 ) x + 5 vkSj y = (2 + 3 ) x – d ds chp dk dks.k Kkr dhft,A

9. js[kkvksa 2x + 3y = 4 vkSj 3x – 2y = 7 ds chp dk dks.k Kkr dhft,A

lgk;d osclkbV

vkb, vH;kl djsa
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mÙkjekyk

10. fcUnq (3, 4) ls ljy js[kk 12 (x + 6) = 5 (y –2) ij Mkys x, yEc dh yEckbZ Kkr dhft,A

11. 3x + 4 y + 5 = 0 ij (0, 1) ls yEc dh yEckbZ Kkr dhft,A

12. js[kkvksa 2x + 3y = 4 vkSj 4x + 6y = 20 ds chp dh nwjh Kkr dhft,A

13. fcUnq (–3, – 4) ls js[kk 4x – 3y = 7 ij Mkys x, yEc dh yEckbZ Kkr dhft,A

14. fn[kkb, fd fcUnqvksa ls ljy js[kk 
x

a

y

b
cosθ +  sin θ = 1 ij Mkys x, yEcksa dh yEckbZ dk

xq.kuQy b2 gSA

15. fl) dhft, fd ml ljy js[kk dk lehdj.k] tks fcUnq (a cos3 θ, b sin3 θ) ls xqtjrh gS rFkk

ljy js[kk x secθ + y cosec θ = a ds yEcor~ gS] gksxk x cosθ – y cosec θ = a cos 2θ

16. ml js[kk dk lehdj.k Kkr dhft, tks js[kkvksa 3 9 0x y+ − =  rFkk 4 4 7 0x y+ − =

ds izfrPNsnu fcUnq ls gksdj tkrh gS rFkk js[kk 5 4 1 0− + =x y  ij yEc gSA

17. ml js[kk dk lehdj.k Kkr dhft, tks js[kkvksa 2 3 2 0x y+ − =  rFkk 2 1 0x y− + =

ls gksdj tkrh gS rFkk ftldk x-vUr%[k.M 3 bdkbZ gSA

18. ml js[kk dk lehdj.k Kkr dhft, tks js[kkvksa 3 4 7 0x y+ − =  rFkk 2 0x y− + =  ds
izfrPNsnu fcUnq ls gksdj tkrh gS rFkk ftldh izo.krk 5 gSA

19. ml js[kk dk lehdj.k Kkr dhft, tks js[kkvksa 5 3 1x y− = rFkk 2 3 23x y+ =  ds

izfrPNsnu fcUnq ls gksdj tkrh gS rFkk js[kk 5 3 1 0x y− − =  ij yEc gSA

20. ml js[kk dk lehdj.k Kkr dhft, tks js[kkvksa 3 4 1 0x y− + =  rFkk 5 1 0x y+ − =

ds izfrPNsnu fcUnq ls gksdj tkrh gS rFkk v{kksa ij leku vUr%[k.M dkVrh gSA

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.1

1. (a) y = –4 (b) x = –3 2. x = 5 3. y + 7 = 0

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.2

1. (a) y = 2x –2 (b) izo.krk = 
–4

,
3

 y-vUr%[k.M = 2

2. 3y  = –3x–1 3. izo.krk = 
1

2
,  y-vUr%[k.M = –2

4. 3x + 7y = 7 5. y = x + 1; x + y – 3 = 0 6. 3x –2y = 0

7. (a) x + y = –1 (b) AC fod.kZ dk lehdj.k = 2x – y – 4 = 0

BD fod.kZ dk lehdj.k = 2x – 11y + 66 = 0

8. x – 2 = 0, x – 3y + 6 = 9 vkSj 5x – 3y – 2 = 0
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9. 2x + 3y = 6 10. 3x + y = 6 11. 3x + 4y = 1 12. x + y = 2 2

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.3

1. A vkSj B nksuksa ,d lkFk 'kwU; ugha gSa 2. y x=
–2

–
5

3

5

3. (a) x –vUr%[k.M = 
–c

m
; y-vUr%[k.M = c (b) x-vUr%[k.M = 

–8

3
; y-vUr%[k.M = 

8

3

    (c) x-vUr%[k.M = –4; y-vUr%[k.M = 6

4. 2 13  bdkbZ 5. 1
sec cos

x x

p p ecα α

+ =

6. (a) 
–3

5

4

5
x +  y – 2 = 0 (b) 

–3

5

4

5
x +  y = 0

7. igyh js[kk ewyfcUnq ls lcls fudV gSA

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.4

1. d = 
16

13
2. 0 2 2, ( )

b

a
a a b± +

F
HG

I
KJ 3. 0

32

3
,
F
HG
I
KJ 4. 

14

58

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.5

1. 3x + y + 2 = 0 2. y = 2x + 2 3. x – y = 3 4. y = x

5. 3x – 2ay = 6 (a – 1) 6. 4x – 3y + 32 = 0 7. 2x – 3y + 6 = 0

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 14.6

1. y = 1, 2. 2x + 3y + 3 = 0

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. (a) 4x + 3y + 9 = 0 (b) x – 8y – 24 = 0

2. (a) 3x – 5y – 37 = 0 (b) 5x – 8y – 60 = 0

4. (a) 13x – y – 9 = 0 (b) 3x – y + 1 = 0

(c) 3x – y – 4 = 0

5. x – 3y  = 2 – 3 6. 2x + 3y +13 = 0

7. bx + ay = ab 8. 
2

π

9. 
2

π

10. 
98

13

11.
9

5
12. 

6

13
13. 

7

5

16. 32x + 40y – 41 = 0 17.  x + 5y – 3 = 0

18. 35x – 7y + 18 = 0 19.  63x + 105y – 781 = 0

20. 23x + 23y – 11 = 0
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15

o`Ùko`Ùko`Ùko`Ùk

?kM+h dh lqbZ dh uksd ds iFk ij /;ku nhft, ftl ij og xfreku gS] ¼fp= 15. 1 nsf[k,½

12

6

9
3

1

2

4

57

8

10

11

                           

iqu% ml oØ ij /;ku nhft, tks fuEu izdkj ls vuqjsf[kr gksrk gS% ,d dhy xkM+dj fdlh
fuf'pr yEckbZ dh ,d jLlh dk ,d fljk blls ,slk cka/ksa fd ;g mlds pkjksa vksj ?kwe lds]

vkSj fQj èkkxs ds nwljs fljs ls isafly cka/ksaA rc isafly dks dhy ds pkjksa vksj ,slk ?kqek,a fd jLlh
ruh jgs ¼fp= 15.2 nsf[k,½A

fu%lUnsg] mi;qZDr mnkgj.kksa ds vuqjsf[kr oØ ,d gh vkÑfr ds gSa vkSj bl izdkj ds oØ dks
oÙ̀koÙ̀koÙ̀koÙ̀k dgrs gSaA

isafly dh uksd rFkk fcUnq] ftl ij dhy xM+h gS] ds chp dh nwjh dks òÙk dk v/kZO;kl
¼f=T;k½ dgrs gSaA

mi;qZDr mnkgj.kksa ds vuqjsf[kr oØ dh ppkZ ge vkSj foLrkj ls djsaxsA

    mís'; mís'; mís'; mís';

bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%bl ikB ds v/;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs%

• fn, gq, dsUnz rFkk f=T;k }kjk o`Ùk dk lehdj.k Kkr djuk(

fp= fp= fp= fp= 15. 1

fp= fp= fp= fp= 15. 2
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• fn, x, izfrcU/kksa ds vUrxZr o`Ùk dk nks pjksa esa f}?kkr O;kid lehdj.k vfHkO;Dr djuk(

• o`Ùk dk dsUnz ,oa f=T;k Kkr djuk tc bldk lehdj.k O;kid :i esa fn;k gS(

• o`Ùk dk lehdj.k Kkr djuk] tks

(i) rhu valjs[k fcUnqvksa ls gksdj tkrk gS] (ii) nks fn, gq, fcUnqvksa gksdj tkrk gS vkSj fdlh
,d v{k dks Li'kZ djrk gS

  iwoZKkuiwoZKkuiwoZKkuiwoZKku

• o`Ùk ls lEcfU/kr in vkSj vo/kkj.kk,asA

• nks fcUnqvksa ds chp dh nwjh tc muds funsZ'kakd fn, gq, gSaA

• fofHkUu :iksa esa ljy js[kk dk lehdj.kA

  15.1 o`Ùk dh ifjHkk"kko`Ùk dh ifjHkk"kko`Ùk dh ifjHkk"kko`Ùk dh ifjHkk"kk

,d oÙ̀k ml fcUnq dk fcUnqiFk gS tks ry esa bl izdkj pyrk gS fd mldh mlh ry esa ,d fuf'pr
fcUnq ls nwjh lnSo vpj jgrh gSA fuf'pr fcUnq o`Ùk dk dsUnz dgykrk gS] vkSj vpj nwjh dks òÙk
dh f=T;k dgrs gSaA

  15.2 o`Ùk dk lehdj.ko`Ùk dk lehdj.ko`Ùk dk lehdj.ko`Ùk dk lehdj.k

D;k ge oÙ̀k dk xf.krh; lehdj.k Kkr dj ldrs gSa\

vkb,] vusd fn, gq, izfrcU/kksa ds vUrxZr fdlh oÙ̀k dk lehdj.k Kkr djus dk iz;kl djsaA

15.2.1 tc dsUnz ds funsZ'kkad vkSj f=T;k fn, gq, gSa%tc dsUnz ds funsZ'kkad vkSj f=T;k fn, gq, gSa%tc dsUnz ds funsZ'kkad vkSj f=T;k fn, gq, gSa%tc dsUnz ds funsZ'kkad vkSj f=T;k fn, gq, gSa%

eku yhft,] o`Ùk dk dsUnz C rFkk f=T;k 'a' gSA ekuk
dsUnz ds funsZ'kkad (h, k) fn, gSaA

o`Ùk ij dksbZ fcUnq P(x, y) ysa vkSj CM rFkk PN,

X −v{k ij yEc [khpsaA iqu%] PN  ij CL yEc [khpsaA
gesa izkIr gksrk gS%

hxOMONMNCL −=−==

rFkk PL PN LN PN CM y k= − = − = −

ledks.k f=Hkqt CLP esa] CL2 + PL2 = CP2

⇒ 222
)()( akyhx =−+−          ...(1)

fn, gq, izfrcU/k ds vUrxZr ;gh oÙ̀k dk vHkh"V
lehdj.k gSA oÙ̀k ds bl :i dks o`Ùk dk ekud :iekud :iekud :iekud :i
dgrs gSaA

fp= 15-3fp= 15-3fp= 15-3fp= 15-3

y

O
M N

x

P( )x, y

LC

( , )h  k
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foykser% foykser% foykser% foykser% ;fn (1)  dks larq"V djrk gqvk ry ij dksbZ fcUnq (x, y) gS] rks og  (h, k) ls ‘a’ nwjh
ij gksxkA blfy, ;g fcanq o`Ùk ij gksxkA

D;k gksrk gS tc]D;k gksrk gS tc]D;k gksrk gS tc]D;k gksrk gS tc]

(i)    o`Ùk ewy fcUnq ls gksdj tkrk gS\

(ii)  o`Ùk ewy fcUnq ls gksdj ugha tkrk gS] vkSj dsUnz x-v{k ij gS\

(iii)  o`Ùk ewy fcUnq ls gksdj tkrk gS vkSj x-v{k mldk ,d O;kl gS\

(iv)  ewy fcUnq] o`Ùk dk dsUnz gS\

(v)   o`Ùk x-v{k dks Li'kZ djrk gS\

(vi)  o`Ùk y-v{k dks Li'kZ djrk gS\

(vii) o`Ùk nksuksa v{kksa dks Li'kZ djrk gS\

;gka] ge mi;qZDr iz'uksa dk mÙkj ,d&,d djds Kkr djus dk iz;Ru djsaxsA

(i) bl fLFkfr esa]  (0, 0), lehdj.k (1) dks larq"V djrk gSA bl izdkj gesa izkIr gksrk gS%

222
akh =+

vr% lehdj.k (1) dk :i

022
22

=−−+ kyhxyx   ...(2)

cu tkrk gSA

(ii) bl fLFkfr esa k = 0  gSA

vr% lehdj.k (1) dk :i

222
)( ayhx =+−    ...(3)

cu tkrk gSA

xx′

C

y′

y

O

y′

y

O
x′ x

C

(iii)  bl fLFkfr esa]  k = 0 rFkk h a= ±  (fp= 15.4 nsf[k,)

fp= 15-4fp= 15-4fp= 15-4fp= 15-4
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vr% lehdj.k (1) dk :i 02
22

=±+ axyx ...(4)

(iv)  bl fLFkfr esa] h = 0 = k gS]

vr% lehdj.k (1) dk :i 222
ayx =+ ...(5)

gks tkrk gSA

(v)  bl fLFkfr esa] k = a gS ¼fp= 15.5 nsf[k,½]

vr% lehdj.k (1) dk :i 022
222

=+−−+ hayhxyx cu tkrk gSA ...(6)

a

C

y

y′

x′ x
O h

(vi)  bl fLFkfr esa  h = a gS]

         vr%] lehdj.k (1) dk :i 022
222

=+−−+ kkyaxyx ...(7)

    gks tkrk gS

(vii)  bl fLFkfr esa  h = k = a gS ¼nsf[k, fp= 15.6½

        vr%] lehdj.k (1) dk :i 022
222

=+−−+ aayaxyx ...(8)

    gks tkrk gS

C

y

y′

x′ x
O

fp= 15-5fp= 15-5fp= 15-5fp= 15-5

fp= 15-6fp= 15-6fp= 15-6fp= 15-6
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 15.1. ml o`Ùk dk lehdj.k Kkr dhft,] ftldk dsUnz (3, −4) rFkk f=T;k 6 gSA

gy %gy %gy %gy %   lehdj.k (1) ds inkas ls rqyuk djus ij gesa izkIr gksrk gS%

h = 3, k = – 4 rFkk a = 6

∴
222

6)4()3( =++− yx  ;k 01186
22

=−+−+ yxyx

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 15.2.      o`Ùk 4)1()1(
22

=−++ yx  dk dsUnz vkSj f=T;k Kkr dhft,A

gy% gy% gy% gy%  fn, gq, lehdj.k dh rqyuk 222
)()( akyhx =−+− ls djus ij gesa izkIr gksrk gS%

– h = 1, –k = –1, a2 = 4

∴    h = –1, k = 1, a = 2

blfy,] fn, gq, o`Ùk dk dsUnz (–1,1) rFkk f=T;k 2 gSA

15.3  o`Ùk dk O;kid lehdj.ko`Ùk dk O;kid lehdj.ko`Ùk dk O;kid lehdj.ko`Ùk dk O;kid lehdj.k

ge tkurs gS fd dsUnz (h, k) rFkk f=T;k r okys o`Ùk dk ekud lehdj.k
222

)()( rkyhx =−+− gSA

vkb,] ge fuEu lehdj.k ij fopkj djsa
2 2

2 2 0x y gx fy c+ + + + = ... (1)

¼1½ dks ge fuEu izdkj ls Hkh fy[k ldrs gSa%
2 2 2 2 2 2

( 2 ) ( 2 )x gx g y fy f g f c+ + + + + = + −

vZFkkr ~ ( )
2

2 2 2 2
( ) ( )x g y f g f c+ + + = + −

vZFkkr~  [ ] [ ] ( )
2

2 2 2 2
( ) ( )x g y f g f c− − + − − = + − ... (2)

vZFkkr~  2 2 2
( ) ( )x h y k r− + − =

tgka 2 2
, ,h g k f r g f c= − = − = + −

mi;ZqDr ;g n'kkZrk gS fd fn;k x;k lehdj.k ,d o`Ùk dks fu#fir djrk gS ftldk dsUnz (–

g, –f)  rFkk f=T;k = 2 2
g f c+ −  gSA

15.3.1  izfrcU/k] ftuds vUrxZr nks pjksa okyk O;kid f}?kkr lehdj.k ,dizfrcU/k] ftuds vUrxZr nks pjksa okyk O;kid f}?kkr lehdj.k ,dizfrcU/k] ftuds vUrxZr nks pjksa okyk O;kid f}?kkr lehdj.k ,dizfrcU/k] ftuds vUrxZr nks pjksa okyk O;kid f}?kkr lehdj.k ,d
o`Ùk dks fu:fir djrk gSAo`Ùk dks fu:fir djrk gSAo`Ùk dks fu:fir djrk gSAo`Ùk dks fu:fir djrk gSA

eku yhft, fd lehdj.k 2 2
2 2 0x y gx fy c+ + + + =  gSA

(i) ;g x, y  esa f}?kkr lehdj.k gS] ftlesa inksa x2  vkSj y2 ds xq.kkad leku gSaA

(ii)  blesa x y dk dksbZ in ugha gSaA

  fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%  iz'uksa dks gy djus esa] ge  x2 vkSj y2 dk xq.kkad ,d ysrs gSaA
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 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 15.3.     oÙ̀k 01936604545
22

=++−+ yxyx dk dsUnz rFkk f=T;k Kkr dhft,A

gy%gy%gy%gy% fn;k gqvk lehdj.k]  45 ls Hkkx djds fuEu izdkj fy[kk tk ldrk gS]

0
45

19

5

4

3

422
=++−+ yxyx

bldh rqyuk lehdj.k

2 2
2 2 0x y gx fy c+ + + + =

ls djus ij gesa izkIr gksrk gS%

2 2
,

3 5
g f= − =  rFkk 

19

45
c =

bl izdkj fn, x, o`Ùk dk dsUnz  







−

5

2
,

3

2
 rFkk f=T;k  

15

4122
=−+ cfg  gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 15.4.  bl o`Ùk dk lehdj.k Kkr dhft, tks fcnaqvksa (1, 0), (0, – 6) rFkk (3, 4) ls

gksdj tkrk gSA

gy%gy%gy%gy%  eku yhft, fd òÙk dk lehdj.k

2 2
2 2 0x y gx fy c+ + + + = ...(1)

gSA

pwafd o`Ùk rhu fn, gq, fcUnqvksa ls gksdj tkrk gS blfy, os lehdj.k (1) dks larq"V djsaxsA vr%

rFkk

1 2 0 (2)

36 12 0 (3)

25 6 8 0 (4)

g c

f c

g f c

+ + =

− + =

+ + + =

L

L

L

(3) esa ls (2) rFkk (4) esa ls (3) dks ?kVkus ij] gesa izkIr gksrk gS%

2 12 35

6 20 11

g f

g f

+ =

+ =• • • •

bl lehdj.kksa dks  g  rFkk f ds fy, gy djus ij gesa izkIr gksrk gS% 
8

47
,

4

71
=−= fg

(2) esa  g dk eku j[kus ij] ge izkIr djrs gSa% 
2

69
=c

g, f  rFkk c ds bu ekuksa dks (1) esa j[kus ij o`Ùk dk vHkh"V lehdj.k gS%

01384714244
22

=++−+ yxyx

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 15.5. mu o`Ùkksa ds lehdj.k Kkr dhft, tks x- v{k dks Li'kZ djrs gSa] vkSj fcUnqvksa

(1,–2) rFkk (3, –4) ls gksdj tkrs gSA
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gy%gy%gy%gy% pwafd o`Ùk x-v{k dks Li'kZ djrs gSa bl fy, òÙk ds ekud :i esa k = a ¼ifj.kke 6 nsf[k,½
j[kus ij] izkIr gksrk gSA

022
222

=+−−+ hayhxyx ... (1)

pwafd ¼1½ fcUnq (1, –2) ls gksdj tkrk gS]

2
2 4 5 0h h a∴ − + + = ... (2)

o`Ùk fcUnq (3, – 4) ls gksdj Hkh tkrk gS]

2
6 8 25 0h h a∴ − + + = ...(3)

(2) vkSj (3) ls ‘a’ dk foyksiu djus ij ge izkIr djrs gSaA

2
2 15 0

3 5.

h h

h or h

⇒ + − =

= = −

(3) ls a ds laxr eku Øe'k%  – 2 rFkk –10 gSaA h rFkk a ds eku (1) esa j[kus ij] ge izkIr djrs gSaA

0946
22

=++−+ yxyx ... (4)

rFkk 0252010
22

=++++ yxyx ... (5)

(4) rFkk (5) o`Ùk vHkh"V lehdj.k gSaA

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 15.1

1. ml o`Ùk dk lehdj.k Kkr dhft,] ftldk

(a) dsUnz (0, 0) rFkk f=T;k 3 gSA (b) dsUnz (– 2,3) rFkk f=T;k 4 gSA

2. o`Ùk dk dsUnz rFkk f=T;k Kkr dhft,%

(a) 63
22

=−++ yxyx (b) 063244
22

=−+−+ yxyx

3. ml oÙ̀k dk lehdj.k Kkr dhft, tks fcUnqvksa  (0,  2) (2, 0)  rFkk (0,  0) ls gksdj tkrk gSA

4. ml o`Ùk dk lehdj.k Kkr dhft, tks y-v{k dks Li'kZ djrk gS rFkk fcUnqvksa  (–1, 2) vkSj
(–2,1) ls gksdj tkrk gSA

• o`Ùk dk ekud :io`Ùk dk ekud :io`Ùk dk ekud :io`Ùk dk ekud :i

(x −h)2  +  (y −k)2  =  a2  dsUnz (h, k) rFkk f=T;k a gSA

C

A1

% + vkb;s nksgjk,¡
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mÙkjekyk

• o`Ùk dk O;kid lehdj.k  022
22

=++++ cfygxyx  gSA

bldk dsUnz  (–g, –f) rFkk f=T;k = cfg −+
22

        lgk;d osclkbV  lgk;d osclkbV  lgk;d osclkbV  lgk;d osclkbV

• www.purplemath.com/modules/circle2.htm

• www.purplemath.com/modules/circle.htm

• https://www.youtube.com/watch?v=U2-4fWtYt7I

1. o`Ùk dk lehdj.k Kkr dhft, ftldk dsUnz (4, −6) rFkk f=T;k 7 gSA

2. o`Ùk 064
22

=−++ yxyx  dk dsUnz vkSj f=T;k Kkr dhft,A

3. ml òÙk dk lehdj.k Kkr dhft, tks fcUnqvksa (1,0), (–1,0) rFkk (0,1) ls gksdj tkrk gSA

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 15.1

1. (a) 9
22

=+ yx (b) 0364
22

=−−++ yxyx

2. (a) 
2

37
;1,

2

3








− (b) 

8

109
;

8

3
,

4

1








−

3. 022
22

=−−+ yxyx 4. 0122
22

=+−++ yxyx

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. 03128
22

=++−+ yxyx 2. Centre ( −2, 3); Radius = 13

3. .1
22

=+ yx

lgk;d osclkbV

vkb, vH;kl djsa
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16

'''' k ad q  i f j P N snk ad q  i f j P N snk ad q  i f j P N snk ad q  i f j P N sn

xktj  dks dkV r s le; vki  f HkUu &f HkUu  vkÑf r ;k¡  n s[k ldr s gSa tks xktj  dh vu qi zL Fk dkV  } kj k

c u h f HkUu  f HkUu  vkd`f r ;ksa dks n ' kZkr s gSaA o S' ysf "kd f o f èk ls b ls r hu  i zdkj  ls dkV k tk ldr k

gSA ;Fkk

(i) vu qi zL Fk dkV  vkèkkj  ds lekUr j  gSA ¼f p= 16-1 n sf [k, ½

(ii) vu qi zL Fk dkV  f r j Nk gS i j Ur q vkèkkj  ls gksdj  u gha tkr k gSA ¼f p= 16-2 n sf [k, ½

(iii) vu qi zL Fk dkV  f r j Nk gS vkSj  vkèkkj  ls gksdj  tkr k gSA ¼f p= 16-3 n sf [k, ½

f HkUu  r j hds ls dkV u s i j  gesa f HkUu  f HkUu  vkÑf r  dh L ykb l f eyr h gSaA

i zFke f L Fkf r  esa] dV k V qdM +k , d o `Ùk dks f u :f i r  dj r k gS f tls ge f i Nys i kB  esa i < + pqds gSaA

f } r h; r Fkk r r̀ h; f L Fkf r ;ksa esa] dV s gq,  V qdM +s f HkUu  T ;kf er h; o Ø f u :f i r  dj r s gSa] f tUgsa ge

b l i kB  esa i < sa+xsA

   m í s' ;   m í s' ;   m í s' ;   m í s' ;

b l  i k B  d s v / ; ; u  d s c k n ]  v k i  f u E u f y f [ k r  e sa l e F k Z g k s t k , ax s%b l  i k B  d s v / ; ; u  d s c k n ]  v k i  f u E u f y f [ k r  e sa l e F k Z g k s t k , ax s%b l  i k B  d s v / ; ; u  d s c k n ]  v k i  f u E u f y f [ k r  e sa l e F k Z g k s t k , ax s%b l  i k B  d s v / ; ; u  d s c k n ]  v k i  f u E u f y f [ k r  e sa l e F k Z g k s t k , ax s%
• o `Ùk] i j o y ;] n h? kZo `Ùk r Fkk vf r i j o y ; dks ' kadq ds i f j P Nsn  ds :i  esa n s[ku k

• i j o y ; r Fkk n h? kZo `Ùk dks f c n qai Fk ds :i  esa n s[ku k

• mRdsUn zr k dh vo /kkj .kk] f u ;r k] u kf Hk] r Fkk ' kh"kZ i gpku u k(

• i j o y ;] n h? kZo `Ùk vkSj  vf r i j o y ; ds eku d lehdj .k dks i gpku u k( vkSj

• i j o y ;] n h? kZo `Ùk vkSj  vf r i j o y ; dk lehdj .k Kkr  dj u k tc  b ldh f u ;r k r Fkk u kf Hk
f n ,  x,  gSa

f p =  1 6 - 1f p =  1 6 - 1f p =  1 6 - 1f p =  1 6 - 1 f p =  1 6 - 2f p =  1 6 - 2f p =  1 6 - 2f p =  1 6 - 2 f p =  1 6 - 3f p =  1 6 - 3f p =  1 6 - 3f p =  1 6 - 3
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 i wo Z K k u i wo Z K k u i wo Z K k u i wo Z K k u

• f u n sZ' kkad T ;kf ef r  dk i zkj f EHkd Kku

• lj y  j s[kk ds lehdj .k ds f o f HkUu  :i

• f o f HkUu  :i ksa esa o `Ùk dk lehdj .kf o f HkUu  :i ksa esa o r̀  dk leh

16.1 ' k ad q i f j P N sn' k ad q i f j P N sn' k ad q i f j P N sn' k ad q i f j P N sn

Hkwf edk esa geu s xktj  dh L ykb l ds db Z vkdkj ksa dks n s[kkA pwaf d xktj  dh vkÑf r  ' kadq tSlh
gksr h gS b lf y ,  b lls i zkIr  i f j P Nsn ksa  dks ' kadq i f j P Nsn  dgr s gSaA

x f . k r h ;  : i  e sa]  ' k ad q i f j P N sn  f d l h  , d  f c U n q x f . k r h ;  : i  e sa]  ' k ad q i f j P N sn  f d l h  , d  f c U n q x f . k r h ;  : i  e sa]  ' k ad q i f j P N sn  f d l h  , d  f c U n q x f . k r h ;  : i  e sa]  ' k ad q i f j P N sn  f d l h  , d  f c U n q Pd k  f c U n qi F k  g S t k s b l  i zd k j  p y r kd k  f c U n qi F k  g S t k s b l  i zd k j  p y r kd k  f c U n qi F k  g S t k s b l  i zd k j  p y r kd k  f c U n qi F k  g S t k s b l  i zd k j  p y r k
g S f d  b l d h  , d  f L F k j  f c U n q l s n wj h  r F k k  , d  f L F k j  j s[ k k  l s y E c o r  n wj h  d k  v u qi k rg S f d  b l d h  , d  f L F k j  f c U n q l s n wj h  r F k k  , d  f L F k j  j s[ k k  l s y E c o r  n wj h  d k  v u qi k rg S f d  b l d h  , d  f L F k j  f c U n q l s n wj h  r F k k  , d  f L F k j  j s[ k k  l s y E c o r  n wj h  d k  v u qi k rg S f d  b l d h  , d  f L F k j  f c U n q l s n wj h  r F k k  , d  f L F k j  j s[ k k  l s y E c o r  n wj h  d k  v u qi k r
l n So  f L F k j  j g r k  g SAl n So  f L F k j  j g r k  g SAl n So  f L F k j  j g r k  g SAl n So  f L F k j  j g r k  g SA

f L Fkj  f c Un q dks u k f H ku k f H ku k f H ku k f H k  dgr s gSa vkSj  lkekU;r %  b ls 'S' ls O;Dr  dj r s gSaA

f L Fkj  j s[kk dks f u ; r kf u ; r kf u ; r kf u ; r k  dj r s gSaasaA

u kf Hk ls tku s o kyh r Fkk f u ;r k ds y Ec o r  lj y  j s[kk v { kv { kv { kv { k  dgykr h gSA

mi ;qZDr  f L Fkj  vu qi kr  dks m R d sU n zr km R d sU n zr km R d sU n zr km R d sU n zr k  dgr s gSa vkSj  b ls e ls O;Dr   f d;k tkr k gSA

D;k gksr k gS tc

(i)  1<e (ii)  1=e (iii)  1>e ?

b u  f L Fkf r ;ksa esa b l i zdkj  i zkIr  ' kadq i f j P Nsn  Øe' k%  n h? kZo `Ùk] i j o y ; r Fkk vf r i j o y ; ds
u ke ls tku s tkr s gSaA

b l i kB  esa ge n h? kZo r̀ ] i j o y ; r Fkk vf r i j o y ; ds c kj s esa i < s+axsA

 16----2    n h ? k Z o `Ù kn h ? k Z o `Ù kn h ? k Z o `Ù kn h ? k Z o `Ù k

xktj  dh L ykb l ds dkV u s dks i qu %  ;kn  dj saA tc  ge b ls f r j Nk dkV r s gSa] ;g c pkr s gq,  f d
pkdw vk/kkj  ls gksdj  u  tk,  r ks ge D;k n s[kr s gSa ?

vki dks , slh vkÑf r  dk lkeu k r c  Hkh gqvk gksxk tc  vki  mc ys v.M s dks Å/o kZ/kj r %  dkV r s gSaA

, sls i zkIr  L ykb l , d n h? kZo `Ùk dks f u :f i r  dj r k gSA vkb , ] ge n h? kZo `Ùk dks xf .kr h; :i  esa f u Eu
i zdkj  ls i f j Hkkf "kr  dj sa%

^ ^  n h ? k Zo `Ù k  f d l h  , d  , sl s f c U n q d k  f c U n qi F k  g S t k s b l  i zd k j  , d  r y  e sa p y r k^ ^  n h ? k Zo `Ù k  f d l h  , d  , sl s f c U n q d k  f c U n qi F k  g S t k s b l  i zd k j  , d  r y  e sa p y r k^ ^  n h ? k Zo `Ù k  f d l h  , d  , sl s f c U n q d k  f c U n qi F k  g S t k s b l  i zd k j  , d  r y  e sa p y r k^ ^  n h ? k Zo `Ù k  f d l h  , d  , sl s f c U n q d k  f c U n qi F k  g S t k s b l  i zd k j  , d  r y  e sa p y r k
g S f d  b l d h  , d  f L F k j  f c U n q l s n wj h  r F k k  , d  f L F k j  j s[ k k  l s n wj h  d k  v u qi k rg S f d  b l d h  , d  f L F k j  f c U n q l s n wj h  r F k k  , d  f L F k j  j s[ k k  l s n wj h  d k  v u qi k rg S f d  b l d h  , d  f L F k j  f c U n q l s n wj h  r F k k  , d  f L F k j  j s[ k k  l s n wj h  d k  v u qi k rg S f d  b l d h  , d  f L F k j  f c U n q l s n wj h  r F k k  , d  f L F k j  j s[ k k  l s n wj h  d k  v u qi k r
f L F k j  j g r k  g S r F k k  ; g  v u qi k r  b d k b Z l s d e  g k sr k  g SA * *f L F k j  j g r k  g S r F k k  ; g  v u qi k r  b d k b Z l s d e  g k sr k  g SA * *f L F k j  j g r k  g S r F k k  ; g  v u qi k r  b d k b Z l s d e  g k sr k  g SA * *f L F k j  j g r k  g S r F k k  ; g  v u qi k r  b d k b Z l s d e  g k sr k  g SA * *

16----2.1    n h ? k Zo ` Ù k  d k  e k u d  l e h d j . kn h ? k Zo ` Ù k  d k  e k u d  l e h d j . kn h ? k Zo ` Ù k  d k  e k u d  l e h d j . kn h ? k Zo ` Ù k  d k  e k u d  l e h d j . k

eku  yhf t,  u kf Hk S, f u ;r k ZK r Fkk pj  f c Un q P gSA S ls f u ;r k i j  y Ec  SK [khaf p, A eku k
mRdsUn zr k e gSA
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 SK dk vUr %  r Fkk c kg~r %  f o Hkktu  ¼KS dks c < +ku s i j ½  Øe' k%  f c an qvksa A RkFkk A' i j  vu qi kr  e:1

esa dj saA pwaf d e<1 gS]

AKeSA .= L  (1)

r Fkk  KAeAS ′=′ . L  (2)

pwaf d A r Fkk A' , sls f c Un q gSa f tu dh u kf Hk ls n wf j ;ksa r Fkk f u ;r k ls Øe' k%  n wf j ;ksa dk vu qi kr  f L Fkj
 e (e < 1) gS] vr %  o s n h? kZo `Ùk i j  gSaA b Ugssa n h? kZo `Ùk ds ' kh"kZ dgr s gSaA

Z

M
P

x
KA

N

L

CA′ S (- , 0)′ ae
S(- , 0)ae

L′

B′

y′

x′

eku k AA', 2a ds c j kc j  gS r Fkk C b ldk e/ ;f c Un q gS] vFkkZr CA = CA' = a gSA

C dks n h? kZo `Ùk dk dsUn z dgr s gSaA

(1) vkSj  (2) dk ;ksx dj u s i j  gesa i zkIr  gksr k gS%

KAeAKeASSA ′+=′+ ..

; k )( CKCACACKeAA +′+−=′

; k CKea 2.2 =

; k
e

a
CK = L  (3)

¼2½  esa ls ¼1½  dks ? kV ku s i j  ge i zkIr  dj r s gSa

)( AKKAeSAAS −′=−′

; k AAeCSCAACSC ′=−−′+ .)()(

; k aeCS 2.2 =

; k aeCS = L  (4)

vc  ge  C dks ewy f c Un q, CAX dks x-v{k r Fkk CY, tks CX ds y Ec o r  j s[kk gS] dkss y- v{k ysr s gSaA

∴ S ds f u n sZ' kkad (ae, 0) gksaxs r Fkk f u ;r k dk lehdj .k 
a

x
e

=  gksxkA

Y'

X'

f p =  1 6 - 4f p =  1 6 - 4f p =  1 6 - 4f p =  1 6 - 4
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eku k pj  f c Un q P ds f u n sZ' kkad (x, y) gSaSaA  SP dks f eykb ;s] .PM ZK⊥  [khaf p, A

i f j Hkk"kk ls PMeSP .=

; k 222 . PMeSP =

; k 2222 ).(NKeNPSN =+

; k 2222 ).()( CNCKeNPCSCN −=+−

; k
2

222)( 







−=+− x

e

a
eyaex

; k )1()1( 22222 eayex −=+−

; k 1
)1(

22

2

2

2

=

−

+

ea

y

a

x
[ )1( 22 ea − ls Hkkx n su s i j]

222 )1( bea =−  j [ku s i j ] ge n h? kZo `Ùk dk f UkEu  eku d lehdj .k i zkIr  dj r s gSa%

1
2

2

2

2

=+

b

y

a

x

n h ? k Z v { k  n h ? k Z v { k  n h ? k Z v { k  n h ? k Z v { k  :' kh"kks± A' vkSj A dks f eyku s o kys j s[kk[k.M  vFkkZr  A'A dks n h? kZ v{k dgr s gSa vkSj
b ldh y Ec kb Z 2a gksr h gSA

y ? k q v { ky ? k q v { ky ? k q v { ky ? k q v { k :dsUn z ls tku s o kys vkSj  n h? kZv{k ds y Ec o r  j s[kk[k.M  vFkkZr  B'B dks y ? kqv{k dgr s
gSa vkSj  b ldh y Ec kb Z 2b  gksr h gSA

e q[ ;  v { ke q[ ;  v { ke q[ ;  v { ke q[ ;  v { k : n h? kZ v{k r Fkk y ? kq v{k b dë s n h? kZo `Ùk ds eq[; v{k dgykr s gSa

u k f H k  y E c  u k f H k  y E c  u k f H k  y E c  u k f H k  y E c  :j s[kk [k.M  LL' dh y Ec kb Z dks u kf Hk y Ec  dgr s gSaSA

f u ; r k v k sa d s l e h d j . kf u ; r k v k sa d s l e h d j . kf u ; r k v k sa d s l e h d j . kf u ; r k v k sa d s l e h d j . k : 
e

a
x ±=

m R d sU n zr km R d sU n zr km R d sU n zr km R d sU n zr k : e dks 2

2
2

1
a

b
e −=  ds } kj k i zkIr  dj r s gSaA

 m n k g j . k   m n k g j . k   m n k g j . k   m n k g j . k  16----1.     ml n h? kZo `Ùk dk lehdj .k Kkr  dhf t,  f tldh u kf Hk (1,–1), mRdsUn zr k e

=
1

2
 r Fkk f u ;r k 3x y− = gSA

g yg yg yg y:eku  yhf t,  f d n h? kZo `Ùk i j  dksb Z f c Un q P (h,k) gSA r ks i f j Hkk"kk ls]

b l dh u kf Hk ls n wj h =  e ×   b ldh f u ;r k ls n wj h

; k 222
.PMeSP =  (M,f c Un q P ls f u ;r k i j  M kys x,  y Ec  dk i kn  gS)

; k
2

22

11

3

4

1
)1()1( 









+

−−
=++−

kh
kh
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; k 0710102)(7 22
=++−++ khhkkh

∴  P dk f c Un qai Fk gS%

2 27( ) 2 10 10 7 0x y xy x y+ + − + + =  gS] tks n h? kZo `Ùk dk vHkh"V  lehdj .k gSA

 m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  16----2.  n h? kZo `Ùk 1243 22
=+ yx dh mRdsUn zr k] u kf Hk;ksa ds f u n sZ' kkad vkSj  v{kksa dh

y Ec kb ;ka Kkr  dhf t, A

g yg yg yg y: n h? kZo `Ùk dh lehdj .k dks f u Eu  :i  esa f y [k ldr s gSa%

1
34

22

=+
yx

n h? kZo `Ùk ds eku d lehdj .k ls b ldh r qy u k dj u s i j  ge i zkIr  dj r s gSa

4
2

=a  r Fkk 3
2

=b

rc

(i) 
2

1

4

1

4

3
11

2

2
2

=⇒=−=−= e
a

b
e

(ii)  u kf Hk;ksa ds f u n sZ' kkad  (1,0) r Fkk ( −1,0) gSaA [D;ksaf d f u n sZa' kkd  ( ± ae, 0)]

(iii) n h? kZ v{k dh y Ec kb Z = 4222 =×=a  r Fkk

y ? kq v{k dh y Ec kb Z 2 2 3 2 3b= = × =

 n s[ k sa v k i u s f d r u k  l h [ k k   n s[ k sa v k i u s f d r u k  l h [ k k   n s[ k sa v k i u s f d r u k  l h [ k k   n s[ k sa v k i u s f d r u k  l h [ k k  16----1

1. dsUn z (0,0) ds lan HkZ esa n h? kZo `Ùk ds lehdj .k Kkr  dhf t, %

(a) f tldk u kf Hky Ec  5 r Fkk mRdsUn zr k 
2

3
gSA

(b)f tldk y ? kqv{k] u kf Hk;ksa ds c hp dh n wj h ds c j kc j  gS vkSj  f tldk u kf Hky Ec  10 gSA

(c)f tldh u kf Hk;ka ¼4]0½  r Fkk ¼&4]0½  vkSj  mRdsUn zr k 
1

3
 gSA

2. ;f n  n h? kZo `Ùk dk u kf Hky Ec  y ? kqv{k dk vk/kk gS r ks b ldh mRdsUn zr k Kkr  dhf t, A

 16----3 I I I I k j o y ;k j o y ;k j o y ;k j o y ;

xktj  dh L ykb l ds d kV u s dks i qu %  ;kn  dj saA tc  ge b ls f r j Nk dkV r s gSa r Fkk pkdw dks vkèkkj
ls gks dj  tku s n sa] r ks ge D;k n s[kr s gSa? tc  , d c Yysc kt xsan  dks go k esa ekj r k gS r ks D;k vki u s
dHkh xsan  } kj k vu qj sf [kr  i Fk i j  / ;ku  f n ;k gS\

D;k] xktj  ds L ykb l vkSj  mi ;ZqDr  f n ,  gq,  mn kgj .k eaas xsan  } kj k vu qj sf [kr  i Fk esa dksb Z
mHk;f u "B  xq.k gS\
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gk¡ ] , slh L ykb l r Fkk xsan  ds i Fk dh vkÑf r  leku  gS f tls ge i j o y ; dgr s gSaA vkb , ] i j o y ;
dks xf .kr h; #i  esa i f j Hkkf "kr  dj saA

"i j o y ;  , d  , sl s f c U n q d k  f c U n qi F k  g S t k s , d  r y  e sa b l  i zd k j  l s p y r k  g S f di j o y ;  , d  , sl s f c U n q d k  f c U n qi F k  g S t k s , d  r y  e sa b l  i zd k j  l s p y r k  g S f di j o y ;  , d  , sl s f c U n q d k  f c U n qi F k  g S t k s , d  r y  e sa b l  i zd k j  l s p y r k  g S f di j o y ;  , d  , sl s f c U n q d k  f c U n qi F k  g S t k s , d  r y  e sa b l  i zd k j  l s p y r k  g S f d
b l  d h  r y  e sa , d  f L F k j  f c U n q l s n wj h ]  r y  e sa , d  f L F k j  j s[ k k  l s n wj h  d s c j k c j  g Sb l  d h  r y  e sa , d  f L F k j  f c U n q l s n wj h ]  r y  e sa , d  f L F k j  j s[ k k  l s n wj h  d s c j k c j  g Sb l  d h  r y  e sa , d  f L F k j  f c U n q l s n wj h ]  r y  e sa , d  f L F k j  j s[ k k  l s n wj h  d s c j k c j  g Sb l  d h  r y  e sa , d  f L F k j  f c U n q l s n wj h ]  r y  e sa , d  f L F k j  j s[ k k  l s n wj h  d s c j k c j  g S"

16----3----1    i j o y ;  d k  e k u d  l e h d j . ki j o y ;  d k  e k u d  l e h d j . ki j o y ;  d k  e k u d  l e h d j . ki j o y ;  d k  e k u d  l e h d j . k

eku k S f L Fkj  f c Un q gS] vkSj  ZZ ' i j o y ; dh f u ;r k gSA  ZZ ' ds y Ec o r SK  [khaf p, A SK  dks
A  i j  lef } Hkkf tr  dhf t, A

pwaf d  SA = AK,  i j o y ; dh i f j Hkk"kk ls]  A  i j o y ; i j  f L Fkr  , d f c an q gSA A dks i j o y ; dk
' kh"kZ dgr s gSaA

A dks ewy  f c Un q yhf t, ]  AX  dks  x-v{k vkSj   A  ls tku s o kyh r Fkk  AX  ds y Ec o r   AY dks
 y-v{k yhf t, A

Z Y

M

K

Z′

P′

L′

X
N

L

A S( , 0)a

P( )x, y

Ekku k aKS 2=  gSA aAKAS ==∴

∴ A r Fkk S  ds f u n sZ' kkad Øe' k%  (0,0) r Fkk (a,0) gSaA

Ekku k P(x,y) i j o y ; i j  dksb Z f c Un q gSA ASPN ⊥  c < +kdj  ¼[khaf p, ½

∴  AN = x r Fkk NP y=

 SP dks f eykb ,  r Fkk ZZPM ′⊥  [khaf p,

∴ i j o y ; dh i f j Hkk"kk ls
SP = PM

; k 2 2
SP PM=

; k 222 )()0()( axyax +=−+− ][ axAKNANKPM +=+==Q

; k 222 )()( yaxax −=+−−  ;k axy 42
=

;gh i j o y ; dk eku d lehdj .k gSA

 

f p =  1 6 - 5f p =  1 6 - 5f p =  1 6 - 5f p =  1 6 - 5
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f V I i . k hf V I i . k hf V I i . k hf V I i . k h : i j o y ; ds b l lehdj .k esa]

(i)   ' kh"kZ (0,0) gSA (ii)  u kf Hk (a,0) gSA

(iii) v{k dk lehdj .k y = 0 gSA (iv) f u ;r k dk lehdj .k x + a = 0 gSA

(v) u kf Hky Ec  dh y Ec kb Z = 4a

IIII k j o y ;  d s v U ;  : ik j o y ;  d s v U ;  : ik j o y ;  d s v U ;  : ik j o y ;  d s v U ;  : i

i j o y ; ds lehdj .k D;k gksaxs tc
(i)   u kf Hk (– a,0) r Fkk f u ;r k 0=− ax gS] (ii)  u kf Hk(0,a) r Fkk f u ;r k y + a = 0 gS,

(iii) u kf Hk (0, – a) r Fkk f u ;r k 0=− ay  gSA

;g vklku h ls n ' kkZ;k tk ldr k gS f d mi ;qZDr  i zf r c U/kksa ds vUr xZr  i j o y ; ds lehdj .k f u Eu
:i  ds gksaxs:

(i)   2 4y ax= − (ii)  ayx 42
= (iii) 2 4x ay= −

i j o y ; ds mi ;ZqDr  lehdj .kksa ds f y ,  f p= u hps f n ,  x,  gSaA

A K

y z

y′ z′

y ax2 = –4 x ay2 = 4 x ay2 = –4

(i) (ii) (iii)

y

x′ x

z z′

A

K

y′

y

z z′
K

A

y′

x′ x

x′ x

i j o y ; ds mi ;ZqDr  :i ksa ds laxr  i f j .kke f u Eu f y f [kr  gSa :

:i        axy 42
=   axy 42

−=    ayx 42
=    ayx 42

−=

' kh"kZ ds f u n sZ' kkad (0,0)    (0,0) (0,0)     (0,0)

u kf Hk ds f u n sZ' kkad (a,0)  (–a,0) (0,a)    (0,– a)

f u ;r k dk lehdj .k           ax −=  ax =          ay −=       ay =

v{k dk lehdj .k 0=y   0=y 0=x    0=x

u kf Hky Ec  dh y Ec kb Z a4    a4 a4       a4

f p =  1 6 - 6f p =  1 6 - 6f p =  1 6 - 6f p =  1 6 - 6
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m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  16----3.    ml i j o y ; dk lehdj .k Kkr  dhf t,  f tldh u kf Hk ewy f c Un q gS r Fkk

f u ;r k j s[kk 012 =−+ yx gSA

g yg yg yg y : eku k u kf Hk S (0,0) gS r Fkk  ZZ' f u ;r k gS f tldk lehdj .k 2 1 0x y+ − =  gSA

eku k i j o y ; i j  dksb Z f c Un q P(x, y) gSA

eku k PM  f u ;r k i j  y Ec  gS ¼f p= 16-5 n sf [k, ½

∴  i f j Hkk"kk ls SP = PM

; k 22
PMSP =  ;k 

( )

2
2 2

2
2

(2 1)

2 1

x y
x y

+ −
+ =

+

; k xyxyyxyx 4241455 2222
−−+++=+

; k 2 24 4 2 4 1 0x y xy y x+ − + + − =

;gh i j o y ; dk o kaf Nr  lehdj .k gSA

  m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  16----4.    ml i j o y ; dk lehdj .k Kkr  dhf t, ] f tldk u kf Hk f c Un q ( )2,3  r Fkk f u ;r k

j s [k k 4 3 0x y− + = g S A

g yg yg yg y : f n ;k gS f d u kf Hk  S(2,3) gS r Fkk f u ;r k dk lehdj .k 4 3 0x y− + = gSA

∴ mi ;qZDr  mn kgj .k dh r j g

2

22

22

41

34
)3()2(









+

+−
=−+−

yx
yx

; k 02127874816 22
=+−−++ yxxyyx

tks f d i j o y ; dk o kaf Nr  lehdj .k gSA

    n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  16----2

1. i j o y ; dk lehdj .k Kkr  dhf t,  f tldh u kf Hk (a, b) vkSj  f u ;r k 1=+

b

y

a

x
 gSA

2. i j o y ; dk lehdj .k Kkr  dhf t,  f tldh u kf Hk (2,3) r Fkk f u ;r k 143 =+ yx  gSA
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16-4 vfrijoy;
vf r i j o y ; , d , sls f c Un q dk f c Un qi Fk gS tks , d ler y  esa b l i zdkj  Hkze.k dj r k@? kwer k
gS f d b ldh , d f u f ' pr  f c Un q r Fkk mlh ler y  esa f L Fkr  , d f u f ' pr  lj y  j s[kk ls n wj h
dk vu qi kr  1  ls c M +k gksr k gSA

vFkkZr ~ vf r i j o y ; , d , slk ' kkaDo  gS f tldh mRdsan zr k 1  ls vf /kd gSA f u f ' pr  f c an q
dks u kf Hk r Fkk f u f ' pr  lj y  j s[kk dks f u ;r k dgr s gSaA

v f r i j o y ;  d k  e k u d  : i  e s a l e h d j . k  %v f r i j o y ;  d k  e k u d  : i  e s a l e h d j . k  %v f r i j o y ;  d k  e k u d  : i  e s a l e h d j . k  %v f r i j o y ;  d k  e k u d  : i  e s a l e h d j . k  %

    

y

M1 MB

P( )x, y

A′ Z1 C Z A N S
xx′

S′

y′

eku  yhf t,  S u kf Hk r Fkk ZM f u ;r k gSA S ls f u ;r k i j  SZ yac  [khapkA ge SZ dks
e : 1 (e > 1) ds vu qi kr  esa vUr %  vkSj  c kg;r %  f o Hkkf tr  dj  ldr s gSa eku k A r Fkk A′ f o Hkktu
f c Un q gSa tSlk f d mi ;qZDr  f p= esa n ' kkZ;k x;k gSA eku  yhf t,  f d C, AA′ dk e/ ;f c Un q
gSA vc  CZ dks x-v{k r Fkk C i j  y Ec  dks y-v{k yhf t, A

ek u k AA′ = 2a

vc
SA

AZ
 = e (e > 1) vkSj 

SA

A Z

′

′

 = e (e > 1).

vFkk Zr ~ SA = eAZ ...(i)

SA′ = eA′Z ...(ii)

(i) vkSj  (ii) dks tksM +u s i j  gesa i zkIr  gksr k gSa

SA + SA′ = e(AZ + A′Z)

(CS – CA) + (CS + CA′) = eAA′

⇒ 2CS = e.2a (Q CA = CA′)

⇒ CS = ae

vr %  u kf Hk f c Un q (ae, 0) gSA

(ii) ls (i) ? kV ku s i j  gesa i zkIr  gksr k gSA

SA′ – SA = ( )e A Z AZ−′

vFkk Zr ~ AA′  = [ ]( ) ( )e CZ CA CA CZ+ − −′

vFkk Zr ~ AA′  = e[2CZ]  (Q CA′ = CA)

vFkk Zr ~ 2a = e(2CZ)
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⇒ CZ =
a

e

∴ f u ;r k dk lehdj .k x = 
a

e
 gSA

eku  yhf t,  vf r i j o y ; i j  dksb Z f c Un q P(x, y) gSA P ls f u ;r k r Fkk x-v{k i j  y Ec
Øe' k%  PM r Fkk PN gSaA

b l i zdkj
SP

PM
 = e ⇒ SP = ePM

⇒ (SP)2 = e2(PM)2

vFkk Zr ~ 2 2
( ) ( 0)x ae y− + −  =

2
2 a

e x
e

 
−  

vFkk Zr ~ 2 2 2 2
2x a e aex y+ − +  =

2 2 2
2

2

2e x a aex
e

e

 + −

 
 

vFkk Zr ~ 2 2 2 2
x a e y+ +  =

2 2 2
e x a+

vFkk Zr ~ 2 2 2
( 1)e x y− −  =

2 2
( 1)a e −

vFkk Zr ~
2 2

2 2 2( 1)

x y

a a e
−

−

 = 1

eku  yhf t, 2 2
( 1)a e −  = b2

∴   

2 2

2 2

x y

a b
−  = 1

tks f d eku d :i  esa vf r i j o y ; dk lehdj .k gSA

• vc  eku k y-v{k ds lki s{k S dk i zf r f c Ec S′ r Fkk ZM dk i zf r f c Ec  Z′M′ gSA S′ dks
u kf Hk r Fkk Z′M′ dks f u ;r k ysu s i j ] ;g n s[k ldr s gSa f d vf r i j o y ; dh laxr

lehdj .k 
2 2

2 2
1− =

x y

a b
 gSA vr %  i zR;sd vf r i j o y ; ds f y , ] n ks u kf Hk;ka vkSj  n ks f u ;r k, ¡

gksr h gSA

• gesa 2 2 2
( 1)b a e= −  r Fkk e > 1 Kkr  gS ⇒ e = 

2 2

2

a b

a

+

• ;f n  ge vf r i j o y ; dh lehdj .k esa y = 0 j [ksa r ks gesa i zkIr  gksr k gS

x2 = a2 ⇒ x = ± a

∴ vf r i j o y ; x-v{k dks A(a, 0) r Fkk A′(–a, 0) i j  dkV r k gSA

• ;f n  vf r i j o y ; dh lehdj .k esa ge x = 0 j [ksa r ks gesa i zkIr  gksr k gS

y2 = –b2  ⇒ y = 1.b ib± − = ±

f tldk dkr hZ; r y  esa vf L r Ro  u gha gSA

∴ vf r i j o y ; y-v{k i j  i zf r P Nsn  u gha dj r k gSA
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• AA′ = 2a, x-v{k dh f n ' kk esa vf r i j o y ; dh vu qi zL Fk v{k dgykr h gSA r Fkk
BB′ = 2b y-v{k dh f n ' kk esa vf r i j o y ; dh la;qX eh v{k dgykr h gSA / ;ku  j gs
vf r i j o y ; la;qX eh v{k i j  u gha f eyr k gSA

• n h? kZo `Ùk dh r j g] vf r i j o y ; dh Hkh n ks u kf Hk;k¡

S(ae, 0), S′(–ae, 0) vkSj  n ks f u ;r k, ¡  
a

x
e

= ±  gksr h gSaA

• C vf r i j o y ; dk dsUn z dgykr k gSA

• vf r i j o y ; dh u kf Hky Ec  tho k] vu qi zL Fk v{k i j  y Ec o r  , d j s[kk[k.M  gS tks f dlh
u kf Hk ls gksdj  tkr k gS r Fkk mldk vUr  f c Un q vf r i j o y ; i j  f L Fkr  gksr k gSA n h? kZo r̀

dh r j g] b ls f l) dj  ldr s gSa f d vf r i j o y ; dh u kf Hky Ec  tho k Hkh 
22b

a
 gksr h

g S A
• vf r i j o y ; n ksu ksa v{kksa ds lef er  gksr k gSA

• vf r i j o y ; dh u kf Hk;k¡  ges' kk vu qi zL Fk v{k i j  gksr ha gSaA /ku kRed i n  ds gj  ls vu qi zL Fk

v{k i zkIr  gksr k gS mn kgj .k ds f y ,  
2 2

1
9 16

x y
− = , x-v{k dh f n ' kk esa vu qi zL Fk v{k

i j  gksr k gS r Fkk vu qi zL Fk v{k dh y Ec kb Z 6 b dkb Z gSA tc f d 
2 2

1
25 16

y x
− =  vu qi zL Fk

v{k i j  y-v{k dh f n ' kk esa gS f tldh y Ec kb Z 1 0  b dkb Z gSA

• vf r i j o y ;] f tldh vu qi zL Fk r Fkk la;qX eh v{k Øe' k%  f dlh f n ,  x,  vf r i j o y ; ds
la;qX eh r Fkk vu qi zL Fk v{k gksa r ks ;g vf r i j o y ; f n ,  x,  vf r i j o y ; dk la;qX eh

vf r i j o y ; dgykr k gS f tldk lehdj .k 
2 2

2 2
1− =

y x

b a
 gSA

b l  f L F k f r  e sa %  b l  f L F k f r  e sa %  b l  f L F k f r  e sa %  b l  f L F k f r  e sa %  vu qi zL Fk v{k y-v{k dh vksj  r Fkk la;qX eh v{k x-v{k dh vksj  gksr h gSA

• vu qi zL Fk v{k dh y Ec kb Z = 2b.

• la;qX eh v{k dh y Ec kb Z = 2a

• u kf Hky Ec  tho k dh y Ec kb Z = 

22
.

a

b

• f u ;r kvksa dh lehdj .k .
b

y
e

= ±

• ' kh"kZ (0, ± b)

• u kf Hk;k¡  (0, ± be)

• dsUn z (0, 0)

• mRdsUn zr k e = 

2 2

2
.

b a

b

+
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16-5 ledks.kh; vfrijoy;

;f n  f dlh vf r i j o y ; esa vu qi zL Fk v{k dh y Ec kb Z la;qX eh v{k dh y Ec kb Z ds c j kc j  gks]
r ks o g vf r i j o y ; ledks.kh; vf r i j o y ; dgykr k gSA

b ldh lehdj .k 2 2 2
x y a− = ;k y2 – x2 = b2 (Q a = b)

b l f L Fkf r  esa e = 

2 2 2 2

2 2
2

+ +

=

a a b b

a b
;k

vFkkZr ~ ledks.kh; vf r i j o y ; dh mRdsUn zr k 2  gksr h gSA

m n k g j . k  1 6 - 5 -m n k g j . k  1 6 - 5 -m n k g j . k  1 6 - 5 -m n k g j . k  1 6 - 5 -     
2 2

1
16 9

x y
− =  ds f y ,  f u Eu f y f [kr  Kkr  dhf t,  (i) mRdsUn zr k (ii) u kf Hk;k¡

(iii) ' kh"kZ (iv) f u ;r k, ¡  (v) vu qi zL Fk v{k dh y Ec kb Z (vi) la;qX eh v{k dh y Ec kb Z (vii) u kf Hky Ec
tho k dh y Ec kb Z (viii) dsUn zA

g y  %  g y  %  g y  %  g y  %  ;gk¡  a2 = 16 r Fkk b2 = 9, ⇒ a = 4 r Fkk b = 3.

(i) mRdsUn zr k (e) = 

2 2

2

16 9 5

16 4

a b

a

+ +

= =

(ii) u kf Hk = 
5

( , 0) 4 ,0 ( 5,0)
4

ae
 

± = ± × = ±  

(iii) ' kh"kZ = (± a, 0) = (± 4, 0)

(iv) f u ;r k, ¡ x = ± 
a

e
 ⇒ x = 

4 16
.

5 5
4

x± ⇒ = ±

(v) vu qi zL Fk v{k dh y Ec kb Z = 2a = 2 × 4 = 8.

(vi) la;qX eh v{k dh y Ec kb Z = 2b = 2 × 3 = 6

(vii)  u kf Hky Ec  tho k dh y Ec kb Z = 

22 2 9 9
.

4 2

b

a

×

= =

(viii) dsUn z = (0, 0)

m n k g j . k  1 6 - 6 -m n k g j . k  1 6 - 6 -m n k g j . k  1 6 - 6 -m n k g j . k  1 6 - 6 -     ml vf r i j o y ; dh lehdj .k Kkr  dhf t,  f tlds ' kh"kZ (± 2, 0) r Fkk
u kf Hk  (± 3, 0) gSA

g y  %  g y  %  g y  %  g y  %  ;gk¡  a = 2 vkSj  ae = 3.

∴ e = 3/2.

ge tku r s gSa f d b2 = 2 2
( 1)a e −

⇒ b2 =
9

4 1 5
4

 
− =  

∴ vf r i j o y ; dh lehdj .k 
2 2

1
4 5

− =

x y
 gSA

m n k g j . k  1 6 - 7 -m n k g j . k  1 6 - 7 -m n k g j . k  1 6 - 7 -m n k g j . k  1 6 - 7 -     vf r i j o y ; 
2 2

1
9 27

− =

y x
 ds f y , ] f u Eu f y f [kr  Kkr  dhf t,  %
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(i) mRdsUn zr k (ii) dsUn z (iii) u kf Hk;k¡  (iv) ' kh"kZ (v) f u ;rk, ¡  (vi) vu qi zLFk v{k dh y Ec kb Z (vii) la;qX eh
v{k dh y Ec kb Z (viii) u kf Hky Ec  tho kA

g y  %  g y  %  g y  %  g y  %  ;gk¡  b2 = 9 r Fkk a2 = 27 ⇒ b = 3 r Fkk a = 3 3.

(i)
27 9

4 2.
9

e
+

= = = (ii) dsUn z = (0, 0)

(iii) u kf Hk;k¡  = (0, ) (0, 3 2) (0, 6).be± = ± × = ±

(iv) ' kh"kZ = (0, ± b) = (0, ± 3).

(v) f u ;r k, ¡ 
3

.
2

b
y y

e
= ± ⇒ = ±

(vi) vu qi zL Fk v{k dh y Ec kb Z = 2b = 2 × 3 = 6

(vii) la;qX eh v{k dh y Ec kb Z = 2a = 2 × 3 3  = 6 3

(viii) u kf Hky Ec  tho k dh y Ec kb Z = 

22 2 27
18.

3

a

b

×
= =

        ns[ksa vkius fdruk lh[kk 16-3

f j Dr  L Fkku ksa dh i wf r Z dhf t,  %

1. (i) vf r i j o y ; 

2 2

25 16

y x
−  dh vu qi zL Fk v{k dh f n ' kk gS - - - - - - - - - - - - - - -

(ii) vf r i j o y ; 
2 2

1
9 16

x y
− =  dh mRØsUn zr k gS - - - - - - - - - - - - - - -

(iii) ledks.kh; vf r i j o y ; dh mRØsUn zr k gS - - - - - - - - - - - - - - -

(iv) vf r i j o y ; 

2 2

2 2
1

x y

a b
− =  ds u kf Hky Ec  tho k dh y Ec kb Z gS - - - - - - - - - - - - - - -

(v) vf r i j o y ; 

2 2

2 2
1

x y

a b
− =  dh u kf Hk;ksa dh f L Fkf r ;ka gS - - - - - - - - - - - - - - -

(vi) vf r i j o y ; 
2 2

2 2
1

x y

a b
− =  dh f u ;r kvksa dh lehdj .k gSa - - - - - - - - - - - - - - -

(vii) vf r i j o y ; 
2 2

2 2
1

x y

a b
− =  ds ' kh"kZ gSa - - - - - - - - - - - - - - -

2. vf r i j o y ; 
2 2

2 2
1

y x

b a
− =  ds f y , ] f u Eu f y f [kr  dh i wf r Z dhf t,  %

(i) mRØsUn zr k (e) = - - - - - - - - - - - - -                  (ii) dsUn z = - - - - - - - - - - - - -
(iii) u kf Hk;k¡ = - - - - - - - - - - - - -                        (iv) ' kh"kZ = - - - - - - - - - - - - -
(v) f u ;r kvksa dh lehdj .k, y = - - - - - - - - - - - - -     (vi) u kf Hky Ec  tho k dh y Ec kb Z = - - - - - - - - - - -
(vii) vu qi zL Fk v{k dh y Ec kb Z = - - - - - - - - - - - - -      (viii) la;qX eh v{k dh y Ec kb Z = - - - - - - - - - - - - -
(ix) vu qi zL Fk v{k dh f n ' kk gS - - - - - - - - - - - - -        (x) la;qX eh v{k - - - - - - - - -  dh vksj  gS
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• ' k a d q i f j P N s n' k a d q i f j P N s n' k a d q i f j P N s n' k a d q i f j P N s n

"' kadq i f j P Nsn  , d f c Un q P dk f c Un qi Fk gS tks b l i zdkj  pyr k gS f d b ldh f dlh , d f L Fkj
f c Un q ls n wj h r Fkk , d f L Fkj  lj y  j s[kk ls y Ec o r  n wj h dk vu qi kr  ln So  f L Fkj  j gr k gS".

(i)   u k f H ku k f H ku k f H ku k f H k : f L Fkj  f c Un q dks u kf Hk dgr s gSaA

(ii)  f u ; r kf u ; r kf u ; r kf u ; r k : f L Fkj  lj y  j s[kk dks f u ;r k dgr s gSaA

(iii) v { kv { kv { kv { k: u kf Hk ls tku s o kyh r Fkk f u ;r k ds y Ec o r  lj y  j s[kk dks v{k dgr s gSaA

(iv) m R d sU n zr km R d sU n zr km R d sU n zr km R d sU n zr k : mi Z;qDr  f L Fkj  vu qi kr  dks mRdsUn zr k dgr s gSaA

• (v)  u k f H k  y E cu k f H k  y E cu k f H k  y E cu k f H k  y E c : u kf Hk ls tku s o kyh r Fkk f u ;r k ds lekUr j  f } dksf V  dks u kf Hky Ec  dgr s
gSaA ¼f p= 16-5 esa LSL' u kf Hky Ec  gS½

• n h ? k Zo ` Ù k  d k  e k u d  l e h d j . kn h ? k Zo ` Ù k  d k  e k u d  l e h d j . kn h ? k Zo ` Ù k  d k  e k u d  l e h d j . kn h ? k Zo ` Ù k  d k  e k u d  l e h d j . k : 1
2

2

2

2

=+

b

y

a

x
gS A

(i) n h? kZ v{k  = 2a (ii)y ? kq v{k = 2b

(iii) f u ;r k dk lehdj .k 
e

a
x ±= (iv) u kf Hk;ka : ( ± ae,0)

(v) mRdsUn zr k vFkkZr e dks 2

2
2

1
a

b
e −= ds } kj k i zkIr  dj r s gSa

• IIII k j o y ;  d k  e k u d  l e h d j . kk j o y ;  d k  e k u d  l e h d j . kk j o y ;  d k  e k u d  l e h d j . kk j o y ;  d k  e k u d  l e h d j . k axy 42
= g S A

(i)' kh"kZ (0,0) gSA (ii) u kf Hk (a,0)  gSA

(iii) i j o y ; dk v{k y = 0 gSA (iv)i j o y ; dh f u ;r k 0=+ ax  gSA

(v) u kf Hky Ec  = 4a

• i j o y ;  d s v U ;  : i  g Sa-i j o y ;  d s v U ;  : i  g Sa-i j o y ;  d s v U ;  : i  g Sa-i j o y ;  d s v U ;  : i  g Sa-

(i) axy 42
−= ¼c kb Za vksj  vo r y ½

(ii) ayx 42
= ¼Åi j  dh vksj  vo r y ½

(iii) ayx 42
−= ¼u hps dh vksj  vo r y ½

C

A1

% + vkb;s nksgjk,¡



xf.kr 333

'kadq ifjPNsn

ekWM~;wy - IV

funsZ'kkad
T;kfefr

fVIi.kh

• vf r i j o y ; dk lehdj .k] f tldh vu qi zL Fk v{k x-v{k dh vksj  r Fkk la;qX eh v{k

y-v{k dh vksj  gS] 
2 2

2 2
1− =

x y

a b
gSA

b l vf r i j o y ; ds f y ,  (i) e = 

2 2

2
.

a b

a

+

(ii) dsUn z = (0, 0) (iii) u kf Hk;k¡ = (± ae, 0)

(iv) ' kh"kZ = (± a, 0) (v) u kf Hky Ec  tho k dh y Ec kb Z = 

22b

a

(vi) vu qi zL Fk v{k dh y Ec kb Z = 2a

(vii) la;qX eh v{k dh y Ec kb Z = 2b

(viii) f u ;r k dk lehdj .k = ±
a

x
e

 } kj k n h tkr ha gSaA

• ml vf r i j o y ; dk lehdj .k f tlesa] vu qi zL Fk v{k y-v{k dh vksj  r Fkk la;qX eh v{k

x-v{k dh vksj  gksa] 
2 2

2 2
1− =

y x

b a
 gSA

b l vf r i j o y ; ds f y ,

(i) ' kh"kZ = (0, ± b) (ii) dsUn z = (0, 0)

(iii) u kf Hk;k¡ = (0, ± be) (iv) e = 

2 2

2

a b

b

+

(v) u kf Hky Ec  tho k dh y Ec kb Z = 

22
.

a

b
(vi) vu qi zL Fk v{k dh y Ec kb Z = 2b.

(vii) la;qX eh v{k dh y Ec kb Z = 2a.

(viii) f u ;r kvksa dh lehdj .k y = ± 
b

e
 } kj k n h tkr h gSaA

• https://www.youtube.com/watch?v=ikzoI7K5q3o

• https://www.youtube.com/watch?v=Auv-yHdjA6Q

• https://www.youtube.com/watch?v=UOeCoMGeEI8

• https://www.youtube.com/watch?v=-AB5gXQWaJE

• https://www.youtube.com/watch?v=aWj5cW-8T2E

• https://www.youtube.com/watch?v=XHPgDnJOkWM

• https://www.youtube.com/watch?v=P3K6dHYZfTw

lgk;d osclkbV
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1. f u Eu  f L Fkf r ;ksa esa n h? kZo `Ùk dk lehdj .k Kkr  dhf t, ] tc

(a) u kf Hk (0, 1), f u ;r k x + y = 0 r Fkk e = 
1

2
 gSA

(b) u kf Hk (–1, 1), f u ;r k x – y + 3 = 0 r Fkk e = 
1

2
 gSA

2. f u Eu  n h? kZo `Ùkksa dh u kf Hk;ksa r Fkk mRdsUn zr k ds f u n sZ' kkad Kkr  dhf t, %

(a) 194 22
=+ yx (b) 100425 22

=+ yx

3. ml i joy ; dk lehdj.k Kkr  dhft, f tldh ukfHk (–8, –2) rFkk fu ;r k 092 =+− xy gSA

4. vf r i j o y ; dk lehdj .k Kkr  dhf t,  f tldh u kf Hk;k¡ (± 5, 0) gS r Fkk vu qi zL Fk v{k
dh y Ec kb Z 8  b dkb Z gSA

5. vf r i j o y ; dk lehdj .k Kkr  dhf t,  f tlds ' kh"kZ (0, ± 6) r Fkk e = 
5

3
 gSA

6. vf r i j o y ; (i) 2 2
25 9 225x y− =  (ii) 2 2

16 4 1− =y x  dh mRdsUn zr k] vu qi zL Fk v{k dh
y Ec kb Z] la;qX eh v{k dh y Ec kb Z] ' kh"kZ] u kf Hk;k¡ ] f u ;r kvksa dh lehdj .k r Fkk u kf Hky Ec
tho k dh y Ec kb Z Kkr  dhf t, A

7. ml vf r i j o y ; dk lehdj .k Kkr  dhf t,  f tldh u kf Hk;k¡ (0, 10)±  r Fkk o g f c Un q

(2, 3) ls gksdj  tkr k gSA

8. ml vf r i j o y ; dk lehdj .k Kkr  dhf t,  f tldh u kf Hk (± 4, 0) r Fkk u kf Hky Ec  tho k
dh y Ec kb Z 1 2  gSA

n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  16----1

1. (a) 2 220 36 405x y+ = (b) 2 22 100x y+ =

(c) 2 28 9 1152x y+ =

2.
3

2

n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  16----2

1. .022)( 4224332
=+++−−− bbaaybxabyax

2. 03242414294916 22
=+−−−+ xyyxyx

mÙkjekyk

vkb, vH;kl djsa
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n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  n s[ k sa v k i u s f d r u k  l h [ k k  16----3

1. (i) y-v { k (ii)
5

3
(iii) 2         (iv) 

22b

a

(v) (± ae, 0) (vi)
a

x
e

= ± (vii) (± a, 0)

2. (i)

2 2

2

b a

b

+

(ii) (0, 0) (iii) (0, ± be)

(iv) (0, ± b) (v)
b

e

±
(vi)

22a

b

(vii) 2b (viii) 2a (ix) y-v { k

(x) x-v { k

v k b ,  v H ; k l  d j sav k b ,  v H ; k l  d j sav k b ,  v H ; k l  d j sav k b ,  v H ; k l  d j sa

1. (a) 0816277 22
=+−−+ yxyyx

(b) 2 27 7 2 10 10 7 0x y xy x y+ + + − + =

2. (a) 
3

5
;0,

6

5










± (b) ( )

5

21
;21,0 ±

3. 0259211644 22
=+++++ yxxyyx

4. 2 2
9 16 144x y− =

5. 2 2
16 9 576y x− =

6. (i) mRdsUn zr k = 
34

3
, vu qi zL Fk v{k dh y Ec kb Z = 6 la;qX eh v{k dh y Ec kb Z = 10, ' kh"kZ

(± 3, 0), u kf Hk ( 34,0)±  f u ;r kvksa dk lehdj .k 
1

34
x = ± , u kf Hky Ec  tho k dh

y Ec kb Z = 
50

3
.

(ii) mRdsUn zr k = 5 , vu qi zL Fk v{k dh y Ec kb Z = 
1

2
, la;qX eh v{k dh y Ec kb Z = 1, ' kh"kZ

1
0,

4

 
±  

, u kf Hk 
5

0,
4

 
± 

 
, f u ;r kvksa dk lehdj .k 

1

4 5
y = , u kf Hky Ec = 2

7. 2 2
5y x− = 8.

2 2

1
4 12

x y
− =
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17

izdh.kZu ds ekid

vc rd vki dsanzh; izo`fÙk (central tendency) ds fofHkUu ekiksa ls ifjfpr gks x, gksaxsA dsUnzh;
izo`fÙk ds eki ,d eku }kjk iwjs vkadM+ksa dks fu:fir djus esa lgk;d gksrs gSaA D;k dsanzh; izo`fÙk
ds eku vkadM+ksa dk iwjh rjg o leqfpr :i ls o.kZu dj ldrs gSa\

bls le>us ds fy,] vkb, ,d mnkgj.k ysasA nks dkj[kkuksa esa dke dj jgs O;fDr;ksa dh nSfud vk;
fuEufyf[kr gS%

dkj[kkuk A : 35 45 50 65 70 90 100

dkj[kkuk B : 60 65 65 65 65 65  70

;gka ge ns[krs gSa fd nksuksa lewgksa dk vkadM+k ekè; leku vFkkZr~ 65 gSA

(i) lewg (A) ds izs{k.k (observations), ekè; ls vf/d izdh.kZ gSaA

(i) lewg (B) esa yxHkx lHkh izdh.kZ ekè; ds vklikl dsafnzr gSaA

fuf'pr :i ls nksuksa lewgksa ds ekè; leku gksus ij Hkh nksuksa esa vUrj gSA

bl izdkj] ,slh fLFkfr ls gh lewgksa ds chp Hksn djus dh t+:jr iSnk gksrh gSA gesa dqN vU; ekiksa
dh Hkh t+:jr gksrh gS tks izdh.kZrk (;k iQSyko) ds eki ls lacf/r gksrs gSaA

bl ikB esa] ge ifj{ksi.k ds eki (measure of dispersion) dk vè;;u djsaxsA

   mís';
bl ikB dss vè;;u ds ckn vki fuEu&fyf[kr esa leFkZ gks tk,axs %

� izdh.kZu ds vFkZ mnkgj.kksa }kjk Li"V djuk

� fo{ksi.k dh fofHkUu ekiksa& ijkl (range), ekè; fopyu (mean deviation), izlj.k (variance)

rFkk ekud fopyu dks ifjHkkf"kr djuk

� ;Fkk izkIr vkSj oxhZd`r vkadM+ksa dk ekè; ls ekè; fopyu dks ifjdfyr djuk

� ;Fkk izkIr vkSj oxhZd`r vkadM+ksa dk ekè;d ls ekè; fopyu ifjdfyr djuk

� ;Fkk izkIr vkSj oxhZd`r vkadM+kas ds fy, izlj.k vkSj ekud fopyu dks ifjdfyr djuk

� izlj.k vkSj ekud fopyu ds xq.kksa dks mnkgj.kksa dh lgk;rk ls Li"V djuk

� leku ekè; okys ckjackjrk caVuksa dk fo'ys"k.k djuk
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 iwoZ Kku
� oxhZd`r vkadM+ksa dk ekè;

� voxhZd`r vkadM+ksa dk ekè;d

17.1 izdh.kZu dk vFkZ
vkb, izdh.kZu dk vFkZ  Li"V djus ds fy, ,d mnkgj.k ysaA

fdlh Ldwy esa nloha d{kk ds nks vuqHkkxksa (lsD'kuksa) esa ls 10 fo|kfFkZ;ksa (izR;sd lsDlu ls nl
fo|kFkhZ) dh xf.kr dh lk/kj.k ijh{kk yh xbZA vf/dre 40 vadksa esa ls fo|kfFkZ;ksa }kjk izkIr vad
bl izdkj gSa%

vuqHkkx (A) 6 9 11 13 15 21 23 28 29 35

vuqHkkx (B) 15 16 16 17 18 19 20 21 23 25

vuqHkkx (A) ds vkSlr vad 19 gSa

vuqHkkx (B) ds vkSlr vad 19 gSaA

vkb, vuqHkkx (A) vkSj (B) ds fy, leku iSekus ij fcUnq fp=k (fp=k uhps nsf[k,) cuk,aA fp=k
esa ekè; dh fLFkfr ,d rhj ds fu'kku ls nf'kZr gSA

vuqHkkx (A)

vuqHkkx (B)

fp=k 17.1

Li"Vr% izR;sd vuqHkkx esa vkadM+ksa ds iQyko ;k izdh.kZu dk foLrkj vyx&vyx gSA vkSlr ds
laca/ esa fn, x, vkadM+ksa ds izdh.kZ dk eki izdh.kZu dgykrk gSA

bl ikB esa] vki fuEufyf[kr izdh.kZu ekiksa ds ckjs esa i<+saxsA

(a) ijkl (range)

(b) ekè; ls ekè; fopyu (mean deviation from mean)

(c) ekè;d ls ekè; fopyu (mean deviation from median)

(d) izlj.k (Variance)

(e) ekud fopyu (Standard deviation)

17.2 fofHkUu izdh.kZu ekiksa dh ifjHkk"kk
(A) ijkl% mi;qZDr mnkgj.k esa] geus ns[kk fd(i) vuqHkkx (A) ds lHkh fo|kfFkZ;ksa ds vad 6 ls
35 ds chp esa gSaA

(ii) vuqHkkx (B) ds lHkh fo|kfFkZ;ksa ds vad 15 ls 25 ds chp esa gSasA
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fn, x;s vkadM+ksa ds vf/dre vkSj U;wure eku ds chp dk varj caVu dk ijkl dgykrk gSA

(B) ekè; ls ekè; fopyu% fp=k 17.1 esa geus ns[kk fd vuqHkkx (B) ds vad ekè; ds vklikl
gSa tcfd vuqHkkx (A) ds vad ekè; ls nwj iQSys gSaA vkb, ekè; ls izR;sd isz{k.k dk fopyu ys
vkSj ,sls fopyuksa dks tksM+saA ;fn ';ksx cM+k' gksxk rks izdh.kZu Hkh 'cM+k gksxk' vkSj ;fn ;ksx *NksVk gksxk
rks izdh.kZu Hkh ^NksVk* gksxkA

vkb, vuqHkkx ds vadksa ds fy, ekè; vFkkZr~ 19 ls fopyuksa dk ;ksx] Kkr djsaA

izs{k.k ( )ix ekè; ls fopyu ( )ix x−

6 −13

9 −10

11 −8

13 −6

15 −4

21 +2

23 +4

28 +9

29 +10

35 16

190 0

;gka ;ksx 'kwU; gSA ;g ;ksx u rks ^cM+k* gS u gh ^NksVk* gSA D;k ;g ek=k la;ksx gSA vkb, vuqHkkx
(B) ds vadksa ds fy, ekè; vFkkZr~ 19 ls, fopyuksa dk ;ksx Kkr djsaA

izs{k.k ( )ix ekè; ls fopyu ( )ix x−

15 −4

16 −3

16 −3

17 −2

18 −1

19 0

20 1

21 2

23 4

25 6

190 0

geus ns[kk] ;gka Hkh ;ksx 'kwU; gh vkrk gSA fuf'pr :i ls ;g la;ksxo'k ugha gSA oLrqr% ge ;g
igys gh fl¼ dj pqds gSa fd fdUgha vkadMk+as ds leqPp; ds fy,] ekè; ls fy;k x;k
fopyuksa dk ;ksx ges'kk 'kwU; gksrk gSA

è;ku ls tkap djus ij ge ikrs gSa fd dqN fopyuksa ds fpUg /ukRed gSa vkSj dqN fospyuksa ds
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fpUg ½.kkRed gSaA 'kk;n ;gh dkj.k gS fd budk ;ksx ges'kk 'kwU; gksrk gSA

nksuksa fLFkfr;ksa esa D;ksafd ;ksx 'kwU; gS] ge dksbZ fu"d"kZ ugha fudky ldrsA ijUrq blls cpk tk ldrk
gS ;fn gesa fopyuksa dk fujis{k eku ysa vkSj rc ;ksx djsaA

bl fof/ dk vuqlj.k djsa rks] blls gesa tks eku izkIr gksxk og ekè; ls ekè; fopyu dgykrk
gSA

bl izdkj ekè; fopyu izs{k.kksa ds ekè; ls fopyu ds fujis{k dk ;ksx gSA ekuksa ds ;ksx
dks izs{k.kksa dh la[;k ls Hkkx nsus ij izkIr gksrk gSA

 (C) izlj.k % mi;qZDr fLFkfr esa] geus fopyuksa ds ½.kkRed fpUg ls NqVdkjk ikus ds fy, ekè;
ls fy, x;s fopyuksa dk fujis{k eku fy;k gSA  vU; fof/ gS fopyuksa ds oxZ ysukA blfy, vkb;s]
ekè; ls fopyuksa dks oxZ djds mudk ;ksx ysaA ;fn ge bl ;ksx dks izs{k.k dh la[;kvksa (vFkkZr~
ckjEckjrkvksa dk ;ksx) ls foHkkftr djrs gSa rks gesa fopyuksa dk vkSlr izkIr gksxk] tks izlj.k
dgykrk gSA

izlj.k dks izk;% fpUg 2
σ  ls n'kkZ;k tkrk gSA

(D) ekud fopyu % ;fn ge izlj.k dk /ukRed oxZewy ysa rks gesa fopyuksa ds oxks± ds ekè;
dk oxZewy eku izkIr gksrk gSA ljy Hkk"kk esa bls ge ekud fopyu dgrs gSa vkSj bls σ  }kjk n'kkZ;k
tkrk gSA

17.3 ;FkkizkIr rFkk oxhZd̀r vkadM+ksa ds fy, ekè; ls ekè; fopyu

;Fkk izkIr vkadM+ksa ds fy, ekè; ls ekè; fopyu  = 

n

i

i 1

x x

N

=

−∑

oxhZd`r vkadM+ksa ds fy, ekè; ls ekè; fopyu  

[ ]

n

i i

i 1

f x x

N

=

−

=

∑

tgka ( )

n n

i i i

i 1 i 1

1
N f , x f x

N
= =

= =∑ ∑

ekè; fopyu Kkr djus ds fy, fuEufyf[kr pj.kksa dk vuqlj.k dhft, %

pj.k 1% ekè; ls fopyu dk ,d dkaWye cuk,¡ ;kfu ( ix x− ) (oxhZd`r vkadM+ksa dh fLFkfr esa

ix dks oxZ ds eè; eku (mid-value) ds :i esa ysa)

pj.k 2 :izR;sd fopyu dk fujis{k eku ysa vkSj  ix x−  okys dkWye esa ml eku dks fy[ksaA

;Fkk izkIr vkadM+ksa ds fy, ekè; ls ekè; fopyu Kkr djus ds fy, fuEu lw=k dk iz;ksx
dhft, %

ekè; ls ekè; fopyu =

n

i

i 1

x x

N

=

−∑

oxhZd`r vkdM+ksa ds fy, pj.k 3 ds vuqlkj pysaA
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pj.k 3% pj.k 2 dh izR;sd izfof"V dks laxr ckjackjrk ls xq.kk djsaA gesa ( )i if x x−  izkIr gksrk
gSA bls i if x x−  'kh"kZd okys dkWye esa fy[ksa

pj.k 4% pj.k 3 ds dkWye dk ;ksx Kkr dhft,A gesa izkIr gksrk gS [ ]

n

i i

i 1

f x x

=

−∑

pj.k 5% pj.k 4 esa izkIr ;ksx dks N ls foHkkftr djsaA

vkb, mijksDr pj.kksa dks Li"V :i ls le>us ds fy, ,d mnkgj.k ns[ksaA

 mnkgj.k 17.1   fuEufyf[kr vkadM+ksa dk ekè; ls ekè; fopyu Kkr dhft, %

oLrqvksa dk vkdkj ix 4 6 8 10 12 14 16

ckjackjrk if 2 4 5 3 2 1 4

 ekè; 9-7 ysaA

gy % ix if ix x− ix x− i if x x−

4 2 −5.7 5.7 11.4

6 4 −3.7 3.7 14.8

8 5 −1.7 1.7 8.5

10 3 0.3 0.3 0.9

12 2 2.3 2.3 4.6

14 1 4.3 4.3 4.3

16 4 6.3 6.3 25.2

21 69.7

ekè; ls ekè; fopyu = 
[ ]i if x x

2l

−∑
 

69.7

21
=  3.319=

 mnkgj.k 17.2.  fuEufyf[kr caVu dk ekè; ls ekè; fopyu ifjdfyr dhft, %

 vad 0 −10 10 −20 20 −30 30 −40 40 −50

 fo|kfFkZ;ksa dh la[;k 5 8 15 16 6

vadksa dk ekè; 27 gSA
gy %

vad oxZ&fpUg ix if ix x− ix x− i if x x−

0 −10 5 5 −22 22 110

10 −20 15 8 −12 12 96

20 −30 25 15 −2 2 30

30 −40 35 16 8 8 128

40 −50 45 6 18 18 108

dqy 50 472
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ekè; ls ekè; fopyu = 
[ ]i if x x

N

−∑
 

472
9.44

50
= =  vad

   ns[ksa vkius fdruk lh[kk 17.1

1. uhps nl yM+fd;ksa dh vk;q nh xbZ gS %

3 5 7 8 9 10 12 14 17 18

bldh ijkl D;k gS\

2. d{kk 12 ds 10 fo|kfFkZ;ksa dk Hkkj (fdyks xzke) esa uhps fn;k x;k gS %

45 49 55 43 52 40 62 47 61 58

bldh ijkl D;k gS\

3. fuEufyf[kr vkadM+ksa ds fy, ekè; ls ekè; fopyu Kkr dhft, %

45 55 63 76 67 84 75 48 62 65

fn;k gS % ekè; = 64 fn;k gSA

4. fuEufyf[kr caVu dk ekè; ls ekè; fopyu Kkr dhft, %

osru (#- esaa)    20 −30 30 −40 40 −50 50 −60 60 −70 70 −80 80 −90 90 −100

deZpkfj;ksa dh la[;k    4 6 8 12 7 6 4 3

fn;k gS % ekè; = 57.2 fn;k gSA

5. ,d ijh{kk esa 40 fo|kfFkZ;ksa }kjk izkIr vadksa ds fuEufyf[kr vkdM+ksa ds fy, ekè; fopyu
ifjdfyr dhft, %

izkIr vad 20 30 40 50 60 70 80 90 100

fo|kfFkZ;ksa dh la[;k 2 4 8 10 8 4 2 1 1

6. uhps fn, x, vkadM+s ,d dkj[kkus ds 50 deZpkfj;ksa dh vk; dks n'kkZrs gSa %

vk; (:i;ksa esa) 1200 1300 1400 1500 1600 1800 2000

deZpkfj;ksa dh la[;k 4 6 15 12 7 4 2

ekè; fopyu Kkr dhft,A

7- 100 fo|kfFkZ;ksa ds Hkkjksa dk forj.k uhps fn;k x;k gS%

Hkkj (fdyks xzke esa) 50–55 55–60 60–65 65–70 70–75 75–80

fo|kfFkZ;ksa dh la[;k 5 13 35 25 17 5
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ekè; fopyu Kkr dhft,A

8. ,d fo'ks"k ijh{kk esa 50 fo|kfFkZ;ksa }kjk izkIr vad gSa%

vad 20–30 30–40 40–50 50–60 60–70 70–80 80–90 90–100

fo|kfFkZ;ksa dh la[;k 4 6 9 12 8 6 4 1

mijksDr vkadM+ksa ds fy, ekè; fopyu Kkr dhft,A

17-4 ekè;d

17-4-1 oxhZÑr vk¡dM+ksa dk ekè;d

vlrr ckjEckjrk caVu dk ekè;d

p j . kp j . kp j . kp j . k 1 : vk¡ dM +ksa dks vkj ksgh Øe esa O;o f L Fkr  dhf t, A

p j . kp j . kp j . kp j . k 2 : lap;h c kj Ec kj r k Kkr  dhf t, A

p j . kp j . kp j . kp j . k 3 : 
N

2
 Kkr  dhf t, A

p j . kp j . kp j . kp j . k 4 : i zs{k.k f tldh lap;h c kj Ec kj r k 
N

2
 ls FkksM +h vf /kd gks] vk¡ dM +ksa dk ekè;d gksr k gSA

mnkgj.k 17.3.  vk¡ dM +ksa dk ek/ ;d Kkr  dhf t, A

x
i

8 9 10 12 14 16

f
i

6 2 2 2 6 8

g y  %  g y  %  g y  %  g y  %  f n ;s x;s vk¡ dM +s i gys ls gh vkj ksgh Øe esa gSaA vc  gesa i zs{k.kksa dh lap;h c kj Ec kj r k
f y[ku h gSA

x
i

8 9 10 12 14 16

f
i

6 2 2 2 6 8

c.f. 6 8 10 12 18 26

N = 26, ∴ 
N

2
 = 13.

i zs{k.k] f tld h lap;h c kj Ec kj r k (c.f.) 13 ls vf /kd 1 4  gS ¼f tldh lap;h c kj ac kj r k 1 8  gS½

∴ ek/ ;d = 14.

17-4-2 lrr ckjEckjrk caVu dk ekè;d

p j . kp j . kp j . kp j . k 1 : vk¡ dM +ksa dks vkj ksgh Øe esa O;o f L Fkr  dhf t, A

p j . kp j . kp j . kp j . k 2 : i zs{k.kksa d h lap;h c kj Ec kj r k f yf [k, A

p j . kp j . kp j . kp j . k 3 : ml o xZ dh tk¡ p dhf t,  f tldh lap;h c kj Ec kj r k lV hd 
N

2
 ls c M h gSA b l

o xZ&vUr j ky dks ek/ ;d o xZ df g;sA
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p j . kp j . kp j . kp j . k 4 : lw=] ek/ ;d = 2

N
C

l i
f

−

+ ×  } kj k ek/ ;d  Kkr  dhf t,

t gk ¡ l → ek/ ;d o xZ dh f u Eu  lhek

N → i zs{k.kksa dh la[;k N = Σf
i

C → ek/ ;d o xZ ls lV hd i gys o kys o xZ dh lap;h c kj E c kj r k
f → ek/ ;d o xZ dh c kj Ec kj r k
i → ek/ ;d o xZ dk f o L r kj

mnkgj.k 17.4.     u hps 5 0  f o |kf FkZ;ksa ds i zkIr kadksa dk c aV u  f n ;k x;k gS] ek/ ;d Kkr  dhf t, A

v a d 0-10 10-20 20-30 30-40 40-50

Nk=ksa dh la[;k 8 8 14 16 4

g y  %  g y  %  g y  %  g y  %  f n ;s x;s vUr j ky i gys ls gh vkj ksgh Øe esa gSa u hps n h x;h lkj .kh esa lap;h c kj Ec kj r k]
i af Dr  ds laxr  gSA

v a d 0-10 10-20 20-30 30-40 40-50

Nk=ksa dh la[;k 8 8 14 16 4

lap;h c kj Ec kj r k 8 16 30 46 50

N = 50, 25
2

N
=

lap;h c kj ac kj r k ds laxr  o xZ 20-30, lV hd 2 5  ls c M k gS

∴ ek/ ;d o xZ 20-30 gSA

tgk¡  l = 20, N = 50, C = 16, f = 14, i = 10.

∴ ek/ ;d = 
25 162 20 10

14

N
C

l i
f

−
−

+ × = + ×  = 
9

20 10 20 6.43
14

+ × = +  = 26.43

mnkgj.k 17.5.  f u Eu f yf [kr  dk ek/ ;d Kkr  dhf t ,  %

v a d Nk=ksa dh la[;k
0 – 9 3

10 – 19 5

20 – 29 8

30 – 39 9

40 – 49 13

50 – 59 6

g yg yg yg y : f n ;s x;s o xZ vUr j ky leko s' k Ü k̀a[kyk esa gSa ek/ ;d Kkr  dj u s ls i gys gesa leko s' kh
Ü k̀a[kyk dks lf E ef yr  Ü k̀a[kyk esa c n yr s gSaA

, d leko s' kh Ü k̀a[kyk dks lf Eef yr  Ü k̀a[kyk esa c n yu s dh f o f /k %

(1) o xZ dh mP p lhek r Fkk Øekxr  vxys o xZ dh f u Eu  lhek ds vUr j  dk vk/kk
Kkr  dj r s gSaA
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(2) b l vUr j  ds vk/ks dks f u E u  lhek esa ls ? kV kr s gSa r Fkk mP p lhek esa tksM +r s gSaA

v a d f. c.f.

0-9 0.5-9.5 3 3

10-19 9.5-19.5 5 8

20-29 19.5-29.5 8 16

30-39 29.5-39.5 9 25

40-49 39.5-49.5 13 38

50-59 49.5-59.5 6 44

44
22

2 2

N
= =

∴ ek/ ;d o xZ 29.5 – 39.5 gSA b ldh c.f. 25 gS tks f d 22 ls lV hd c M +h gSA

vc,  l = 29.5, N = 33, C = 16, f = 9, i = 39.5 – 29.5 = 10

∴ ek/ ;d = 2

N
C

l i
f

−

+ ×  = 
2 16

29.5 10
9

2 −

+ ×

        = 
6 20

29.5 10 29.5
9 3

+ × = +  = 29.5 + 6.66 = 36.16

    ns[ksa vkius fdruk lh[kk 17-2

f u Eu f yf [kr  vk¡ d M +ksa dk ek/ ;d Kkr  dhf t, %

1. x
i

6 11 16 21 26

f
i

5 3 6 4 7

2. x
i

5 10 15 20 25

f
i

5 25 29 17 9

3. v a d 0-5 5-10 10-15 15-20 20-25

c P pksa dh la[;k 5 9 10 14 12

4. vk;q ¼o "kksZa ls½ 17-21 21-26 26-31 31-36 36-41

c P pksa dh la[;k 5 6 12 7 4

17-5 ekè;d ds lkis{k ekè; fopyu

ge tku r s gSa f d vk¡ dM +ksa ds i zs{k.k esa dsUn zh; i zo `f Ùk] gesa laxf B r  ;k lkewf gd vk¡ dM +ksa ds
eku  n sr s gSaA ;g Hkh tku u k vf r vko ' ;d gS f d o kL r o  esa] dsUn zh; i zo `f Ùk dh eki  ls vkSj
lHkh i zs{k.k f dr u s n wj  gSa n wlj s ' kCn ksa esa] ;g tku u k vko ' ;d gS f d , d  f n ;s x;s f c Un q
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ls i zs{k.k f dr u s f c [kj s gq,  gSa ¼;k d sUn zh; i zo `f Ùk dh eki ½ A T ;kn kr j  f L Fkf r ;ksa esa ek/ ; r Fkk
ekè;d ls ek/ ; f o pyu  gesa i zs{k.kksa dk f o pj .k n sr k gSA i qu % f o pkj  dhf t ,  f d vkadM +ksa ds
f y,  ekè; f o py u ] ‘a’ ls f o pj .k ds f u j i s{k eku  ds ek/ ; ls i f j Hkkf "kr  f d;k tkr k gSA

i qu %  ;kn @f o pkj  dhf t,  f d f L Fkj  eku  a ls vUr j  (x – a) i zs{k.k x dk i zs{k.k a ls
f o pyu  dgykr k gSA

b lf y,  ‘a’ ds lki s{k ek/ ; f o pyu  dks M.D (a) ls n ' kkZ;k tkr k gSA

M.D. (a) =
‘ ’a  l s fop y uk sa d s fuij {s k  ek u  dk  ; k sx

is{z k .k k sa dh  l [a ;k
xf .kr h; : i  esa ge f y[k ldr s gSa

M.D.(a) =
1

| |
n

i

i

x a

n

=

−∑

b l i zdkj M.D. (ek/ ; = X ) =
1

| |
n

i

i

x x

n

=

−∑

M.D. (ek/ ;d = M) =
1

1
| M |

n

i

i

x
n

=

−∑

mnkgj.k 17.6.  izs{k.kksa 7, 10, 15, 16, 8, 9, 5, 17, 14 ds fy, ek/;d ls ek/; fopyu Kkr dhft,A

g y  %  g y  %  g y  %  g y  %  ek/ ;d d k Kkr  dj u s ds f y, ] f n ;s x;s eku ksa dks vkj ksgh Øe esa O;o f L Fkr  dj r s
gSa] b lf y,  gesa i zkIr  gksr k gS

5, 7, 8, 9, 10, 14, 15, 16, 17,

ek/ ;@ek/ ;d ls ek/ ; f o py u  Kkr  dj u s dh f o f /k

p j . k  p j . k  p j . k  p j . k  1 : vk¡ dM +ksa dk ek/ ; vFko k ek/ ;d dh x.ku k dj saA

p j . k  p j . k  p j . k  p j . k  2 : ek/ ;@ek/ ;d ls i zR;sd i zs{k.k dk f o pyu  Kkr  dj saA

p j . k  p j . k  p j . k  p j . k  3 : f o pyu  dk f u j i s{k eku  Kkr  dj saA

f u j i s{k eku ] _.k f pg~u  gV kdj  i zkIr  f d;k tkr k gS ¼;f n  ;g mlesa gS½

p j . k  p j . k  p j . k  p j . k  4 : f o pyu  ds f u j i s{k eku  ls ek/ ; dh x.ku k dj saA ;g ek/ ; vHkh"V  ekè;
f o pyu  gksxkA

n = 9,  ek/ ;d =
1

2

n +

o k¡  i zs{k.k = 5o k¡  i zs{k.k, M = 10.

ek/ ;d 1 0 ] ls i zs{k.k ds f o pyu  vFkkZr ~

5–10 7–10 8–10 9–10 10–10 14–10 15–10 16–10 17–10 g S a A

i.e. x
i
-M –5 –3 –2 –1 0 4 5 6 7 g S a A

   |x
i
 – M| 5 3 2 1 0 4 5 6 7

vc  M.D. (M) = 
1

| M |
n

i

i

x

n

=

−∑
 = 

5 3 2 1 0 4 5 6 7

10

+ + + + + + + +

 = 
33

3.3.
10

=
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17-5-1 oxhZd̀r vk¡dM+ksa dk ekè;d ds lkis{k ekè; fopyu Kkr djuk
;kn  dhf t,  f d f u Eu f yf [kr  :i  esa f u :f i r  vk¡ dM s+ o xhZdr̀  vk¡ dM +s dgykr s gSaA

(a) vlr r  c kj Ec kj r k c aV u

 i zs{k.k : x
1

x
2

x
3

... x
n

 vko `f r ;k¡ : f
1

f
2

f
3

... f
n

(b) lar r  c kj Ec kj r k f o pj .k %

 i zs{k.k l
1
 – u

1
l
2
–u

2
l
3
 – u

3
... l

n
–u

n

 c kj Ec kj r k f
1

f
2

f
3

... f
n

mn kgj .k ds f y, ] 5 0  Nk=ksa } kj k i zkIr kad

 vad 0-5 5-10 10-15 15-20 20-25 25-30

 Nk=ksa dh la[;k 8 6 12 10 10 4

vc  gesa f u Eu f yf [kr  mn kgj .k d s } kj k ek/ ;d ds lki s{k ek/ ; f o pyu  Kkr  dj u k gSA

mnkgj.k 17.7.    f u Eu f yf [kr  vk¡ dM +ksa dk ek/ ;d ds lki s{k ek/ ; f o pyu  Kkr  dhf t, A

x
i

25 20 15 10 5

f
i

7 4 6 3 5

c.f. 7 11 17 20 25

N = 25 r Fkk ge tku r s gSa f d  ek/ ;d 
25 1

2

+

 = 13o k¡  i zs{k.k gSA ;g i zs{k.k lap;h

c kj Ec kj r k 17 esa f L Fkr  gSa f tldk laxr  i zs{k.k 1 5  gSA

∴ ek/ ;d M = 15

vc  f o pyu  r Fkk mu ds f u j i s{k eku  f u Eu f yf [kr  lkj .kh esa f n ;s x;s gS %

x
i

f
i

x
i 
– M |x

i
 – M| f

i
|x

i
 – M|

25 7   25 – 15 = 10 10 7 × 10 = 70

20 4   20 – 15 = 5 5 4 × 5 = 20

15 6 15 – 15 = 0 0 6 × 0 = 0

10 3 10 – 15 = – 5 5 3 × 5 = 15

5 5  5 – 15 = – 10 10 5 × 10 = 50

N= Σf
i
 = 25 Σf

i
 |x

i
– M| = 155

∴ ek/ ; f o py u (M) =
1

1

| |
n

i i

i

n

i

i

f x M

f

=

=

−∑

∑
 = 

155
6.2

25
=
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mn kg j .k  1 7 - 8 -mn kg j .k  1 7 - 8 -mn kg j .k  1 7 - 8 -mn kg j .k  1 7 - 8 -     fu Eu fyf [kr vk¡ dM +ksa ds fy, ek/ ;d d s lki s{k ek/ ; f opyu Kkr dhf t,  %
 Å¡ pkb Z ¼lseh-  esa½ 95-105 105-115 115-125 125-135 135-145 145-155

 yM +f d;ksa d h la[;k 9 15 23 30 13 10

g y  %  g y  %  g y  %  g y  %  i gys ek/ ;d Kkr  dhf t,

Å¡ pkb Z ¼lseh-  esa½ yM +f d;ksa dh la[;k (f) lap;h c kj Ec kj r k (c.f)

95-105 9 9

105-115 15 24

115-125 23 47

125-135 30 77

135-145 13 90

145-155 10 100

N = 100 ⇒ 

1 101
50.5

2 2

N +

= =

50.5
2

N
=  lap;h c kj Ec kj r k 77 esa f L Fkr  gSA

∴ ek/ ;d  o xZ lap;h c kj Ec kj r k 77 ds laxr  gS vFkkZr ~ 125 – 135

vc ek/ ;d  = 2

N
C

l i
f

−

+ ×

t gk ¡ l = ek/ ;d o xZ d h f u Eu  lhek

N = c kj Ec kj r kvksa d k ;ksx

C = ek/ ;d o xZ ls lV hd i gys c.f. dk o xZ

f = ek/ ;d o xZ d h c kj Ec kj r k

i = ek/ ;d o xZ d k f o L r kj  ;k o xZ&lkb t

;gk¡ l = 125, N = 100, C = 47, f = 30, i = 10

∴ M = 
50 47

125 10
30

−

+ ×  = 
3

125 126
3

+ =

f u Eu f yf [kr  :i  esa n h xb Z lkj .kh ls ek/ ; f o pyu  Kkr  dhf t,  %

Å¡ pkb Z yM + f d;k sa Åpkb Z;ksa dk f u ji s{k  f
i
|x

i 
– M|

¼lseh-  esa½ dh la[;k e / ;e k u fopyu
(f) (x

i
 – M|)

95-105 9 100 |100-126| = 26 9 × 26 = 234

105-115 15 110 |110-126| = 16 15 × 16 = 240

115-125 23 120 |120 – 126| = 6 23 × 6 = 138

125-135 30 130 |130-126| = 4 30 × 4 = 120

135-145 13 140 |140-126| = 14 13 × 14 = 182

145-155 10 150 |150-126| = 24 10 × 24 = 240

Σf
i
 = 100 Σf

i
 |xi – M| = 1154
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∴ ek/ ; f o pyu  ¼ek/ ;d½ = M.D.(M) = 
1

1

| |
n

i i

i

n

i

i

f x M

f

=

=

−∑

∑
 = 

1154

100
 = 11.54.

17-5-2 ekè;d ls lrr ckjEckjrk caVu dk ekè; fopyu Kkr djus ds pj.k

p j . k  p j . k  p j . k  p j . k  1 : var j ky ksa dks vkj ksgh Øe esa O;o f L Fkr  dhf t ,

p j . k  2 %p j . k  2 %p j . k  2 %p j . k  2 %  lap;h c kj Ec kj r k f yf [k,

p j . kp j . kp j . kp j . k 3 : ml o xZ dh tk¡ p dhf t,  f tldh lap;h c kj Ec kj r k lV hd 
2

N
 ls c M +h gS tgk¡

N i zs{k.kksa dh la[;k gS ¼vFkkZr ~ lHkh c kj Ec kj r kvksa dk ;ksx½
p j . kp j . kp j . kp j . k 4 : ek/ ;d o xZ ds f y,  laxr  eku  Kkr  dhf t,  r Fkk lw= esa j f [k,  %

ek/ ;d = 2

N
C

l i
f

−

+ ×

t gk ¡ l → ek/ ;d o xZ dh f u Eu  lhek

N → c kj Ec kj r kvksa d k ;ksx

C → ek/ ;d o xZ ls lV hd i gys] o xZ dh lap;h c kj Ec kj r k

f → ek/ ;d o xZ dh c kj Ec kj r k@vko `f r

i → ek/ ;d o xZ dk f o L r kj

p j . kp j . kp j . kp j . k 5 : vc  f u E u f yf [kr  L r EHkksa d s f y,  lkj .kh c u kb ,

f n ;s x;s vUr j ky c kj Ec kj r k e / ;e k u ek/ ;d ls f
i
|x

i
 – M|

x
i

f u j i s{k f o pyu

|x
i
 – M)

p j . kp j . kp j . kp j . k 6 : vc  M.D.(M) = 
1

1

| |
n

i i

i

n

i

i

f x M

f

=

=

−∑

∑
 dh x.ku k dhf t,

      ns[ksa vkius fdruk lh[kk 17-3

f u Eu f yf [kr  vk¡ d M +ksa dk ek/ ;d ds lki s{k ek/ ; f o py u  Kkr  dhf t,  %

1.  x
i

11 12 13 14 16 17 18

 f
i

2 3 2 3 1 2 1
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2.  x
i

3 6 7 9 11 13

 f
i

3 9 11 8 9 6

3.  o tu @Hkkj  ¼f dxzk-  esa½ 40-42 42-44 44-46 46-48 48-50

 Nk=ksa dh la[;k 9 13 24 28 6

4. vk; (#i;ksa esa) 1200 1300 1400 1500 1600 1800 2000

deZpkfj;ksa dh la[;k 4 6 15 12 7 4 2

5.

vk;q (o"kks± esa) 0-1 1-2 2-3 3-4 4-5

iksfy;ks Mªki ihus okys cPpksa 100 155 210 315 65

 dh la[;k

17.6 ;FkkizkIr vkadM+ksa dk izlj.k vkSj ekud fopyu

;fn n izs{k.k 1 2 nx , x ...., x  rc

izlj.k     ( )
( ) ( ) ( )

2 2 2
1 2 n2 x x x x ..... x x

n

− + − + + −

σ =

;k
( )

n
2

i
2 i 1

x x

;
n

=

−

σ =

∑
tcfd 

n

i

i 1

x

x
n

=
=

∑

σ  }kjk n'kkZ;k x;k ekud fopyu 2
σ  dk /ukRed oxZewy gSA bl izdkj

( )

n
2

i

i 1

x x

n

=

−

σ = +

∑

izlj.k dks ifjdfyr djus ds fy, fuEufyf[kr pj.kksa dk vuqlj.k fd;k tkrk gSA

ge ;g ekudj pyrs gaS fd ekè; dks igys gh ifjdfyr fd;k tk pqdk gSA

pj.k 1: ekè; ls fopyuksa dk ,d dkWye cuk,a ;kuh ix x−

pj.k 2: (tkap) ekè; ls fopyuksa dk ;ksx 'kwU; gksuk pkfg, vFkkZr~ ( )

n

i

i 1

x x

=

−∑ = 0

pj.k 3: izR;sd fopyu dk oxZ dhft, vkSj ( )
2

ix x−  'kh"kZd okys dkWye esa bls fy[ksaA

pj.k 4: pj.k 3 ds dkWye (LraHk) dk ;ksx Kkr dhft,A
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pj.k 5: pj.k 4 esa izkIr ;ksx dks izs{k.kksa dh la[;k ls foHkkftr djus ij gesa 2
σ  izkIr gksrk gSA

pj.k 6: 2
σ  dk /ukRed oxZewy ysus ij gesa ekud fopyu σ  izkIr gksrk gSA

mnkgj.k 17.9. fdlh nqdku esa izfrfnu gqbZ phuh dh fcØh uhps nh xbZ gS %

lkseokj  eaxyokj cq/okj  c`gLifrokj 'kqØokj  'kfuokj
75 fdxzke 120 fdxzke 12 fdxzke 50 fdxzke 70.5 fdxzke 140.5 fdxzke

izfrfnu dh vkSlr fcØh 78 fdyksxzke gSA mijksDr vkadM+ksa ds fy, izlj.k vkSj ekud fopyu
ifjdfyr dhft,A

gy % x 78=  fdyksxzke (fn;k gS)

ix ix x− ( )
2

ix x−

75 _ 3 9

120 42 1764

12 _ 66 4356

50 _ 28 784

70.5 _ 7.5 56.25

140.5 62.5 3906.25

0 10875.50

bl izdkj
( )

2
i

2 i 1

x x

n

=

−

σ =

∑
 

10875.50

6
=  = 1812.58 (yxHkx)

vkSj σ  = 42.57(yxHkx)

 mnkgj.k 17.10  vaxzsth dh ijh{kk esa lsD'ku A ds 10 fo|kfFk;ksa }kjk izkIr vad uhps fn, x, gSa%

7 10 12 13 15 20 21 28 29 35

izlj.k vkSj ekud fopyu ifjdfyr dhft,A

gy % ;gka  ix 190
x 19

10 10
= = =
∑

ix ix x− ( )
2

ix x−

7 −12 144

10 −9 81

12 −7 49

13 −6 36

15 −4 16

20 +1 1

21 +2 4

28 +9 81

29 +10 100

35 +16 256

0 768

vr% 2 768
76.8

10
σ = = , vkSj 76.8 8.76σ = + =   (yxHkx)



352

  izdh.kZu ds ekid

xf.kr

ekWM~;wy - V

lkaf[;dh ,oa
izkf;drk

fVIi.kh

    ns[ksa vkius fdruk lh[kk 17.4

1. ,d dkj[kkus ds 10 deZpkfj;ksa dh izfrfnu dh vk; gS %
50 60 65 70 80 45 75 90 95 100

izlj.k vkSj ekud fopyu Kkr dhft,A

2. vaxzzsth dh ijh{kk esa d{kk X ds 10 fo|kfFkZ;ksa }kjk izkIr vad uhps fn, x, gS%

9 10 15 16 18 20 25 30 32 35

izlj.k vkSj ekud fopyu dk ifjdyu dhft,A

3. ,d 'kgj esa eghus ds izFke nl fnuksa ds fy, lkis{k vknzrk ds vkadM+s uhps fn, x, gSa %

90 97 92 95 93 95 85 83 85 75

mi;qZDr vkadM+ksa ds fy, izlj.k vkSj ekud fopyu ifjdfyr dhft,A

4. fn, x, vkadM+ksa ds fy, ekud fopyu Kkr dhft, %

4 6 8 10 12 14 16

5. fuEufyf[kr vkadM+ksa ds fy, izlj.k vkSj ekud fopyu Kkr dhft, %

4 7 9 10 11 13 16

6. fuEufyf[kr vkadM+ksa ds fy, ekud fopyu Kkr dhft, %

40 40 40 60 65 65 70 70 75 75 75 80 85 90 90 100

17.7 ;FkkizkIr vkadM+ksa dk ekud fopyu vkSj izlj.k&oSdfYid fof/
;fn x  n'keyo esa gks rks x  ls vU; vo;oksa dk fopyu ysuk vkSj izR;sd fopyu dk oxZ djuk

vkSj vf/d n'keyo vkus ds dkj.k dfBu gks tkrk gSA ge 2
σ  Kkr djus ds fy, uhps ,d vU;

lw=k nsrs gSa ftlesa x  Kkr djus dks NksM+k tk ldrk gSA

ge tkurs gSa
( )

2n
i2

i 1

x x

n
=

−

σ = ∑  

2 2n
ii

i 1

x 2x x x

n
=

− +

= ∑

     

n n
2

ii
2i 1 i 1

x 2x x

x
n n

= =
= − +

∑ ∑
 

n
2
i

2i 1

x

x
n

=
= −

∑
     

ix
x

n

 
= 

 

∑
Q

vFkkZr]

2n

in
i 12

i
2 i 1

x

x
n

n

=

=

 
  
 

−

σ =

∑
∑

vkSj 2
σ = + σ

vr% bl fof/ ls 2
σ  o σdh x.kuk ds fuEu pj.k gSa %
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pj.k 1% izs{k.kksa ds oxks± dk LrEHk cuk;sa vFkkZr~ 2
ix

pj.k 2%
n

2
i

i 1

x

=

∑  izkIr djsa

pj.k 3% mijksDr lw=k esa 
n

2
i

i 1

x

=

∑  rFkk 
n

i

i 1

x

=

∑  ds eku j[kus ij gesa 2
σ  izkIr gksxkA

pj.k 4% 2
σ dk /ukRed oxZewy ysus ij σizkIr gks tkrk gSA

 mnkgj.k 17.11. bl ikB dk mnkgj.k 17.10 yhft, vkSj mijksDr fof/ ls izlj.k vkSj ekud
fopyu iqu% ifjdfyr dhft,A

gy %

ix 2
ix

7 49

10 100

12 144

13 169

15 225

20 400

21 441

28 784

29 841

35 1225

190 4378

2n

in
i 12

i
2 i 1

x

x
n

n

=

=

 
  
 

−

σ =

∑
∑ ( )

2
190

4378
10

10

−

=

      
4378 3610

10

−
=  

768

10
= 76.8=

vkSj       76.8σ = +  8.76= (yxHkx)

gesa izR;sd fof/ }kjk 2
σ  vkSj σ  dk ogh eku izkIr gksrk gSA

17.8 oxhd`r vkadM+ksa dk ekud fopyu vkSj izlj.k fof/ (I)

gesa k oxZ vkSj muds laxr ckjackjrk,a nh xbZ gSaA ge oxhZd`r vkadM+ksa ds izlj.k vkSj ekud

fopyu dks Øe'k% 2
gσ  vkSj gσ  }kjk O;Dr djsaxsA lw=k uhps fn;k x;k gS %
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( )

K
2

i i
2 i 1
g

f x x

N

=

 − 

σ =

∑
,

K

i

i 1

N f

=

= ∑

vkSj 2
g gσ = + σ

2
gσ  vkSj gσ ifjdfyr djus ds fy, fuEufyf[kr pj.k iz;ksx fd, tkrs gSaA ;g ekuk x;k gS

fd ekè; dks igys ls gh ifjdfyr fd;k tk pqdk gSA

pj.k 1% fn, gq, oxks± ds fy, oxZ vadksa dk ,d LraHk (dkWye) cukb;s] 1x  ls ukekafdr dhft,A

pj.k 2% ekè; ls oxZ vadksa ds fopyuksa ds fy, ,d LrEHk (dkWye) cuk,¡ rFkk ix x−  ls

ukekafdr dhft,A okLro esa bu fopyuksa dk ;ksx 'kwU; gksuk vko';d ugha gS] D;ksafd

1x ewy izs{k.k ugha gSA

pj.k 3% pj.k (2) esa izkIr fopyuksa ds oxks± dk ,d LraHk (dkWye) cukb;ss vFkkZr ( )
2

ix x−

rFkk bls LraHk ( )
2

ix x−  esa fyf[k,A

pj.k 4% pj.k (3) esa izR;sd izfof"V dks laxr ckjackjrk ls xq.kk djds ge ( )
2

i if x x−  izkIr

djrs gSaA

pj.k 5% pj.k (4) esa LraHk (dkWye) dk ;ksx Kkr dhft, A ge ( )

k
2

i i

i 1

f x x

=

 − ∑  izkIr djrs gSaA

pj.k 6% pj.k (5) esa izkIr ;ksx dks N (ckjackjrk dh dqy la[;k) ls foHkkftr djsaA ge 2
gσ izkIr

djrs gSaA

pj.k 7% 2
g gσ = + σ

 mnkgj.k 17.12. xsgwa dh ,d ubZ fdLe ds izHkko dh tkap ds vè;;u esa] 50 iz;ksfxd [ksrksa ds
fy, ,d iz;ksx fd;k x;k vkSj fuEufyf[kr ifj.kke izkIr gq, %

izfr gsDVs;j mRiknu [ksrksa dh la[;k
(fDoVy esa)

31 −35 2

36 −40 3

41 −45 8

46 −50 12

51 −55 16

56 −60 5

61 −65 2

66 −70 2
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izfr gsSDVs;j ekè; mRiknu 50 fDoaVy gSA mijksDr forj.k ds fy, izlj.k vkSj ekud fopyu Kkr
dhft,A

gy %

izfr gsDVs;j mRiknu  [ksrksa dh oxZ fpUg ( )ix x− ( )
2

ix x− ( )
2

i if x x−

(fDoaVy esa) la[;k

31 −35 2 33 −17 289 578

36 −40 3 38 −12 144 432

41 −45 8 43 −7 49 392

46 −50 12 48 −2 4 48

51 −55 16 53 +3 9 144

56 −60 5 58 +8 64 320

61 −65 2 63 +13 169 338

66 −70 2 68 +18 324 648

;ksx 50 2900

bl izdkj 

( )

n
2

i i
2 i 1
g

f x x

N

=

 − 

σ =

∑
2900

58
50

= =   vkSj g 58 7.61σ = + =  (yxHkx)

17.9 oxhZd`r vkadM+ksa dk ekud fopyu vkSj izlj.k fof/ (II)

;fn x  dk eku u fn;k x;k gks vkSj ;k x dk eku n'keyo fHkUu gks rks ml fLFkfr esa x.kuk cgqr

dfBu gks tkrh gSA rc ge 2
gσ  dh x.kuk ds fy, ,d vU; lw=k dk mi;ksx djrs gSa tks fuEu gS%

[ ]

2k

i ik
i 12

i i
2 i 1
g

f x

f x
N

N

=

=

 
  
   − 

σ =

∑
∑

,

k

i

i 1

N f

=

= ∑

vkSj 2
g gσ = + σ

vkSj bl izdkj bl fof/ }kjk 2
gσ vkSj gσ ds ifjdyu esa fuEufyf[kr pj.k iz;ksx esa yk, tkrs gSaA

pj.k 1% fn, gq, oxZ ds vadksa dk ,d LraHk cukb;s] 1x  ls ukekafdr dhft,A

pj.k 2% izR;sd oxZ vad dk laxr ckjackjrk ds lkFk xq.kuiQyu Kkr dhft,A 1 1f x 'kh"kZd ls
xq.kuiQy LraHk (dkWye) esa fyf[k,A

pj.k 3% pj.k (2) esa izkIr izfof"V tksM+saA ge ( )

k

i i

i 1

f x

=

∑  izkIr djrs gSaA

pj.k 4% oxZ vadksa ds oxZ ds fy, ,d LrEHk (dkWye) cukb;s] 2
ix  ls ukaekafdr dhft,A
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pj.k 5% pj.k (4) esa izR;sd izfof"V dk laxr ckjackjrk ds lkFk xq.kuiQy Kkr dhft,A ge
2

i if x  izkIr djrs gSaA

pj.k 6% pj.k (5) esa izkIr izfof"V;ksa dk ;ksx dhft,A ge ( )

k
2

i i
i 1

f x

=

∑  izkIr djrs gSaA

pj.k 7% ( )

k
2

i i
i 1

f x

=

∑ , N vkSj ( )

k

i i

i 1

f x

=

 
  
 
∑ ds eku lw=k esa izfrLFkkfir dhft, vkSj 2

gσ  izkIr

dhft,A

pj.k 8% 2
g gσ = + σ .

 mnkgj.k 17.13.  mnkgj.k 17.12 ds fy, izlj.k vkSj ekud fopyu mijksDr fof/ }kjk Kkr dhft,A

gy %

mRiknu izfr gSDVsvj if ix i if x 2
ix

2
i if x

(fDoUVy esa)

31 −35 2 33 66 1089 2178

36 −40 3 38 114 1444 4332

41 −45 8 43 344 1849 14792

46 −50 12 48 576 2304 27648

51 −55 16 53 848 2809 44944

56 −60 5 58 290 3364 16820

61 −65 2 63 126 3969 7938

66 −77 2 68 136 4624 9248

;ksx 50 2500 127900

lw=k esa ( )

k
2

i i
i 1

f x

=

∑ , N vkSj ( )

k

i i

i 1

f x

=

∑  ds ekuksa dk izfrLFkkiu djus ij gesa izkIr gksrk gS

( )
2

2
g

2500
127900

50

50

−

σ =  
2900

50
=  = 58 vkSj g 58σ = +  = 7.61  (yxHkx)

iqu% ge ikrs gSa fd izR;sd fof/ ls gy djus ij gesa 2
gσ eku ogha izkIr gksrk gSA

    ns[ksa vkius fdruk lh[kk 17.5

1. jksfx;ksa ds ,d lewg ij ,d nokbZ ds izHkko dk vè;;u djus esa fuEufyf[kr ifj.kke izkIr gq, %
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  jkgr dk izfr'kr % 0 −20 20 −40 40 −60 60 −80 80 −100

 jksfx;ksa dh la[;k 10 10 25 15 40

2. ,d 'kgj esa igys cPps ds tUe ij ekrkvksa dh vk;q dk vè;;u djus ij fuEufyf[kr
vkadM+s miyC/ Fks %

igys cPps ds tUe ij 18 −20 20 −22 22 −24 24 −26 26 −28  28 −30 30 −32

vk;q (o"kks± esa)

ekrkvksa dh la[;k 130 110 80 74 50 40 16

izlj.k vkSj ekud fopyu Kkr dhft,A

3. 30 deZpkfj;ksa dk nSfud osru uhps fn;k x;k gS%

nSfud osru 0 −50 50 −100 100 −150  150 −200  200 −250 250 −300

 (#i, esa)

deZpkfj;ksa dh la[;k 3 4 5 7 8       3

mijksDr vkadM+ksa ds fy, ekud fopyu vkSj izlkj.k Kkr dhft,A

17.10 fopyu vkSj izlj.k in fopyu fof/
mnkgj.k 17.12 esa geus ns[kk fd ifjdyu cgqr gh tfVy FksA ifjdyuksa dks ljy cukus ds fy,
ge ,d vU; fof/ dk iz;ksx djsaxs tks in fopyu fof/ dgykrh gSA pwafd vf/dka'k ckjackjrk
caVuksa ftu ij ge fopkj djsxsa muds oxZ cjkcj gSaA vkb, oxZ eki (class size) dks h }kjk n'kkZ,aA
vc ge ;kn`fPNd pqus x, a ls izR;sd oxZ fpUg (class-mark) dk u dsoy fopyu ysa] ijUrq
izR;sd fopyudks h ls foHkkftr Hkh djsaA

ekuk i
i

x a
u

h

−
= .....(1)

rc i ix hu a= + .....(2)

ge tkurs gSa fd  x hu a= + .....(3)

(2) ls (3) dks ?kVkus ij ge izkIr djrs gSa
     ( )i ix x h u u− = − .....(4)

(4) esa nksuksa rjiQ dk oxZ djus ij 1f  ls xq.kk dhft, vkSj k ;ksx izkIr dhft,A ge izkIr djrs gSa%

( ) ( )

k k
2 22

i i i i

i 1 i 1

f x x h f u u

= =

   − = −   ∑ ∑ .....(5)

lehdj.k (5) esa nksuksa rjiQ dks N ls Hkkx nsaA ge izkIr djrs gSa%

( )

( )

k
2

i i k2
2i 1

i i

i 1

f x x
h

f u u
N N

=

=

 − 
 = − 

∑
∑

vFkkZr~   2 2 2
x uhσ = σ .....(6)

tgka 2
gσ  ewy vkadM+ksa dk izlj.k gS vkSj 2

uσ dksfMr vkadM+ksa dk izlj.k ;k dksfMr izlj.k gSA 2
uσ

dk eku ml lw=k }kjk Kkr fd;k tk ldrk gS ftlesa ekè; vkrk gS vFkkZr
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( )

k
22

u i i

i 1

1
f u u

N
=

 σ = − ∑ ,

k

i

i 1

N f

=

= ∑ .....(7)

[ ]

2k

i ik
i 12

i i
2 i 1
u

f u

f u
N

N

=

=

 
  
   − 

σ =

∑
∑

,
k

i

i 1

N f

=

= ∑ .....(8)

  mnkgj.k 17.14.   ge fiQj ls mnkgj.k 17.12 dks ysrs gSaa vkSj dksfMr (coded) izlj.k dk iz;ksx
djrs gq, izlj.k vkSj ekud fopyu Kkr djrs gSaA

gy % ;gka h = 5 vkSj ekuk a = 48.

iSnkokj izfr gSDVs;j [ksrksa dh oxZ i
i

x 48
u

5

−
= i if u 2

iu
2

i if u

(fDoaVy esa) la[;k if fpUg ix

31 −35 2 33 −3 −6 9 18

36 −40 3 38 −2 −6 4 12

41 −45 8 43 −1 −8 1 8

46 −50 12 48 0 0 0 0

51 −55 16 53 +1 16 1 16

56 −60 5 58 +2 10 4 20

61 −65 2 63 +3 6 9 18

66 −70 2 68 +4 8 16 32

;ksx 50 20     124

vr%

2k

i ik
i 12

i i
2 i 1
u

f u

f u
N

N

=

=

 
  
 

−

σ =

∑
∑

 

( )
2

20
124

50

50

−

=
 124 8 58

50 25

−
= =

ewy vkdM+ksa dk izlj.k 2 2 2
x u

58
h 25 58

25
σ = σ = × =  vkSj x 58σ = + 7.61=  (yxHkx)

ge okLro esa ogh izlj.k izkIr djrs gSa vkSj bl izdkj igys tSlk ekud fopyu HkhA

 mnkgj.k 17.15.  230 O;fDr;ksa ds osru dks fn[kkus okys fuEufyf[kr caVu ds fy, ekud

fopyu Kkr dhft, %

osru O;fDr;ksa dh osru O;fDr;ksa dh
(#i;ksa eas) la[;k (#i;ksa esa) la[;k

70 −80 12 110 −120 50

80 −90 18 120 −130 45

90 −100 35 130 −140 20

100 −110 42 140 −150 8
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gy %

osru O;fDr;ksa dh oxZ i
i

x 105
u

10

−
= 2

iu i if u 2
i if u

(#i;s esa)  la[;k if      fpUg ix

70 −80 12 75 −3 9 −36 108

80 −90 18 85 −2 4 −36 72

90 −100 35 95 −1 1 −35 35

100 −110 42 105 0 0 0  0

110 −120 50 115 +1 1 50 50

120 −130 45 125 +2 4 90 180

130 −140 20 135 +3 9 60 180

140 −150 8 145 +4 16 32 128

;ksx 230 125 753

[ ]

2
2 2 2

i i ii

1 1
h f u f u

N N

   σ = −   
   

∑ ∑

      

2
753 125

100
230 230

  
= −  

   
 ( )100 3.27 0.29= −  = 298

blfy, ekud fopyu          298 17.3σ = + =  (yxHkx)

   ns[ksa vkius fdruk lh[kk 17.6

1. uhps fn, x, vkadM+s ,d vkVk fey ds 400 deZpkfj;ksa dh lkIrkfgd vk; dks n'kkZrs gSa%

lkIrkfgd vk; (#i;ksa esa) deZpkfj;ksa dh la[;k

80 −  100 16

100 −120 20

120 −140 25

140 −160 40

160 −180 80

180 −  200 65

200 −220 60

220 −240 35

240 −260 30

260 −280 20

280 −300   9

in fopyu fof/ dk iz;ksx djrs gq, izlj.k vkSj ekud fopyu ifjdfyr dhft,A
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2. ,d 'kgj ds ,d Ldwy esa dke djus okys vè;kidksa dh vk;q ds vkadM+s uhps fn, x, gSa%

vk;q (o"kks± esa) 20 −25 25 −30 30 −35 35 −40

vè;kidksa dh la[;k 25 110 75 120

vk;q (o"kks± esa) 40 −45 45 −50 50 −55 55 −60

vè;kidksa dh la[;k 100 90 50 30

in fopyu fof/ dk iz;ksx djrs gq, izlj.k vkSj ekud fopyu ifjdfyr dhft,A

3. fuEufyf[kr vkadM+ksa ds fy, in fopyu fof/ dk iz;ksx djrs gq, izlj.k vkSj ekud
fopyu ifjdfyr dhft, %

vk;q (o"kks± esa)  25 −30 30 −35 35 −40

O;fDr;ksa dh la[;k 70 51 47

vk;q (o"kks± esa) 40 −50 45 −50 50 −55

O;fDr;ksa dh la[;k 31 29 22

17.11 izlj.k vkSj ekud fopyu ds xq.k
 xq.k I: izlj.k ewy fcUnq ds ifjorZu ls LorU=k gSA

bl xq.k dks lR;kfir djus ds fy, ge uhps fn, x, mnkgj.k dks ysrs gSaA

mnkgj.k 17.16. ,d fo'ks"k ijh{kk esa 10 fo|kfFkZ;ksa }kjk izkIr vad fuEufyf[kr gSa%

10 12 15 12 16 20 13 17 15 10

ckn esa ;g fuf'pr fd;k x;k fd izR;sd fo|kFkhZ dks 5 vfrfjDr vad iznku fd, tk,xsaA bu nksuksa
fLFkfr;ksa esa izlj.k vkSj ekud fopyu dh rqyuk djksA

gy % fLFkfr&I

ix if i if x       ix x− ( )
2

ix x− ( )
2

i if x x−

10 2 20 _ 4 16 32

12 2 24 _ 2 4 8

13 1 13 _ 1 1 1

15 2 30 1 1 2

16 1 16 2 4 4

17 1 17 3 9 9

20 1 20 6 36 36

;ksx 10 140 92

;gka       
140

x 14
10

= =

izlj.k 
( )

2
i if x x

10

 − 
=
∑

 
92

10
=  9.2=
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  ekud fopyu 9.2 3.03= + =

fLFkfr II : (izR;sd 1x  esa 5 vad tksM+us ij)

ix if i if x       ix x− ( )
2

ix x− ( )
2

i if x x−

15 2 30 −4 16 32

17 2 34 −2 4 8

18 1 18 −1 1 1

20 2 40 1 1 2

21 1 21 2 4 4

22 1 22 3 9 9

25 1 25 6 36 36

;ksx 10 190 92

190
x 19

10
= =

∴    izlj.k 
92

9.2
10

= =

   ekud fopyu 9.2 3.03= + =

bl izdkj ge ns[krs gSa fd ;fn ewy fcUnq dks ifjofrZr dj fn;k tk, rks fn, x, vkadM+ksa ds fy,
izlj.k vkSj ekud fopyu esa dksbZ ifjorZu ugha gksrk vFkkZr ;fn dksbZ fLFkjkad iz{ks.kksa esa tksM+ fn;k
tk, rks izlj.k vkSj ekud fopyu esa dksbZ vUrj ugha vkrkA

 xq.k II : izlj.k iSekus ds ifjorZu ls LorU=k ugha gSA

mnkgj.k 17.17.  mijksDr mnkgj.k esa ;fn izR;sd izs{k.k dks 2 ls xq.kk dj fn;k tk] rc izlj.k

vkSj ekud fopyu esa gksus okys ifjorZu dh foospuk dhft,A

gy % mijksDr fLFkfr (1) esa geus ns[kk

izlj.k = 9.2

ekud fopyu = 3.03

vc ge izlj.k vkSj ekud fopyu ifjdfyr djrs gSa] tc izR;sd izs{k.k dks 2 ls xq.kk fd;k tk,A

ix if i if x       ix x− ( )
2

ix x− ( )
2

i if x x−

20 2 40 −8 64 128

24 2 48 −4 16 32

26 1 26 −2 4 4

30 2 60 2 4 8

32 1 32 4 16 16

34 1 34 6 36 36

40 1 40 12 144 144

10 280 368

280
x 28

10
= =
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  izlkj.k 
368

36.8
10

= =

                  ekud fopyu 36.8 6.06= + =

;gka ge ns[krs gSa fd izlj.k&okLrfod izlj.k dk pkj xquk gksrk gSA ifj.kkeLo:i ekud fopyu
okLrfod ekud fopyu dk nqxquk gksrk gSA

blh izdkj ge ;g lR;kfir dj ldrs gSa fd ;fn izR;sd izs{k.k dks fdlh fLFkjkad ls foHkkftr fd;k
tk, rc u, izs{k.k dk izlj.k mlh fLFkjkad ds oxZ ls foHkkftr gks tkrk gSA ifj.kkeLo:i u, izs{k.k
dk ekud fopyu mlh fLFkjkad ls foHkkftr gks tkrk gSA

 xq.k III : fl¼ dhft, fd ekud fopyu U;wure laHko ekè; oxZ fopyu dk oxZewy gksrk gSA

gy% ekuk x a d− =

ifjHkk"kk ls gesa izkIr gqvk

        ( )
22

i i
1

s f x a
N

 = − ∑  ( )
2

i i
1

f x x x a
N

 = − + − ∑

( ) ( ) ( ) ( )
2 2

i i i
1

f x x 2 x x x a x a
N

 = − + − − + −
 ∑

( ) ( ) ( )
( )

2
2

i i i i i

x a1 2
f x x x a f x x f

N N N

−

= − + − − +∑ ∑ ∑
2 20 d= σ + +

(Q ekè; ls fopyuksa dk chth; ;ksx 'kwU; gksrk gS)

;k 2 2 2s d= σ +

Li"Vr% 2S U;wure gksxk tc d=0vFkkZr a x= vr% ekè;oxZ fopyu dk oxZewy (root mean square

Deviation) U;wure gksrk gS tc fopyuksa dh eki ekè; ls dh tkrh gS vFkkZr~ ekud fopyu ekè;
oxZ fopyu dk oxZewy gksrk gSA

xq.k IV : nks ( 1n vkSj 2n  la[;kvksa okys) leqPp;ksa dk muds ekè; Øe'k% 1m vkSj 2m ls ekik

x;kA ekud fopyu 1σ  vkSj 2σ  gSA;fn nkuksa leqPp;ksa dks bdV~Bk fd;ktk, vFkkZr~ ( )1 2n n+

la[;k,a gkas rks ekè; m ls ekik x;k ekud fopyu σ ] fuEu }kjk izkIr gksrk gS %

( )

( )

2 2
22 1 1 2 2 1 2

1 22
1 2 1 2

n n n n
m m

n n n n

σ + σ
σ = + −

+ +

mnkgj.k 17.18.   nks izfrn'kks± ds ekiksa 50 vksSj 100 ds ekè; Øe'k% 54.1 vkSj 50.3 gSa rFkk ekud

fopyu 8 vkSj 7 gSaA nksuksa izfrn'kks± dks bdV~Bk djus ij 150 eki okys izfrn'kZ dk ekud fopyu
Kkr dhft,A

gy % ;gka gesa fn;k gS

1 2 1 2n 50, n 100, m 54.1, m 50.3= = = =

1 8σ =  vkSj 2 7σ =
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( ) ( )

( )

2 2
22 1 1 2 2 1 2

1 22
1 2 1 2

n n n n
m m

n n n n

σ + σ
σ = + −

+ +

      
( ) ( )

( )

( )
2

2

50 64 100 49 50 100
54.1 50.3

150 150

× + × ×
= + −

     ( )
23200 4900 2

3.8
150 9

+
= +  57.21=

blfy,   7.56σ =  (yxHkx)

mnkgj.k 17.19. lekUrj Js<+h a, a + d, a + 2 d,......,a + 2n.d ds ekè; ls ekè; fopyu vkSj

ekud fopyu Kkr dhft, vkSj ;g fl¼ dhft, fd ckn okyk igys ls cM+k gSA

gy % lekUrj Js<+h esa inksa dh la[;k (2n + 1) gSA
∴ x a nd= +

ekè; ls ekè; fopyu
( )

( ) ( )

2n

r 0

1
a rd a nd

2n 1
=

= + − +

+
∑

( )

( )[ ]
1

.2 nd n 1 d ...... d
2n 1

= + − + +

+

( )

( )[ ]
2

1 2 ..... n 1 n d
2n 1

= + + + − +

+

( )

( )

2n n 1
.d

2n 1 2

+

=

+
 

( )

( )

n n 1 d

2n 1

+

=

+
.....(1)

vc      
( )

( ) ( )[ ]

2n
22

r 0

1
a rd a nd

2n 1
=

σ = + − +

+
∑

( )

( )

2
22 2 22d

n n 1 .... 2 1
2n 1

 = + − + + +
 +

( )

( ) ( )
2 n n 1 2n 12d

2n 1 6

+ +

= ⋅

+
 

( )
2n n 1 d

3

+

=

blfy,       
( )n n 1

d.
3

+ 
σ =  

 
.....(2)

gesa izkIr gS (2) > (1)

;fn      
( ) ( )

( )

n n 1 n n 1
d d

3 2n 1

+ + 
> 

+ 

;k ;fn      ( ) ( )
2

2n 1 3n n 1+ > +

;k ;fn 2n n 1 0+ + > , tks fd n > 0 ds fy, lR; gSA
;gh ifj.kke gSA
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mnkgj.k 17.20. gesa ;g fn[kkuk gS fd fdlh fofoDr caVu ds fy, ekud fopyu] ekè; ls

ekè; fopyu ls de ugha gksrkA

gy % gesa fn[kkuk gS fd

ekud fopyu ≥  ekè; ls ekè; fopyu

;k (ekud fopyu)2 ≥  (ekè; ls ekè; fopyu)2

vFkkZr~ ( ) ( )[ ]

2
2

i i i i
1 1

f x x f x x
N N

  − ≥ −    
∑ ∑

;k [ ]

2
2

i i ii

1 1
f d f d

N N

   ≥    
∑ ∑  , ;gk¡ i id x x= −

;k ( ) { }
22

i i iiN f d f d≥   ∑ ∑

;k ( ) ( ) [ ]
22 2

1 2 1 1 2 2 1 1 2 2f f .... f d f d ...... f d f d .....+ + + + ≥ + +

;k ( )
2 2

1 2 1 2 1 2 1 2f f d d ..... 2f f d d .....+ + ≥ +

;k ( )
2

1 2 1 2f f d d ..... 0− + ≥

tks fd iw.kZ oxZ gksus ds dkj.k lR; gSA

17-12 nks leku ekè; okys ckjEckjrk caVuksa dk fo'ys"k.k

n ks Ü k̀a[kykvksa dh f o pj .kr k dh r qy u k r Hkh dh tk ld r h gS tc  f o pj . k dh eki  f u j i s{k

r Fkk b dkb Z ls L o r a= gksr h gSA b lds f y,  f o pj .k xq.kkad (C.V.) i zkIr  dj r s gSa f tls f u Eu f yf [kr

i zdkj  ls i f j Hkkf "kr  f d;k x;k gS %

f o pj .k xq.kkad  (C.V.) = 100, 0x
x

σ

× ≠

tgk¡  σ r Fkk x  Øe' k%  vk¡ dM +ksa ds eku d f o pyu  r Fkk ek/ ; gSaA n ks J̀a[ky kvksa dh f o pj .kr k

tku u s ds f y,  mu ds f o pj .k xq.kkad  dh r qyu k dh tkr h gSA J̀a[kyk esa] c M +s f o pj .k xq.kkad

o kyh J̀a[kyk dks n wlj h ls vf /kd f o pj .k ;k f c [kj ko  o kyh J̀a[kyk dgr s gSaA de f o pj .k

xq.kkad o kyh J̀a[kyk dks n wlj s ls vf /kd laxr  dgr s gSaA

leku  ek/ ; o kyh Ü k̀a[kykvksa ds f y, ] ge i zkIr  dj  ldr s gSa

f o pj .k xq.kkad (C.V.) ¼i gyk c aV u ½ =
1 100

x

σ

× ...(1)

f o pj .k xq.kkad (C.V.) ¼n wlj k c aV u ½ =
2 100

x

σ

× ...(2)

tgk¡  σ
1
, σ

2
 Øe' k%  i gys vkSj  n wlj s c aV u  ds eku d f o pyu ] x  c aV u ksa dk leku  ekè;

g S A
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¼1 ½  vkSj  ¼2 ½  ls ge f u "d"kZ f u d ky ldr s gSa f d n ks f o pj .k xq.kkadksa dh r qyu k dso y

σ
1
 r Fkk σ

2
 ds eku ksa ds vk/kkj  i j  dj  ldr s gSaA

m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  17.21.  n ks c aV u ksa ds eku d  f o pyu  2 1  r Fkk 1 4  gS vkSj  mu dk leku  ek/ ; 3 5

gS dkSu  ls c aV u  dk vf /kd f o pj .k gksxk\

g yg yg yg y : eku  yhf t, σ
1
 = i gyh Ü k̀a[kyk dk eku d f o pyu  = 21

σ
2
 = n wlj h Ü k̀a[kyk dk eku d f o pyu = 14

x  = 35

C.V. (Ü k̀a[kyk I) = 1 21
100 100 60

35x

σ

× = × =

C.V. (Ü k̀a[kyk II) =
1 14

100 100 40
35x

σ

× = × =

Ü k̀a[kyk I dh C.V. > Ü k̀a[kyk II dh C.V.

⇒ eku d f o pyu  = 21, o kyh Ü k̀a[kyk dk vf /kd f o pj .k gSA

m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  17.22. n ks dkj [kku ksa A r Fkk B ds deZpkf j ;ksa d ks f n ,  x,  ekf ld  o sr u  r Fkk vU;
vkadM +s u hps f n ;s x;s gSa %

d k j [ k k u k  d k j [ k k u k  d k j [ k k u k  d k j [ k k u k  A d k j [ k k u k  d k j [ k k u k  d k j [ k k u k  d k j [ k k u k  B

ekf ld o sr u ksa dk ek/ ; ` 15550 ` 15550

o sr u ksa ds c aV u ksa dk i zlj .k 100 121

O;f Dr xr  o sr u  esa f dl dkj [kku s (A ;k B) esa vf /kd f o pj .k gS\

g yg yg yg y : f n ;k gS

σ
A
 = 100 10= =ilz j .k

σ
B
 = 121 11= =ilz j .k

x  = ` 15550

vc ] C.V. (A) =
10

100 100
15550

A

x

σ

× = ×  = 0.064

C.V.(B) =
11

100 100 0.07
15550

B

x

σ

× = × =

o kL r o  esa C.V. (B) > C.V.(A)

vr %  dkj [kku s B esa O;f Dr xr  o sr u ksa esa vf /kd f o pj .k gSA

m n k g j . km n k g j . km n k g j . km n k g j . k 17.23.  u hps n h x;ha J̀a[kyk X vkSj  Y esa dkSu  vf /kd laxr  gS\

X 58 52 50 51 49 35 54 52 53 56

Y 101 104 103 104 107 106 105 105 107 108
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g y  %  g y  %  g y  %  g y  %  f n ;s x;s vk¡ dM +ksa ls ge f u Eu f yf [kr  lkj .kh i zkIr  dj r s gSa %

X Y D  = X – Xi
2Di id Y Y= −

2
id

58 101 7 49 –4 16

52 104 1 1 –1 1

50 103 –1 1 –2 4

51 104 0 0 –1 1

49 107 –2 4 2 4

35 106 –16 256 1 1

54 105 3 9 0 0

52 105 1 1 0 0

53 107 2 4 2 4

56 108 5 25 3 9

ΣX = 510 ΣY = 1050 ΣD
i
2 = 350 Σd

i
2 = 40

vc ] X  =
510

51
10 10

iXΣ

= =

Y  =
1050

105
10 10

iYΣ

= =

σ
x
 =

22( ) 350

10

iDX X

N N

ΣΣ −

= =  = 5.9

σ
y
 =

22( ) 40
2

10

idY Y

N N

ΣΣ −

= = =

vc ] C.V.(X) =
5.9

100 100 11.5
51

X

X

σ

× = × =

C.V.(Y) =
2

100 100 1.9
105

Y

Y

σ

× = × =

o kL r o  esa C.V.(Y) < C.V.(X) ∴ J̀a[kyk Y vf / kd laxr  gSA

      ns[ksa vkius fdruk lh[kk 17-7

1. f u Eu f yf [kr  vkadM +ksa ls c r kb ,  f d b u esa ls f d l esa vf /kd f o pj .k gSa

v a d 0-10 10-20 20-30 30-40 40-50

Hkkx A 9 10 40 33 8

Hkkx B 8 15 43 25 9
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2. dkSu &lk dkj [kku k etn wj ksa dks vf /kd laxr  o sr u  n sr k gS %

o sr u  (` esa) 100-150 150-200 200-250 250-300 300-350

izfr fnu

dkj [kku k A 35 45 50 42 28

dkj [kku k B 16 50 55 13 46

3. n ks f o |ky; , d gh o "kZ esa c ksM Z i j h{kk dk i f j .kke f u Eu f yf [kr  n ' kkZr s gSa

f o |ky; A f o |ky; B

 vkSlr  i zkIr kad 250 225

 lf Eef yr  Nk=ksa dh la[;k 62 62

 vadksa ds c aV u  dk i zlj .k 2.25 2.56

O;f Dr xr  vad ksa esa f dl f o |ky ; dk f o pj .k vf / kd gS\

� ijkl fn, x, vkadM+ksa ds lc ls cM+s vkSj lc ls NksVs ewY; ds chp dk vUrj

� ekè; ls ekè; fopyu 
( )

n

i i

i 1

f x x

N

=

−

=

∑
 tgka 

n

i

i 1

N f

=

= ∑ , ( )

n

i i

i 1

1
x f x

N
=

= ∑

� ekè;d ls ekè; fopyu 

n

i

i 1

x M

N

=

−

=

∑
 tgka 

n

i i

i 1

N
C

2N f , M l x
f

=

−

= = +∑

� izlj.k ( )

( )

n
2

i
2 i 1

x x

n

=

−

σ =

∑
(;Fkk izkIr vkadM+ksa ds fy,)

� ekud fopyu ( )

( )

n
2

i

i 1

x x

n

=

−

σ = +

∑

� oxhZd`r vkadM+ksa ds fy, izlj.k 
( )

k
2

i i
2 i 1
g

f x x

N

=

 − 

σ =

∑
, ix  oxZ dk eè; fpUg gSA

rFkk 2 22
x uhσ = σ  vkSj ( )

k
2 2

u i i

i 1

1
f u u

N
=

 σ = − ∑

C

A1

% + vkb;s nksgjk,¡
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k

i

i 1

N f

=

= ∑

;k
( )

( )

2k
2

i ik
2 i 1

i i
2 i 1

u

f u

f u
N

N

=

=

 
 
 

−

σ =

∑
∑

tcfd 

k

i

i 1

N f

=

= ∑

� oxhZd`r vkadM+ksa ds fy, ekud fopyu 2
g gσ = + σ

� ;fn nks ckjackjrk caVuksa osQ ekè; leku gSa] rks cM+s fopj.k xq.kkad okyk caVu nwljs caVu dh
rqyuk esa vf/d fopj.k ;k fc[kjko okyk gksrk gSA

� http:// en.wikipedia.org/wiki/Statistical_dispersion simon.cs.vt.edu/SoSci/

converted/Dispersion_I/activity.html

1. ,d ijh{kk esa 10 fo|kfFkZ;ksa }kjk 100 esa ls izkIr vadksa ds fuEufyf[kr vkadM+ksa ds fy, ekè;
fopyu Kkr dhft, %

55 45 63 76 67 84 75 48 62 65

2. ,d dkj[kkus ds 50 etnwjksa dh vk; dks n'kkZus okys vkadM+s uhps fn, x, gSa %

vk; (#i;ksa esa)% 1200 1300 1400 1500 1600 1800

etnwjksa dh la[;k% 4 7 15 12 7 5

ekè; fopyu ifjdfyr dhft,A

3. ,d dkj[kkus ds 50 deZpkfj;ksa ds izfrfnu dk osru fuEufyf[kr vkadM+ksa }kjk fn;k x;k gS%

osru (#i;ksa esa)% 20 −30 30 −40 40 −50 50 −60

deZpkfj;ksa dh la[;k 4 6 8 12

osru (#i;ksa esa)% 60 −70 70 −80 80 −90 90 −100

deZpkfj;ksa dh la[;k 7 6 4 3

ekè; fopyu ifjdfyr dhft,A

vkb, vH;kl djsa

lgk;d osclkbV
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4. ,d fØdsV f[kykM+h ds 50 ikfj;ksa ds fuEufyf[kr juksa (scores) ds vkadM+ksa ds fy, vkSlr
vkSj ekè; fopyu Kkr dhft,A

cuk, x, ju 0 −20 20 −40 40 −60 60 −80

ikfj;ksa dh la[;k 6 10 12 18

cuk, x, ju 80 −100 100 −120

ikfj;ksa dh la[;k 3 1

5. ,d ijh{kk esa 10 fo|kfFkZZ;ksa ds xf.kr ds vad uhps fn, x, gSa %

6 10 12 13 15 20 24 28 30 32

mijksDr vkadM+ksa ds fy, izlj.k vkSj ekud fopyu Kkr dhft,A

6. fuEufyf[kr lkj.kh 10 vaMksa ds ,d uewus ds nzO;eku (yxHkx xzke esa)] n'kkZrh gS %
46 51 48 62 54 56 58 60 71 75

bl izfrn'kZ ds nzO;ekuksa dk ekud fopyu ifjdfyr dhft,A

7. ,d dkj[kkus ds 50 deZpkfj;ksa dh lkIrkfgd vk; (#i;ksa esa) uhps nh xbZ gS %

vk;   400    425 450 500 550 600 650

deZpkfj;ksa dh la[;k   5     7 9 12 7 6 4

mijksDr vkadM+ksa dk ekud fopyu ifjdfyr dhft,A

8. fuEufyf[kr vkadM+ksa ds fy, izlj.k vkSj ekud fopyu Kkr dhft,A

   oxZ 0 −20 20 −40 40 −60 60 −80 80 −100

   ckjEcjrk 7 8 25 15 45

9. caVu dk ekud fopyu Kkr dhft, ftlesa x ds eku gSAA 1]2].....NA izR;sd dh ckjEckjrk
,d gSA

10. Nk=ksa dh Å¡ pkb Z r Fkk Hkkj  ds f y,  f u Eu f yf [kr  i f j dyu  f d;s x;s gSa %

Hk kj Å¡ pkb Z

e k / ; 52.5 f dxzk 160.5 lseh

eku d f o py u 11.5 12.2

Hkkj  vkSj  Å¡ pkb Z esa ls dkSu  vf /kd f o pj .k n ' kkZr k gS\

11. , d f [kykM +h A  ¼c kSyj @xsan c kt½  } kj k 2 0  eSpksa esa f y,  x;s f o dsV  f u Eu f yf [kr  gSa %

f o dsV ksa dh la[;k 0 1 2 3 4

eSpksa dh la[;k 2 6 7 4 1

c kSyj @xsan c kt  B ds f y, ] 2 0  eSpksa esa f y,  x,  f o d sV ksa dk ek/ ; 1 - 6  gS lkFk gh eku d
f o pyu  1 - 2 5  gS dkSu &lk f [ky kM +h vf /kd laxr  gS\
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f u E u f y f [ k r  c aV u k s a d k  e k / ; d  K k r  d h f t ,  f u E u f y f [ k r  c aV u k s a d k  e k / ; d  K k r  d h f t ,  f u E u f y f [ k r  c aV u k s a d k  e k / ; d  K k r  d h f t ,  f u E u f y f [ k r  c aV u k s a d k  e k / ; d  K k r  d h f t ,  (12-14) :

12. x
i

14 20 26 29 34 46

f
i

4 6 7 8 9 6

13. vk;q ¼o "kksZa esa½ 15-19 20-24 25-29 30-34 35-39

l a [ ; k 8 7 9 11 5

14. Å¡ pkb Z ¼lseh-  esa½ 95-104 105-114 115-124 125-134 135-144

c P pksa dh la[;k 10 8 18 8 16

ek/ ;d ls ek/ ; f o pyu  Kkr  dhf t ,   (15-18):

15.  x
i

5 15 25 35 45 55

 f
i

5 23 30 20 16 6

16.  x
i

105 107 109 111 113 115

 f
i

8 6 2 2 2 6

17.  vk; ¼i zf r ekg½   0-5 6-10 11-15 16-20 21-25

` ‘000' esa

 ln L ;ksa d h la[;k     5 6 12 14 26

18.  vk;q ¼o "kksZa esa½ 0-5 6-10 11-15 16-20 21-25 26-30 31-35 36-40

ln L ;ksa d h la[;k 5 6 12 14 26 32 16 29

ns[ksa vkius fdruk lh[kk 17.1

1. 15 2.  22

3.  9.4 4. 15.44

5. 13.7 6.  136

7.  5.01 8. 14.4

ns[ksa vkius fdruk lh[kk 17.2

1. 16 2.  15

3. 15.357 vad 4.  28 o "kZ

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 17.3

1. 1.85 2.  2.36

3.  3.73 4.  0.977

ns[ksa vkius fdruk lh[kk 17.4

1. izlj.k  = 311, ekud fopyu = 17.63

2. izlj.k  = 72.9, ekud fopyu = 8.5

3. izlj.k = 42.6, ekud fopyu = 6.53

4. ekud fopyu = 4

5. izlj.k 13.14, ekud fopyu = 3.62

6. ekud fopyu  = 17.6

ns[ksa vkius fdruk lh[kk 17.5

1. izlj.k = 734.96, ekud fopyu  = 27.1

2. izlj.k  = 12.16, ekud fopyu  = 3.49

3. izlj.k  = 5489, ekud fopyu  = 74.09

ns[ksa vkius fdruk lh[kk 17.6

1. izlj.k  = 2194, ekud fopyu = 46.84

2. izlj.k = 86.5, ekud fopyu = 9.3

3. izlj.k = 67.08, ekud fopyu = 8.19

ns[ksa vkius fdruk lh[kk 17.7

1. f o Hkkx A 2. dkj [kku k A 3. f o |ky; B

vkb, vH;kl djsa
1. 9.4

2. 124.48

3. 15.44

4. 52, 19.8

5. izlj.k = 72.29, ekud fopyu = 8.5

6. 8.8

7. izlj.k = 5581.25, ekud fopyu = 74.7

8. izlj.k = 840, ekud fopyu = 28.9



372

  izdh.kZu ds ekid

xf.kr

ekWM~;wy - V

lkaf[;dh ,oa
izkf;drk

fVIi.kh

9. ekud fopyu 
2N 1

12

−
=

10. Hk kj

11. f [kykM +h B

12. 29

13. 27.27

14. 121.16

15. 10.3

16. 3.38

17. 5.2

18. 0.62
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18

;kn`fPNd iz;ksx rFkk ?kVuk,¡

fdlh fØdsV eSp ds vkjEHk gksus ls igys vius nSfud thou esa ge ns[krs gSa fd nksuksa Vheksa ds
dIrku ,d flDdk mNkyrs gSaA flDdk mNkyus dh fØ;k ds dsoy nks ifj.kke gks ldrs gSa] fpr
;k iV (;g vuqeku yxkdj fd flDdk vius fdukjs ij [kM+k ugha gksxk) ;fn ,d ikls dks mNkyrs
gSa rks bl fØ;k esa bldk dksbZ lk ,d i`"B vFkkZr 1,2,3,4,5 ;k 6 mQij vk ldrk gSA

,slh fØ;k] tks ifj.kke dks n'kkZrh gS] dks iz;ksx dgrs gSaA izk;% ,d iz;ksx esa dbZ ifj.kke gksrs gSa]
ij ;g la;ksx dh ckr gS fd iz;ksx djrs gq, dkSu lk ifj.kke lkeus vk tk,A bl ikB esa ge
fofHkUu iz;ksx rFkk muds ifj.kkeksa dk vè;;u djsaxsA

     mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr djus esa leFkZ gks tk;saxs %

� ;kn`fPNd iz;ksx dh ifjHkk"kk nsuk rFkk blds mnkgj.k nsuk

� iz;ksx esa la;ksx dk dk;Z crkuk

� fn, x, iz;ksx ds fy, izfrn'kZ lef"V (sample space) dh ifjHkk"kk fy[kuk

� dbZ izdkj ds ifj.kke tSls leizkf;d] ijLij viothZ] fu''ks"k] LorU=k vkSj fuHkZj esas vUrj
crkuk

iwoZ Kku
� izkf;drk dk ewy Kku

18.1 ;kn`fPNd iz;ksx
vc ge fuEufyf[kr fØ;kvksa ij fopkj djrs gSa %

1. ,d flDdk mNkfy, vkSj ifj.kke nsf[k,] ;k rks fpr (H) vk,xk ;k iV (T) vk,xkA

2. ;fn ge ,d ikls dks] ftlds 6 iQyd gksrs gSa] iQsadas rks 6 esa ls dksbZ ,d iQyd 1] 2]
3] 4] 5] 6 mQij vk,xkA

3. ,d ds ckn ,d nks flDds mNkfy, vkSj ifj.kkeksa dks fyf[k,A blds pkj ifj.kke gksaxs%
HH,HT, TH, TT
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4. ;fn ge nks iklksa dks iQsadsa rks 36 laHkkfor ifj.kke gksrs gSa ftUgsa uhps fn[kk;k x;k gS %

1

1

2

3

4

5

6

2

1

2

3

4

5

6

3

1

2

3

4

5

6

4

1

2

3

4

5

6

5

1

2

3

4

5

6

6

1

2

3

4

5

6

vFkkZr ifj.kke gSa (1,1), (1,2), (1,3), (1,4), (1,5), (1,6)

( ) ( ) ( )

( ) ( ) ( )

2,1 , 2, 2 , ...., 2, 6

: : :

6,1 , 6, 2 , ...., 6, 6

mQij fy[kh fØ;k,a fuEufyf[kr nks 'krks± dks iwjk djrh gSa %

(a) ,d tSlh fLFkfr;ksa ds fy, dksbZ Hkh fØ;k nksckjk gks ldrh gSA

(b)  fdlh Hkh fØ;k dk ifj.kke igys ls ugha crk;k tk ldrk gSA

,slh fØ;k (i) tks ,d tSlh 'krks± ds fy, nksckjk dh tk ldrh gS vkSj (ii) ftldk ifj.kke
igys ls Kkr u gks] dks ;kn`PN iz;ksx dgrs gSaA

 mnkgj.k 18.1.  D;k vPNh rjg iQsaVh xbZ rk'k dh xîóh esa ls ,d iÙkk fudkyuk ;kn`fPNd

iz;ksx gSA

gy % (a) ;g fØ;k nksckjk gks ldrh gS D;ksafd rk'k dks ckj&ckj iQsaV  ldrs gSasA

(b)  ;kn`fPNd 52 iÙkksa esa ls dksbZ Hkh iÙkk fudy ldrk gS] blfy, gesa igys ls ifj.kke Kkr ugha
gSA

vr% ;g ,d ;kn`fPNd iz;ksx gSA

 mnkgj.k 18.2. 100 dqflZ;ksa esa ls ,d dqlhZ dk p;u fdlh ojh;rk ds fcuk djuk ,d ;kn`fPNd

iz;ksx gSA fl¼ dhft, A

gy % (a) leku fLFkfr;ksa esa iz;ksx dks nksgjk;k tk ldrk gSA

(b) D;ksafd fdlh dqlhZ dk p;u fcuk fdlh ojh;rk ds gS] blfy, izR;sd dqlhZ ds p;u dk cjkcj
la;ksx gSA blfy, gesa ifj.kke igys ls Kkr ugha gSA

;g ,d ;kn`fPNd iz;ksx gS

vc ge ,slh fØ;k ij fopkj djrs gSa tks ;kn`fPNd u gksA

1. euh"k dk tUe% ;g ,slh fØ;k gS tks nksckjk ugha gks ldrhA
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2. ;fn 8 dks 4 ls dsydqysVj ij xq.kk djrs gSaA ;g fØ;k gS tks nksckjk rks gks ldrh gS] ij
igys ls gesa bldk ifj.kke Kkr gS] tks 32 gSA vr% ;g ;kn`fPNd iz;ksx ugha gSA

18.2 lsEiy Lisl (izfrn'kZ lef"V)
;fn ge iklk iQsadsa rks D;k ifj.kke gksxk\ lkiQ gS fd iklk iQasdus ij dksbZ ,d iQyd mQij vk
ldrk gSA vr% izR;sd iQyd dk mQij vkuk ,d laHko ifj.kke gSA

iklk isQadus ds ifj.kkeksa ds leqPp; dks ge fuEu izdkj fy[k ldrs gSa
S = {1, 2, 3, 4, 5, 6}

bl rjg ,d flDdk iQsadus ds ifj.kkeksa dk leqPp; fuEu izdkj gksxk

S = {H, T}.

,slk leqPp; tks fuEu xq.kksa dks lUrq"V djrk gS ,d izfrn'kZ lef"V dgykrk gSA

(i) leqPp; dk izR;sd vo;o fdlh ,d ifj.kke dks n'kkZrk gSA

(ii) ifj.kke dk dksbZ ,d ijh{k.k iQy leqPp; ds fliQZ ,d vo;o ds lkFk vuqdwy gksrk gSA
S dks iz;ksx dk lsEiy Lisl (Sample Space) dgrs gSa rFkk leqPp; S ds vo;oksa dks izfrn'kZ
fcUnq dgrs gSaA

 mnkgj.k 18.3.   nks flDds ,d lkFk mNkys x,] izfrn'kZ lef"V Kkr dhft,A

gy% eku H = fpr vkSj T =  iV

H

T

T (T, T)

(T, H)
(H, T)

(H, H)H

T

H

igyk flDdk nwljk flDdk izfrn  fcUnq'kZ

 S = { (H, H), (H, T), (T, H), (T, T) }.

 fVIi.kh%

;fn nks flDds ,d lkFk mNkys tk,sa rks lsEiy Lisl

S = { H H, H T, T H, T T}.

 mnkgj.k 18.4. ,d iz;ksx dk izfrn'kZ lef"V fyf[k, ftlesa igys iklk iQsadk tkrk gS vkSj fiQj

flDdk mNkyk tkrk gSA

gy % iklk iQsadus ds ifj.kke gksaxsA 1] 2] 3] 4] 5] 6 vkSj flDdk mNkyus ds ifj.kke gksaxs fpr
vkSj iV A

ekuk H (fpr) = 0 vkSj T (iV) = 1
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1

2

3

4

5

6

0 (1,0)

1 (1,1)
0 (2,0)

1 (2,1)
0 (3,0)

1 (3,1)
0 (4,0)

1 (4,1)
0 (5,0)

1
0 (6,0)

1 (6,1)

iklk isaQduk
flDdk mNkyuk

S = {(1, 0), (1, 1), (2, 0), (2, 1),(3, 0), (3, 1),(4, 0), (4, 1), (5, 0), (5, 1),

       (6, 0), (6, 1)}

∴   n(S) 6 2 12= × =

 mnkgj.k 18.5.  ge mu ifjokjksa dks ysrs gSa ftuesa 3 cPps gSaA ge iz;ksx djrs gSa ftlesa ge rhuksa

cPpksa ds fyax ds ckjs esa iwNrs gaSA bl iz;ksx dk izfrn'kZ lef"V fyf[k,A

gy % ekuk yM+dk B vkSj yM+dh G A rks fuEu fp=k cukb,

yM+dk

yM+dk

yM+dh
yM+dh

yM+dk
yM+dh

yM+dk (BBB)

(BBG)

(BGB)

(BGG)

igyk cPpk nwljk cPpk rhljk cPpk

yM+dh

yM+dh

yM+dk
yM+dh

yM+dk (GBB)

(GGB)

(GGG)

yM+dk

yM+dh

izfrn'kZ lef"V
S = {BBB, BBG,  BGB, BGG, GBB, GBG, GGB, GGG}

bl izdkj fy[kus dk ,d ykHk gS] ge iz'u iwN ldrs gaS D;k nwljk cPpk ,d yM+dh gS%
fdrus ifjokjksa esa igyk cPpk yM+dk gks ldrk gSA bl izdkj ds iz'uksa dk mÙkj vklkuh ls
fn;k tk ldrk gSA
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 mnkgj.k 18.6.   ,d iz;ksx gS ftlesa igys gjk vkSj yky iklk iQasdk x;kA bldk izfrn'kZ lfe"V

Kkr dhft,A

gy % bl iz;ksx dks ge o`{k fp=k }kjk fn[kk ldrs gSa %

1

2

3

4

5

6

1
2
3
4
5
6
1
2
3
4
5
6
1
2
3
4
5
6
1
2
3
4
5
6
1
2
3
4
5
6
1
2
3
4
5
6

gjk iklk yky iklk

ekuk ig vkSj jr vad gS ( 1 ls 6) tks iklk gjk ;k yky iQsadus ij mQij vkrs gSa rks bl iz;ksx dk

ifj.kke ,d Øfer ;qXe gksxkA ( )i jg , r  ;gka i vkSj j, 1 ls 6 rd dksbZ Hkh eku ys ldrs gSaA

bl iz;ksx dk izfrn'kZ lef"V gksxk ( )i jS { g , r : 1 i 6,1 j 6}.= ≤ ≤ ≤ ≤

x.kuk ds fu;e ds vuqlkj bl izfrn'kZ lef"V ds 36 vo;o gksaxs D;ksafd g vkSj r ds fy, 6]6
fodYi gSa vkSj 6 × 6 = 36

 mnkgj.k 18.7.   fuEufyf[kr iz;ksxksa esa izR;sd dk izfrn'kZ lef"V fyf[k, %

(i) ,d flDdk rhu ckj mNkyk x;k rFkk izR;sd ckj ifj.kke uksV fd;k x;kA

(ii) ikap f[kykfM+;ksa A,B,C,D rFkk E esa ls ,d eSp ds fy, nks f[kykfM+;ksa dks pquk x;kA

(iii) N% cht cks, x, rFkk mxus okys chtksa ds la[;k dks uksV fd;k x;kA

(iv) ,d flDdk nks ckj mNkyk x;kA ;fn nwljh ckj mNkyus ij fpr vk, rks ,d iklk iQsadk
x;k vU;Fkk ,d flDdk mNkyk x;kA

gy % (i) S = { TTT, TTH, THT, HTT, HHT, HTH, THH, HHH}
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izfrn'kZ lef"V ds vo;oksa dh la[;k gS 2 × 2 × 2 = 8

(ii) S= { AB, AC, AD, AE, BC, BD, BE, CD, CE, DE} ;gka n ( S ) = 10

(iii) S = { 0, 1, 2, 3, 4, 5, 6} ;gka n (S) = 7

(iv) bl iz;ksx dks ge fuEufyf[kr o`{k fp=k }kjk fn[kk ldrs gSa %

H

H

T

1

2

3

4

5

6

H

T

T

H

T

1

2

3

4

5

6

H

T

∴∴∴∴  S =  {HH1, HH2, HH3, HH4, HH5, HH6, HTH, HTT, TH1, TH2,TH3,TH4, TH5,

TH6, TTH, TTT}

vFkkZr bl iz;ksx ds 16 ifj.kke gSaA

18.3 fofHkUu inksa dh ifjHkk"kk
(Event) ?kVuk% flDdk mNkyus ds iz;ksx esa ge pkgrs gSa fd fpr vk,] rks fpr bl iz;ksx dh ?kVuk
gksxhA

iklk isQadus ds iz;ksx esa ;fn ge pkgrs gSa fd le la[;k vk, rks bl iz;ksx dk ifj.kke gksxk 2]
4 vkSj 6 rFkk ;g ,d ?kVuk gksxhA

geus ns[kk fd ,sls iz;ksx tks leku izfrcU/ksa esa djus ij ,d ifj.kke ugha nsrs ijUrq ifj.kkeksa esa ls
,d ifj.kke nsrs gSa] izfrn'kZ lef"V cukrs gSaA

izfrn'kZ lef"V ds dqN fu"d"kZ tks fdlh [kkl 'krZ dks lUrq"V djrs gSa ifj.kke dgykrs gSaA

fdlh ifj.kke dks ge A,B,C }kjk n'kkZrs gSaA

 mnkgj.k 18.8.   ,d iz;ksx E fd;k x;k ftlesa 3 flDdksa dks ,d lkFk mNkyrs gSaA bl iz;ksx

ds laHko fu"d"kZ fyf[k, vkSj os ifj.kke ?kVuk,a fyf[k, %

(i) tc fprksa dks la[;k iVksa ls T;knk gks   (ii) tc nks fpr vk,¡

gy%

igyk flDdk

nwljk flDdk

rhljk flDdk

H

T

H

T

H

T

H

T

H

T

H

T

H

T TTT

TTH

THT

THH

HTT

HTH

HHT

HHH
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S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

   =   { }1 2 3 4 5 6 7 8w , w , w , w , w , w , w , w

ekuk 1E ifj.kke (?kVuk) gS ftlesa fprksa dh la[;k iVksa dh la[;k ls T;knk gSA

rc  { }1 1 2 3 5E w , w , w , w=

vkSj 2E  og ?kVuk gS ftlesa fpr nks ckj vkrk gSA

 { }2 2 3 5E w , w , w=

 18.3.1 leizkf;d ?kVuk,¡

fdlh iz;ksx ds fu"d"kZ leizkf;d] gksrs gSa ;fn nks esa ls fdlh ,d dks ojh;rk u nh tk,A

mnkgj.k % 1. flDdk mNkyus ds fu"d"kZ fpr ;k iV leizkf;d ?kVuk,¡ gSaA

2. iklk iQsadus ds ifj.kke lHkh 6 i`"B Hkh leizkf;d gksrs gSaA

3. iwjh rk'k ds 52 iÙkksa esa ls ,d iÙkk fudkyuk Hkh leizkf;d ifj.kke gSA

 18.3.2 ijLij viothZ ?kVuk,¡

os ?kVuk,¡ ijLij viothZ gksrh gSa ftuesa ,d ds ?kfVr gksus ij nwljh ?kfVr u gksA(,d gh iz;ksx esa
nks ?kVuk,¡ ,d lkFk ?kfVr u gksa)

mnkgj.k % (i) iklk iQsadus ds iz;ksx esa 6 iQyd (1&6) ijLij viothZ gSa] D;ksafd ,d ckj iklk
iQsadus ij ,d gh iQyd mQij vk,xk rFkk nwljs fdlh dh laHkkouk lekIr gks
tkrh gSA

(ii) nks flDdksa ds mNkyus esa nksuksa iV gksa ;k de ls de ,d fpr gks ijLij viothZ
gSaA xf.kr dh x.kuk ds vuqlkj ?kVuk,¡ ijLij viothZ dgykrh gSa ;fn budk
izfrPNsnu ,d fjDr leqPp; gksA

 18.3.3 fu''ks"k ?kVuk,¡

fdlh ,d xq.k ds vk/kj ij ge dqN ?kVuk,¡ ,d=k djrs gSaA fdlh iz;ksx ds fdrus Hkh fu"d"kZ gksa]
,d=k dh xbZ ?kVukvksa esa ls ,d t:j ?kfVr gksuh pkfg,A

,slh ,d=k dh xbZ ?kVukvksa dks fu''ks"k ?kVuk,¡ dgrs gSaA

mnkgj.k % 1 ;fn iklk iQsadk tk, rks ;g t:jh gS fd ;k rks le la[;k mQij vk,xh ;k fo"ke
la[;k vk,xh vFkkZr le la[;k ;k fo"ke la[;k dh ?kVuk,¡ fu''ks"k gSaA

2. ;fn nks flDds iQsadsa tk,a rks ;g t:jh gS fd ;k rks fpr vk, ;k iV vk, vFkkZr
;k rks fpr ;k iV vkus dh ?kVuk,¡ fu''ks"k gSaA

xf.kr dh x.kuk ds vuqlkj ,d=k dh xbZ ?kVuk,¡ fu''ks"k dgykrh gSa ;fn buds la?k dk leqPp;
iwjk izfrn'kZ lef"V gksA

 18.3.4 LorU=k vkSj vkfJr ?kVuk,¡

?kVukvksa dk leqPp; LorU=k dgykrk gS ;fn dqN ?kVuk,¡ ?kfVr gksrh gSa vkSj budk vlj nwljh ?kfVr
?kVukvksa ij ugha gksrkA nwljh vksj ;fn ,d ?kfVr ?kVuk dk vlj nwljh ?kVuk ij gksrk gS rks ;s ?kVuk,¡a
vkfJr ?kVuk,¡ dgykrh gSaA
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mnkgj.k % ckj&ckj flDdk mNkyus dh ?kVuk,¡ Lora=k gksrh gSaA

rk'k esa ls ,d iÙkk fudkyk tk, vkSj mldks okil j[k dj fiQj ,d iÙkk fudkyk tk, rks ;s Lora=k
?kVuk,¡ gSaA ;fn ,d iÙkk fudkyus ds ckn bldks okil u j[ksa vkSj nwljk iÙkk fudkysa rks ;g fuHkZj
?kVuk,¡ gksaxhA

    ns[ksa vkius fdruk lh[kk 18.1

1. fcuk fdlh ojh;rk ds Ldwy ds ,d cPps dk p;u djuk ,d ;kn`fPNd iz;ksx gS] fl¼
dhft,A

2. dsydqysVj }kjk nks la[;kvksa dk ;ksx Kkr djuk ,d ;kn`fPNd iz;ksx ugha gS] fl¼ dhft,A

3. ,d le; esa rhu flDds mNkys x,] bldk izfrn'kZ lef"V fyf[k,A

4. ,d flDdk rFkk ,d iklk nksuksa mNkys x;sA bldk izfrn'kZ lef"V fyf[k,A

5. ;fn nks ikls ,d lkFk iQsadsa tk,a vkSj ;s t:jh gks fd gj ckj mQij os iQyd vk,¡ ftlesa
6 dk vad gksA D;k ;s ijLij viothZ gSa \

6. nks ikls ,d lkFk iQasdsa x, ?kVuk,¡ A, B, C, D gSa %

A) igys ikls ij le la[;k dk vkuk

B) igys ikls ij fo"ke la[;k dk vkuk

C) nksuksa iklksa ij izkIr la[;kvksa dk ;ksx < 7 vkuk

D) nksuksa iklksa ij izkIr la[;kvksa dk ;ksx > 7 vkukA

crkb, fd fuEufyf[kr dFku lR; gS ;k vlR;

(i) A rFkk B ijLij viothZ gSaA

(ii) A rFkk B ijLij viothZ rFkk fu''ks"k gSaA

(iii) A rFkk C ijLij viothZ gSaA

(iv) A rFkk D ijLij viothZ rFkk fu''ks"k gSaA

7. ,d cDls esa 6 yky] 4 liQsn vkSj 5 uhyh xsansa gSaA bl cDls ls ,d xsan ;kn`PN :i ls
fudkyh xbZA bldk izfrn'kZ lef"V fyf[k,A blesa fdrus izfrn'kZ fcUnq gSa \

8. ,d ckj nks ikls iQsadus ds vo;o fyf[k, vkSj izfrn'kZ fcUnq Hkh fyf[k,A

9. dqN ,sls ifjokj gSa ftuesa fliQZ 2 cPps gSaA bu ifjokjksa ds igys vkSj nwljs cPps ds fyax
ds ckjs esa iwNk tkrk gSA bldk izfrn'kZ lef"V fyf[k,A

� ,slh f+Ø;k ftldk dksbZ ifj.kke gks mls iz;ksx dgrs gSaA

� ,d ,slh fØ;k] tks leku fLFkfr;ksa esa nksckjk dh tk;s vkSj ftldk ifj.kke igys ls Kkr u
gks] dks ;kn`fPNd iz;ksx dgrs gaSA

C

A1

% + vkb;s nksgjk,¡
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� fdlh ;kn`fPNd iz;ksx ds ifj.kkeksa ds leqPp; dks izfrn'kZ lef"V dgrs gSa vkSj bl leqPp;
ds vo;oksa dks izfrn'kZ lef"V fcUnq dgrs gSaA

� izfrn'kZ lef"V ds os ifj.kke] tks fdlh 'krZ dks lUrq"V djrs gSa] ?kVuk dgykrs gSaA

� mu ?kVukvksa dks leizkf;d dgrs gSa tc fdlh ,d ?kVuk ds fy, nwljh dks ojh;rk u nh
tk,A

� ;fn ,d ?kVuk ds ?kfVr gksus ls nwljh ?kVuk ?kfVr ugha gksrh rks ;s ijLij viothZ ?kVuk,¡a
gksrh gSaA

� fdlh ijh{k.k ds dqy ifj.kkeksa dks fu''ks"k ?kVuk,¡ dgrs gSaA

� ?kVukvksa dk og leqPp; LorU=k dgykrk gS ftldh fdlh ?kVuk ds ?kfVr gksus dk izHkko
nwljh ?kfVr ?kVuk ij ugha gksrk vkSj ;fn ,d ?kfVr ?kVuk dk vlj nwljh ij gksrh gS] rks
;s fuHkZj ?kVuk,¡ dgykrh gSaA

� www.math.uah.edu/stat/prob/Events.html

� http://en.wikipedia.org/wiki/Experiment_(probability_theory)

1. ,d pk; lsV esa pkj di vkSj pkj IysVsa gSaA ;fn di IysVksa ij ;kn`PN :i ls j[ks tk,¡ rks
izfrn'kZ lef"V fyf[k,A

2. ;fn pkj flDds mNkys tk,¡ rks bl iz;ksx dk izfrn'kZ lef"V fyf[k,A

3. ;fn ,d ds ckn ,d n flDds mNkys tk,¡ rks fdrus izfrn'kZ lef"V vo;o cusaxsA

[ladsr % n = 1,2, 3,4, .....]

4. nks iklksa dks ,d lkFk mNkyk x;kA blesa fdrus izfrn'kZ fcUnq gkasxs\

ns[ksa vkius fdruk lh[kk 18.1

1. nksuksa xq.k larq"V gksrs gSaA 2. ifj.kke dk iwoZ Kku gks ldrk gS\

3. { }S HHH, HHT, HTH, HTT, THH, THT, TTH, TTT=

4. { }H1, H2, H3, H4, H5, H6, T1, T2, T3, T4, T4, T6 5.   ugha

lgk;d osclkbV

vkb, vH;kl djsa

mÙkjekyk
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6. (i) lR;  (ii) lR;  (ii) vlR; (iv) lR; 7. 15

8.  ( ) ( ) ( ){ ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )}

1,1 , 1, 2 , 1, 3 , 1, 4 , 1, 5 , 1, 6

2,1 , 2, 2 , 2, 3 , 2, 4 , 2, 5 , 2, 6

3,1 , 3, 2 , 3, 3 , 3, 4 , 3, 5 , 3, 6

4,1 , 4, 2 , 4, 3 , 4, 4 , 4, 5 , 4, 6

5,1 , 5, 2 , 5, 3 , 5, 4 , 5, 5 , 5, 6

6,1 , 6, 2 , 6, 3 , 6, 4 , 6, 5 , 6, 6

9. {MM,  MF,  FM,  FF}

vkb, vH;kl djsa

1. {

}

1 1 1 2 1 3 1 4 2 1 2 2 2 3 2 4

3 1 3 2 3 3 3 4 4 1 4 2 4 3 4 4

C S , C S , C S , C S , C S , C S , C S , C S ,

C S , C S , C S , C S , C S , C S , C S , C S

2. 42 16= , { HHHH, HHHT, HHTH, HTHH, HHTT, HTHT, HTTH, HTTT,,

THHH, THHT, THTH, THTT, TTHH, TTHT, TTTH, TTTT}

3. n2 4. 26 36=
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19

izkf;drk

vki nSfud thou esa izk;% ,sls dFku lqurs jgrs gSa fd ^vkt o"kkZ gks ldrh gS* ;k ^laHkor% Hkkjr
eSp thr tk,* ;k ^eSa laHkor% bl in ds fy, pquk tkmaQ*A bu dFkuksa esa vfuf'prrk dk rRo
lfEefyr gSA vfuf'prrk dks ge dSls eki ldrs gSa\ xf.kr dh og 'kk[kk ftlesa ;g vfuf'prrk
ekih tkrh gS] izkf;drk dk fl¼kUr dgykrh gSA fdlh ?kVuk ds ?kVus dh vfuf'prrk dks ekius ds
fy, izkf;drk ds fl¼kUr dks cuk;k x;k gSA 'kCn dks"k esa izkf;drk dk vFkZ gS ^laHkor% ?kfVr gks
ijUrq fuf'pr ugha*A blfy, tc ,d flDdk mNkyk tkrk gS rks fpÙk vk ldrk gS ijUrq u Hkh vk,A
blh izdkj tc ,d iklk iQsadk tkrk gS] rks ;g la[;k 6 fn[kk, ;k uk fn[kk,A
bl ikB esa ge] izkf;drk dh oqQN ewyHkwr vo/kj.kkvksa] ;ksx izes;] ijkfJr ,oa Lora=k ?kVuk,a] xq.ku
izes;] cst izes;] ;kn`fPNd pj vkSj bldh izkf;drk caVu ,oa f}in caVu dk vè;;u djsaxsA

   mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,axs %
� fdlh ?kVuk ds ?kVus dh izkf;drk dks ifjHkkf"kr djuk]

� mnkgj.kksa }kjk LFkkfir djuk fd fdlh ?kVuk ds ?kfVr gksus dh izkf;drk ,d ½.ksrj fHkUu
gS tks fd ,d ls cM+h ugha gSA

� izkf;drk ds iz'uksa dks gy djus esa Øep; rFkk lap; dk mi;ksx djuk]
� izkf;drk ds ;ksx ds izes; dk dFku nsuk rFkk bls fl¼ djuk]

� izkf;drk dh ;ksx izes; dk ijLij viothZ ?kVukvksa osQ fy, O;kihdj.k djukA
� ijkfJr ,oa LorU=k ?kVukvksa ds fy, xq.ku fu;e dks le>uk vkSj bl ij vk/kfjr iz'uksa dks gy djuk
� izfrca/h izkf;drk dks le>uk vkSj lacaf/r iz'uksa dks gy djuk
� cst izes; dks le>uk vkSj lacaf/r iz'ukssa dks gy djuk

� ;kn`fPNd pj dks ifjHkkf"kr djuk vkSj bl dh izkf;drk caVu Kkr djuk
� ;kn`fPNd pj ds ekè; ,oa izlj.k dks le>uk ,oa Kkr djuk
� f}in caVu dks le>uk vkSj bl ij vk/kfjr iz'uksa dks gy djuk

iwoZ Kku
� ;kn`fPNd iz;ksx rFkk ?kVukvksa dk Kku
� izfrn'kZ lef"V dk vFkZ
� ,d ekud rk'k dh xM~Mh esa 52 iÙks gksrs gSa tks fd 13 iÙkksa ds pkj jax (lwV)] gqdqe]

fpM+h]bZaV rFkk iku esa cVs gksrs gSaA tc fd izR;sd lwV esa bDdk] ckn'kkg] csxe] xqyke
10]9]8]7]6]5]4]3 rFkk 2 ds iÙks gksrs gSaA ckn'kkg] csxe rFkk xqyke dks rLohj okyk iÙkk
(iQsl dkMZ) dgrs gSaA ckdh iÙkksa dks uEcj dkMZ dgrs gSaA
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19.1 ?kVuk,a rFkk mudh izkf;drk
blls igys ikB esa geus vè;;u fd;k fd dksbZ fØ;kdyki ;kn`fPNd iz;ksx gS vFkok ughaA
izkf;drk dk vè;;u lnSo ;kn`fPNd iz;ksx ls gh lacaf/r gksrk gSA vr% Hkfo"; esa ^iz;ksx* 'kCn
dk mi;ksx dsoy ;kn`fPNd iz;ksx ds fy, gksxkA

ml ikB esa geus fofHkUu izdkj dh ?kVukvksa tSls leizkf;d] ijLij viothZ dks ifjHkkf"kr fd;k
gS dqy laHko ifj.kkeksa dh] LorU=k rFkk vkfJr ?kVukvksa vkSj mi;qZDr ?kVukvksa ds mnkgj.k Hkh fn,
gSa ;gka gekjh :fp fdlh fof'k"V ?kVuk ds ?kfVr gksus dh laHkkouk esa gS] tcfd ,d iz;ksx fd;k
x;k gksA vkb, dqN mnkgj.kksa ij fopkj djsaA

,d flDds dks mNkyus ij fpÙk (Head) vkus dh laHkkouk D;k gS\ ;gka dsoy nks leizkf;d ifj.kke
gSa] fpÙk vFkok iV (Tail)A nSfud Hkk"kk esa ge dgrs gSa fd fpÙk vkus dh laHkkouk nks esa ls ,d gSA

rduhdh Hkk"kk esa ge dgrs gSa fd fpÙk dh izkf;drk 
1

2
 gSA

blh izdkj] ,d ikls dks iQsadus ds iz;ksx esa N% leizkf;d ifj.kke 1] 2] 3] 4] 5] 6 gSA vad 1 okys

iQyd ds vkus dh laHkkouk 6 esa ls 1 gSA blfy, ge dgrs gSa fd 1 vkus dh izkf;drk 
1

6
 gSA

Åijh iz;ksx esa eku yhft, ,d iklk iQsadus ij ge ,d le la[;k ds vkus dh izkf;drk tkuuk
pkgrs gSaA Li"V gS fd lEHko la[;k,¡ 2] 4 rFkk 6 gSA rFkk le la[;k vkus dh laEHkkouk 6 esa ls

3 gS blfy, ge dgrs gSa fd le la[;k dh izkf;drk 
3

6
 vFkkZr 

1

2
gSA bl ls gesa izkf;drk dh

fuEufyf[kr ifjHkk"kk feyrh gS %

;fn n lHkh laHko leizkf;d rFkk ijLij viothZ ifj.kke okys ,d iz;ksx esa] fdlh ?kVuk A ds
vuqdwy (i{k esa) m ifj.kke gksa rks ?kVuk A ds ?kfVr gksus dh izkf;drk P dks fuEufyf[kr laca/
ls izkIr fd;k tkrk gS %

( )P A= = =
m

p
n

vudq wy ifj.kkeksa dh la[;k
lHkh lHa ko ifj.kkekas dh l[a ;k

....(i)

pwafd ?kVuk A ds u ?kfVr gksus ds vuqdwy ifj.kkeksa dh la[;k (n−m) gS rks A ds u ?kfVr gksus dh
izkf;drk q gksxh %

n m m
q 1

n n

−
= = −

    1 p= − [(i) dk mi;ksx djus ij]

∴    p q 1.+ =

Li"Vr% p rFkk q Hkh /ukRed gaS vkSj buds eku 1 ls vf/d ugha gks ldrsA

vFkkZr~ 0 p 1≤ ≤ ,     0 q 1≤ ≤

bl izdkj fdlh ?kVuk ds ?kfVr gksus dh izkf;drk 0 ls 1 ds rd fLFkr gksrh gSA
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1. fdlh ?kVuk ds ?kfVr gksus dh izkf;drk p dks liQyrk dh izkf;drk] rFkk ?kVuk ds u ?kfVr
gksus dh izkf;drk q dks vliQyrk dh izkf;drk Hkh dgrs gSaA

2. (a) ;fn ( )P A 1,=  rks A ,d fuf'pr ?kVuk dgykrh gS] vFkkZr ?kVuk A  dk ?kfVr gksuk

vo';aHkkoh gSA

(b) ;fn ( )P A 0=  rks A ,d vlaHko ?kVuk dgykrh gS] vFkkZr ?kVuk dk ?kfVr gksuk
vlaHko gSA

3. ,d ?kVuk ds vuqdwy (i{k) ds ifj.kkeksa dh la[;k (m) mlds dqy ifj.kkeksa dh la[;k (n)

ls vf/d ugha gks ldrhA

vkb, ge dqN mnkgj.kksa ij fopkj djsaA

 mnkgj.k 19.1.   nks flDds ,d lkFk mNkys tkrs gSa (i) nks ^fpÙk* vkus dh izkf;drk Kkr dhft,

(ii) dsoy ,d ^fpÙk* vkus dh izkf;drk D;k gS\

gy % ;gka dqy laHko ifj.kke 4 gaS vFkkZr dqy laHko ifj.kkeksa dh la[;k = 4.

HH, HT, TH, TT.

(i) ?kVuk (nks fpÙk) ds vuwdwy ifj.kkeksa dh la[;k = 1

vr% P (2 fpÙk) = 
1

4
.

(ii) vc dsoy ,d ^fpÙk* ds vuqdwy ifj.kke HT rFkk TH gSA

∴ P ( dsoy 1 fpÙk ) 
2 1

4 2
= = .

 mnkgj.k 19.2.   nks ikls iQsads tkrs gSaA ;ksx 9 vkus dh izkf;drk D;k gS\

gy % nks iklksa dks ,d ckj iQsadus ij vkus okys dqy laHko ifj.kke 6 × 6 = 36 gaSA ge mUgsa fuEu
izdkj ls fy[k ldrs gSa %

1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 2,4 2,5 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 4,5 4,6

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

vc ge ;skx 9 dSls izkIr dj ldrs gSa\ gekjs ikl gSa %

3 + 6 = 9,  4 + 5 = 9

5 + 4 = 9,  6 + 3 = 9

nwljs 'kCnksa esa  (3, 6), (4, 5), (5, 4) rFkk (6,3) nh gqbZ ?kVuk ds vuqdwy ifj.kke gSaA

vr% P(;ksx 9) = 
4 1

36 9
=
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 mnkgj.k 19.3.   ;kn`fPNd pqus x, yhi o"kZ esa 53 jfookj gksus dk la;ksx D;k gS \

gy % yhi o"kZ esa fnuksa dh la[;k = 366

vc 366 fnu = 52 lIrkg vkSj 2 fnu] vr% yhi o"kZ esa 52 jfookj gSa vxys 2 fnu ds laHko lap;
uhps fn;s x, gSa%

(i) jfookj rFkk lkseokj

(ii) lkseokj rFkk eaxyokj

(iii) eaxyokj rFkk cq/okj

(iv) cq/okj rFkk c`gLifrokj

(v) c`gLifrokj rFkk 'kqØokj

(vi) 'kqØokj rFkk 'kfuokj

(vii) 'kfuokj rFkk jfookj

;kn`fPNd pqus x, yhi o"kZ esa 53 jfookj gksus ds fy,] vxys 2 fnu esa ,d jfookj vo'; gksuk
pkfg,A pw¡fd mi;qZDr lkr laHkkoukvksa esa bl ?kVuk ds nks vuqdwy ifj.kke gSaA

2

7
∴ =ikz f;drk

      ns[ksa vkius fdruk lh[kk 19.1

1. ,d iklk ,d ckj iQsadk tkrk gSA 3 izkIr djus dh izkf;drk Kkr dhft,A

2. ,d flDdk ,d ckj mNkyk tkrk gSA iV (Vsy) izkIr djus dh izkf;drk D;k gS\

3. ,d ikls ij 3 ls cM+h la[;k vkus dh izkf;drk D;k gS\

4. nks flDdksa dks ,d lkFk mNkyus ij de ls de ,d iV (Vsy) izkIr djus dh izkf;drk Kkr
dhft,A

5. ,d FkSys esa ls ftl esa 15 yky rFkk 10 uhyh xsans gS] ,d xsan ;kn`fPNd :ils fudkyh tkrh
gSA fudkyh xbZ xsan ds (i) yky gksus dh izkf;drk D;k gS\ (ii) uhyh gksus dh izkf;drk D;k
gS\

6. ;fn nks ikls iQasds tkrs gSa rks ;ksx (i) 6 (ii) 8 (iii)10 (iv)12 gksus dh izkf;drk D;k gaS\

7. nks ikls iQsads x,A nksuksa iQydksa dh la[;kvksa ds ;ksx ds 3 ;k 4 ls foHkkftr gksus dh izkf;drk
Kkr dhft,A

8. ;fn nks ikls iQsads tk,a rks nksuksa iQydkas dh la[;kvksa dk ;ksx 10 ls vf/d vkus dh izkf;drk
D;k gksxh\

9. ,d vPNh izdkj iQsadh xbZ 52 iÙkksa dh rk'k dh xM~Mh ls ,d yky iÙkk fudkyus dh
izkf;drk D;k gS\

10. ,d vPNh izdkj iQsaVh xbZ 52 iÙkksa dh rk'k dh xM~Mh esa ls ,d iÙkk [khapk x;kA izkf;drk
Kkr dhft,A

(i) gqdqe ds iÙks dh (ii) ckn'kkg dh (iii) gqdqe ds ckn'kkg dh
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11. iklksa dk ,d ;qXe iQsadk x;kA izkf;drk Kkr dhft, fd %

(i) ;ksx ,d vHkkT; la[;k gks

(ii) ,d f}d (vFkkZr nksuksa iklksa ij leku la[;k) vk,

(iii) ,d ikls ij 2 dk xq.kt rFkk nwljs ij 3 dk xq.ku vk,A

12. rhu flDds ,d lkFk mNkys x,A izkf;drk Kkr dhft, %

(i) dksbZ fpÙk uk vk, (ii) de ls de ,d fpÙk vk, (iii) lHkh fpÙk vk,aA

19.2 lap; foU;kl (Øep; rFkk lap;) dk mi;ksx djds izkf;drk
   dk ifjdyu

fiNys vuqPNsn esa geus fdlh ?kVuk dh izkf;drk mlds lHkh laHko ifj.kkeksa dks rFkk ml ?kVuk ds
vuqdwy ifj.kkeksa dks fy[k dj ifjdfyr dh FkhA ;g rHkh laHko gS tcfd ifj.kkeksa dh la[;k NksVh
gks] vU;Fkk ;g izfØ;k dfBu gks tkrh gS vkSj blesa le; Hkh vf/d yxrk gSA lkekU; :i esa gesa
lHkh ifj.kkeksa dks fy[kus dh vko';drk ugha gSA gesa dsoy lHkh laHko ifj.kkeksa dh la[;k vkSj nh
gqbZ ?kVuk ds vuqdwy ifj.kkeksa dh la[;k dh vko';drk gksrh gSA vusd fLFkfr;ksa esa budks Øep;
rFkk lap; ds Kku dk mi;ksx djds Kkr fd;k tk ldrk gS ftls vki igys i<+ pqds gSaA
vkb,] fuEufyf[kr mnkgj.kksa ij fopkj djsaA

 mnkgj.k 19.4.   ,d FkSys esa 3 yky] 6 liQsn vkSj 7 uhyh xsansa gSaA nks xsans fudkyh tkrh gSa muds
,d liQsn vkSj ,d uhyh gksus dh izkf;drk D;k gS\
gy % dqy xsanksa dh la[;k = 3 + 6 +  7  = 16

vc] 16 xsanksa esa ls 2 xsan 16
2C  fof/;ksa ls fudkyh tk ldrh gSA lHkh laHko ifj.kkeksa dh la[;k

= 16
2

16 15
C 120

2

×
= = .

6 liQsn xsanksa esa ls 1 xsan 6
1C  fof/;ksa ls fudkyh tk ldrh gSA vkSj 7 uhyh xsanksa esa ls 1 xsan

7
1C  fof/;ksa ls fudkyh tk ldrh gSA pw¡fd iwoZ dh izR;sd fLFkfr;ka ckn dh izR;sd fLFkfra ls lac¼

gS blfy, dqy vuqdwy fLFkfr;ksa dh la[;k 6 7
1 1C C 6 7 42× = × =  gSA

∴ vHkh"V izkf;drk 
42 7

120 20
= =

fVIi.kh %

,d FkSys esa ls ftlesa vusd xsan j[kh gSa tc nks vFkok vf/d xsan fudkyh tk,] rks ,slk nks fof/
;ksa ls fd;k tk ldrk gS %
(i) fcuk okil j[ks % tc nwljh xsan fudkyh tkrh gS rks mlds iwoZ igyh xsan okil ugha j[kh xbZA

rhljh xasn Hkh igyh nks xsanksa dks fcuk okil j[ks fudkyh tkrh gS] bR;kfnA Li"V gS fd fcuk okil
j[ks xsanksa ds fudkyus dh fLFkfr bl ds leku gS fd mu lHkh xsanksa dks ,d lkFk fudkyk tk,A

(ii) okil j[kdj % bl fLFkfr esa] vxyh xsan fudkyus ls igys fiNyh xsan dks FkSys esa okil
j[k fn;k tkrk gSA ;gka tc Hkh xsan ckgj fudkyh tkrh gS] rks FkSys esa xsanksa dhla[;k leku
jgrh gSA

bl izdkj ds iz'uksa esa tc rd fn;k uk gks ge mls fcuk okil j[ks okyk gh iz'u ekusxsaA
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 mnkgj.k 19.5.   52 iÙkksa okyh rk'k dh xM~Mh esa ls 6 iÙks ;kn`fPNd :i ls fudkys x,A 3 yky

o 3 dkys iÙks gksus dh izkf;drk D;k gS\

gy% vPNh izdkj ls iQsaVh xbZ rk'kksa dh xM~Mh esa ls 6 iÙks 52
6C  fof/;ksa ls fudkys tk ldrs gSa

vFkkZr~ laHko ifj.kkeksa dh dqy la[;k = 52
6C A 3 yky iÙks 26

3C  fof/;ksa ls fudkys tk ldrs gSaA

3 dkys iÙks 26
3C  fof/;ksa ls fudkys tk ldrs gSaA

vuqdwy fLFkfr;ksa dh dqy la[;k  = 26
3C × 26

3C

vr% vHkh"V izkf;drk =
26 26

3 3
52

6

C C 13000

39151C

×
=

 mnkgj.k 19.6.    3 iq#"kksa] 2 fL=k;ksa rFkk 4 cPpksa esa ls pkj O;fDr;ksa dks ;kn`fPNd :i ls pquuk

gSA n'kkZb, fd muesa Bhd nks cPps lfEefyr gksus dh izkf;drk 
10

21
 gSA

gy % leqnk; esa O;fDr;ksa dh la[;k = 3 + 2 + 4 = 9. pkj O;fDr;ksa dks ;kn`fPNd pquk tkrk gS]
;fn muesa ls 2 cPps gSa] rc 'ks"k nks 5 O;fDr;ksa (3 iq#"kksa +2 fL=k;ksa) esa ls pqus tk ldrs gSaA

4 cPpksa esa ls 2 cPps 4
2C  fof/;ksa ls pqus tk ldrs gSaA  

4
2

4 3
C 6

1 2

×
= =
×

5 O;fDr;ksa esa ls 2 O;fDr;ksa ds pquus dh dqy fof/;k¡  = 
5

2
5 4

C 10
1 2

×
= =
×

 gSA

9 O;fDr;ksa esa ls 4 O;fDr;ksa ds pquus dh dqy fof/;k¡ = 
9

4
9 8 7 6

C 126
1 2 3 4

× × ×
= =
× × ×

vr% vHkh"V izkf;drk = 
4 5

2 2
9

4

C C

C

× 6 10 10

126 21

×
= =

    ns[ksa vkius fdruk lh[kk 19.2

1. ,d FkSys esa 3 yky] 6 liQsn rFkk 7 uhyh xsan gSaA nks fudkyh xbZ xsanksa ds liQsn gksus dh
izkf;drk D;k gS\

2. ,d FkSys esa 5 yky] 8 uhyh xsan gSaA nks fudkyh xbZ xsanksa esas ,d yky rFkk ,d uhyh gksus
dh izkf;drk D;k gS\

3. ,d FkSys esa 20 liQsn rFkk 30 dkyh xsan gSaA ;kn`PN;k fudkyh xbZ nksuksa xsanks ds liQsn gksus
dh izkf;drk D;k gS] (a) okil j[krs gq, (b) fcuk okil j[krs gq, \

4. vPNh rjg iQasVh xbZ 52 iÙkksa okyh rk'k dh ,d xM~Mh esa ls rhu rk'k ds iÙks [khps tkrs
gSaA rhuksa iÙkksa ds xqyke gksus dh izkf;drk Kkr dhft,A

5. vPNh rjg iQsaVh xbZ 52 iÙkksa dh rk'k dh xM~Mh esa ls nks iÙks [khpsa tkrs gSaA n'kkZb,] fd

muds bDds gksus dh izkf;drk 
1

221
 gSA
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6. ,d fo|ky; esa 10 gksugkj fo|kFkhZ gSa] ftl esa 6 yM+ds rFkk 4 yM+fd;ka gSaA 3 fo|kfFkZ;ksa
dk okn fookn izfr;ksfxrk ds fy, ;kn`PN;k pquko djuk gSA izkf;drk Kkr dhft, fd pqus
x;s fo|kfFkZ;ksa esa  %

(i) ,d yM+dk rFkk nks yM+fd;ka gksa] (ii) lHkh yM+ds gksa] (iii) lHkh yM+fd;ka gksaA

7. 21 fVdVksa] ftu ij 1 ls 21 rd la[;k,¡ vafdr gSa] esa ls rhu ;kn`fPN;k fudkyh tkrh
gSA izkf;drk Kkr dhft, fd mu ij vafdr la[;k,a laekrj Js.kh esa gSaA

8. 1 ls 8 rd la[;kvksa okys 8 dkMks± esa ls 2 dkMZ ;kn`fPNd #i ls fy, x;s ;fn nksuksa dkMZ
bdV~Bs fudkys x, rks la[;kvksa dk ;ksx fo"ke vkus dh izkf;drk D;k gksxh\

9. 6 yM+dksa rFkk 8 yM+fd;ksa ds ,d lewg esa ls 5 f[kykfM+;ksa dh ,d Vhe dk p;u fd;k
x;kA bl Vhe esa 2 yM+ds rFkk 3 yMfd;ksa ds pqus tkus dh izkf;drk Kkr dhft, ;fn p;u
;kn`fPNd :i ls fd;k x;k gksA

10. igys 200 ?kukRed iw.kkZdkasa esa ls ,d iw.kk±d pquk x;kA izkf;drk Kkr dhft, fd ;g iw.kk±d
6 ;k 8 ls foHkkftr gksrk gSA

19.3 ?kVukvksa esa laca/

19.3.1 ,d ?kVuk dk iwjd

vkb, ,d mnkgj.k ysaA tc ,d iklk iQsadk tkrk rks bldk izfrn'kZ lef"V gksxk%
S ={ 1 , 2, 3, 4, 5, 6 }

eku yhft, fd A ,slh ?kVuk gS ftlesa le la[;k vkuh pkfg, rks ?kVuk A izfrn'kZ vo;o 2, 4,

6, vkus ij ?kfVr gksxk vkSj 1] 3] 5 vkus ij ?kfVr ugha gksxkA

ftu ifj.kkeksa esa ?kVuk A ?kfVr ugha gksrh os A ds iwjd dgykrs gSaA

iwjd A esa os ifj.kke vkrs gSa tks ?kVuk A ds vuqdwy ugha gS vkSj budks ^ugha A* vFkok A  }kjk
fy[kk tkrk gSA

19.3.2 ?kVuk A ;k B

,d iklk iQsadk x;kA ekuk ?kVuk A esa os iQyd mQij vkrs gSa ftu ij 2 ds xq.kt gSa vkSj ?kVuk B

esa os iQyd Åij vkrs gSa ftu ij 3 ds xq.kt gSaA blfy, 2] 4] 6 ?kVuk A ds vuqdwy gSa vkSj 3,6

?kVuk B ds vuqdwy gSaA

362

4

A BS

fp=k 19.1

A ;k B dk ?kfVr gksuk

A B { 2, 3, 4, 6 }=∪

fiQj ;fn ?kVuk A esa le la[;k vk, vkSj B esa fo"ke la[;k vk, rks

A = {  2, 4, 6  }, B = { 1, 3, 5  }
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A BS

2

6
4

5

1 3

fp=k 19.2

A B {1, 2, 3, 4, 5, 6 }=∪

bu mnkgj.kksa esa geus ns[kk fd ;fn A rFkk B nks ?kVuk,sa gSa rks A ;k B vFkkZr~ ( A B∪ ) esa os lHkh
ifj.kke gkssaxs tks ;k rks A ds vuqdwy gSa] ;k B ds vuqdwy gSa ;k nksuks ds vuqdwy gSaA

19.3.3 ?kVuk A vkSj B

iqjkus iz;ksx dks ,d ckj fiQj ls ;kn djrs gSa ftlls iklk iQsadus ij ?kVuk A esa 2 ds xq.kt vkSj
?kVuk B esa 3 xq.kt mQij vkrs gSaA ?kVuk A ds ifj.kke gSa 2, 4, 6, vkSj ?kVuk B ds ifj.kke gSa 3, 6.

36

2

4

A BS

A  B∩

fp=k 19.3

bu nksuksa ?kVukvksa ls irk pyrk gS fd ifj.kke 6 nksuksa esa ,d vuqdwy ifj.kke gSA

rk'k dh xM~Mh esa ls ,d iÙkk fudkykA ?kVuk,a A rFkk B fuEufyf[kr gS %

?kVuk A = ,d yky iÙkk vkuk

?kVuk B = ,d ckn'kkg vkuk

gesa Kkr gS fd iwjh rk'k dh xM~Mh esa 26 yky iÙks gksrs gSa vkSj 4 ckn'kkg gksrs gSa] mu 4 ckn'kkgksa
ds iÙkksa esa ls nks yky gksrs gSaA bl iwjs iz;ksx esa 2 yky okys jktk ds iÙks nksuksa ?kVukvksa esa vuqdwy gSaA

blfy, A vkSj B esa os ifj.kke vkrs gSa tks nksuksa esa vuqdwy gksrs gSaA

∴ A B∩ =  {rk'k essa vkus okys ckn'kkg tks yky gSa}

                        

ckn g'kk

yky iRrk yky ckn g'kk

fp=k 19.4

vr% A vkSj B esa os ifj.kke vkrs gSa tks A vkSj B nksuksa esa vuqdwy gksrs gSa] vFkkZr~ ?kVuk A vkSj B

?kfVr gksrh gS tcfd A vkSj B lkFk&lkFk ?kfVr gksrs gSaA ladsru :i esa bls A B∩  fy[kk tkrk gSA
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19.4 izkf;drk ds ;ksx dk fu;e
,d iklk iQsadus ds iz;ksx esa eku yhft, fd ?kVuk A ds ifj.kke gSa fo"ke la[;k,sa vkSj ?kVuk B ds
ifj.kke gSa vHkkT; la[;k;saA bl iz;ksx dh D;k izkf;drk gksxh fd ,d fo"ke la[;k ;k ,d vHkkT;
la[;k vk,A

,d iklk iQsadus dk izfrn'kZ lef"V S = { 1, 2, 3, 4, 5, 6 } gSA

?kVuk A ds ifj.kke = { 1, 3, 5 }

?kVuk B ds ifj.kke = { 2, 3, 5 }

2
3

1

A B S

5

fp=k 19.5

?kVuk A ;k B ds ifj.kke
A B∪  = {1, 2, 3, 5 }.

blfy, ,d fo"ke la[;k ;k ,d vHkkT; la[;k dh izkf;drk 
4 2

P(A B)
6 3

= =;k .

bldks ge nwljh rjg Hkh gy dj ldrs gSa tSls
?kVuk A ds vuqdwy ifj.kke = 1, 3, 5

∴A dh izkf;drk 
3

P ( A )
6

=

?kVuk B ds vuqdwy ds ifj.kke = 2, 3, 5.

B dh izkf;drk 
3

P ( B )
6

=

A vkSj B ds vuqdwy ifj.kke = 3, 5.

∴   A  vkSj B dh izkf;drk P (A vkSj B)
2

6
=

vc  P (A) P (B) P+ −  (A vkSj B)
3 3 2

6 6 6
= + −

    
4 2

6 3
=  = P (A ;k B)

vc ge ;ksx ds fu;e dks fy[krs gSa ftlesa ge ?kVukvksa ds la?k dh (Union) izkf;drk fudky ldrs gSaA

fdlh izfrn'kZ lef"V dh nks ?kVukvksa A vkSj B ds fy,

P ( A ;k B ) = P (A) + P (B) − P ( A vkSj B )

;k   ( )P A B P ( A) P ( B) P ( A B)= + −∪ ∩ .....(ii)
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 mnkgj.k 19.7.   vPNh rjg iQsaVh xbZ rk'k dh xM~Mh esa ls ,d iÙkk fudkyk x;k] izkf;drk

Kkr dhft, fd ;k rks gqde dk iÙkk vk, ;k ckn'kkg dk iÙkk vk,A

gy % ;kfn`fPNd :i ls ;fn rk'k esa ls ,d iÙkk fudkyk tk, rks izR;sd iÙks ds fudyus dh cjkcj
laHkkouk gS vFkkZr blds izfrn'kZ Lef"V esa 52 vo;o gksxsaA

vc ;fn ?kVuk A ds ifj.kke gSa gqde dk iÙkk vkSj ?kVuk B dk ifj.kke gS ckn'kkg rks ?kVuk Aesa
13 izfrn'kZ vo;o gksxsa vkSj ?kVuk B esa 4 izfrn'kZ vo;o gksxsaA

∴

13
P ( A )

52
= ,

4
P ( B )

52
=

?kVuk A vkSj B dk ,d izfrn'kZ vo;o gksxk

( )
1

P A B
52

=∩

vr% gqde dk iÙkk ;k ckn'kkg vkus dh izkf;drk

( )P A B P ( A ) P ( B ) P ( A B )= + −∪ ∩

13 4 1

52 52 52
= + −

16

52
=

4

13
=

 mnkgj.k 19.7.  ,d iz;ksx esa nks ikls iQsads x, ftlesa

?kVuk A: mQij vk, iQydksa ds vadksa dk ;ksx 8 vk;sA

?kVuk B: tc nksuksa ckj ,d tSlk vad vk,A

bl iz;ksx esa A ;k B dh izkf;drk D;k gS\

gy % bl iz;ksx ds izfrn'kZ lef"V esa 6  ×  6  =  36 izfrn'kZ vo;o gksxsaA

?kVuk A ds vuqdwy ifj.kke

A= { ( 2, 6 ) , ( 3, 5 ), ( 4, 4 ), ( 5, 3 ), ( 6, 2 ) }

?kVuk B ds vuqdwy ifj.kke

( ) ( ) ( ) ( ) ( ) ( ){ }B 1,1 , 2, 2 , 3, 3 , 4, 4 , 5, 5 , 6, 6=

?kVuk A vkSj B nksuksa ds vuqdwy ifj.kke

   A B { (4, 4) }.=∩

vc      
5

P ( A )
36

= ,    
6

P ( B )
36

= , ( )
1

P A B
36

=∩

A ;k B dh izkf;drk

vFkkZr   ( )
5 6 1

P A B
36 36 36

= + −∪

        
10

36
=

5

18
=
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19.5 ijLij viothZ ?kVukvksa dh izkf;drk ds ;ksx dk fu;e
ge tkurs gSa nks ?kVuk,a ijLij viothZ gksrh gSa ;fn mudk dksbZ Hkh ifj.kke mHk;fu"B u gksA

;kfu fd  P (A vkSj B) = 0 .....(iii)

bldk eku ;ksx ds fu;e esa j[kus ij

( ) ( ) ( )P A B P A P B= +∪

blfy, nks ijLij viorhZ ?kVukvksa ds fy,

( ) ( ) ( )P A B P A P B∪ = +

 mnkgj.k 19.9.   ,d gh ckj esa nks ikls iQsads x,A ;fn vadks dk  ;ksx 9 ;k 11gks rks bl iz;ksx

dh izkf;drk Kkr dhft,A

gy % ,d ?kVuk esa vadksa dk ;ksx 9 vkSj ,d ?kVuk esa vadksa dk ;ksx 11 vk,] ;s nksuksa ijLij
viothZ ?kVuk,¡ gSaA

P (;ksx 9 ;k ;ksx 11)= P (;ksx 9) + P (;ksx 11)

?kVuk (;ksx 9) ds ifj.kke = {(3,6), (4,5), (5,4), (6,3)}

?kVuk (;ksx 11) ds ifj.kke = (5,6) , (6,5)

P (;ksx 9) = 
4

36
, P (;ksx 11) =  

2

36

P(;ksx 9 ;k ;ksx 11)= 
4 2

36 36
+

1

6
=

 mnkgj.k 19.10.  fl¼ dhft, fd ,d ?kVuk tks ?kfVr u gqbZ gks mldh izkf;drk 1 −  P ( A) gSA

vFkkZr   ⇒ P ( A ugha ) = 1 −  P ( A )

;k      P ( A )  = 1 −  P ( A ).

gy % ge tkurs gSa fd fdlh Hkh iz;ksx ds izfrn'kZ lef"V S dh izkf;drk 1 gksrh gSA ge ;g  Hkh

tkurs gSa fd ;fn ,d iz;ksx esa ?kVuk A ?kfVr gksrh gS rks ( )A  ?kfVr ugha gksrhA ;s ijLij viothZ
?kVuk,a gSaA bu nksuksa ?kVukvksa ds izfrn'kZ lef"V vo;o feydj izfrn'kZ lef"V cukrs gSaA

vFkkZr~      A A S=U

∴ ( )P A A P( S )=U

( )P A P( A ) 1⇒ + =

( )P A 1 P ( A )⇒ = − ,

bls dksfViwjd fu;e dgrs gSaA

dksfViwjd fu;e% ( )P A 1 P ( A )= −
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 mnkgj.k 19.11.    ;fn o"kkZ gksus dh izkf;drk 0.3 gSA o"kkZ ds vuqdwy vkSj o"kkZ ds izfrdwy

la;ksxkuqikr Kkr dhft,A

gy % ekuk A ?kVuk gS fd o"kkZ gksxh

∴     P ( A ) = 0.3

dksfViwjd fu;e ds vuqlkj

   ( ) ( )P A 1 P A= −

   1 0.3 0.7= − =

vc o"kkZ dk vuqdwy la;ksxkrqikr

0.3

0.7
 ;k 3 ls 7 (;k 3 : 7).

o"kkZ dk izfrdwy la;ksxuqikr

0.7

0.3
 ;k 7 ls 3.

;fn fdlh ?kVuk dk vuqdwy ;k izfrdwy la;ksxkuqikr fn;k x;k gks rks mldh izkf;drk fuEufyf[kr
fu;e ls fudkyh tk ldrh gSA

;fn A dk vuqdwy la;ksxuqikr a : b gS rks

a
P (A )

a b
=

+
.

;fn A dk izfrdwy la;ksxkuqikr a : b  gS rks

b
P (A )

a b
=

+
.

ge mQij fy[ks fu;e dks fl¼ dj ldrs gSaA

ekuk A dk la;ksxkuqikr a : b  gS rks la;ksxkuqikr dh ifjHkk"kk vuqlkj%

P(A) a

P(A) b
= .

dksfViwjd fu;e }kjk

( )P A 1 P (A)= −

   
P (A) a

1 P ( A ) b
=

−
;k b P (A) a a P (A)= −

;k      ( ) ( )b P A a P A a+ = ;k ( a b ) P ( A ) a+ =

a
P ( A )

a b
=

+
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blh rjg ls ge fl¼ dj ldrs gSa

b
P (A)

a b
=

+

 tc ?kVuk A  dk izfrdwy la;ksxkuqikr b : a gSA

 mnkgj.k 19.12.    D;k fuEufyf[kr izkf;drk,a rdZ laxr gSaA vius mÙkj dk vkSfpR; nhft, %

(a)    P (A)  =  P  ( B )  =  0.6,        P ( A vkSj  B )  =  0.05

(b)    P ( A) = 0.5,    P ( B )  = 0.4,      P  ( A vkSj B ) = 0.1

(c)   P ( A ) = 0.2,   P ( B ) =  0.7,       P ( A  vkSj B ) = 0.4

gy % (a) P ( A ;k B ) = P (A) + P ( B ) −   P ( A  vkSj B ) = 0.6 + 0.6 −  0.05 = 1.15

D;skafd P (A ;k B)>1 laHko ugha gS blfy, bldh izkf;drk rdZlaxr ugha gSA

(b)       P(A ;k B) = P (A) + P(B) –P(A vkSj B) = 0.5  +  0.4 −0.1 = 0.8

P(A ;k B)<1

vkSj P(A vkSj B)<P(A)

P(A vkSj B)<P (B)

blfy, ;s izkf;drk,a rdZlaxr gSaA

(c) bl Hkkx esa P(A vkSj B) = .4 tks fd P(A ) = .2 ls cM+h gS blfy, ;g izkf;drk rdZlaxr
ugha gSA

 mnkgj.k 19.13.   ,d ckWDl esa 8 liQsn xsan vkSj nks gjh xsan gSa blesas ls rhu xsan ;kfn`fPNd :i

ls fudkyh xb±A izkf;drk Kkr dhft, fd fudkyh xbZ xsanksa esa ls de ls de ,d gjh xsan gksA

gy % cDls esa 8 liQsn vkSj nks gjh xsan gSaA

rhu xsan 10C3 izdkj ls fudkyh tk ldrh gSasA (10C3 =120)

eku yhft, fd ?kVuk A = de ls de ,d gjh xsanA ge ?kVuk A ds fofHkUu ifj.kkeksa dh x.kuk
djrs gSaaA

1. ,d gjh xsan 2 liQsn xsansa

2. nks gjh xsans vkSj ,d liQsn xsan

1. ds fy, vuqdwy ifj.kke 2 8
1 2C C= ×  = 2 × 28 = 56

2. ds fy, vuqdwy ifj.kke gS 2 8
2 1C C 1 8= × = × = 8

∴ de ls de ,d gjh xsan vkus dh izkf;drk

P(de ls de ,d gjh xsan) = P (,d gjh xsan) + P (nks gjh xsansa)

=
56 8

120 120
+

=
64

120
=

8

15
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 mnkgj.k 19.14.  ,d ckWDl esa ls ;kfn`fPNd :i ls ,d& ,d djds nks xsan izfrLFkkiuk lfgr

fudkyh tkrh gSa bl ckWDl esa 5 uhyh vkSj 10 yky xasn gSaA izkf;drk Kkr dhft, fd ;k rks nksuksas
xsan uhyh gksa ;k nksuksa ykyA

gy % eku yhft, fd ?kVuk A = nksuksa uhyh xsan] ?kVuk B = nksuksa yky xsan

?kVuk A vkSj B ijLij viothZ ?kVuk,a gSaA

x.kuk ds ewyHkwr fl¼kUr ds vuqlkj ?kVuk A ds vuqdwy ifj.kke

A 5 5 25.= × =

?kVuk B ds vuqdwy ifj.kke  B = 10 × 10 = 100.

bl iwjh ?kVuk ds dqy vuqdwy ifj.kke = 15 × 15 = 225

∴  P (A) = 
25 1

225 9
=   vkSj  P (B ) = 

100 4

225 9
= .

D;kasafd ?kVuk,a ijLij viothZ gSa P (A ;k B) = P(A) + P(B)

1 4

9 9
= +  =

5

9

P (nks uhyh xsan ;k nks yky xsan) = 
5

9

    ns[ksa vkius fdruk lh[kk 19.3

1. rk'k dh xM~Mh esa ls ,d iÙkk fudkyk x;kA izkf;drk Kkr dhft, fd ;g iÙkk ;k rks csxe
;k iku dk gksA

2. ,d gh ckj esa nks ikls iQsads x,A vadksa dk ;ksx 7 ;k 12 gksus dh izkf;drk Kkr dhft,A

3. Hkkjrh; fØdsV Vhe dk 2010 fo'odi esa thrus ds vuqdwy la;ksxkuqikr 9 ls 7 gSA Hkkjrh;
Vhe dh fot; dh izkf;drk Kkr dhft,A

4. Vhe A ds thrus dk izfrdwy la;ksxkuqikr 5 ls 7 gSA Vhe ds thrus dh izkf;drk Kkr dhft,A

5. nks ikls iQsads x, vkSj liQy ?kVuk og gS tc vadksa dk ;ksx 4 ;k 5 ls foHkkftr gksrk gksA
liQy ?kVuk dh izkf;drk Kkr dhft,A

6. iwjh rk'k esa ls nks iÙks iquZLFkkiuk lfgr fudkys x,A bldh D;k izkf;drk gS fd nksuksa iÙks dkys
gksa ;k nksuksa ykyA

7. ,d vPNh rjiQ iQsaVh xbZ rk'k dh xM~Mh esa ls ,d iÙkk fudkyk x;kA izkf;drk Kkr dhft,
fd fudkyk x;k iÙkk bDdk gks ;k dkys jax dk gksA

8. nks ikls iQsads x,A izkf;drk Kkr dhsft, fd igys ikls esa 3 dk xq.kt vk, ;k nksuksa esa vkus
okys vadksa dk ;ksx 8 gksA

9 (a) ,d lkFk nks ikls iQsads tkus ij vadksa dk ;ksx 5 ;k 7 vkus dh izkf;drk Kkr dhft,A

(b) A vkSj B nks ijLij viothZ ?kVuk,sa gS% tcfd  P (A ) = 0.3, P ( B) = 0.4 rks (A ;k B)

Kkr dhft,A
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10. ,d cDls esa 12 cYc gSa ftuesa ls 5 [kjkc gSa] lkjs cYc ,d tSls gSa vkSj mudks pquus dh
leku izkf;drk gSA 3 cYc ;kfn`fPNd :i ls fudkys tkrs gSa] de ls de nks cYc [kjkc
vkus dh izkf;drk Kkr dhft,A

11. nks ikls ,d lkFk iQsads x,A izkf;drk Kkr dhft, tc

(a) nksuksa ij vyx&vyx vad vk,a

(b) nksuksa ij vkus okys vadksa dk ;ksx de ls de 3 gksA

12. ,d ifr&iRuh ds rhu cPps gSaA bldh D;k izkf;drk gksxh fd de ls de ,d yM+dk gks
vkSj ,d yM+dh gksA

13. uhps nh xbZ izkf;drk ds fy, vuqdwy vkSj izfrdwy la;ksxkuqikr Kkr dhft,A

(a) P (A) = 0.7     (b)  P (A)  = 
4

5

14. A dh izkf;drk Kkr dhft, tcfd

(a) A ds vuqdwy la;ksxkuqikr gS 7 ls 2 (b) A ds izfrdwy la;ksxkuqikr gS 10 ls 7 gSA

15. uhps fy[kh xbZ izkf;drkvksa esa ls dkSu vlaxr gS\

(a) P (A) = 0.5  , P (B) = 0.3 , P (A vkSj  B ) = 0.4

(b) P (A) = P (B) = 0.4,  P (A vkSj  B) = 0.2

(c) P (A) = 0.85, P (B) = 0.8, P (AvkSj  B) = 0.61

17. ,d FkSyk ftlesa 5 liQsn vkSj 10 gjh xsan gSa] esa ls nks xsan ;kfn`fPNd :i ls fudkyh xb±A
izkf;drk Kkr dhft, fd de ls de 1 liQsn xsan gksA

18. vPNh rjg iQsaVh xbZ rk'k dh xM~Mh esa ls nks iÙks ;kfn`fPNd :i ls fudkys x, tks iqu% j[ks
tkrs gSaA izkf;drk Kkr dhft, fd nksuksa iÙks ,d tSls (lwV ds) gksaA

vr% nks LoraU=k ?kVukvksa ds ,d lkFk ?kfVr gksus dh izkf;drk mudh vyx&vyx
izkf;drkvksa ds xq.kuiQy ds leku gksrh gSaA

19.6 LorU=k ?kVukvksa ds fy, izkf;drk dk xq.kkRed fu;e
vkb, LorU=k ?kVukvksa dh ifjHkk"kk ;kn djsa

nks ?kVuk,a A vkSj B LorU=k ?kVuk,sa gksrh gSa tc ,d ds ?kfVr gksus dk nwljh ?kVuk ij izHkko u gksA igyk
flDdk iQsadus ij fpÙk vk, vkSj nwljk flDdk iQsadus ij iV vk,A ;s nskuksa LorU=k ?kVuk,sa gSaA blh rjg
ls ;fn ,d gh flDdk gks vkSj igyh ckj iQsadus ij fpr vk tk, vkSj nwljh ckj iQsadus ij iV vk
tk;s rks Hkh ;s LorU=k ?kVuk,a gSaA vc ;fn ge rk'k dh xM~Mh esa ls ,d bDdk fudkyuk pkgrs gSa vkSj
mldks okil j[ks fcuk nwljh ckj bDdk fudkyuk pkgrs gSa rks nksuksa ?kVuk,a LorU=k ugha gSaA igyh ?kVuk

dh izkf;drk 
4

52
 gS] tc dh nwljh ?kVuk dh izkf;drk 

4

51
 gksxh D;ksafd igyk iÙkk iqu% ugha j[kk x;kA

fVIi.kh%

;fn iÙkk iqu% j[k dj nwljk iÙkk [khapk tk, rks nksuksa ?kVuk,a Lora=k gksaxhA

D;k dksbZ ,slk fu;e gS ftlls ge crk ldrs gSa fd ?kVuk,a LorU=k gSa\

nks LorU=k ?kVukvksa dh tks ,d ckj ,d ?kfVr gksrh gSa mudh izkf;drk dSls fudkyh tk,A

;fn A vkSj B nks LorU=k ?kVuk,sa gS rks
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              P (A B) P (A) P (B)= ⋅vkSj

vkSj P (A B) P (A). P (B)=I

blfy, nks LorU=k ?kfVr gksus okyh le{kf.kd ?kVukvksa dh izkf;drk] nksuksa ?kVukvksa dh
vyx&vyx izkf;drkvksa ds xq.kuiQy ds cjkcj gksrh gSA

mQij dk fu;e nks ls vf/d LorU=k ?kVukvksa ds fy, Hkh mi;ksx esa yk;k tk ldrk gSA vFkkZr

P(A B C...) P(A) P(B) P(C)...= ⋅ ⋅I I

foykser% ;fn ?kVuk A vkSj B dh izkf;drk ?kVuk A vkSj ?kVuk B dh izkf;drk ds xq.kuiQy ds
cjkcj gks rks nksuksa ?kVuk,a LorU=k gksrh gSaA

 mnkgj.k 19.15. ,d iklk nks ckj iQsadk x;kA izkf;drk Kkr dhft, fd gj ikls ij 4 ls cM+k
vad vk,A

gy % ekuk ?kVuk A = 4 ls cM+k vad igys ikls ij vkSj ?kVuk B = 4 ls cM+k vad nwljs ikls ijA

lkiQ gS fd ?kVuk A vkSj B LorU=k gSaA

igyk iklk iQsadus ds vuqdwy ifj.kke = 5,6

∴   
2 1

P(A)
6 3

= =

blh rjg ls ( )
1

P B
3

=

        P (A vkSj B) = P (A) × P(B)

tc  
1 1

.
3 3

=  = 
1

9
.

 mnkgj.k 19.16.  v:.k vkSj r:.k us ukSdjh ds fy, ,d ijh{kk nhA v:.k ds ikl gksus dh

izkf;drk 
1

3
 vkSj r:.k ds ikl gksus dh izkf;drk 

1

5
 gSA izkf;drk Kkr dhft, fd

(a) nksuksa ikl gks tk,a

(b) dskbZ Hkh ikl u gks

(c) de ls de ,d ikl gks

(d) nksuksa esa ls dsoy ,d ikl gks

gy % v:.k ds ikl gksus dh izkf;drk 
1

P (A)
3

= =

r:.k ds ikl gksus dh izkf;drk 
1

P (T)
5

= =

(a) tc nksuksa ikl gks tk,saxs = P (A)  P (T) 
1 1

3 5
= ×  = 

1

15

(b) (P) dksbZ Hkh ikl u gks % P (nksuksa ugha gksaxs) ( ) ( )P A P T=
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1 1
1 1

3 5

   
= − −   
   

 
2 4

3 5
= ×

8

15
=

(c) P (de ls de ,d ikl gks) 1 P= −  (dksbZ Hkh ikl u gks)

( ) ( )1 P A P T= −  
1 1

1 1 1
3 5

   
= − − −   

   

2 4
1

3 5

 
= − × 

 
 

8
1

15
= −

7

15
=

(d) P (nksuksa esaa ls ,d ikl gksxk)

( ) ( ) ( )P A P T P A P(T)= +

1 4 2 1

3 5 3 5
= × + ×  

6 2

15 5
= =

 mnkgj.k 19.17.   rhu cPpksa dks ,d iz'u gy djus dks fn;k x;k A bl iz'u dks gy djus dh

rhuksa dh izkf;drk,a Øe'k% 
1 1

,
2 3

 vkSj 
1

4
 gaSA iz'u ds gy gksus dh izf;drk Kkr dhft,A

gy % 1
1

p
2

= , 2
1

p
3

= , 3
1

p
4

=

(1) ;fn rhuksa esa ls ,d iz'u dks gy dj ys rks P (de ls de ,d iz'u gy djrk gS)

=1–P ( tc dksbZ Hkh gy ugha djrk)........(1)

P (tc dksbZ Hkh gy ugha djrk)

 ( ) ( ) ( )1 2 31 p 1 p 1 p= − − −  
1 2 3

2 3 4
= × ×  1

4
=

;g eku (1) esa j[kus ij

P (de ls de ,d cPpk iz'u gy djrk gS)
1

1
4

= −
3

4
=

iz'u ds gy gksus dh izkf;drk 
3

4
 gSA

 mnkgj.k 19.18.  iqu% okil j[krs gq, ,d cDls ls nks xsan ;kn`fPNd :i ls fudkyh tkrh

gSaA blesa 15 yky vkSj 10 liQsn xsan gaSA izkf;drk Kkr dhft, fd

(a) nksuksa xsans yky gks

(b) igyh xsan yky vkSj nwljh liQsn gks

(c) nksuksa esa ,d liQsn vkSj ,d yky gksA

gy % (a) ekuk ?kVuk A = tc izFke xasn yky gks] ?kVuk B = tc f}rh; xsan yky gksA D;ksafd xsan
iqu% okil j[krs gq, fudkys x;s gaS] blfy,

15 3 3
P (A) , P (B)

25 5 5
= = =



400

  izkf;drk

xf.kr

ekWM~;wy - V

lkaf[;dh ,oa
izkf;drk

fVIi.kh

D;ksafd A vkSj B nksuksa LorU=k ?kVuk,¡ gaS

 P ( nksuksa yky ) = P ( A vkSj  B )

P (A) P (B)= ×  
3 3 9

5 5 25
= × =

(b) ekuk ?kVuk A= izFke fudkyh xbZ xsan yky gks] B = f}rh; fudkyh xbZ xsan liQsn gkssA

∴ P ( A B ) P (A) P (B)= ×vkSj  
3 2 6

5 5 25
= × =

D;ksafd A vkSj B nksuksa LorU=k ?kVuk,¡ gSaA

(c) ekuk ?kVuk WR= igys liQsn xsan fiQj yky xsan vkSj ?kVuk RW= igys yky xsan fiQj liQsn xsan
rks WR vkSj RW ijLij viothZ ?kVuk;sa gSaA

∴ P (,d liQsn vkSj ,d yky) =  P ( WR ;k RW ) = P (WR) + P (RW)

= P (W) P (R) + P (R) P (W)

2 3 3 2
. .

5 5 5 5
= +  =

6 6

25 25
+

12

25
=

 mnkgj.k 19.19.  ,d iklk rhu ckj iQsadk x;kA vad 5 ;k 6 vkus ij liQyrk ekuh tkrh gSA

izkf;drk Kkr dhft, fd tc (a) rhuksa ckj liQyrk feys (b) nks ckj liQyrk feys (c) T;knk ls
T;knk nks ckj liQyrk feys (d) de ls de nks ckj liQyrk feysA

gy % ekuk iklk iQsadus ij S = liQyrk] F = vliQyrk
2 1

P ( S )
6 3

= =

1 2
P ( F ) 1

3 3
= − =

(a) D;ksafd ;s ?kVuk,¡ Lora=k gSa blfy, Lora=k ?kVukvkasa ds fy, xq.kkRed izes; }kjk
P ( SSS ) = P ( S )   P (S )  P ( S )

    
1 1 1 1

3 3 3 27
= × × =

 (b) P ( SSF )  = P ( S ) P ( S) P ( F )

    
1 1 2

3 3 3
= × ×

2

27
=

nks liQyrk,¡ 3
2C  rjg ls izkIr gks ldrh gSaA

∴ P (nks liQyrk ds fy,)  
3

2
2

C
27

= ×  
2

9
=

(c) P (T;knk ls T;knk nks liQyrk) = 1 – P (3 liQyrk)

1
1

27
= − = 

26

27

(d) P (de ls de nks liQyrk) =P (nks liQyrk)+P (3 liQyrk)

  
2 1

9 27
= +

7

27
=



xf.kr 401

izkf;drk

ekWM~;wy - V

lkaf[;dh ,oa
izkf;drk

fVIi.kh

 mnkgj.k 19.20.  rk'k dh xM~Mh esa ls fdlh ,d iÙks dks pquuk leizkf;d gSA crkb, fd fuEu

esa ls dkSu lh ?kVuk;sa LorU=k gSa\

(i) A: fudkyk x;k iÙkk gqde dk gS B: fudkyk x;k iÙkk bDdk gSA

(ii) A: fudkyk x;k iÙkk dkys jax dk gS B: fudkyk x;k iÙkk ckn'kkg gSA

(iii) A: fudkyk x;k iÙkk ckn'kkg ;k csx+e gS B: fudkyk x;k iÙkk csx+e ;k xqyke gSA

gy% (i) 52 rk'k ds iÙkksa esa gqde ds 13 iÙks gksrs gSaA

∴

13 1
P (A)

52 4
= =

52 rk'k ds iÙkksa esa 4 bDds gksrs gSa

∴

4 1
P (B)

52 13
= =

(A vkSj B) = (gqde dk bDdk)

∴

1
P (A B)

52
=I

vc     
1 1 1

P (A) P ( B )
4 13 52

= × =

P (A B) P (A). P (B)=I

∴  ?kVuk,¡ A  vkSj B LorU=k gSaA

(ii) rk'k esa 26 dkys jax ds iÙks gksrs gSaA

∴

26 1
P (A)

52 2
= =

rk'k esas pkj ckn'kkg gksrs gSa

4 1
P (B)

52 13
= =

(A vkSj B) ;kfu fd A B {∩ = 2 dkys iÙks okys ckn'kkg}

2 1
P (A B)

52 26
= =I

vc,
1 1 1

P ( A ) P ( B )
2 13 26

× = × =

        P (A B) P (A ) P ( B )=I

∴  ?kVuk,¡ LorU=k gSaA

(iii) rk'k esa pkj ckn'kkg vkSj pkj csx+e ds iÙks gksrs gSaA

∴?kVuk A  ds vuqdwy ifj.kke = 8

∴

8 2
P ( A )

52 13
= =
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blh rjg  
2

P ( B )
13

=

  A B =I  csx+e (okys iÙks)

∴         
4 1

P(A B)
52 13

= =I

∴               
2 2 4

P (A ) P ( B )
13 13 169

× = × =

       P (A B) P (A ) . P ( B )≠I

blfy, ?kVuk,¡ A vkSj B LorU=k ugha gSaA

   ns[ksa vkius fdruk lh[kk 19.4

1. ,d ifr&ifRu fdlh ukSdjh ds fy, lk{kkRdkj ds fy, cqyk, tkrs gSaA ifr ds liQy gksus

dh izkf;drk 
1

7
 gS vkSj iRuh dh liQy gksus dh izkf;drk 

1

5
 gSA D;k izkf;drk gS fd

(a) nksuksa esa ls dsoy ,d liQy gksxkA
(b) nksuksa liQy gks tk,saxsA
(c) nksuksa esa ls dksbZ Hkh liQy ugha gksxk
(d) de ls de ,d liQy gksxkA

2. fdlh iz'u dks LorU=k :i ls gy djus dh jktw vkSj lksek dh izkf;drk Øe'k% 
1

2
 vkSj

1

3
 gSA ;fn nksuksa LorU=k :i ls leL;k dks gy djrs gSa rks izkf;drk Kkr dhft, tc

(a) leL;k gy gks tk,

(b)  nksuksa esaa ls dsoy ,d gh leL;k dks gy dj ldsA

3. ,d iklk nks ckj iQsadk x;kA izR;sd ckj 3 ls cM+k vad vkus dh izkf;drk Kkr dhft,A

4. lhrk ,d lk{kkRdkj esa nks inksa A rFkk B ds fy, vkrh gSA nksuksa inksa dk p;u LorU=k gSA

igys in ds p;u ds fy, mldh liQyrk dh izkf;drk 
1

5
gS vkSj nwljs in ds p;u ds

fy, mldh liQyrk dh izkf;drk 
1

7
 gSA izkf;drk Kkr dhft, fd

(a) mldk p;u nksuksa inksa ds fy, gksA

(b) mldk p;u de ls de ,d in ds fy, gksA

5. A,B,C }kjk fdlh iz'u dks gy djus dh izkf;drk;sa Øe'k% 
1 2

,
3 7

 vkSj 
3

8
 gSA ;fn rhuksa ml

iz'u dks ,d lkFk gy djus dk iz;kl djsa rks izkf;drk Kkr dhft, fd dsoy ,d gh ml
iz'u dks gy dj ldsxkA
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6. A rk'k dh xM~Mh esa ls nks iÙks fudkyrk gS (igyk iÙkk okil j[krs gq,) vkSj blh le;
B nks ikls iQsadrk gSA izkf;drk Kkr dhft, tc

(a) A dks nks iÙks ,d tSls lwV ds feyrs gaS vkSj B dks nks vadksa dk ;ksx 6 feyrk gSA

(b) A ds nksuksa xqyke ds iÙks fudys vkSj B ds nksuksa vad ,d tSls vk,aA

7. ekuk A tks bl le; 35 o"kZ dk gS ds 65 o"kZ rd thus dk izfrdwy la;ksxuqikr 9:7 gSA B

tks bl le; 45 o"kZ dk gS ds 75 o"kZ rd thus dk izfrdwy la;ksxkuqikr 3:2 gSA izkf;drk
Kkr dhft, dh de ls de ,d vxys 30 o"kZ rd thfor jgsxkA

8. ,d cSx esa 13 xsans gSa ftu ij 1 ls 13 rd vad fy[ks gSaA  bl ?kVuk dh liQyrk ,d
le la[;k vkuk gSA nks xsansa cSx esa ls fudkyh tkrh (,d fudkyus ds ckn iqu% okil j[kh
tk,xh) gSaA izkf;drk Kkr dhft, fd (a) nksuksa ckj liQyrk feysA (b) dsoy ,d ckj liQyrk
feys (c) de ls de ,d ckj liQyrk feys (d) liQyrk u feysA

9. ,d vPNh rjg iQsaVh xbZ rk'k dh xM~Mh esa ls ,d iÙkk fudkyk x;kA izR;sd iÙks dk p;u
leizkf;d gSA fuEu easa ls dkSu lh ?kVuk,a LorU=k gSaA

(a) (A) fudkyk x;k iÙkk yky gS (B) fudkyk x;k iÙkk jkuh gSA

(b) (A) fudkyk x;k iÙkk fny gS (B) fudkyk x;k iÙkk rLohj okyk iÙkk gSA

19.7 izfrca/h izkf;drk (laHkkO;rk)
ekuk ,d iklk iQsadk x;k vkSj mldk ifj.kke fy[kk x;kA ekuk ?kVuk A gS tc ifj.kke le la[;k gSA

A = {2 , 4 , 6 }

∴

3 1
P (A)

6 2
= =

vc ;fn gesa crk fn;k tk, fd ifj.kke 3 ls cM+k gS rks bl lwpuk dk P (A) ij D;k izHkko iM+sxkA

ekuk bl ifj.kke dh ?kVuk B gS rks { }B 4, 5, 6= A tc ?kVuk B ?kfVr gksrh gS rks vad 3 ;k mlls

NksVs vad vkus dh dksbZ laHkkouk ugha jgrhA ?kVuk B ds izfrn'kZ lef"V esa 3 vo;o gSaA  bu rhu
vo;oksa esa nks le la[;k,sa gSaA blfy, ;fn ;g lwpuk fey tk, fd ?kVuk B ?kfVr gks xbZ gS rks

P (A) = 
2

3

5
4

2

A BS

6

fp=k 19.7

bl iwjh ?kVuk dh laHkkO;rk dks ( )P A / B  }kjk fy[k ldrs gSaA vc ,d vkSj ?kVuk ij fopkj djrs

gSA ,d iz;ksx esa rk'k dh xM~Mh esa ls ,d iÙkk fudkyk x;k] ge pkgrs gSa] ;s iÙkk bDdk gks ftldk
jax dkyk gksA vc 52 leizkf;d ifj.kke laHko gS vkSj 2 dkys bDds gSaA
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blfy, bl ?kVuk dh laHkkO;rk 
2

P (A)
52

= gSA

vc ekuk fd ,d iÙkk fudkyk x;k vkSj lwpuk nh xbZ fd iÙkk gqde dk gSA vc crkb, bl lwpuk
dk ?kVuk A ij D;k izHkko gqvkA ;fn ?kVuk B ?kfVr gks tkrh gS (ftlesa gqde dk iÙkk fudyk) rks
izfrn'kZ lef"V ds vo;o 52 ls ?kV dj 13 jg tk;saxsA vc dkys bDds tks fudkys tkus gSa mudh
la[;k ,d jg xbZA vc ?kVuk A dh izkf;drk u, izfrn'kZ lef"V ds vuqlkj x.kuk djus ij%

( )
1

P A / B
13

=

mQij dh ?kVuk dks ,d ckj fiQj ls le>rs gSA ?kVuk A esa ,d dkyk bDdk fudkyk tkrk gSA vc
ge A dh laHkkO;rk fudkyrs gSa tc fd ?kVuk B ?kfVr gks pqdh gSA B dks lkoZf=kd leqPp; ekuk
tkrk gSA blfy, gesa A dk fliQZ ogh fgLlk x.kuk esa ykuk pkfg, tks B esa gksA ;kfu fd ge A ∩ B

dh x.kuk djrs gSaA (nsf[k;s fp=k 31-8)

A BS

fp=k 19.8

A dh izkf;drk tcfd B ?kfVr gks xbZ gks] dks A ∩ B rFkk B lEeqp; dh izfof"V;ksa ds vuqikr ls
O;Dr fd;k tkrk gSA
D;ksafd ( )n A B 1=∩  rFkk ( )n B 13=

rc]
n(A B)

P ( A | B )
n(B)

=
I 1

13
=

è;ku nsa% ( )n A B 1=I ⇒
1

P ( A B )
52

=I

        n ( B) 13= ⇒
13

P ( B )
52

=

∴

1

1 P(A B)52P (A | B)
1313 P(B)

52

= = =
I

.

vc ge izfrca/h izkf;drk (laHkkO;rk) dh ifjHkk"kk fuEu izdkj ls ns ldrs gSaA

ekuk fdlh izfrn'kZ lef"V ds fy, ?kVuk A vkSj B ifjHkkf"kr gSA ekuk ( )P B 0> rks ?kVuk A  dh

izfrca/h izkf;drk tc ?kVuk B ?kfVr gks pqdh gks] dh x.kuk fuEu izdkj gksrh gS %

P (A | B)   =    
P(A B)

P(B)

I
,      P (B) 0>
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blh rjg  
P (A B)

P ( B | A ) , P (A) 0
P(A)

= >
I

?kVuk A izkf;drk tc ?kVuk B ?kfVr gks pqdh gksA [ ( )P A / B  dks lkekU;r% i<rs gSa % "A  dh

izkf;drk tc B" fn;k gS]

 mnkgj.k 19.21.   ,sls ifjokj ysrs gSa ftuesa nks cPps (tqMoka ugha) gSaA ekuk fd bu ifjokjksa dk

izfrn'kZ lef"V { }BB, BG, GB, GG  leizkf;d gksxk (;gka ij mnkgj.k ds fy, BG tUe vuqØe

^yM+dk yM+dh* dks n'kkZrk gS) ekuk ?kVuk A esa nksuksa yM+ds liQy ifj.kke gSa vkSj ?kVuk B esa de

ls de ,d yM+dk liQy ifj.kke gSA ( )P A / B  Kkr dhft,A

gy %     A = { BB }

    B = { BB, BG, GB }

        A B { BB}=I

⇒    
1

P (A B)
4

=I

1 1 1 3
P (B)

4 4 4 4
= + + =

∴     
P (A B)

P ( A | B )
P(B)

=
I

 

1

4
3

4

=
1

3
= .

 mnkgj.k 19.22.   ,d Ldwy esa yM+ds vkSj yM+fd;ksa dh la[;k leku gSA yM+dks dh la[;k dk

5% iQqVcky ds f[kykM+h gSaA izkf;drk Kkr dhft, ;fn ;kn`fPNd p;u esa yM+dk iQqVcky dk
f[kykM+h gksA

gy % ekuk M = yM+dk vkSj F = iQqVcky dk f[kykM+h

ge ( )P M F∩ Kkr djuk pkgrs gSa

1
P (M)

2
=  (∵yM+ds vkSj yM+fd;ksa dh la[;k cjkcj gS)

    P ( F|M ) = 0.05

izfrca/h izkf;drk }kjk

( )
( )

( )

P M F
P F | M

P M
=

I

;k ( ) ( ) ( )P M F P M P F | M= ×I  
1

0.05 0.025
2

= × =

 mnkgj.k 19.23.   ;fn A vkSj B nks ?kVuk;sa gksa vkSj

P (A) = 0.8, P ( B ) = 0.6,  P (A B) 0.5=I  rks fuEu dk eku Kkr dhft, %

(i) P (A B)U   (ii)  P ( B | A )   (iii)  P ( A | B ).
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gy % (i)  ( ) ( ) ( ) ( )P A B P A P B P A B= + −U I  0.8 0.6 0.5= + − 0.9=

(ii) ( )
( )

( )

P A B
P B | A

P A
=

I
 

0.5 5

0.8 8
= =

(iii) ( )
( )

( )

P A B
P A | B

P B
=

I
 

0.5

0.6
=

5

6
=

 mnkgj.k 19.24.  ,d flDdk rc rd mNkyk tkrk gS tc rd fd fpr u vk tk, ;k fiQj 3

ckj mNkyk tk pqdk gksA vxj fn;k tk, fd igyh ckj esa fpr ugha vk;k rks D;k izkf;drk gS fd
flDdk 3 ckj mNkyk x;k gSA

gy % fn;k x;k gS fd fpÙk igyh mNky esa ugha vk;k] rks ;k rks nwljh mNky esa vk,xk ;k rhljh
esa] ;k fpr uk Hkh vk,A

ekuk ?kVuk B = igyh mNky esa fpr ugha*

B = {TH, TTH, TTT }

;s ijLij viorhZ ?kVuk;sa gSaA

∴   ( ) ( ) ( ) ( )P B P TH P TTH P TTT= + + .....(1)

vc ( )
1

P TH
4

=   (∵ bl ?kVuk dh lef"V esa pkj vo;o gSaA)

vkSj ( ) ( )
1

P TTH P TTT
8

= =   (∵ bl ?kVuk dh lef"V esa vkB vo;o gSaA)

;s eku (1) esa j[kus ij

    ( )
1 1 1 4 1

P B
4 8 8 8 2

= + + = =

ekuk ?kVuk A = tc flDdk 3 ckj mNkyk x;kA

           { }A TTH, TTT=

 ( )
( )

( )

P A B
P A | B

P B
=

I

;gk¡ ( )A B A=I

∴  
( )

1
14P A | B

1 2

2

= =

  ns[ksa vkius fdruk lh[kk 19.5

1. rk'k dh xM~Mh esa ls nks iÙks iquZLFkkiuk jfgr fudkys x,A D;k izkf;drk gS fd igyk iÙkk
yky gks vksj nwljk dkyk gks\
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2. ,d ifjokj dk p;u djrs gSa ftlesa 3 cPps gSaA bldk izfrn'kZ lef"V fuEu izdkj dk gS%

{ BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG }

ekuk ?kVuk A = ifjokj esa dsoy nks yM+ds gSaA

?kVuk B = igyk cPpk yM+dk gSA

D;k izkf;drk gS fd ifjokj esa nks yM+ds gksa tcfd igyk cPpk yM+dk gSA

3. rk'k dh xM~Mh esa ls nks iÙks fudkys x, (igyk iÙkk okil ugha j[krs gq,) izkf;drk Kkr
dhft, fd igyk iÙkk iku dk gS vkSj nwljk yky jax dkA

4. ;fn A vkSj B nks ?kVuk;sa gSa vkSj P (A) = 0.4, P (B) = 0.2, P (A B) 0.1=I  rks A  dh

izkf;drk Kkr dhft, tc B fn;k gksA ( )P B / A  Hkh Kkr dhft,A

5. ,d cDls esa 4 liQsn] 3 ihyh vkSj 1 gjh xsan gSA blesa ls okil j[ks fcuk nks xsansa fudkyh
tkrh gSaA izkf;drk Kkr dhft, tc ,d liQsn vkSj ,d ihyh xsan fudysA

19.8 izkf;drk vkSj izfrca/h izkf;drk ds xq.kuiQy fu;e ij izes;
izes; 1% nks ?kVukvksa A vkSj B ds fy,

( ) ( ) ( )P A B P A .P B | A ,=I

vkSj ( ) ( ) ( )P A B P B .P A | B ,=I

;gka ( )P B / A B=  dh izfrca/h laHkkO;rk tc A  ?kfVr gks xbZA

( )P A / B A=  dh izfrca/h laHkkO;rk tc B ?kfVr gks xbZA

miifr % ekuk ( )n S =  dqy leizkf;d ifj.kke] ( )n A =  ?kVuk A  ds vuqdwy ifj.kke] ( )n B = ?kVuk

B ds vuqdwy ifj.kke vkSj ( )n A B∩  nksuksa ?kVukvksa ds vuqdwy ifj.kke

∴
( )

( )

( )

n A
P A

n S
= ,

( )
( )

( )

n B
P B

n S
=

 ( )
( )

( )

n A B
P A B

n S
=

I
I .....(1)

?kVuk A/B dk vuqdwy ifj.kke ?kVuk B ds izfrn'kZ lef"V eaas ls gksuk pkfg, ;kfu fd ?kVuk A/B

dk izfrn'kZ lef"V B okyk gksxk vkSj ( )n B  vo;oksa esa ls ( )n A B∩ vo;o?kVuk A  ls lacaf/r gSaA

( )
( )

( )

n A B
P A | B

n B
=

I

(1) dks ge bl rjg Hkh fy[k ldrs gSa%

( )
( )

( )

( )

( )

( ) ( )
n B n A B

P A B P B P A | B
n S n B

= ⋅ = ⋅

I
I
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blh rjg ge fl¼ dj ldrs gSa%

( ) ( ) ( )P A B P A .P B | A=I

è;ku dhft,% ;fn A vkSj B LorU=k ?kVuk,sa gSa rks

  ( ) ( )P A / B P A=  vkSj ( ) ( )P B / A P B=

∴ ( ) ( ) ( )P A B P A .P B=I

izes; 2 :  fdlh izfrn'kZ lef"V S dh nks ?kVuk,a ;fn vkSj dsoy ;fn LorU=k gksaxh

;fn ( ) ( ) ( )P A B P A .P B=I

miifr % A vkSj B LorU=k ?kVuk,sa gSa rks

( ) ( )P A | B P A= (1)

ge tkurs gSa%  ( )
( )

( )

P A B
P A | B

P B
=

I
(2)

(1) vkSj (2) ls       ( ) ( ) ( )P A B P A P B=I

vr%] ;fn A vkSj B LorU=k ?kVuk,a gSa rks A vkSj B dh izkf;drk] A vkSj B dh izkf;drkvksa ds
xq.kuiQy ds leku gSA

foykser% ;fn ( ) ( ) ( )P A B P A .P B=I  rks

           ( )
( )

( )

P A B
P A | B

P B
=

I

( )
( ) ( )

( )

P A P B
P A | B

P B
= = P (A)

;kfu dh A vkSj B LorU=k ?kVuk;sa gSaA

19-9 cst&izes; ls ifjp;

lizfrca/k izkf;drk essa geus fdlh ?kVuk dh izkf;drk bl izfrca/k ds lkFk Kkr djuk lh[kk
gS fd dksbZ nwljh ?kVuk igys ls ?kfVr gks pqdh gSA rhu flDdksa esa ls ,d flDds ds p;u

ds ijh{k.k dh ppkZ djrs gSa % ;fn] I, P(H) = 
1

3
 rFkk P(T) = 

2

3
, II, P(H) = 

3

4
 ,oa P(T)

= 
1

4
 vkSj III, P(H) = 

1

2
, P(T) = 

1

2
 ¼lkekU; flDdk½

;kn`fPNd :i ls fdlh flDds dk p;u djus ds i'pkr~ bls mNkyk tkrk gSA ge

,d flDds ds p;u dh izkf;drk Kkr dj ldrs gSa 
1

i.e.
3

 
    vkSj fdlh Hkh ifj.kke i.e.

fpr vFkok iV dh izkf;drk Hkh Kkr dj ldrs gSa] ;fn flDds dk p;u fn;k gqvk gSA
ijUrq D;k ge ;g izkf;drk Kkr dj ldrs gSa fd p;fur flDdk I, II vFkok III gS tcfd
;g fn;k gqvk gS fd ifj.kke ds :i esa fpr izkIr fd;k x;k gSA blds fy, gesa ,d ,slh
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?kVuk dh izkf;drk Kkr djuh gS tks nh gqbZ ?kVuk ls iwoZ ?kfVr gks xbZ gSA bl izdkj
dh izkf;drk ost+ izse; dh lgk;rk ls Kkr dh tk ldrh gSA bl izes; dks izfl) xf.krK
tkWu cst ds uke ls tkuk tkrk gSA cst izes; ds ckjs esa ppkZ djus ls iwoZ vkb, dqN
ewyHkwr ifjHkk"kk,a lh[krs gSaA

ijLij viothZ ,oa fu'ks"k ?kVuk,¡ %ijLij viothZ ,oa fu'ks"k ?kVuk,¡ %ijLij viothZ ,oa fu'ks"k ?kVuk,¡ %ijLij viothZ ,oa fu'ks"k ?kVuk,¡ %

,d izfrn'kZ lef"V S ds fy,] ?kVuk,¡ E
1
, E

2
, ... E

n
 ijLij viorhZ ,oa fu'ks"k ?kVuk,¡ dgykrh

gSa ;fn

(i) , 1, 2,......i jE E i j n∩ = φ ∀ ≠ =  i.e. dksbZ Hkh nks ?kVuk,¡ ,d lkFk ugha ?kV ldrha

(ii) 2 ....i nE E E S∪ ∪ ∪ = , S ds lHkh ifj.kke ?kVukvksa E
1
, E

2
...E

n 
esa lfEefyr gSaA

(iii) P(E
i
) > 0 lHkh i = 1, 2, ..... n ds fy,A

19-10 lEiw.kZ izkf;drk dh izes;

eku yhft, fdlh izfrn'kZ lef"V S ds fy, E
1
, E

2
, ...., E

n
, ijLij viorhZ ,oa fu'ks"k ?kVuk,¡ gSa

tgka P(E
i
) > 0,  ∀ i = 1, 2, ...n. eku yhft, fd A, izfrn'kZ lef"V S dh dksbZ ?kVuk gS] rks

P(A) = P(E
1
) P(A/E

1
) + P(E

2
) P(A/E

2
) + ... + P(E

n
) P(A/E

n
)

= 
1

( ) ( / )
n

i i

i

P E P A E
=

∑

miifÙk miifÙk miifÙk miifÙk : ?kVukvksa E
i
 ,oa A dks osu fp= ls n'kkZ;k x;k gS %

fn;k gqvk gS

S = E
1
 ∪ E

2
, ∪ E

3
, ... ∪ E

n
 vkSj E

i
 ∩ E

j
 ≠ φ.

ge fy[k ldrs gSa A = A ∩ S

= A ∩ (E
1
 ∪ E

2
∪ ...∪E

n
)

= (A ∩ E
1
) ∪(A ∩ E

2
) ∪ (A ∩ E

3
) ... (A ∩ E

n
)

D;ksafd lHkh E
i
, ijLij viorhZ gSa blfy, A∩E

1
, A∩E

2
 ... Hkh ijLij viorhZ gksaxsA

⇒ P(A) = P(A∩E
1
) + P(A∩E

2
) + P(A∩E

3
) + ... + P(A∩E

n
)

= P(E
1
) P(A/E

1
) + P(E

2
) P(A/E

2
) + ... + P(E

n
) P(A/E

n
)

izkf;drk ds xq.ku fu;e ds iz;ksx ls

P(A) = 
1

( ) ( / )
n

i i

i

P E P A E
=

∑

19-11 cst izes;

;fn E
1
, E

2
, ... E

n
 geus izfrn'kZ lef"V S dh ijLij viorhZ] fu'ks"k ,oa vfjDr ?kVuk,¡ gSa

P(E
i
) > 0 ∀ i) vkSj A  'kwU;srj izkf;drk dh dksbZ ?kVuk gks] rks

P(Ei/A) = 

1

( ) ( / )
1, 2,...

( ) ( / )

i i

n

i i

i

P E P A E
i n

P E P A E
=

∀ =

∑

E1
E3

E2
E4

EnA

S

U(A  E )∩ n
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miifÙk % miifÙk % miifÙk % miifÙk % lEiw.kZ izkf;drk ds fu;e ls ge tkurs gSa

P(A) =
1

( ) ( / )
n

i i

i

P E P A E
=

∑                             ...(i)

izkf;drk ds xq.ku fu;e ls ge izkIr djrs gSa %

P(E
i
|A) = 

( )

( )

iP A E

P A

∩

 = 

1

( ) ( / )

( ) ( / )

i i

n

i i

i

P E P A E

P E P A E
=

∑
       (i) ds iz;ksx ls

;g cst izes; dh miifÙk gSA vkb, vc ge izkf;drk Kkr djus ds fy, cst izes;
dk iz;ksx djrs gSaA

 mnkgj.k 19.25.   fuEufyf[kr funsZ'kksa ds lkFk rhu loZle ¼vkdkj ,oa :i nksuksa esa½ flDds
fn, gq, gSA

flDdk I : P(H) = 
1

3
, P(T) = 

2

3

flDdk II : P(H) = 
3

4
 P(T) = 

1

4

flDdk III : P(H) = 
1

2
, P(T) = 

1

2
 ¼lkekU; flDdk½

,d flDds dk ;kn`PN :i ls p;u fd;k tkrk gS vkSj bls mNkyk tkrk gSA ;fn
ifj.kke ds :i esa fpr izkIr gksrk gS] rks bldh izkf;drk D;k gS fd p;fur flDdk III Fkk?

gygygygy : eku yhft, E
1
, E

2
, E

3
 Øe'k% flDds I, II, III ds p;u dh ?kVuk,¡ gSa]

rks P(E
1
) = P(E

2
) = P(E

3
) = 

1

3

eku yhft, A ?kVuk gS % p;fur flDds dks mNkyus ij fpr izkIr gksrk gSA

rks P(A/E
1
) = P (flDds I ij fLFkr) = 

1

3

P(A/E
2
) = P (flDds II ij fpr) = 

3

4

P(A/E
3
) = P (flDds III ij fpr) = 

1

2

vc ;g izkf;drk fd mNkyk gqvk flDdk] III gS = P(E
3
/A)

= 
3 3

1 1 2 2 3 3

( ) ( / )

( ) ( / ) ( ) ( / ) ( ) ( / )

P E P A E

P E P A E P E P A E P E P A E+ +

= 

1 1 1

3 2 2
1 1 1 3 1 1 1 3 1

3 3 3 4 3 2 3 4 2

×

=

× + × + × + +

 = 
6 6

4 9 6 19
=

+ +
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 mnkgj.k 19.26.   nks FkSys I fn, gq, gSaA FkSys I esa 4 yky vkSj 3 dkyh xsansa gSa tcfd
FkSys II esa 6 yky vkSj 5 dkyh xsansa gSaA ,d FkSys dk p;u ;kn`PN;k fd;k tkrk gS vkSj
mlesa ls ,d xsan fudkyh tkrh gSA ;fn ;g fn;k gqvk gS fd fudkyh xbZ xsan yky gS]
rks izkf;drk Kkr dhft, fd ;g xsan FkSys II ls fudkyh xbZ FkhA

gy gy gy gy : eku yhft, E
1
 ,oa E

2
 Øe'k% FkSyk I FkSyk II ds p;u dh ?kVuk,¡ gSa vkSj A yky

xsan ds p;u dh ?kVuk gSA

blfy, P(E
1
) = P(E

2
) = 

1

2

,oa P(A/E
1
) = P(FkSyk I ls yky xsan fudkyus dh izkf;drk) = 

4

7

P(A/E
2
) = P(FkSyk II ls yky xsan fudkyus dh izkf;drk) = 

6

11

vc cst izes; ds vuqlkj

P(E
2
/A) = P (;fn ;g Kkr gS fd fudkyh xbZ xsan yky gS] rks p;fur FkSyk II gS)

= 
2 2

1 1 2 2

1 4

( ) ( / ) 2 7
1 6 1 4( ) ( / ) ( ) ( / )

2 11 2 7

P E P A E

P E P A E P E P A E

×

=

+
× + ×

 = 

4
227

6 4 43

11 7

=

+

     ns[ksa vkius fdruk lh[kk 19-6

1. FkSyk I esa 3 uhyh rFkk 4 lQsn xsansa gSa vkSj FkSyk II esa 4 uhyh rFkk 3 lQsn xsansa gSaA
,d FkSys dk ;kn`PN;k p;u fd;k x;k vkSj p;fur FkSys esa ls ,d xsan fudkyh xbZA
;fn fudkyh xbZ xsan lQsn gSa] rks izkf;drk Kkr dhft, fd ;g xsan FkSys II ls fudkyh
xbZ FkhA

2. ,d dkj[kkus esa A rFkk B nks e'khusa gSaA iwoZ fooj.k ls irk pyrk gS fd dqy mRiknu
dk 60% e'khu A rFkk 40% e'khu B }kjk fd;k tkrk gSA blds vfrfjDr e'khu A

dk 2% rFkk e'khu B dk 1% mRikn [kjkc gSA ;fn dqy mRiknu dk ,d <sj cuk
fy;k tkrk gS vkSj ml <sj ls ;kn`PN;k fudkyh xbZ oLrq [kjkc gks] rks bl oLrq
ds 'e'khu A' }kjk cus gksus dh izkf;drk D;k gksxh\

3. tc dksbZ O;fDr okLro esa Vh-ch- ls ihfM+r gS rks Nkrh ds ,Dl&js ds fujh{k.k ls Vh-
ch- ds irk pyus dh izkf;drk 0.99, ,Dl&js ds vk/kkj ij MkDVj }kjk O;fDr dks
Vh-ch- gksus dk xyr funku djus dh izkf;drk 0.001 gSA fdlh 'kgj esa 10,000 O;fDr;ksa
esa ls ,d O;fDr dks Vh-ch- gSA ;fn ;kn`PN;k p;fur ,d O;fDr dks Vh-ch- ikbZ tkrh
gS] rks ml O;fDr dks okLro esa Vh-ch- gksus dh izkf;drk D;k gS\

19-12 ,d ;knf̀PNd pj dk izkf;drk caVu

19-12-1 ;knzfPNd pj19-12-1 ;knzfPNd pj19-12-1 ;knzfPNd pj19-12-1 ;knzfPNd pj

iwoZ [kaM esa vkius dqN izfrca/kksa ds vUrxZr fofHkUu ?kVukvksa dh izkf;drk Kkr djuk lh[kk
gSA vkb, ,d flDds dks pkj ckj mNkyus dh ppkZ djrs gSaA lHkh laHkkfor ifj.kkeksa dks
,d izfrn'kZ lef"V esa bl izdkj n'kkZ;k tk ldrk gSA
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S = {HHHH, HHHT, HHTH, HTHH, THHH, THHT, HHTT, HTTH, TTHH, HTHT,

THTH, HTTT, THTT, TTHT, TTTH, TTTT}

bl izfrn'kZ lef"V ds izR;sd ifj.kke ds lkFk ,d la[;k tksM+us dh ckr dj ldrs
gSaA mnkgj.k ds fy, ^fprksa dh la[;k* ds laxr izR;sd ifj.kke ds fy, ,d la[;k gSaA
bl la[;k dks ge X dg ldrs gSaA

Li"Vr%

X(HHHH) = 4, X(HHHT) = 3, X(HHTH) = 3

X(THHH) = 3, X(HHTT) = 2, X(HTTH) = 2

X(TTHH) = 2, X(HTHT) = 2, X(THTH) = 2

X(THHT) = 2, X(HTTT) = 1, X(THTT) = 1

X(TTHT) = 1, X(TTTH) = 1, X(TTTT) = 0

bl izdkj ge ns[krs gSa fd izR;sd ifj.kke ds laxr 0 ,oa 4 ds chp X dk dksbZ eku
gSA bl izdkj ds pj X dks ;kn`fPNd pj dgrs gSaA

ifjHkk" kkifjHkk" kkifjHkk" kkifjHkk" kk

;kn`fPNd pj og Qyu gksrk gS ftldk izkar fdlh ;kn`fPNd ijh{k.k dk izfrn'kZ lef"V
gksrk gS vkSj ifjlj ,d okLrfod la[;k gksrh gSA

 mnkgj.k 19.27.   nks ikls ,d lkFk Qsads tkrs gSaA ;kn`fPNd pj X, ^iklksa ds Åijh Qyuksa
dh la[;kvksa dk ;ksx* dk eku fyf[k,A

gygygygy : bl ijh{k.k ds izfrn'kZ lef"V esa 36 rRo gSa

S = {(1, 1), (1, 2), (1, 3) .......... (1, 6)

(2, 1), (2, 2), (2, 3) ............ (2, 6)

....

....

....

(6, 1), (6, 2), (6, 3) ............. (6, 6)}

Li"Vr% Li"Vr% Li"Vr% Li"Vr% izR;sd ;qXe dk ;ksx 2 ls 12 ds chp dksbZ la[;k gSA blfy, ;kn`fPNd pj
X ds fuEufyf[kr eku gSa %

X(1, 1) = 2

X((1, 2), (2, 1)) = 3

X((1, 3), (2, 2), (3, 1)) = 4

X((1, 4), (2, 3), (3, 2), (4, 1) = 5

X((1, 5), (2, 4), (3, 3), (4, 2), (5, 1) = 6

X((1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1), = 7

X((2, 6), (3, 5), (4, 4), (5, 3), (6, 2) = 8

X((3, 6), (4, 5), (5, 4), (6, 3) = 9

X((4, 6), (5, 5), (6, 4) = 10

X((5, 6), (6, 5)) = 11

X((6, 6)) = 12
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19-12-2 ;knf̀PNd pj dh izkf;drk caVu

rk'k ds 52 iÙkksa dh ,d lqfefJr xM~Mh ls nks iÙks mÙkjksÙkj ¼,d ds ckn nwljk½ izfrLFkkiuk
ds lkFk fudkyus ds ijh{k.k dh ppkZ djrs gSaA bl izdkj fudkys x, nks iÙkks esa bDdksa
dh la[;k ij ge viuk /;ku dsfUnzr djrs gSaA bls X ls n'kkZrs gSaA Li"Vr% X ds eku
0] 1] 2 gks ldrs gSaA

bl ijh{k.k dk izfrn'kZ lef"V bl izdkj gS % S = {(bDdk] bDdk), (bDdk] bDdk ugha),
(bDdk ugha] bDdk), (bDdk ugha] bDdk ugha)}

X(bDdk] bDdk) = 2

X{(bDdk] bDdk ugha) vFkok (bDdk ugha] bDdk)} = 1

vkSj X{(bDdk ugha] bDdk ugha)} = 0

P(X = 2) = P(bDdk, bDdk) = 
4 4

52 52
×  = 

1

13
×

1

13
 = 

1

169

P(X = 1) = P[(bDdk] bDdk ugha) vFkok (bDdk ugha] bDdk)]

=
4 48 48 4

52 52 52 52
× + ×

=
12 2 24

169 169 169
+ =

P(X = 0) = P(bDdk ugha] bDdk ugha)

=
48 48 144

52 52 169
× =

;kn`fPNd pj ds eku vkSj muds laxr izkf;drkvksa dk o.kZu izkf;drk caVu dgykrk gSA

ifjH kk "k kifjH kk "k kifjH kk "k kifjH kk "k k

;kn`fPNd pj X dk izkf;drk caVu X ds izR;sd eku ds fy, izkf;drkvksa dk caVu gSA

;kn`fPNd pj X dh izkf;drk caVu dks fuEu izdkj n'kkZ;k tkrk gS %

X
i

: x
1

x
2

x
3

.... x
n

P(X
i
) : P

1
P

2
P

3
.... P

n

tgk¡ 
1

0, 1, 1,2,3,...
n

i i

i

P P i n
=

> = ∀ =∑ .

okLrfod la[;k,¡ x
1
, x

2
, ... x

n
 pj X ds laHkkfor eku gS vkSj ;kn`fPNd pj x ds eku

X
i 
dh izkf;drk P

i
 gS] bls P(X = x

i
) = P

i 
ds :i esa fy[kk tkrk gSA

vr% rk'k ds 52 iÙkksa dh lqfefJr xM~Mh ls nks iÙkksa dks mÙkjksÙkj izfrLFkkiuk ds lkFk

fudkyus dk izkf;drk caVu bl izdkj gS %
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X : 0 1 2

P(x
i
) :

144

169

24

169

1

169

/;ku nhft, izkf;drk caVu esa izR;sd izkf;drk dk eku 0 ,oa 1 ds e/; gksuk pkfg,

vkSj lHkh izkf;drkvksa dk ;ksx 1 gksuk pkfg,A

ΣP
i
 = 

144 24 1 144 24 1
1

169 169 169 169

+ +

+ + = =

 mnkgj.k 19.28. tk¡fp, fd fuEu caVu izkf;drk caVu gS ;k ugha

X 2 1 0 –1 –2

P(X) 0.1 0.2 0.3 0.2 0.2

gy gy gy gy : lHkh izkf;drk,¡ P(X) /kukRed gSa vkSj 1 ls NksVh gSaA blds vfrfjDr

ΣP(x
i
) = 0.1 + 0.2 + 0.3 + 0.2 + 0.2

= 1.0

vr% fn;k gqvk caVu ;kn`fPNd pj X dk izkf;drk caVu gSA

 mnkgj.k 19.29.  ,d ;kn`fPNd pj X dk izkf;drk caVu fuEu izdkj gS %

X –1 –2 –3 –4 –5 –6

P(X)
1

3
k

1

4
2k

1

6 4

k

Kkr dhft, % (1) k (2) P(X > –4) (3) P(X < –4)

gy gy gy gy : (1) fn, gq, caVu esa izkf;drkvksa dk ;ksx 1 gksuk pkfg,A

⇒
1 1 1

2
3 4 6 4

k
k k+ + + + +  = 1

⇒
4 12 3 24 2 3

12

k k k+ + + + +

 = 1

39k + 9 = 12

⇒ 39k = 3

∴ k =
1

13

(2) P(X > –4) = P(x = –3) + P(x = –2) + P(x = –1)

=
1 1

4 3
k+ +  = 

1 1 1 103

4 13 3 156
+ + =

(3) P(X < –4) = P(x = –5) + P(x = –6)

=
1 1 1 29

6 4 6 13 4 156

k
+ = + =

×
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 mnkgj.k 19.30.  rhu flDdksa dks ,d lkFk mNkyus ij iVksa dh la[;k dh izkf;drk caVu
Kkr dhft,A

gygygygy : rhu flDdksa dks ,d lkFk mNkyus ij izfrn'kZ lef"V bl izdkj gS %

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

eku yhft, iVksa dh la[;k X gSA

Li"Vr% X ds eku 0, 1, 2, 3 gSaA

vc P(X = 0) = P(HHH) = 
1 1 1 1

2 2 2 8
× × =

P(X = 1) = P(HHT or HTH or THH)

= P(HHT) + P(HTH) + P(THH)

=
1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2
× × + × × + × ×

=
1 1 1 3

8 8 8 8
+ + =

P(X = 2) = P(HTT or THT or TTH)

= P(HTT) + P(THT) + P(TTH)

=
1 1 1 3

8 8 8 8
+ + =

P(X = 3) = P(TTT) = 
1

8
.

vr% vHkh"V izkf;drk caVu bl izdkj gS %

X : 0 1 2 3

P(X) :
1

8

3

8

3

8

1

8

      ns[ksa vkius fdruk lh[kk 19-7

1. crkb, fuEu esa ls dkSu ls caVu ;kn`fPNd pj dk izkf;drk caVu ugha gSa\ vius mÙkj
dks mfpr Bgjkb,A

(a) x 100 200 300

P(x)
1

2

1

4

1

4

(b) Y 0 1 2 3 4 5

P(y) 0.1 0.2 0.3 0.4 0.5 0.6
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(c) x
i

–1 –2 0 2 1

P
i

0.2 0.15 –0.5 0.45 0.7

(d) x
i

2 3 4 5

P
i

0.4 0.1 0.2 0.2

2. fuEufyf[kr iz'u gy dhft, %

(a) ,d FkSys esa 4 yky rFkk 3 lQsn xsansa gSa vkSj mlesa ls nks xsansa mÙkjksÙkj izfrLFkkiuk
ds lkFk fudkyh tkrh gSa] rks yky xsanksa dh la[;k dk izkf;drk caVu Kkr dhft,A

(b) tc nks ikls ,d lkFk Qsads tkrs gSa rks N% dh la[;k dk izkf;drk caVu Kkr
dhft,A

(c) tc nks ikls ,d lkFk Qsads tkrs gSa rks iklksa ds f)d ¼nksuksa iklksa ij ,d tSlh
la[;k½ gksus dh la[;k dk izkf;drk caVu Kkr dhft,A

19-13 ;knf̀PNd pj dk ekè; ,oa izlj.k

19.13.1 ek/;ek/;ek/;ek/;

;kn`fPNd pj X ds ek/; dks µ ls iznf'kZr djrs gSa vksj bls

µ =
1

n

i i

i

x P
=

∑  }kjk ifjHkkf"kr

fd;k tkrk gS tgk¡ ΣP
i
 = 1, P

i
 > 0, ∀ i = 1, 2, ... n.

nwljs 'kCnksa esa ge dg ldrs gSa fd ;kn`fPNd pj dk ek/;] pj ds eku vkSj laxr
izkf;drkvkssa ds xq.kuQyksa dk ;ksx gSA ;kn`fPNd pj ds ek/; dks izR;k'kk (expectation) Hkh
dgrs gSa vkSj bls E(x) ls O;Dr djrs gSaA

blfy, E(x) = µ = 
1

n

i i

i

x P
=

∑ .

19.13.2 izlj.kizlj.kizlj.kizlj.k

Lej.k dhft,] ckjackjrk caVu esa geus i<+k gS fd izlj.k izdh.kZu dk ,d eki vFkok ekuksa
esa fopj.k dk eki gSA ;kn`fPNd pj ds izlj.k dk vFkZ Hkh ogh gSA

ifjHkk"kk % ifjHkk"kk % ifjHkk"kk % ifjHkk"kk % eku yhft, ,d ckjackjrk caVu bl izdkj fn;k x;k gS %

X
i

: x
1

x
2

x
3

... x
n

P(X
i
) : P

1
P

2
P

3
... P

n

eku yhft, µ = E(x), x dk ek/; gSA

X ds izlj.k dks σ
x
2 }kjk O;Dr fd;k tkrk gS vkSj bls bl izdkj ifjHkkf"kr fd;k

x;k gS %
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σ
x
2 = izlj.k (x) = 

2

1

( )
n

i i

i

x P
=

− µ∑

=
2 2
1

1

( 2 )
n

i i i i

i

x p p x p
=

+ µ − µ∑

=
2 2

1

( 2 )
n

i i i i i

i

x P P x p
=

+ µ − µ∑

=
2 2

1 1 1

2
n n n

i i i i i

i i i

x p P x p
= = =

+ µ − µ∑ ∑ ∑

=
2 2

1 1 1

2
n n n

i i i i i

i i i

x p P x p
= = =

+ µ − µ∑ ∑ ∑

=
2 2

1

.1 2 .
n

i i

i

x p
=

+ µ − µ µ∑

=
2 2

1

n

i i

i

x p
=

− µ∑  (Q µ = 
2

1 1

1
n n

i i i

i i

x p p
= =

=∑ ∑rFkk )

=

2

2

1 1

n n

i i i i

i i

x p x p
= =

 
−  
 

∑ ∑

ge bls bl izdkj Hkh fy[k ldrs gSa

 izlj.k (x) = E(X2) – [E(X)]2

 mnkgj.k 19.31.  fuEufyf[kr caVu dk ek/; ,oa izlj.k Kkr dhft, %

x –2 –1 0 1 2

P(x)
1

8

2

8

3

8

1

8

1

8

gygygygy : fn;k gqvk caVu gS %

X
i

–2 –1 0 1 2

P(X
i
)

1

8

2

8

3

8

1

8

1

8

X
i
P(X

i
)

2

8
−

2

8
− 0

1

8

2

8

x2P(X
i
)

4

8 8

1

0
8

1 4

8
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vc] µ = ΣP(X
i
)X

i
 = 

2 2 1 2
0

8 8 8 8
− − + + +  = 

1

8
−

izlj.k (x) =ΣX
i
2P(X

i
) – [Σ P(X

i
)X

i
]2

=

2
4 2 1 4 1

0
8 8 8 8 8

   
+ + + + − −     

 = 
11 1 87

8 64 64
− =

      ns[ksa vkius fdruk lh[kk 19-8

1. fuEufyf[kr caVuksa ds fy, ek/; ,oa izlj.k Kkr dhft, %

(a) X : 1 2 3 4

P(X) : 0.3 0.2 0.4 0.1

(b) y
i

–2 –1 0 1 2

P(y
i
) 0.1 0.2 0.3 0.25 0.15

2. ,d fu"i{k (fair) flDds dks rhu ckj mNkyus esa fprksa dh la[;k dk ek/; Kkr dhft,A

3. eku yhft, nks fu"i{k iklkssa dks Qsadus ij izkIr la[;kvksa ds vUrj dks X ls O;Dr
fd;k tkrk gSA X dk ek/; ,oa izlj.k Kkr dhft, ¼vUrj dk fujis{k eku yhft,½

4. ,d vfHkur flDds dks mNkyus ij 25% fpr ,oa 75% iV izkIr gksus dh mEehn gSA
bl flDds dks nks ckj mNkyk tkrk gSA izkIr iVksa dh la[;k dk ek/; Kkr dhft,A

5. nks iklksa dks Qsadus ij N% dh la[;kvksa dk ek/; ,oa izlj.k Kkr dhft,A

19-14 cjukSyh vfHkiz;ksx

tc ,d tSls izfrca/kksa ds vUrxZr fdlh ijh{k.k dh iqujko`fÙk dh tkrh gS rks izR;sd ckj
dh xbZ iqujko`fÙk ,d vfHkiz;ksx dgykrh gSA mnkgj.k ds fy, ;fn ,d flDds dks rhu
ckj mNkyk tkrk gS] rks ge dgrs gSa fd flDds dks mNkyus ds rhu vfHkiz;ksx gSaA

fdlh fof'k"V ?kVuk dks vfHkiz;ksx dh lQyrk dgk tk ldrk gSA Li"Vr% fdlh ?kVuk
dk ?kfVr ugha gksuk vlQyrk dgk tk,xkA mnkgj.k ds fy, ,d ikls dks mNkyus ij
;fn 4 ls NksVh la[;k izkIr gksxh dks lQyrk ekuk tkrk gS rks 4 ls NksVh izkIr ugha gksuk
vlQyrk ekuk tk,xkA bl izdkj izR;sd vfHkiz;ksx ds nks ifj.kke gks ldrs gSa] lQyrk
vFkok vlQyrkA

fdlh ;kn`PN;k ijh{k.k ds nks vFkok vf/kd vfHkiz;ksx nks izdkj ls fd, tk ldrs
gSa %

1. lQyrk vFkok vlQyrk dh izkf;drk izR;sd vfHkiz;ksx esa fLFkj jgsA mnkgj.k ds

fy, ,d flDds dks n ckj mNkyus ij] izR;sd vfHkiz;ksx esa fpr izkIr gksus dh izkf;drk

1

2
 gS] bl izdkj ds vfHkiz;ksx Lora= vfHkiz;ksx dgykrs gSaA
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2. lQyrk vFkok vlQyrk dh izkf;drk izR;sd vfHkiz;ksx esa cnyrh jgsA mnkgj.k ds
fy, rk'k ds iÙkksa dh xM~Mh esa ls izfrLFkkiuk ds fcuk mÙkjksÙkj iÙks ¼,d ds ckn nwljk½
fudkyukA bl izdkj ds vfHkiz;ksxksa esa ;fn gqde dk iÙkk izkIr gksuk lQyrk ekuk
tk, rks izR;sd vfHkiz;ksx esa lQyrk dh izkf;drk cnyrh jgsxhA

i.e. vfHkiz;ksx izFke f}rh; rr̀h;]----

izkf;drk
13

52

12

51

11

50
, ...

izFke izdkj ds vfHkiz;ksx i.e. Lora= vfHkiz;ksx ftuesa dsoy lQyrk vFkok vlQyrk
uked nks ifj.kke gksrs gSa] cjukSyh vfHkiz;ksx dgykrs gSaA

ifjHkk"kk % ifjHkk"kk % ifjHkk"kk % ifjHkk"kk % fdlh ;kn`fPNd ijh{k.k ds vfHkiz;ksx cjukSyh ijh{k.k dgykrs gSa] ;fn izR;sd
vfHkiz;ksx ds nks ifj.kke ¼lQyrk vFkok vlQyrk½ gSa] vfHkiz;ksx Lora= vkSj lhfer gSaA

19-15 f}in caVu

fdlh ;kn`fPNd ijh{k.k ds cjukSyh vfHkiz;ksxksa dh lQyrk dh la[;k dk izkf;drk caVu]
(q + p)n ds izlkj ls izkIr fd;k tk ldrk gS tgk¡

p = izR;sd vfHkiz;ksx esa lQyrk dh izkf;drk

q = 1 – p, = vlQyrk dh izkf;drk

n = vfHkiz;ksxksa dh la[;k

bl izdkj dk izkf;drk caVu f}inh caVu dgykrk gSA nwljs 'kCnksa esa ge dg ldrs
gSa fd fdlh ;kn`fPNd ijh{k.k ds n cjukSyh vfHkiz;ksxksa esa] lQyrkvksa dh la[;k dk
eku 0, 1, 2, 3, ....n gks ldrk gSA

blfy, X dh lQyrkvksa dh la[;k dk izkf;drk caVu fuEu izdkj gS %

P(X = 0) = (q + p)n ds izlkj esa izFke in

P(X= 1) = (q + p)n ds izlkj esa f}rh; in

M

P(X = r) = (q + p)n ds izlkj esa (r + 1)ok¡ in

M

P(X = n) = (q + p)n ds izlkj esa (n + 1)ok¡ in

ge tkurs gSa fd

(q + p)n = 1 2 2
0 1 2 ... ...n n n n n n n n r r n n

r nC q C q p C q p C q p C p
− − −

+ + + + + +

⇒ P(x = 0) = 0
n n
C q

P(x = 1) = 
1

1
n n
C q p

−

P(x = 2) = 
2 2

2
n n
C q p

−

M

P(X = r) = 
n n r r

rC q p−
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M

P(X = n) = .n n
nC p

,d f}in caVu] ftlesa n cjukSyh vfHkiz;ksx gks vkSj izR;sd vfHkiz;ksx esa lQyrk dh
izkf;drk P gS] dks B(n, p) ls O;Dr djrs gSaA

vkb, mnkgj.kksa dh lgk;rk ls f}in caVu dks le>rs gSaA

mnkgj.k 19.32.  rhu cjukSyh vfHkiz;ksxksa esa lQyrkvksa dh la[;k dk f}in caVu fyf[k,A

gygygygy : eku yhft, p = izR;sd vfHkiz;ksx esa lQyrk dh izkf;drk

q = izR;sd vfHkiz;ksx esa vlQyrk dh izkf;drk

Li"Vr% q = 1 – p

rhu vfHkiz;ksxksa esa lQyrk dh la[;k ds eku 0, 1, 2 vFkok 3 gks ldrs gSaA

rhu vfHkiz;ksxksa dk izfrn'kZ lef"V

S = {SSS, SSF, SFS, FSS, SFF, FSF, FFS, FFF}

tgk¡ S vkSj F Øe'k% lQyrk ,oa vlQyrk dks O;Dr djrs gSaA

P(S = 0) = P(FFF) = P(F) P(F) P(F)

= q.q.q = q3

P(S = 1) = P(SFF, FSF or FFS)

= P(SFF) + P(FSF) + P(FFS)

= P(S).P(F) P(F) + P(F).P(S).P(F) + P(F) P(F) P(S)

= p.q.q. + q.p.q + q.q.p

= 3 q2p

P(S = 2) = P(SSF vFkok SFS or FSS)

= P(SSF) + P(SFS) + P(FSS)

= P(S).P(S).P(F) + P(S) P(F)P(S) + P(F) P(S) P(S)

= p.p.q + p.q.p + q.p.p

= 3qp2

P(S = 3) = P(SSS) = P(S) . P(S) . P(S)

 = p.p.p = p3

vr% lQyrkvksa dh la[;k dh izkf;drk caVu bl izdkj gS %

X
i

: 0 1 2 3

P(X
i
) : q3 3q2p 3qp2 p3

blds lkFk&lkFk (q + p)3 = q3 + 3q2p + 3p2q + p3

/;ku nhft, 0, 1, 2, 3 lQyrkvksa dh izkf;drk Øe'k% (q + p)3 ds izlkj ds izFke]
f}rh;] rr̀h; ,oa pkSFks in gSaA

mnkgj.k 19.33.   ,d iklk 5 ckj Qsadk tkrk gSA ;fn le la[;k izkIr djuk ,d lQyrk gS] rks

(a) 5 lQyrkvksa (b) de ls de 4 lQyrk,¡

(c) vf/kdre 3 lQyrkvksa] dh izkf;drk D;k gS\
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gygygygy : fn;k gqvk gS X : ^^,d le la[;k**

rc p = P(,d le la[;k) = 
3 1

6 2
=

q = P(,d le la[;k ugha) = 
3 1

6 2
=

D;ksafd ikls dks Qsadus ds vfHkiz;ksx cjukSyh vfHkiz;ksx gSaA

blfy,] P(r lQyrk) = n n r r
rC q p

−

;gk¡, n = 5 = 

5 2 2 5
5 51 1 1

2 2 2
r rC C

−

     
=          

(a) P(5 lQyrk) = 

5
5

5

1 1

2 32
C

 
=  

(b) P(de ls de 3 lQyrk)

= P(3 lQyrk vFkok 4 lQyrk vFkok 5 lQyrk )

= P(3 lQyrk) + P(4 lQyrk) + P(5 lQyrk).

= 

5 5 5
5 5 5

3 4 5

1 1 1

2 2 2
C C C
     

+ +          

= 

5
1 5 4 3

5 1
2 3 2 1

× ×   
+ +      × ×

= 

5
1 16 1

(10 5 1)
2 32 2

 
+ + = =  

(c) P(vf/kdre 3 lQyrk)

= P(0 lQyrk vFkok 1 lQyrk vFkok 2 lQyrk vFkok 3 lQyrk)

= P(0 lQyrk) + P(1 lQyrk) + P(2 lQyrk) + P(3 lQyrk)

= 

5 5 5 5
5 5 5 5

0 1 2 3

1 1 1 1

2 2 2 2
C C C C

       
+ + +              

= 
1 1 5 4 1 5 4 3 1

5
32 32 2 1 32 3 2 1 32

× × ×

+ × + × + ×

× × ×

= [ ]
1 26 13

1 5 10 10
32 32 16

+ + + = = .

    ns[ksa vkius fdruk lh[kk 19-9

1. ;fn ,d U;k; flDds dks 10 ckj mNkyk tk, rks fuEufyf[kr dks izkIr djus dh izkf;drk
Kkr dhft, %

(a) 6 fpr            (b) de ls de 6 fpr     (c) vf/kdre 6 fpr
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2. ,d iklksa ds ;qXe dks 4 ckj mNkyk tkrk gSA ;fn f)d (1, 1), (2, 2)...} izkIr djuk
lQyrk gS( rks nks lQyrk,¡ izkIr djus dh izkf;drk Kkr dhft,A

3. ,d FkSys esa 3 yky vkSj 4 dkyh xsansa gSaA mlesa ls ik¡p xsan mÙkjksÙkj izfrLFkkiuk ds
lkFk fudkyh tkrh gSaA ;fn ^^dkyh xsan** izkIr djuk ,d lQyrk ekuk tk,] rks 3
lQyrk,¡ izkIr djus dh izkf;drk Kkr dhft,A

4. fdlh dkj[kkus esa fufeZr cYcksa esa ls 5% cYc [kjkc gSaA ;kn`PN;k fy, x, 10 cYcksa
esa 1 ls T;knk [kjkc cYc ugha gksxk bldh izkf;drk D;k gS\

5. ,d dkj[kkus esa fufeZr lh,Q,y dh 1 o"kZ ds ckn [kjkc gksus dh izkf;drk 0-01 gSA
bl dkj[kkus esa fufeZr 5 lh,Q,y esa ls 1 o"kZ ckn
(a) 'kwU;
(b) vf/kdre ,d
(c) ,d ls vf/kd
(d) U;wure ,d] lh,Q,y
ds [kjkc gksus dh izkf;drk Kkr dhft,A

� ,d ?kVuk dk iwjd fdlh ?kVuk ds iwjd esas os lHkh ifj.kke gksrs gSa tks bl ?kVuk ds vuqdwy
u gksa] rFkk bls A ugha vFkok A  ls fy[kk tkrk gSA

� ?kVuk A ;k B% ?kVuk A ;k B rc ?kfVr gksrh gS tc ?kVuk A ;k ?kVuk B ;k nksuksa ?kfVr
gksaA

� ?kVuk A vkSj B%?kVuk A vkSj B esa os lc ifj.kke gksrs gSa tks nksuksa esa mHk;fu"B gksaA

� ;ksx dk fu;e% dksbZ nks ?kVukvksa ds fy,

P ( A vFkok B ) = P (A) + P ( B ) −  P ( A  vkSj B)

� ijLij viothZ ?kVukvksa ds fy, ;ksx dk fu;e

;fn A vkSj B nks ijLij viothZ ?kVuk,sa gksa rks
P ( A ;k B ) =  P (A B)U = P ( A ) + P ( B ).

� ?kVuk ds vuqdwy la;ksxkuqikr ;fn A ds la;ksxkuqikr als b gS rks

a
P (A)

a b
=

+

;fn A ds izfrdwy la;ksxkuqikr a ls b gSa rks

b
P (A)

a b
=

+

� nks ?kVuk,sa ijLij viothZ gkrh gS ;fn ?kfVr ?kVuk nwljh ?kVuk dks ?kfVr gksus ls jksdsA

� nks ?kVuk,sa LorU=k gksrh gSa] ;fn ,d ds ?kVus dk izHkko nwljs ij ugha iM+rkA

;fn A vkSj B Lora=k ?kVuk,a gSa rks

C

A1

% + vkb;s nksgjk,¡
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P(A vkSj B) = P (A).P(B)

;k P(A ∩ B) = P(A) . P(B)

� nks ijkfJr ?kVukvksa ds fy,

P(A ∩ B) = P(A) P(B | A), P(A) > 0

;k P(A ∩ B) = P(B) P(A | B), P(B) > 0

� izfrca/h izkf;drk 
( )

( / )
( )

P A B
P A B

P B

∩
=  rFkk 

( )
( / )

( )

P A B
P B A

P A

∩
=

� lEiw.kZ izkf;drk dh izes;%

P(A) = P(E1).P(A | E1) + PE2 P(A | E2) + .... + P(E1) P(A | E2)

� cst izes;% ;fn B1, B2, ..., Bn ijLij viorhZ ?kVuk,a gSa vkSj A ,d ,slh ?kVuk gS tks B1,

vFkok B2 vFkok Bn ds lkFk ?kfVr gksrh gS] rks

P(Bi/A) = 
n

i 1

P(Bi).P(A | Bi)

P(Bi).P(A | Bi)
=

∑
 tgka i = 1, 2, ..., n

� ;kn`fPNd pj dk ekè; rFkk izlj.k%

m = E(X) = 
n

XiPi
2

σ
2 = 

2 2 2
i

n n
(Xi m) X Pi m

2 2
− = −

� f}in caVu P(X = r) = n n r r
rC q p−

⋅

� http://en.wikipedia.org/wiki/Probability

� http://mathworld.wolfram.com/Probability

� http://en.wikipedia.org/wiki/probability _distribution

� http://en.wikipedia.org/wiki/Probability_theory

� http://en.wikipedia.org/wiki/Bernoulli_distribution

1. pkj flDds mNkyus ij izkf;drk Kkr dhft, tc (a) rhu fpr vk,a (b) de ls de 3 fpr
vk,a (c)  vf/d ls vf/d rhu fpr vk,aA

2. nks ikls ,d ckj iQsads x,A ml ?kVuk dh izkf;drk fudkfy, igys ikls ij ;k rks fo"ke
la[;k  vk, ;k vadksa dk ;ksx 7 gksA

3. igys nks lkS iw.kkZadksa esa ls ,d iw.kkZad ;kfn`fPNd :i ls pquk x;kA pqus x;s iw.kkZad 6 ;k 8

ls foHkkftr gksus dh izkf;drk Kkr dhft,A

lgk;d osclkbV

vkb, vH;kl djsa
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4. ,d cSx esa 13 xsansa gS ftuesa 1 ls 13 uEcj fy[ks gSaA ;kn`PN :i ls ,d xsan fudkyh tkrh
gSA izkf;drk Kkr dhft, tc fudkyh xbZ xsan dk uEcj 2 ;k 3 ls foHkkftr gksA

5. ml ?kVuk dh izkf;drk Kkr dhft, tc pkj ckj flDdk mNkyus ij 2 ;k 3 ckj fpr vk,A

6. D;k fuEufyf[kr izkf;drk,a laxr gSa %
(a) P (A) = 0.6,  P (B) = 0.5  ,  P ( A vkSj B ) = 0.4

(b) P (A) = 0.2,  P (B) = 0.3 ,  P  (A vkSj B ) = 0.4

(c) P (A) = P (B) = 0.7, P ( A vkSj B ) = 0.2

7. ,d cDls esa 25 fVdVsa gSa ftu ij 1 ls 25 uEcj fy[ks gSaA nks fVdVsa ;kfn`fPNd :i ls
fudkyh xb±A D;k izkf;drk gS fd fudkyh xbZ fVdVksa ds uEcjksa dk xq.kuiQy le gksA

8. ,d njkt esa 50 dq.Ms vkSj 150 isap gSaA vk/s dq.Ms vkSj vk/s isapksas dks tax yx x;k gSA
;fn njkt esa dksbZ ,d oLrq ;kfn`fPNd :i ls fudkyh tk, rks D;k izkf;drk gS fd ml
oLrq esa tax yxk gks ;k og dq.Mk gks \

9. ,d L=kh 12 vaMs [kjhnrh gS ftlesa ls nks vaMs [kjkc gSaA L=kh us iQsaVus ds fy, pkj v.Ms
fudkys% izkf;drk Kkr dhft, tc (a) pkjkas vaMs Bhd gksasA (b) rhu vPNs vkSj ,d [kjkc gksa
(c) nks vPNs vkSj nks [kjkc gksa (d) de ls de ,d [kjkc gksA

10. nks iÙkksa dks ;kfn`fPNd :i ls fudkyuk gS tks iqu% ugha j[ks tkrsA izkf;drk Kkr dhft, tc
nksuksa yky gksa ;k nksuksa ckn'kkg gksaA

11. ekuk A vkSj B nks ?kVuk,a gSa tcfd 
1 2 1

P(A) , P(B) , P(A B) ,
2 3 4

= = ∩ =  rks P(A / B)

vkSj P(B / A)  Kkr dhft,A

12. ,d cSx esa 10 dkys jax dh vkSj 5 lisQn jax dh xsansa gSaA cSx esa ls nks xsan fcuk okfil
j[ks (,d ds ckn nwljh) fudkyh tkrh gSA izkf;drk Kkr dhft, fd fudkyh xbZ nksuksa xsan
dkys jax dh gSaA

13. nks iklksa dks Qsadus ij izkIr vadksa ds ;ksx dks ;fn X ls O;Dr fd;k tk,] rks X

dk izkf;drk caVu Kkr dhft,A

14. ,d dy'k esa 4 dkyh] 2 yky vkSj 2 lQsn xsansa gSaA dy'k esa ls nks xsan ;kn`PN;
:i ls mÙkjksÙkj ¼,d ds ckn nwljh½ fcuk izfrLFkkiuk ds fudkyh tkrh gSaA dkyh xsanksa
dh la[;k dk izkf;drk caVu Kkr dhft,A

15. rk'k ds 52 iÙkksa dh xM~Mh esa ls 2 iÙks ;qxir~ :i ¼,d lkFk½ ls fudkys tkrs gSaA
ckn'kkgksa dh la[;k dk ek/; ,oa izlj.k Kkr dhft,A

16. ,d FkSys esa 5% [kjkc cksYV gSaA mlesa ls 10 cksYV mÙkjksÙkj izfrLFkkiuk ds lkFk fudkys
tkrs gSaA de&ls&de ,d [kjkc cksYV gksus dh izkf;drk Kkr dhft,A

17. f}in] 1
B 4,

3

 
  

 dk ek/; Kkr dhft,A

18. ,d ikls dks ckj&ckj rc rd Qsadk tkrk gS tc rd rhu N% izkIr ugha gks tk,¡A
rhljs N% dks NBs iz;kl esa izkIr gksus dh izkf;drk Kkr dhft,A
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19. fdlh O;fDr }kjk ,d U;k; flDds dks fdruh ckj vo'; mNkyk tkuk pkfg, rkfd
de&ls&de ,d fpr izkIr gksus dh izkf;drk 90% ls vf/kd gksA

20. ,d ikls dks 7 ckj Qsadus ij la[;k 5 dks nks ckj izkIr gksus dh izkf;drk Kkr dhft,A

21. ,d U;k; flDds dks rhu ckj mNkyus ij fprksa dh ek/; la[;k Kkr dhft,A

22. ,d dkj[kkus esa uV cuk, tkrs gSaA ml dkj[kkus esa rhu e'khusa A, B rFkk C Øe'k%
}kjk fufeZr mRikn esa ls Øe'k% 5%, 4% ,oa 2% uV [kjkc ik, tkrs gSaA mRikn ds
<sj esa ls ,d uV ;kn`PN;k mBk;k tkrk gS vkSj og [kjkc ik;k tkrk gSA bl ckr

dh izkf;drk D;k gS fd ;g uV e'khu C }kjk fufeZr gS\

ns[ksa vkius fdruk lh[kk 19.1

1.
1

6
2.

1

2
 3. 

1

2
4. 

3

4

5. (i) 
3

5
(ii)

2

5

6. (i) 
5

36
(ii)

5

36
(iii) 

1

12
(iv)

1

36

7.
5

9
8.  

1

12
9.

1

2

10. (i) 
1

4
(ii)

1

13
(iii)

1

52

11. (i) 
5

12
(ii)

1

6
(iii)

11

36

12. (i) 
1

8
(ii)

7

8
(iii)

1

8

ns[ksa vkius fdruk lh[kk 19.2

1.
1

8
2. 

20

39
3.(a) 

4

25
(b) 

38

245

 4.
1

5525
 6. (i)

3

10
 (ii) 

1

6
(iii) 

1

30

7.
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133
8. 

4

7
9. 

60
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10.

1

4

ns[ksa vkius fdruk lh[kk 19.3

1.
4
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2. 

7

36
3.

9
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4. 

7
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5.
4

9
6. 

1

2
7.

7

13
8. 

5

12

9. (a) 
5

18
(b) 0.7 10.

4

11

11. (a) 
5

6
(b) 

35

36
 12.

3

4

13 (a) A ds vuqdwy la;ksxkuqikr 7:3. A ds izfrdwy 3:7

(b) A ds vuqdwy la;ksxkuqikr 4:1 A ds izfrdwy la;ksxkuqikr 1:4

14. (a) 
7

9
 (b) 

7

17
15. (a) 

5

9
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3

4

16. (a), (c)  17.
4

7
18. 

1

4

ns[ksa vkius fdruk lh[kk 19.4

1. (a) 
2

7
(b) 

1

35
(c) 

24

35
(d) 

11

35

2. (a) 
2

3
(b) 

1
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3 .  
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4

4. (a) 
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35
(b) 

11

35
5.

1

2

6. (a) 
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144
(b) 

1

1014
7.

53

80

8. (a) 
36

169
(b) 

84

169
(c) 

120

169
(d) 

49

169

9. (a) Lora=k (b) LorU=k

ns[ksa vkius fdruk lh[kk 19.5

1.
13

51
2. 

1

2
3.

25

204

4. 
1

2
, 

1

4
5.   

3

7

ns[ksa vkius fdruk lh[kk 19.6

1.
7

3

2.
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4
3.

10

111

ns[ksa vkius fdruk lh[kk 19.7

1. (a) gk¡ (b) ugha D;ksafd ΣP
i
 ≠ 1
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(c) ugha D;ksafd P
i
 dh ,d ek=k _.kkRed gS

(d) ugha D;ksafd ΣP
i
 ≠ 1

2. (a) x : 0 1 2 (b) X
i

: 0 1 2

P(x) :
9

49

24

49

16

49
P(X

i
) :

25

36

10

36

1

36

ns[ksa vkius fdruk lh[kk 19.8

1. (a) µ = 2.3, izlj.k = 1.01

(b) µ = 0.15, izlj.k = 0.4275

2. µ = 
3

2

3. X : 0 1 2 3 4 5

P(X
i
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36
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2
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i
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8
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3
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5
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ns[ksa vkius fdruk lh[kk 19.9
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ekM~;wy I

leqPp;] laca/ ,oa iQyu

1- leqPp;
2- laca/ ,oa iQyu
3- f=kdks.kferh; iQyu - I

4- f=kdks.kferh; iQyu - II

5- f=kHkqt dh Hkqtkvksa ,oa dks.kksa esa laca/

ekWM;wy-I: leqPp;] laca/ ,oa iQyu

leqPp; ,oa iQyu eq[; vk/kjHkwr vo/kj.kk,a gSa tks ,d lkFk feydj xf.kr dk vk/kj cukrh gSaA xf.kr dh fofHkUu
'kk[kkvksa esa bu nks vk/kjHkwr vo/kj.kkvksa dk iz;ksx fd;k tkrk gSA ;g ekWM;wy vkidks okLrfod la[;kvksa ds leqPp;
ij ifjHkkf"kr leqPp;ksa] laca/ksa rFkk iQyuksa dh vo/kj.kvksa ,oa ifjHkk"kkvksa dks le>us ds fy, izsfjr djsxkA vkiosQ
fy, ;g Hkh egRoiw.kZ ckr gksxh fd vki iQyuksa dks f=kdks.kferh; vuqikrksa ls lacaf/r dj ldsaxsA ;g ekWM;wy vkidks
dks laca/ksa rFkk iQyuksa ls lacaf/r xq.kksa dks le>us esa lgk;rk djsxkA ;g vo/kj.kk,a vU; vo/kj.kkvksa tSls
f=kdks.kferh; iQyu] f=kdks.kferh; rRledksa vkSj f=kdks.kferh; lehdj.kksa dks gy djus ds fy, fofHkUu dks.kksa ds
f=kdks.kferh; vuqikr] f=kHkqt dh Hkqtkvksa ,oa dks.kksa dks Kkr djus ds fy, T;k ,oa dksT;k fu;eksa dk mi;ksx ,oa
f=kdks.kferh; iQyuksa ds vkys[kksa dks le>us esa lgk;rk djsaxhA leqPp;ksa] laca/ksa rFkk iQyuksa dh vo/kj.kkRed le>
iqLrd 2 esa ekWM;wy-VIII esa nh xbZ vU; vo/kj.kkvksa tSls laca/] iQyu rFkk izfrykse f=kdks.kferh; iQyu dks le>us
esa lgk;rk djsaxhA



ekM~;wy II

vuqozQe rFkk Jsf.k;k¡

6- vuqozQe rFkk Jsf.k;k¡
7- oqQN fo'ks"k Jsf.k;k¡

ekWM;wy-II: vuqØe rFkk Jsf.k;k¡

ekuoh; xfrfof/;ksa ds fofHkUu {ks=kksa esa vuqØe ds cgqr ls egRoiw.kZ vuqiz;ksx gSaA bl ekWM;wy ds }kjk vki vuqØe
rFkk vuqØe ds in dh vo/kj.kkvksa dks le> ldsaxsA ,sls vuqØe tks ,d fo'ks"k iSVuZ dk vuqlj.k djrs gS] Js.kh
dgykrs gSaA ,d vuqØe ftlds fdlh Hkh nks Øekxr inksa dk vUrj fuf'pr gksrk gS] lekUrj Js.kh dgykrh gS rFkk
;fn fdlh Hkh nks Øekxr inksa dk vuqikr fuf'pr gksrk gS] tks og xq.kksÙkj Js.kh dgykrh gSA Js.kh esa fdlh Hkh in
dk eku tkuus ds fy, ;g vko';d gks tkrk gS fd ,d ,sls fu;e dks ifjHkkf"kr fd;k tk, tks Js.kh dks iznf'kZr
djrk gksA ,d ,sls fu;e dks ifjHkkf"kr djus dh Hkh vko';drk gksxh ftldh lgk;rk ls Js.kh ds lHkh inksa dk ;ksx
Kkr fd;k tk ldsA bl ekWM;wy ds }kjk vki lekUrj ekè;] xq.kksÙkj ekè; rFkk bu nksuksa ekè;ksa esa laca/ dks le> ldsaxsA
bl ekWM;wy ds vUr esa vki Js.kh dh vo/kj.kk dks le> ldsaxs rFkk dqN fo'ks"k izdkj dh Jsf.k;ksa ds inksa dk ;ksx
tSls Σn, Σn

2 rFkk Σn
3 bR;kfn dks le>us ds ;ksX; gks ldsaxsA



ekM~;wy III

chtxf.kr - I

8- lfEeJ la[;k,a
9- f}?kkr lehdj.k ,oa jSf[kd vlfedk,a
10- xf.krh; vkxeu dk fl¼kUr
11- Øep; rFkk lap;
12- f}in izes;

ekWM;wy-III: chtxf.kr - I

dqN lehdj.kksa dks okLrfod la[;k i¼fr esa gy ugha fd;k tk ldrk gSA blfy,] okLrfod la[;k i¼fr dks blls
Hkh cM+h i¼fr ds :i esa foLrkj djus dh vko';drk gS ftlls fd mu lHkh lehdj.kksa dk gy izLrqr fd;k tk
lds ftudksa okLrfod la[;k i¼fr esa gy ugha fd;k tk ldrkA bl ekWM;wy esa okLrfod la[;k i¼fr dks blls
cM+h la[;k i¼fr lfEeJ la[;k i¼fr rd foLrkfjr fd;k tk,xk rkfd f}?kkr lehdj.kksa dks gy fd;k tk ldsA
xf.krh; vkxeu dk fl¼kar fo'ks"k ls lkekU; rd tkus dh izfØ;k gSA xf.krh; vkxeu dk fl¼kUr dqN varfje
fu"d"kks± rd igq¡pus esa lgk;rk djrk gSA vkidks nSfud thou esa oLrqvksa ds p;u rFkk izca/ ds fofHkUu rjhdksa ls
lacaf/r leL;kvksa dks gy djuk iM+rk gSA bl ekWM;wy ds varxZr vki fofHkUu ifjfLFkfr;ksa esa oLrqvksa ds p;u rFkk
izca/ ds fofHkUu rjhdksa dh x.kuk djus gsrq dqN vk/kjHkwr rduhdksa dks lh[ksaxsA fofHkUu izca/ Øep; rFkk fofHkUu
p;u lap; dh vkSj vxzlj gksrs gSA f}in izes; gesa fdlh f}in O;atd dks fdlh Hkh ?kkrkad rd foLrkj djus esa
lgk;rk djrh gSA dqN lkèkkj.k vuqiz;ksxksa ds tfj, vki f}in izes; rFkk jSf[kd vlfedk,a ds mi;ksx dks tkusaxsA
bl ekWM;wy esa nh xbZ vo/kj.kkvksa dh le> iqLrd 2 esa ekWM;wy-VI  chtxf.kr 

-II esa nh xbZ vo/kj.kkvksa dks le>us
esa Hkh lgk;rk djsaxhA



ekWM;wy-IV: funsZ'kkad T;kfefr

funsZ'kkad T;kfefr xf.kr dh og 'kk[kk gS tks chtxf.kr ds }kjk T;kfefr ds vè;;u esa lgk;rk djrk gSA vki tkusaxs
fd fdlh ljy js[kk ;k oØ dks fdlh lery esa ,d chtxf.krh; lehdj.k ds }kjk iznf'kZr fd;k tk ldrk gSA
funsZ'kkad T;kfefr eas fdlh ry esa fdlh fcanq dks okLrfod la[;kvksa ds dkrhZ; ;qXeksa ds }kjk iznf'kZr fd;k tk ldrk
gS ftUgsa ml fcanq ds funsZ'kkad dgrs gSa rFkk fdlh ljy js[kk ;k oØ dks fdlh lery esa okLrfod xq.kkdksa }kjk ,d
chtxf.krh; lehdj.k ds tfj, iznf'kZr fd;k tk ldrk gSA vki ljy js[kk ;k T;kferh; oØksa ds vè;;u esa
chtxf.kr dk mi;ksx muds xq.kksa ,oa izoQ̀fr ds tkuus ds fy, dj ldsaxsA fdlh yEcor̀h; 'kadq ds fdlh lery
esa ifjPNsn ds }kjk dqN oØksa dh [kkst dh xbZ ftUgsa 'kadq ifjPNsn dgk tkrk gSA bl izdkj ls izkIr oØksa esa rhu
oØ ijoy;] nh?kZor̀ rFkk vfrijoy; gSaA bl ekWM;wy esa vki ijoy;] nh?kZor̀] vfrijoy;  ,oa or̀ dh ekud
lehdj.kksa ,oa muds dqN lk/kkj.k vuqiz;ksaxksa dks tkusxsaA

ekM~;wy IV

funsZ'kkad T;kfefr

13- funsZ'kkadksa dh dkrhZ; iz.kkyh
14- ljy js[kk,a
15- oÙ̀k
16- 'kaoqQ ifjPNsn



ekWM;wy-V: lkaf[;dh ,oa izkf;drk

lkaf[;dh xf.kr ds egRoiw.kZ vk/kjHkwr {ks=kksa esa ls ,d gS ftldk iz;ksx ge vè;;u ds fofHkUu {ks=kksa esa djrs gSa rFkk
;g cktkj] vkS|ksfxd mRiknuksa ds fo'ys"k.k esa vfr mi;ksxh gSA lkaf[;dh dk vè;;u ls lkaf[;dh fcanq gesa lEiw.kZ
tula[;k ds laca/ esa lwpuk ,d=k djds mudk fo'ys"k.k dj egRoiw.kZ fu"d"kZ miyC/ djkrs gSaA lkaf[;dh gesa fdlh
ifjfLFkfr dk okLrfod ewrZ vk/kj iznku djrh gS rFkk ml ifjfLFkfr ds laca/ esa fu.kZ; ysus esa lgk;rk djrh gSA
ek=kkRed vkadM+ksa ds fy, lcls lkekU; Ikfj{ksi.k ds ekid fopj.k] fopj.k dk oxZewy] ekud fopyu] lkaf[;dh;
izlkj] vUrj prqFkZd izlkj rFkk fujis{k fopyu gSaA izkf;drk dk vè;;u gesa volj ds fl¼kUr ij fu.kZ; ysus esa
lgk;rk djrk gSA vkS|ksfxd mRiknuksa esa mPp] vkSlr rFkk fuEu xq.koÙkk fu/kZfjr djus esa izkf;drk dk mi;ksx fd;k
tkrk gSA eq[; :i ls lkaf[;dh ,oa izkf;drk vkidks vkids nSfud thou rFkk mPp vè;;u esa lgk;rk djrh gSaA

ekM~;wy V

lkaf[;dh ,oa izkf;drk

17- izdh.kZu osQ ekid
18- ;knf̀PNd iz;ksx rFkk ?kVuk,a
19- izkf;drk
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20

vkO;wgvkO;wgvkO;wgvkO;wg

19oha 'krkCnh ds e/; esa ,d fczfV'k xf.krK vkWFkZj dSys (1821–1895) us xf.kr dks ,d ubZ foèkk]
ftls vkO;wg (Matrices) dgk x;k] dks tUe fn;kA mlus ;qxir lehdj.kksa ds fudk;ksa dks
fu#fir djus esa vkO;wg dk mi;ksx fd;kA vkt vkO;wg ds fl)kUr xf.kr dk ,d egÙoiw.kZ vax
cu pqds gSaA [ksy&fl)kUr] O;; fu/kkZj.k] miksRiknu ds ctV cukus] vkfn esa vkO;wg mi;ksx esa
yk, tkrs gSaA vFkZ'kkL=h mudk mi;ksx lkekftd ys[kk fof/k] fuos'k&mRiknu lkjf.k;ksa rFkk
vUrZm|ksx vFkZ'kkL= ds v/;;u esa djrs gSaA ;qxir lehdj.k fudk;ksa ds gy djus esa vkO;wg
foLrr̀ :i ls mi;ksx esa yk;s tkrs gSaA jSf[kd izksxzkeu dk vk/kkj vkO;wg chtxf.kr esa gh gSA
vkO;wg ds vuqiz;ksx dsoy xf.kr esa gh ugha] cfYd vU; fo"k;ksa tSls HkkSfrd 'kkL=] jlk;u 'kkL=]
bUthfu;fjax] jSf[kd izksxzkeu] vkfn esa Hkh Hkjiwj feyrs gSaA

bl ikB esa ge vkO;wg ds fofHkUu izdkjksa rFkk vkO;wg ij chth; lafØ;kvksa ds fo"k; esa foLrkj
ls ppkZ djsaxsA

    mís'; mís'; mís'; mís';

bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,axs%
• vkO;wg dks ifjHkkf"kr djuk] mldk Øe crkuk rFkk mnkgj.k nsuk

• fofHkUu izdkj ds vkO;wg&tSls oxZ vkO;wg] vk;rkdkj] bdkbZ] 'kwU;] fod.kZ] iafDr] LraHk dks
ifjHkkf"kr djuk rFkk muds mnkgj.k nsuk

• nks vkO;wgksa ds leku gksus dk izfrcU/k crkuk

• ,d vkO;wg dk ifjorZ ifjHkkf"kr djuk

• lefer rFkk fo"ke lefer vkO;wgksa dks ifjHkkf"kr djuk rFkk mnkgj.k nsuk

• ,d gh Øe okys nks vkO;wgksa ds ;ksx rFkk vUrj Kkr djuk

• ,d vkO;wg dks vfn'k ls xq.kk djuk

• nks vkO;wgksa ds xq.ku ds fy, vko';d izfrcU/k crkuk

• tgka laHko gks] nks vkO;wgksa dks xq.kk djuk

• izkjafHkd lafØ;kvksa dk iz;ksx djuk

• izkjafHkd lafØ;kvksa dk iz;ksx dj vkO;wg dk izfrykse Kkr djuk



2

vkO;wg

xf.kr

ekWM~;wy - VI

chtxf.kr-II

fVIi.kh

 iwoZ Kku iwoZ Kku iwoZ Kku iwoZ Kku

• la[;k fudk; dk Kku
• jSf[kd lehdj.kksa ds fudk; dk gy

 20.1  vkO;wg rFkk mudk fu:i.kvkO;wg rFkk mudk fu:i.kvkO;wg rFkk mudk fu:i.kvkO;wg rFkk mudk fu:i.k

eku yhft, fd ge ;g vfHkO;Dr djuk pkgrs gSa fd vfuy ds ikl 6 isafly gSaA ge bls [6]

;k (6) fy[kdj] bl le> ds lkFk fd [ ] vFkok ( ) ds vUnj fy[kh gqbZ la[;k vfuy ds ikl gksus
okyh isaflyksa dh la[;k dks n'kkZrh gS] vfHkO;Dr dj ldrs gSaA vxyh ckj eku yhft, fd ge
;g vfHkO;Dr djuk pkgrs gSa fd vfuy ds ikl 2 iqLrd rFkk 5 isafly gSaA ge bls [2, 5]

fy[kdj] bl le> ds lkFk fd [ ] ds vUnj izFke izfof"V vfuy ds ikl iqLrdksa dh la[;k dks
n'kkZrh gS] tcfd nwljh izfof"V isaflyksa dh la[;k crkrh gSa] izdV dj ldrs gSaA

vkb,] vc] nks fe=ksa ';ke rFkk bjQku dh fLFkfr ij fopkj djsaA ';ke ds ikl 2 iqLrdsa] 4 dkfi;ka
rFkk 2 iSu gSa( rFkk bjQku ds ikl 3 iqLrdsa] 5 dkfi;ka rFkk 3 iSu gSaA

bl tkudkjh dks izLrqr djus dk ,d lqfo/kktud <ax bls uhps nh x;h lkj.kh ds :i esa fy[kuk gSA

                     iqLrd                 dkfi;ka       iSu

';ke                   2 4 2

bjQku              3 5 3

bls ge la{ksi esa uhps nh x;h fof/k ls fy[k ldrs gSa%

                   izFke LraHk         f}rh; LraHk  rr̀h; LraHk

                              ↓                              ↓                            ↓

izFke iafDr  2 4 2

f}rh; iafDr 3 5 3

mijksDr fu:i.k fuEufyf[kr tkudkjh iznku djrk gS%

(1) izFke rFkk f}rh; iafDr;ksa esa izfof"V;ka Øe'k% ';ke rFkk bjQku ds ikl oLrqvksa dh la[;k
¼iqLrd] dkfi;k¡] iSu½ n'kkZrh gSA

(2) izFke] f}rh; rFkk rr̀h; LraHkksa esa izfof"V;ka Øe'k% iqLrdksa] dkfi;ksa rFkk iSuksa dh la[;k
n'kkZrh gSaA

bl izdkj] izFke iafDr rFkk rr̀h; LraHk esa izfof"V ';ke ds ikl iSuksa dh la[;k dks n'kkZrh
gSA mi;qZDr izn'kZu esa izR;sd izfof"V dh blh <ax ls O;k[;k dh tk ldrh gSA

mi;qZDr tkudkjh dks bl izdkj Hkh fu:fir fd;k tk ldrk gS%

L
NM

O
QP
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';ke bjQku

iqLrd 2 3

dkfi;ka 4 5

iSu 2 3

bl dks rhu iafDr;ksa rFkk nks LraHkksa esa fuEu izdkj ls iznf'kZr fd;k tk ldrk gS%

2 3

4 5

2 3

L

N
M
M
M

O

Q
P
P
P

Åij fn[kk;h x;h O;oLFkk dks vkO;wg dgk tkrk gSA izk;% vkO;wg dks ge vaxzsth o.kZekyk ds
,d cM+s v{kj ;Fkk A, B, X vkfn ls fufnZ"V djrs gSaA bl izdkj Åij nh x;h tkudkjh dks
,d vkO;wg ds :i esa fu:fir djus ds fy, ge fy[krs gSa%

2 3

4 5

2 3

A

 
 =  
  

 vFkok    

2 3

4 5

2 3

F

H
G
G
I

K
J
J

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    vkO;wg dk ogqopu Hkh vkO;wg gSA

20.1.1 vkO;wg dh vkO;wg dh vkO;wg dh vkO;wg dh dksfV ¼ØedksfV ¼ØedksfV ¼ØedksfV ¼Øe½½½½

fuEufyf[kr vkO;wgksa ¼la[;kvksa dh O;oLFkk½ dks /;kuiwoZd nsf[k,A

  (a) 
2 1

3 4

−L
NM
O
QP   (b)   

1

1

1 1

i

i i

i

+

+

L

N
M
M
M

O

Q
P
P
P

      (c)          

1 0 1 2

2 3 4 5

4 1 2 0

− −

− −

L

N
M
M
M

O

Q
P
P
P

vkO;wg (a) esa nks iafDr;ka rFkk nks LraHk gaSA bls 2 −2 vkO;wg vFkok 2 × 2 dksfV okyk vkO;wg dgk
tkrk gSA bls 2 × 2 vkO;wg fy[kk tkrk gSA vkO;wg (b) esa rhu iafDr;ka rFkk nks LraHk gSaA ;g ,d
3 −2 vkO;wg vFkok 3 × 2 dksfV okyk vkO;wg gSA bls 3 × 2 vkO;wg fy[kk tkrk gSA vkO;wg
(c) 3 × 4 dksfV okyk vkO;wg gSA

/;ku nhft, fd ,d vkO;wg essa fdruh Hkh iafDr;ka rFkk fdrus Hkh LraHk gks ldrs gSaA ;fn vkO;wg
A esa m iafdr;ka rFkk n LraHk gSa] rks bl dh dksfV m × n gksxh rFkk bls m × n vkO;wg i<+k tk;sxkA

nks izO;;ksa ¼vuqwyXuksa½ i rFkk j dk mi;ksx ,d vkO;wg ds fdlh fo'ks"k vo;o dk voyksdu djus esa
lgk;d gkssrk gSA mi;qZDr m × n vkO;wg esa voFko a

ij
 , i oha iafDr rFkk j os LraHk esa vkrk gSA

11 12 13 1 1

21 22 23 2 2

31 32 33 3 3

1 2 3

1 2 3

j n

j n

j n

i i i ij in

m m m mj mn

a a a a a

a a a a a

A a a a a a

a a a a a

a a a a a

 
 
 
 =  
 
 
  

L L

L L

L L

L L

L L



4

vkO;wg

xf.kr

ekWM~;wy - VI

chtxf.kr-II

fVIi.kh

m ×  n Øe okys ,d vkO;wg dks fuEufyf[kr :i esa Hkh fy[kk tk ldrk gS%

                      A = [a
ij
], i = 1, 2, ..., m; rFkk j = 1, 2, ..., n

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.1.     fuEufyf[kr vkO;wgksa esa ls izR;sd dh dksfV fyf[k,%

(i)    
2 3

4 5

L
NM
O
QP   (ii)

3

4

7

L

N
M
M
M

O

Q
P
P
P

 (iii) 2 3 7  (iv)
1 2 3

4 8 10

L
NM

O
QP

 gy% gy% gy% gy% vkO;wg
(i)   dh dksfV 2 ×  2 gSA
(ii)  dh dksfV 3 ×  1 gSA
(iii) dh dksfV  1 ×  3 gSA
(iv) dh dksfV  2 ×  3 gSA

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.2.    vkO;wg A =

L

N
M
M
M

O

Q
P
P
P

2 0 1 4

0 3 2 5

3 2 3 6

 ds fy,

(i) A dh dksfV Kkr dhft,A

(ii) A ds dqy vo;oksa dh la[;k fyf[k,A

(iii) A ds vo;o a
23

, a
32

, a
14

 rFkk a
34

 fyf[k,A

(iv) A esa izR;sd vo;o '3'  dks a
ij
. ds :i esa fyf[k,A

 gy% gy% gy% gy% (i)   D;ksafd A esa 3 iafDr;ka rFkk 4 LraHk gSa] bl fy, A dh dksfV 3 ×  4 gSA
(ii)   A esa dqy vo;oksa dh la[;k = 3 ×  4 = 12

(iii)   a a a
23 32 14

2 2 4= = =; ;  rFkk a
34

6=

(iv)  a a
22 31

,  rFkk a
33

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.3.    ;fn ,d  2 ×  3 vkO;wg  A dh i oha iafDr rFkk j osa LraHk dk vo;o 
2

2

i j+

gks] rks vkO;wg A fyf[k,A

 gy% gy% gy% gy% ;gka  a
i j

ij
=

+ 2

2
(fn;k gS)

11 12 13

21 22 23

1 2 1 3 1 2 2 5 1 2 3 7
; ;

2 2 2 2 2 2

2 2 1 2 2 2 2 2 3
2; 3; 4

2 2 2

a a a

a a a

+ × + × + ×
= = = = = =

+ × + × + ×
= = = = = =
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        bl izdkj]                     
11 12 13

21 22 23

3 5 7

2 2 2

2 3 4

a a a
A

a a a

 
   = =    

 

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.4.    nks LVksj A rFkk B gSaA LVksj A esa 120 dehtsa] 100 iSaVsa rFkk 50 dkfMZxu
gSa( rFkk LVksj B esa 200 dehtsa] 150 iSaVsa rFkk 100 dkfMZxu gSaA bl tkudkjh
dks nks fHkUu rjhdksa ls lkj.kh :i esa rFkk vkO;wg :i esa Hkh O;Dr dhft,A

 gy% gy% gy% gy% lkj.kh :ilkj.kh :ilkj.kh :ilkj.kh :i 1           vkO;wg :i          vkO;wg :i          vkO;wg :i          vkO;wg :i

                  dehtsa      iSaVsa dkfMZxu

LVksj A 120 100  50

LVksj B 200 150 100

   lkj.kh :ilkj.kh :ilkj.kh :ilkj.kh :i 2   vkO;wg :i  vkO;wg :i  vkO;wg :i  vkO;wg :i

LVksjLVksjLVksjLVksj A LVksjLVksjLVksjLVksj B

dehtsa 120 200

iSaVsa 100 150

dkfMZxu 50 100

   ns[ksa vkius fdruk lh[kk 20-1

1. rhu ijh{kkvksa eas nks fo|kfFkZ;ksa A rFkk B }kjk
izkIr fd;s x;s vad lkFk okyh lkj.kh esa fn, x,
gSaA bl tkudkjh dks nks fHkUu rjhdksa esa vkO;wg
ds :i esa iznf'kZr dhft,A

2. rhu QeZ  X, Y, Z fdlh Bsdsnkj dks Øe'k%
iRFkjksa ds 40, 35 rFkk 25 Vªd rFkk jsr ds  10, 5 rFkk 8 Vªdksa dh vkiwfrZ djrh gSaA nks
rjhdksa ls bl tkudkjh dks vkO;wg ds :i esa iznf'kZr dhft,A

3. ,d ifjokj  P esa 4 iq#"k] 6 efgyk,a rFkk 3 cPps( rFkk ifjokj  Q, esa 4 iq#"k]  3 efgyk,a
rFkk  5 cPps gSaA bl tkudkjh dks ,d 2 × 3 Øe okys vkO;wg }kjk iznf'kZr dhft,A

4. fdlh

(a)    2 ×  3 vkO;wg   (b)    3 ×  4 vkO;wg   (c)    4 ×  2 vkO;wg

(d)    6 ×  2 vkO;wg   (e)    a ×  b vkO;wg   (f)    m ×  n vkO;wg

esa fdrus&fdrus vo;o gSa\

5. fdlh vkO;wg ds dkSu&dkSu ls laHko  Øe gksaxs ;fn blds dqy vo;oksa dks la[;k

(a) 8 (b) 5 (c) 12 (d) 16 gks\

   ijh{kk 1 ijh{kk 2 ijh{kk 3

A  56 65 71

B  29 37 57

⇒

L

N
M
M
M

O

Q
P
P
P

120 200

100 150

50 100

120 100 50

200 150 100

 
⇒  
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6. vkO;wg A esa  A =
−

L

N

M
M
M
M

O

Q

P
P
P
P

5 1 8 0 5

7 6 7 4 6

3 9 3 3 9

4 4 8 5 1

  Kkr dhft;s%

(a)  iafDr;ksa dh la[;k (b) LraHkksa dh la[;k

(c)  vkO;wg A dh dksfV (d) vkO;wg  A ds dqy vo;oksa dh la[;k

(e)  vo;o a a a a
14 23 34 45

, , , rFkk a
33
A

7. ,d ,slk 3 ×  3 dksfV okyk vkO;wg cukb, ftldh  ioha iafDr rFkk  josa LraHk dk laxr
vo;o gS%

(a) i – j (b) 
i

j

2

(c) 
( )i j+ 2

2

2

(d) 3 2j i−

8. ,d ,slk 3 2×  dksfV okyk vkO;wg cukb, ftldh  ioha iafDr rFkk  josa LraHk dk laxr
vo;o gS%
(a) i j+ 3 (b) 5. . .i j (c) i

j (d) i j+ − 2

 20.2 vkO;wgksa ds izdkjvkO;wgksa ds izdkjvkO;wgksa ds izdkjvkO;wgksa ds izdkj

iafDr vkO;wg%iafDr vkO;wg%iafDr vkO;wg%iafDr vkO;wg%    ,d vkO;wg] ftl esa dsoy ,d iafDr gks] iafDr vkO;wg dgykrk gSA blesa fdrus

Hkh LraHk gks ldrs gSa] tSls fd vkO;wg  [ ]1 6 0 1 2  ,d iafDr vkO;wg gSA iafDr vkO;wg dh

dksfV 1 × n gksrh gSA

LraHk vkO;wg%LraHk vkO;wg%LraHk vkO;wg%LraHk vkO;wg% ,d vkO;wg dks LraHk vkO;wg dgk tkrk gS ;fn blesa dsoy ,d LraHk gks] fdUrq

blesa fdruh Hkh iafDr;ka gks ldrh gSa] ;Fkk vkO;wg  
2

3

0

7

L

N

M
M
M
M

O

Q

P
P
P
P

 ,d LraHk vkO;wg gSA

,d LraHk vkO;wg dh dksfV m ×  1 gksrh gSA

oxZ vkO;wg%oxZ vkO;wg%oxZ vkO;wg%oxZ vkO;wg% ,d vkO;wg] ftlesa iafDr;ksa dh la[;k mlds LraHkksa dh la[;k ds cjkcj gks] dks
oxZ vkO;wg dgk tkrk gS] tSls fd vkO;wg

                  1 2 3

0 6 1

3 4 2

L

N
M
M
M

O

Q
P
P
P

esa 3 iafDr;ka rFkk 3 LraHk gSa] blfy, ;g ,d oxZ vkO;wg gSA ,d oxZ vkO;wg dh dksfV n ×  n

vFkok dsoy n gksrh gSA ,d oxZ vkO;wg dk fod.kZ] tks pksVh ds lcls ck;sa vo;o ls vkjaHk gksdj
mldh ryh ds lcls nk;sa vo;o ij lekIr gksrk gS] vkO;wg dk eq[; fod.kZ dgk tkrk gSA
vkO;wg

                   

2 3 5

4 1 7

3 8 9

L

N
M
M
M

O

Q
P
P
P

   ds eq[; fod.kZ ds vo;o 2, 1 rFkk 9 gSaA
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fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh%  ,d fn;s gq, m ×  n  Øe okys vkO;wg  A = [a
ij
]  esa eq[; fod.kZ ds vo;o

a a a a
nn11 22 33

, , ,...,  gSaA

vk;rkdkj vkO;wg%vk;rkdkj vkO;wg%vk;rkdkj vkO;wg%vk;rkdkj vkO;wg% ,d vkO;wg] ftl esa mldh iafDr;ksa dh la[;k mlds LraHkksa dh la[;k ds
cjkcj u gks] dks ,d vk;rkdkj vkO;wg dgk tkrk gS] tSls fd vkO;wg

2 3 4 5

1 2 3 0

1 2 1 3−

L

N
M
M
M

O

Q
P
P
P

ftlesa 3  iafDr;k¡ rFkk 4  LraHk gSa] ,d vk;rkdkj vkO;wg gSA

bl ckr dks uksV dj yhft, fd Øe 1 1× ≠n n( )   okyk iafDr vkO;wg rFkk Øe m m× ≠1 1( )

okyk LraHk vkO;wg nksuksa gh vk;rkdkj vkO;wg gSaA

'kwU; vkO;wg%'kwU; vkO;wg%'kwU; vkO;wg%'kwU; vkO;wg% ,d vkO;wg] ftldk izR;sd vo;o 'kwU; gks] dks 'kwU; vkO;wg dgrs gsaA mnkgj.kkFkZ]

vkO;wgksa esa ls izR;sd ,d 'kwU; vkO;wg gSA 'kwU; vkO;wg dks O }kjk fufnZ"V fd;k tkrk gSA

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% ,d 'kwU; vkO;wg fdlh Hkh Øe m ×  n dk gks ldrk gSA

fod.kZ vkO;wg%fod.kZ vkO;wg%fod.kZ vkO;wg%fod.kZ vkO;wg% ,d oxZ vkO;wg] ftlds eq[; fod.kZ dks NksM+dj 'ks"k lHkh vo;o 'kwU; gksa] dks

,d fod.kZ vkO;wg dgk tkrk gSA vFkkZr~ ;fn A a
ij

= [ ]  Øe m ×  n okyk ,d oxZ vkO;wg gS] rks

bls fod.kZ vkO;wg dgsaxs ;fn lHkh i j≠  ds fy, a
ij
 = 0 gksA

mnkgj.k ds fy,
3 0 0

0 4 0

0 0 5

7 0 0 0

0 3 0 0

0 0 1 0

0 0 0 8

L

N
M
M
M

O

Q
P
P
P

L

N

M
M
M
M

O

Q

P
P
P
P

,    fod.kZ vkO;wg gSasA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% ,d fod.kZ vkO;wg A a
ij n n

= ×[ ] dks A = fod.kZ 11 22 33[ , , ,..., ]nna a a a Hkh fy[kk tkrk gSA

vfn'k vkO;wg%vfn'k vkO;wg%vfn'k vkO;wg%vfn'k vkO;wg% ,d fod.kZ vkO;wg dks vfn'k vkO;wg dgk tkrk gS ;fn blds eq[; fod.kZ ds lHkh

vo;o fdlh 'kwU;srj vpj ;Fkk k ds cjkcj gksa tSls fd vkO;wg  
−

−

−

L

N
M
M
M

O

Q
P
P
P

3 0 0

0 3 0

0 0 3

 ,d vfn'k vkO;wg gSA

 fVIi.kh%  fVIi.kh%  fVIi.kh%  fVIi.kh% ,d oxZ 'kwU; vkO;wg ,d vfn'k vkO;wg ugha gksrkA

bdkbZ ;k rRled vkO;wg%bdkbZ ;k rRled vkO;wg%bdkbZ ;k rRled vkO;wg%bdkbZ ;k rRled vkO;wg% ,d vfn'k vkO;wg dks ,d bdkbZ vFkok rRled vkO;wg dgk
tkrk gS ;fn mlds eq[; fod.kZ dk izR;sd vo;o 1 ¼,d½ gksA bls I

n
 ls fufnZ"V fd;k tkrk gS

;fn bldk dksfV n gS] mnkgj.kkFkZ vkO;wg

1 0 0

0 1 0

0 0 1

L

N
M
M
M

O

Q
P
P
P
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dksfV 3 okyk ,d bdkbZ vkO;wg gSA

 fVIi.kh%  fVIi.kh%  fVIi.kh%  fVIi.kh% ,d oxZ vkO;wg A a
ij

= [ ] ,d bdkbZ vkO;wg gksrk gS] ;fn 
0,

1,

≠
= 

=
ij

i j
a

i j

• •

• •
 gksA

leku vkO;wg%leku vkO;wg%leku vkO;wg%leku vkO;wg% nks vkO;wg leku vkO;wg dgykrs gSa ;fn mudh dksfV leku gks rFkk muds laxr

vo;o cjkcj gksaA

;fn  A ,d m ×  n Øe okyk vkO;wg gS rFkk B,  p ×  r Øe okyk vkO;wg gS] rks  A = B gksxk ;fn

          (1)  m p n r= =; ; rFkk

          (2) a b
ij ij

= lHkh i m= 1 2 3, , ,...,  rFkk  j = 1, 2, 3, ..., n ds fy,

uhps fn;s x, nks vkO;wg  X rFkk Y leku ugha gSa D;ksafd muds Øe fHkUu gSa tks Øe'k% 2

× 3 rFkk 3 ×  2 gSaA

X Y=
L
NM

O
QP

=

L

N
M
M
M

O

Q
P
P
P

7 1 3

2 1 5

7 2

1 1

3 5

,

uhps fn, x, nks vkO;wg Hkh leku ugha gSa D;ksafd  P ds dqN vo;o Q ds laxr vo;oksa ds cjkcj
ugha gSaA

P Q=
−L
NM

O
QP

=
−L
NM

O
QP

1 3 7

0 1 2

1 3 6

0 2 1
,

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.5.  Kkr dhft, fd fuEufyf[kr vkO;wg leku gSa vFkok ugha(

(i) A B=
L
NM
O
QP

=
L
NM
O
QP

2 1

5 6

2 5

1 6
,

(ii) P Q=
L
NM

O
QP

=

L

N
M
M
M

O

Q
P
P
P

0 1 7

2 3 5

0 1 7

2 3 5

0 0 0

,

(iii) X Y= −

L

N
M
M
M

O

Q
P
P
P

= −

L

N
M
M
M

O

Q
P
P
P

2 1 3

1 0 6

7 1 0

2 1 3

1 0 6

7 1 0

,

 gy% gy% gy% gy% (i) vkO;wg A rFkk B dk ,d gh Øe  2 ×  2 gSA fdUrq muds dqN laxr vo;o cjkcj
ugha gSaA vr,o] A ≠ B

(ii) vkO;wg P rFkk Q ds Øe fHkUu gSaA blfy, P ≠ Q

(iii) vkO;wg X rFkk Y dk ,d gh Øe 3 ×  3 gSa] rFkk muds laxr vo;o Hkh cjkcj gSaA

blfy,   X  = Y
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.6.    x rFkk y ds eku fu/kkZfjr dhft,] ;fn

(i) x 5 2 5= (ii)
x

y3

4L
NM
O
QP

=
L
NM
O
QP (iii)       

x

y

2

3

1 2

3 5−

L
NM
O
QP

=
L
NM
O
QP

gy%gy%gy%gy% D;ksafd nks vkO;wg leku gSa] muds laxr vo;o cjkcj gksus pkfg;saA
(i) x = 2

(ii) x = 4,   y = 3

(iii)  x = 1,  y = –5

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.7.   a, b, c, d, ds fdu ekuksa ds fy, uhps fn, x, vkO;wg leku gksaxs\

(i) A
a b

d
B

c
=

−L
NM

O
QP

=
−L

NM
O
QP

2 2

6 3

1 2 4

6 5 2
,

(ii) P

a b d

b

a c

Q=

−

−

+

L

N
M
M
M

O

Q
P
P
P

= −

L

N
M
M
M

O

Q
P
P
P

2

3 2

7

5 1

3 6

4 7

,

gy%gy%gy%gy% (i)  fn;s x;s vkO;wg A rFkk B leku gksaxs] dsoy ;fn muds laxr vo;o cjkcj gksa] vFkkZr~
;fn

a b c= = =1 2 4 3 5, , , rFkk  d =2gksA

      ⇒ = = =a b c1 2
3

5
, , rFkk d = 2  gksA

bl izdkj a b c= = =1 2
3

5
, , rFkk d = 2  ds fy, vkO;wg  A rFkk B leku gksaxsA

(ii)  fn;s x;s vkO;wg  P rFkk Q leku gksaxs] ;fn muds laxr vo;o cjkcj gksa] vFkkZr~ ;fn

a b d b= − = =5 2 1 2 6, ,  rFkk a c+ = 4

        ⇒ = = = −a b c5 3 1, ,  rFkk d = 1

bl izdkj a b c= = = −5 3 1, ,  rFkk d = 1,  ds fy, P rFkk Q leku gksaxsA

  ns[ksa vkius fdruk lh[kk 20-2

1. fuEufyf[kr vkO;wgksa esa ls dkSu&dkSu ls vkO;wg

(a) iafDr vkO;wg gSa\ (b) LraHk vkO;wg gSa\ (c) oxZ vkO;wg gSa\ (d) fod.kZ vkO;wg gSa\
(e) vfn'k vkO;wg gSa\  (f) leku vkO;wg gSa\ (g) 'kwU; vkO;wg gSa\
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A B C=

L

N
M
M
M

O

Q
P
P
P

=

L

N

M
M
M
M

O

Q

P
P
P
P

=
L
NM

O
QP

4 0 0

0 5 0

0 0 6

2

7

8

0

0 0 0

0 0 0
, ,

;  
D =
L
NM
O
QP

2

0

  0

  2
, E =

L

N
M
M
M

O

Q
P
P
P

1

3

1

   2   4

   9   8

   0   2 

,

F =

L

N
M
M
M

O

Q
P
P
P

1 0 0

0 1 0

0 0 1

      

      

      

G H I= =
L
NM

O
QP

=

−

−

L

N
M
M
M

O

Q
P
P
P

3 4 10 8
2 3 7

1 4 9

2 1

3 2

1 0

, ,

2. a, b, c rFkk d ds eku Kkr dhft,] ;fn

(a)
b c

b d c a

2

2

10 12

8 2+ −

L
NM

O
QP

=
L
NM

O
QP     (b)    

a

b

c

d

+

+

L
NM

O
QP

=
L
NM
O
QP

2 4

3 25

4 2

6 5

(c)
2

4 6

3 2

3

a b

d c−

L
NM
O
QP

=
−L

NM
O
QP

3. D;k ,d 1 ×  2 Øe okyk vkO;wg Øe 2 ×  1 okys vkO;wg ds leku gks ldrk gS\

4. D;k ,d Øe 2 ×  3 okyk vkO;wg Øe 3 ×  3 okys vkO;wg ds leku gks ldrk gS\

 20.3  ,d vkO;wg dk ifjorZ,d vkO;wg dk ifjorZ,d vkO;wg dk ifjorZ,d vkO;wg dk ifjorZ

izR;sd fn;s gq, vkO;wg dk ,d lg;ksxh vkO;wg gksrk gS ftls mldk ifjorZ dgrs gSaA ,d fn;s
gq, vkO;wg A dk ifjorZ bldh iafDr;ksa rFkk LraHkksa dks ijLij cnyus ls izkIr gksrk gS rFkk

bl ′A  }kjk fufnZ"V fd;k tkrk gSA mnkgj.kkFkZ] ;fn

A =

−L

N
M
M
M

O

Q
P
P
P

1 2 3

4 0 3

7 6 1

,  rc ′ =

−

L

N
M
M
M

O

Q
P
P
P

A

1 4 7

2 0 6

3 3 1

lk/kkj.kr%] ;fn  A = [a
ij
] ,d  m ×  n vkO;wg gS] rks A  dk ifjorZ ,A′  n ×  m vkO;wg gksxk rFkk

A dk (a
ij
) ok¡ vo;o  ′A ds (a

ji
) osa vo;o ds cjkcj gksxkA

20.3.1 lefer vkO;wglefer vkO;wglefer vkO;wglefer vkO;wg   ,d oxZ vkO;wg ,d lefer vkO;wg dgykrk gS ;fn A A′ =
gksA

mnkgj.kkFkZ]

;fn  

2 3 1

3 4 2

1 2 5

i i

A i i

i i

− 
 =  
 − 

 ,rks  ′ =

−

−

L

N
M
M
M

O

Q
P
P
P

A

i i

i i

i i

2 3 1

3 4 2

1 2 5

D;ksafd  ′ =A A ,  rks A ,d lefer vkO;wg gSA
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 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% (1)  ,d lefer vkO;wg A = [a
ij
]

n ×   n 
, esa] lHkh i rFkk  j ds fy, a

ij
 = a

ji  
 gksxkA

(2)  ,d vk;rkdkj vkO;wg dHkh lefer ugha gks ldrkA

20.3.2 fo"ke lefer vkO;wgfo"ke lefer vkO;wgfo"ke lefer vkO;wgfo"ke lefer vkO;wg

,d oxZ vkO;wg A dks fo"ke lefer vkO;wg dgk tkrk gS ;fn ′ = −A A,vFkkZr~ lHkh i rFkk
j ds fy, a

ij 
= –a

ji
 gksA

mnkgj.kkFkZ] ;fn A

c d

c f

d f

= −

− −

L

N
M
M
M

O

Q
P
P
P

0

0

0

 gS] rks  ′ =

− −

−

L

N
M
M
M

O

Q
P
P
P

A

c d

c f

d f

0

0

0

fdUrq − =

− −

−

L

N
M
M
M

O

Q
P
P
P

A

c d

c f

d f

0

0

0

, tks  ′A  ds leku gS vFkkZr ′A = –A

v,ro] A ,d fo"ke lefer vkO;wg gSA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% ,d fo"ke lefer vkO;wg ij n n
A a

×
 =   esa  i = j ds fy, a

ij
= 0 gksrk gS vFkkZr~ ,d

fo"ke lefer vkO;wg ds eq[; fod.kZ esa lHkh vo;o 'kwU; gksrs gSaA

 20.4  ,d vkO;wg dk vfn'k xq.ku,d vkO;wg dk vfn'k xq.ku,d vkO;wg dk vfn'k xq.ku,d vkO;wg dk vfn'k xq.ku

vkb, fuEufyf[kr ifjfLFkfr ij fopkj djsaA

rhu fo|kfFkZ;ksa }kjk vaxzsth] fgUnh rFkk xf.kr esa izkIr fd, x, vad uhps fn, x, gSa%
vaxz sthvaxz sthvaxz sthvaxz sth fgUnhfgUnhfgUnhfgUnh xf.krxf.krxf.krxf.kr

,fytkcsFk,fytkcsFk,fytkcsFk,fytkcsFk 20 10 15

Å"kkÅ"k kÅ"k kÅ"k k 22 25 27

'kcue'kcue'kcue'kcue 17 25 21

;g Hkh fn;k gqvk gS fd izR;sd n'kk esa iw.kk±d 30 gSaA
vkO;wg ds :i esa mi;qZDr tkudkjh dks fuEufyf[kr :i esa fy[kk tk ldrk gS%

                         20 10 15

22 25 27

17 25 21

L

N
M
M
M

O

Q
P
P
P

¼;g le>k tkrk gS fd iafDr;k¡ ukeksa ds laxr rFkk LraHk fo"k;ksa ds laxr gSaA½
;fn izR;sd n'kk esa iw.kk±d dks nqxquk dj fn;k tk,] rks yM+fd;ksa }kjk izkIrkad Hkh nqxqus gks
tk;saxsA vkO;wg ds :i esa u;s vadksa dks fuEufyf[kr rjhds ls iznf'kZr fd;k tk;sxk%

2 20 2 10 2 15

2 22 2 25 2 27

2 17 2 25 2 21

× × ×

× × ×

× × ×

L

N
M
M
M

O

Q
P
P
P

tks

40 20 30

44 50 54

34 50 42

L

N
M
M
M

O

Q
P
P
P

 ds cjkcj gSA
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blfy, ge fy[krs gS fd

2

20 10 15

22 25 27

17 25 21

2 20 2 10 2 15

2 22 2 25 2 27

2 17 2 25 2 21

40 20 30

44 50 54

34 50 42

×

L

N
M
M
M

O

Q
P
P
P

=

× × ×

× × ×

× × ×

L

N
M
M
M

O

Q
P
P
P

=

L

N
M
M
M

O

Q
P
P
P

vc ,d vU; vkO;wg A = −

L

N
M
M
M

O

Q
P
P
P

3 2

2 0

1 6

 ij fopkj dhft;sA

vkb, ns[ksa fd tc ge vkO;wg A dks 5 ls xq.kk djrs gSa] rks D;k gksrk gSA

vFkkZr~    

    

  

    

        

( )   

        

     

    

       

5 5 5

3 2

2 0

1 6

5 3 5 2

5 2 5 0

5 1 5 6

15 10

10 0

5 30

× = = × − =

× ×

× − ×

× ×

= −

L

N
M
M
M

O

Q
P
P
P

L

N
M
M
M

O

Q
P
P
P

L

N
M
M
M

O

Q
P
P
P

A A

tc ,d vfn'k ls fdlh vkO;wg dks xq.kk fd;k tkrk gS] rks mlds izR;sd vo;otc ,d vfn'k ls fdlh vkO;wg dks xq.kk fd;k tkrk gS] rks mlds izR;sd vo;otc ,d vfn'k ls fdlh vkO;wg dks xq.kk fd;k tkrk gS] rks mlds izR;sd vo;otc ,d vfn'k ls fdlh vkO;wg dks xq.kk fd;k tkrk gS] rks mlds izR;sd vo;o
dks ml vfn'k ls xq.kk fd;k tkrk gSAdks ml vfn'k ls xq.kk fd;k tkrk gSAdks ml vfn'k ls xq.kk fd;k tkrk gSAdks ml vfn'k ls xq.kk fd;k tkrk gSA

mnkgj.kkFkZ

;fn  A =
−L

NM
O
QP

2 1

6 3
  gks] rks  kA

k k

k k

k k

k k
=

× × −

× ×

L
NM

O
QP

=
−L

NM
O
QP

2 1

6 3

2

6 3

( )

tc  k = –1 gksxk] rks  kA = (–1)A = 
−

− −

L
NM

O
QP

2 1

6 3
 gksxkA

blfy,  (–1)A = –A

bl izdkj] ;fn A =
−L

NM
O
QP

2 1

6 3
 gks] rks − =

−

− −

L
NM

O
QP

A
2 1

6 3
 gksxkA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.8. ;fn A =
−

−

L
NM

O
QP

2 3 4

1 0 1
gks , rks fuEu Kkr dhft,%

(i) 2 A (ii)
1

2
A (iii) − A (iv)

2

3
A

gy%gy%gy%gy% ;gka (i) ;gka 2 2
2 3 4

1 0 1

2 2 2 3 2 4

2 1 2 0 2 1

4 6 8

2 0 2
A = ×

−

−

L
NM

O
QP

=
× − × ×

× − × ×

L
NM

O
QP

=
−

−

L
NM

O
QP

( )

( )

(ii)       
1

2

1

2

2 3 4

1 0 1

1

2
2

1

2
3

1

2
4

1

2
1

1

2
0

1

2
1

1
3

2
2

1

2
0

1

2

A = ×
−

−

L
NM

O
QP

=
× − × ×

× − × ×

L

N

M
M
M

O

Q

P
P
P

=
−

−

L

N

M
M
M

O

Q

P
P
P

( )

( )
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(iii) − = − ×
−

−

L
NM

O
QP

=
− −

−

L
NM

O
QP

A ( )1
2 3 4

1 0 1

2 3 4

1 0 1

(iv)

2

3

2

3

2 3 4

1 0 1

4

3
2

8

3
2

3
0

2

3

A = ×
−

−

L
NM

O
QP

=
−

−

L

N

M
M
M

O

Q

P
P
P

  ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.3

1. ;fn A =
L
NM
O
QP

7 2

2 3
 gks] rks Kkr dhft,%

(a) 4 A (b) − A (c)
1

2
A (d) −

3

2
A

2. ;fn A =
−L

NM
O
QP

0 1 2

3 1 4
 gks] rks Kkr dhft,A

(a) 5A (b) −3A (c)
1

3
A (d) −

1

2
A

3. ;fn 

1 0

If 4 2

0 1

A

− 
 =  
 − 

 gks] rks  (–7) A Kkr dhft,A

4. ;fn X

  3     0   1

  4 2   0

1    0   5

= −

−

L

N
M
M
M

O

Q
P
P
P

 gks] rks Kkr dhft,A

(a) 5X (b)
_

 4X (c)
1

3
X (d) −

1

2
X

5. ′A ( A dk ifjorZ) Kkr dhft,%

(a) A =
−L

NM
O
QP

2 1

4 3
(b) A =

L
NM

O
QP

4 10 9

6 8 7

(c)
A =

−

−

−

L

N
M
M
M

O

Q
P
P
P

1 2

4 1

6 9
(d)

A =

L

N
M
M
M

O

Q
P
P
P

1 0 0

0 1 0

0 0 1

6. fdlh vkO;wg]  A ds fy,] fl) dhft, fd  ( )′ ′ =A A
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7. fn[kkb, fd fuEufyf[kr vkO;wgksa esa ls izR;sd ,d lefer vkO;wg gS%

(a)
2 4

4 3

−

−

L
NM

O
QP (b)

1 1 2

1 2 3

2 3 4

−

− −

−

L

N
M
M
M

O

Q
P
P
P

(c)

a b c

b d e

c e f

L

N
M
M
M

O

Q
P
P
P

(d)

1 0 0

0 1 0

0 0 0

L

N
M
M
M

O

Q
P
P
P

8. fn[kkb, fd fuEufyf[kr vkO;wgksa esa ls izR;sd ,d fo"ke lefer vkO;wg gS%

(a)
0 3

3 0

−L
NM
O
QP (b)

0 4

0 2

4 2 0

i

i i

i

− −

− − +

L

N
M
M
M

O

Q
P
P
P

(c)

0 2 0

2 0 4

0 4 0

−

−

L

N
M
M
M

O

Q
P
P
P

(d)

0 1 7

1 0 5

7 5 0

−

− −

L

N
M
M
M

O

Q
P
P
P

 20.5  vkO;wgksa dk ;ksx vkO;wgksa dk ;ksx vkO;wgksa dk ;ksx vkO;wgksa dk ;ksx

nks Nk= A rFkk B nks ijh{kkvksa esa xf.kr] HkkSfrdh rFkk vaxzsth esa izkIr vius vadksa dh rqyuk djrs
gSaA izR;sd fo"k; ds iw.kk±d 50 gSaA muds }kjk izkIrkad uhps fn;s x, gSaA

izFke ijh{kk f}rh; ijh{kk

xf.kr HkkSfrdh vaxszth xf.kr HkkSfrdh vaxzsth

A 50 38 33 A 45 32 30

B 47 40 36 B 42 30 39

nksuksa ijh{kkvksa esa dqy feykdj izR;sd fo"k; esa muds }kjk izkIr fd, x;s vad ge dSls Kkr
djsaxs\

/;ku ls nsf[k, fd nksuksa vkO;wgksa dh la;qDr tkudkjh dks iznku djus okyk u;k vkO;wg gS%
xf.kr HkkSfrdh vaxzsth xf.kr HkkSfrdh vaxzsth

A 50+45 38+32 33+30 A 95 70 63

B 47+42 40+30 36+39 B 89 70 75

;g u;k vkO;wg fn;s gq, vkO;wgksa dk ;ksx dgykrk gSA

;fn;fn;fn;fn A rFkk rFkk rFkk rFkk B ,d gh Øe ds nks vkO;wg fn;s x;s gksa] rks mudk ;ksx ,d vkO;wg ,d gh Øe ds nks vkO;wg fn;s x;s gksa] rks mudk ;ksx ,d vkO;wg ,d gh Øe ds nks vkO;wg fn;s x;s gksa] rks mudk ;ksx ,d vkO;wg ,d gh Øe ds nks vkO;wg fn;s x;s gksa] rks mudk ;ksx ,d vkO;wg C

ftl ds Øeokj vo;o vkO;wgksa ftl ds Øeokj vo;o vkO;wgksa ftl ds Øeokj vo;o vkO;wgksa ftl ds Øeokj vo;o vkO;wgksa  A rFkkrFkkrFkkrFkk B ds laxr vo;oksa ds ;ksxQy gksa] }kjkds laxr vo;oksa ds ;ksxQy gksa] }kjkds laxr vo;oksa ds ;ksxQy gksa] }kjkds laxr vo;oksa ds ;ksxQy gksa] }kjk
ifjHkkf"kr fd;k tkrk gS rFkk bls ifjHkkf"kr fd;k tkrk gS rFkk bls ifjHkkf"kr fd;k tkrk gS rFkk bls ifjHkkf"kr fd;k tkrk gS rFkk bls C = A + B ds :i esa fy[krs gSaAds :i esa fy[krs gSaAds :i esa fy[krs gSaAds :i esa fy[krs gSaA

L
NM

O
QP

L
NM

O
QP

L
NM

O
QP

L
NM

O
QP
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 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% 1. vkO;wg C dk Øe Hkh ogh gksxk tks fd A rFkk B dk
2. nks fHkUu Øe okys vkO;wgksa dk ;ksx djuk laHko ugha gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.9. ;fn  A =
L
NM
O
QP

1 3

4 2
 rFkk B =

L
NM
O
QP

5 2

1 0
 gks] rks  A + B Kkr dhft,A

 gy% gy% gy% gy% D;ksafd fn;s x, vkO;wg  A rFkk B leku Øe  2 × 2  ds gSa] ge mudk ;ksx dj
ldrs gSaA blfy,

A B+ =
+ +

+ +

L
NM

O
QP

1 5 3 2

4 1 2 0
 = 

6 5

5 2

L
NM
O
QP

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.10. ;fn  A =
−L

NM
O
QP

0 1 1

2 3 0
 rFkk B =

L
NM

O
QP

3 0 4

1 2 1
 gks] rks A + B Kkr

dhft,A

 gy% gy% gy% gy% D;ksafd fn;s x;s vkO;wg leku Øe vFkkZr~   2 × 3 ds gaSa] ge mudk ;ksx dj
ldrs gSaA blfy,

A B+ =
+ + − +

+ + +

L
NM

O
QP

0 3 1 0 1 4

2 1 3 2 0 1
 = 

3 1 3

3 5 1

L
NM

O
QP

20.5.1 ;ksx ds xq.k;ksx ds xq.k;ksx ds xq.k;ksx ds xq.k

Lej.k dhft, fd la[;kvksa esa geus izkIr fd;k gS%

(i) x y y x+ = + ,  vFkkZr~ ;ksx Øe fofues; gSA

(ii) x y z x y z+ + = + +( ) ( ) ,vFkkZr~ ;ksx lgpkjh gSA

(iii) x x+ =0 ,  ;ksx ds rRled vo;o dk vfLrRo gSA

(iv) x x+ − =( ) 0 , vFkkZr~ ;ksT;&O;qRØe dk vfLrRo gSA

vkb,] vc [kkst djsa fd ;s xq.k vkO;wgksa esa Hkh lgh Bgjrs gSa vFkok ughaA

eku yhft, A =
−

L
NM
O
QP

1 2

1 3
 rFkk B =

−L
NM
O
QP

0 2

1 3
, rc

A B+ =
+ −

− + +

L
NM

O
QP

=
L
NM
O
QP

1 0 2 2

1 1 3 3

1 0

0 6

rFkk

B A+ =
+ − +

+ − +

L
NM

O
QP

=
L
NM
O
QP

0 1 2 2

1 1 3 3

1 0

0 6( )

ge ns[krs gSa fd  A + B rFkk B + A ,d gh vkO;wg dks fufnZ"V djrs gSaA

 ,d gh Øe okys nks vkO;wgksa ,d gh Øe okys nks vkO;wgksa ,d gh Øe okys nks vkO;wgksa ,d gh Øe okys nks vkO;wgksa A rFkkrFkkrFkkrFkk B ds fy,]ds fy,]ds fy,]ds fy,]  A + B = B + A

 vFkkZr~ vkO;wgksa dk ;ksx Øe fofues; gksrk gSA vFkkZr~ vkO;wgksa dk ;ksx Øe fofues; gksrk gSA vFkkZr~ vkO;wgksa dk ;ksx Øe fofues; gksrk gSA vFkkZr~ vkO;wgksa dk ;ksx Øe fofues; gksrk gSA
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eku yhft, A =
−

L
NM
O
QP

0 3

2 1
,  B =

−L
NM
O
QP

1 4

0 2
 rFkk C =

L
NM
O
QP

1 0

2 3
.  rc

A B C+ + =
−

L
NM
O
QP

+
+ − +

+ +

L
NM

O
QP

( )
0 3

2 1

1 1 4 0

0 2 2 3
 = 

0 3

2 1

2 4

2 5−

L
NM
O
QP

+
−L

NM
O
QP

          = 
0 2 3 4

2 2 1 5

+ + −

− + +

L
NM

O
QP

( )
 = 

2 1

0 6

−L
NM
O
QP

rFkk ( )
( )

A B C+ + =
+ + −

− + +

L
NM

O
QP

+
L
NM
O
QP

0 1 3 4

2 0 1 2

1 0

2 3
 =  

1 1

2 3

1 0

2 3

−

−

L
NM

O
QP

+
L
NM
O
QP

= 
1 1 1 0

2 2 3 3

+ − +

− + +

L
NM

O
QP  = 

2 1

0 6

−L
NM
O
QP

ge ns[krs gSa fd  A + (B + C) rFkk (A + B) + C ,d gh vkO;wg dks fufnZ"V djrs gSaA bl izdkj]
O;kid :i esa

,d gh Øe ds rhu vkO;wgksa ,d gh Øe ds rhu vkO;wgksa ,d gh Øe ds rhu vkO;wgksa ,d gh Øe ds rhu vkO;wgksa  A, B rFkkrFkkrFkkrFkk C ds fy,ds fy,ds fy,ds fy,
A + (B + C) = (A + B) + C gksrk gS vFkkZr~ vkO;wgksa dk ;ksx lgpkjh gksrk gSAgksrk gS vFkkZr~ vkO;wgksa dk ;ksx lgpkjh gksrk gSAgksrk gS vFkkZr~ vkO;wgksa dk ;ksx lgpkjh gksrk gSAgksrk gS vFkkZr~ vkO;wgksa dk ;ksx lgpkjh gksrk gSA

Lej.k dhft, fd geus 'kwU; vkO;wg ds fo"k; esa ckr dh gSA ,d 'kwU; vkO;wg og vkO;wg gS ftlds
lHkh vo;o 'kwU; gksrs gSaA ;g fdlh Hkh Øe dk gks ldrk gSA

eku yhft,]  A =
−L

NM
O
QP

2 2

4 5
 rFkk O =

L
NM
O
QP

0 0

0 0
 rc

            A O A+ =
+ − +

+ +

L
NM

O
QP

=
−L

NM
O
QP

=
2 0 2 0

4 0 5 0

2 2

4 5

rFkk      O A A+ =
+ −

+ +

L
NM

O
QP

=
−L

NM
O
QP

=
0 2 0 2

0 4 0 5

2 2

4 5

ge ns[krs gSa fd A + O rFkk O + A mlh vkO;wg  A dks fufnZ"V djrs gSaA bl izdkj ge ikrs gSa fd

 A + O = A = O + A,  tgka O ,d 'kwU; vkO;wg gSA

vkO;wg O, tks 'kwU; vkO;wg gS] dks ;ksx dk rRled vkO;wg dgk tkrk gSA

;ksx dk rRled vkO;wg ,d 'kwU; vkO;wg gksrk gS ftls fn, gq, vkO;wg esa tksM+us ij;ksx dk rRled vkO;wg ,d 'kwU; vkO;wg gksrk gS ftls fn, gq, vkO;wg esa tksM+us ij;ksx dk rRled vkO;wg ,d 'kwU; vkO;wg gksrk gS ftls fn, gq, vkO;wg esa tksM+us ij;ksx dk rRled vkO;wg ,d 'kwU; vkO;wg gksrk gS ftls fn, gq, vkO;wg esa tksM+us ij
ogh vkO;wg izkIr gksrk gS] vFkkZr~ ogh vkO;wg izkIr gksrk gS] vFkkZr~ ogh vkO;wg izkIr gksrk gS] vFkkZr~ ogh vkO;wg izkIr gksrk gS] vFkkZr~ A + O = A = O + A.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  20.11. ;fn A B=
L
NM
O
QP

=
−L
NM
O
QP

2 0

1 3

3 1

1 2
,  rFkk  C =

−L
NM
O
QP

1 0

0 3
 gks,

rks (a) A + B (b) B + C (c) (A + B) + C            (d) A + (B + C)

Kkr dhft,A
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 gy% gy% gy% gy%

(a) A B+ =
L
NM
O
QP

+
−L
NM
O
QP

2 0

1 3

3 1

1 2
 = 

2 3 0 1

1 1 3 2

1 1

2 5

+ − +

+ +

L
NM

O
QP

=
−L
NM
O
QP

( )

(b) B C+ =
−L
NM
O
QP

+
−L
NM
O
QP

3 1

1 2

1 0

0 3
 = 

( ) ( )− + − +

+ +

L
NM

O
QP

=
−L
NM
O
QP

3 1 1 0

1 0 2 3

4 1

1 5

(c) ( )A B C+ + =
−L
NM
O
QP

+
−L
NM
O
QP

1 1

2 5

1 0

0 3
 = 

( ) ( )− + − +

+ +

L
NM

O
QP

=
−L
NM
O
QP

1 1 1 0

2 0 5 3

2 1

2 8

(d) A B C+ + = +
−L

NM
O
QP
L
NM
O
QP

( )
    

    

    

       

2 0

1 3

4 1

1 5
  = 

2 4 0 1

1 1 3 5

2 1

2 8

+ − +

+ +

L
NM

O
QP

=
−L
NM
O
QP

( )

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.12. ;fn A =
−

−

L
NM

O
QP

2 3 5

1 1 0
 rFkk O =

L
NM

O
QP

0 0 0

0 0 0

(a) A + O   (b) O + A Kkr dhft,A vki D;k ns[krs gSa\

 gy% gy% gy% gy% (a) A O+ =
−

−

L
NM

O
QP

+
L
NM

O
QP

2 3 5

1 1 0

0 0 0

0 0 0

                     = 
− + + +

+ − + +

L
NM

O
QP

=
−

−

L
NM

O
QP

2 0 3 0 5 0

1 0 1 0 0 0

2 3 5

1 1 0

(b) O + A = 
0 0 0

0 0 0

2 3 5

1 1 0

L
NM

O
QP

+
−

−

L
NM

O
QP

          =
0 2 0 3 0 5

0 1 0 1 0 0

2 3 5

1 1 0

+ − + +

+ + − +

L
NM

O
QP

=
−

−

L
NM

O
QP

( )

( )

(a) rFkk (b), ls ge ns[krs gSa fd
A + O = O + A = A

 20.6 vkO;wgksa dk O;odyuvkO;wgksa dk O;odyuvkO;wgksa dk O;odyuvkO;wgksa dk O;odyu

eku yhft, fd  A rFkk B ,d gh Øe ds nks vkO;wg gSaA rc vkO;wg A_
B dks A ls B ds O;odyu

ds :i esa ifjHkkf"kr fd;k tkrk gSA A ds vo;oksa esa ls B ds laxr vo;o ?kVkus ls A
_

 B izkIr
gksrk gSA ge fy[k ldrs gSa%
     A 

_
 B = A + (

_
B)

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% A_
B rFkkrFkkrFkkrFkk B_

A ,d gh vkO;wg dks fufnZ"V ugha djrs tc rd fd ,d gh vkO;wg dks fufnZ"V ugha djrs tc rd fd ,d gh vkO;wg dks fufnZ"V ugha djrs tc rd fd ,d gh vkO;wg dks fufnZ"V ugha djrs tc rd fd A= B u gksAu gksAu gksAu gksA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.13. ;fn A = 
1 0

2 1−

L
NM
O
QP  rFkk  B =

3 2

1 4

L
NM
O
QP   gks] rks

    (a) A
_

B (b) B 
_

 A Kkr dhft,A
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 gy% gy% gy% gy% (a) ge tkurs gSa fd

A
_

B = A+ (
_

B) (i)

D;ksafd  B = 
3 2

1 4

L
NM
O
QP , ge izkIr djrs gSa

_
B = 

− −

− −

L
NM

O
QP

3 2

1 4

bls  (i) esa izfrLFkkfir djus ij] ge izkIr djrs gSa%

A
_

B = 
1 0

2 1−

L
NM
O
QP  + 

− −

− −

L
NM

O
QP

3 2

1 4
 = 

1 3 0 2

2 1 1 4

+ − + −

+ − − + −

L
NM

O
QP

( ) ( )

( ) ( ) ( )
  = 

− −

−

L
NM

O
QP

2 2

1 5

(b) blh izdkj]

B 
_

A = B + (
_

A)

B 
_

 A =
3 2

1 4

L
NM
O
QP

 + 
−

−

L
NM
O
QP

1 0

2 1
 = 

3 1 2 0

1 2 4 1

+ − +

+ − +

L
NM

O
QP

( )

( )
 = 

2 2

1 5−

L
NM
O
QP

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% A_
B izkIr djus ds fy, ge A ds vo;oksa esa ls B ds laxr vo;o lh/ks ?kVk ldrs gSaA

A
_

B = 
1 3 0 2

2 1 1 4

− −

− − −

L
NM

O
QP  = 

− −

−

L
NM

O
QP

2 2

1 5

rFkk      B_
A = 

3 1 2 0

1 2 4 1

− −

− − −

L
NM

O
QP( )

 = 
2 2

1 5−

L
NM
O
QP

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.14.    ;fn A = 
2 3

1 4−

L
NM
O
QP

; B =
a   b

c   d

L
NM
O
QP  rFkk A+B =O, gks rks B Kkr dhft,A

 gy% gy% gy% gy% ;gka ;g fn;k x;k gS fd  A+B = O

∴
2 3

1 4−

L
NM
O
QP  +

a   b

c   d

L
NM
O
QP  = 

0 0

0 0

L
NM
O
QP

⇒
2 3

1 4

+ +

− + +

L
NM

O
QP

a b

c d
= 

0 0

0 0

L
NM
O
QP

⇒ 2 + a = 0 ; 3 + b = 0
_1 + c = 0 ; 4 + d = 0

⇒ a = 
_

2;   b =
  _

3; c = 1 rFkk  d = 
_

 4

∴ B =

a   b

c   d

L
NM
O
QP= 

− −

−

L
NM
O
QP

2  3

  1  2

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% mnkgj.k 20.15 esa B ds vo;o A ds laxr vo;oksa ds ;ksT;&O;qRØe gSaA blfy, ge
vkO;wg  B dks vkO;wg  A dk ;ksT;&O;qRØe dgrs gSaA lkFk gh]
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B = 
− −

−

L
NM

O
QP

2 3

1 4
 = (

_
1) ×  

  2     3

1     4−

L
NM
O
QP  = (

_
1) ×  A = 

_
A

O;kid :i esa ge dg ldrs gSa fd ;fn ,d vkO;wg A fn;k gks] vkSj ,d ,sls vU; vkO;wg
B = (_ 1) A dk vfLrRo gks rkfd A + B= O gks] rks ,sls vkO;wg B dks vkO;wg A dk
;ksT;&O;qRØe dgk tkrk gSA

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.4

1. ;fn A = 
3 1

5 2

−L
NM
O
QP  rFkk B= 

0 1

3 2

−L
NM
O
QP gks] rks

(a) A+B (b) 2A+B (c) A+3B (d) 2A+3B Kkr dhft,A

2. ;fn  P= 
2 5 3

1 4 0−

L
NM

O
QP  rFkk Q = 

1

1

     2 3

4      5

−

−

L
NM

O
QP  gks] rks

(a) P 
_

 Q (b) Q 
_

 P (c) P 
_ 

2Q (d) 2 Q 
_

 3 P Kkr dhft,A

3. ;fn  A = 

1 2 3

4 1 2

4 5 0

−

−

L

N
M
M
M

O

Q
P
P
P

 rFkk B = 

− −L

N
M
M
M

O

Q
P
P
P

1 4 0

1 6 1

2 0 7
 gks] rks

(a) A+B (b) A
_
B (c) 

_
A+B (d) 3A+2B Kkr dhft,A

4. ;fn A = 

0 1

0 1

1 1

−

−

L

N
M
M
M

O

Q
P
P
P
gks] rks 'kwU; vkO;wg O, tks A+O = AA

dks lUrq"V djrk gks] Kkr dhft;sA

5. ;fn A = 

− −

−

L

N
M
M
M

O

Q
P
P
P

2 1 0

1 2 3

4 0 1
 gks] rks

(a) 
_
A (b) A + (

_
A)  (c) (

_
A)+A  Kkr dhft,A

6. ;fn A = 
1 9

3 2

L
NM
O
QP  rFkk  B = 

5 1

7 9

L
NM
O
QP gks] rks

Kkr dhft,%

(a) 2A    (b) 3B   (c) 2A+3B   (d) ;fn 2 A + 3 B + 5 X = O gks, rks X D;k gksxk?

7. ;fn  A = 
2 0 1

4 3 2

−L
NM

O
QP  rFkk  B=

−

−

L
NM

O
QP

1 0 1

2 4 0
gks] rks

(a) A′          (b) B′    (c) A+B   (d) (A+B)′   (e) A′+B′ Kkr dhft;s!
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vki D;k ns[krs gSa\

8. ;fn  A = 
1 4

2 1−

L
NM
O
QP , B = 

1 2

3 1−

L
NM
O
QP rFkk C =

2 1

3 2

−L
NM
O
QP gks] rks

Kkr dhft,%
(a) A

_
B    (b) B

_
C   (c) A

_
C   (d) 3B

_
2C      (e) A

_
B

_
C    (f) 2A

_
B

_
3C

 20.7 vkO;wgksa dk xq.kuvkO;wgksa dk xq.kuvkO;wgksa dk xq.kuvkO;wgksa dk xq.ku

lSyhuk rFkk jk[kh nks fe= gSaA lSyhuk 17 fdxzk- xsgw¡¡¡] 3 fdxzk- nkysa rFkk 250 xzk- ?kh [kjhnuk pkgrh
gSa\ tcfd jk[kh 15 fdxzk- xsgw¡¡¡] 2 fdxzk- nkysa rFkk 500 xzk- ?kh [kjhnuk pkgrh gSA xsgw¡¡¡] nkyksa rFkk
?kh ds izfr fdxzk- ewY; Øe'k% 8.00 #-] 27.00 #- rFkk 90.00 #- gSA muesa ls izR;sd fdruh /ku
jkf'k O;; djsxh\ Li"Vr%] lSyhuk rFkk jk[kh dks ftruh /ku jkf'k dh vko';drk gksaxh mls uhps
fn;k x;k gS%

lSyhuklSyhuklSyhuklSyhuk 17 fdxzk- xsgw¡¡¡ dk ewY;  ⇒  17 ×  8 #- =  136.00 #-
3 fdxzk- nkyksa dk ewY;  ⇒ 03  ×  27 #- =  81.00 #-

250 xzk- ?kh dk ewY;     ⇒ 1
4

 ×  90 #- = 22.50 #-

;ksx = 239.50 #-

jk[khjk[khjk[khjk[kh 15 fdxzk- xsgw¡¡¡ dk ewY;     ⇒ 15 ×  8 #- =  120.00 #-
2 fdxzk- nkyksa dk ewY;     ⇒   2  ×  27 #- = 54.00 #-

500 xzk- ?kh dk ewY;    ⇒ 1
2

 ×  90 #- =  45.00 #-

;ksx = 219.00 #-

vkO;wg ds :i esa mi;qZDr tkudkjh dks fuEufyf[kr <ax ls iznf'kZr fd;k tk ldrk gS%
vko';drk,a ewY; vko';d /ku jkf'k

                      

17            3             0.250

15            2             0.500

 
 
 
 
 

• ••• •• • • • •• • • •

    

 8
27
90

L
N
M
M
O
Q
P
P = × + × + ×

× + × + ×
L
NM

O
QP =
L
NM

O
QP

17 8 3 27 0.250 90
15 8 2 27 0.500 90

239.50
219.00

mlh cLrh esa ,d vU; nqdku ij fuEufyf[kr ewY; fy[ks x, gSa%
xsgw¡¡¡] :  9 #- izfr fdxzk-( nkysa % 26 #- izfr fdxzk- ?kh % 100 izfr fdxzk-

lkSyhuk rFkk jk[kh dks bl nqdku ls viuh okafNr oLrqvksa dh ek=k [knhnus ds fy, fuEufyf[kr
/ku jkf'k dh vko';drk gksxhA

lSyhuklSyhuklSyhuklSyhuk 17 fdxzk- xsgw¡¡¡]  ⇒ 17 ×  9 #- = 153.00 #-

3 fdxzk- nkysa   ⇒ 3  ×   26 #- = 78.00 #-

250 xzk- ?kh   ⇒ 1
4 × 100 #- = 25.00 #-

dqy = 256.00 #-
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jk[khjk[khjk[khjk[kh 15 fdxzk- xsgw¡¡¡]  ⇒ 15 × 9 #- = 135.00 #-
02 fdxzk- nkysa  ⇒ 2  × 26 #- = 52.00 #-

500 xzk- ?kh⇒ 1
2

 × 100 #- = 50.00 #-

dqy = 237.00 #-

vkO;wg ds :i esa mijksDr tkudkjh dks fuEufyf[kr <ax ls iznf'kZr fd;k tk ldrk gSA

vko';drk,a        ewY;      vko';d /ku jkf'k ¼#- esa½

17 3 0 250

15 2 0500

.

.

L
NM

O
QP

   9 .00
 26.00
100.00

L
N
M
M

O
Q
P
P =

× + × + ×

× + × + ×

L
NM

O
QP

17 9 3 26.00 0.250 100

15 900 2 26.00 0.500 100

.00
=

256 00

237 00

.

.

L
NM
O
QP

,d rqyukRed v/;;u ds fy,] nksuksa tkudkfj;ksa dks fuEufyf[kr <ax ls ,df=r fd;k tk ldrk gS%

17 3 0 250

15 2 0 500

.

.

L
NM

O
QP  

8 00 9 00

27 00 26 00

90 00 100 00

. .

. .

. .

L

N
M
M
M

O

Q
P
P
P

 = 
239 50 256 00

219 00 237 00

. .

. .

L
NM

O
QP

vkb, ns[ksa fd dSls vkSj dc ge bl xq.kuQy dks fy[krs gSa%
(i) izFke vkO;wg dh igyh iafDr ds rhu vo;oksa dks nwljs vkO;wg ds izFke LraHk ds laxr vo;oksa
ls xq.kk fd;k tkrk gS rFkk mudk ;ksx fd;k tkrk gSA ;g ;ksxQy xq.kuQy&vkO;wg dh izFke
iafDr rFkk izFke LrEe dk vo;o gksrk gSA mlh <ax ls igys vkO;wg dh nwljh iafDr ds vo;oksa
dks nwljs vkO;wg ds izFke LraHk ds laxr vo;oksa ls xq.kk djds tksM+k tkrk gSA ;g ;ksxQy
xq.kuQy&vkO;wg dh nwljh iafDr rFkk izFke LraHk dk vo;o gksrk gS( rFkk blh izdkj xq.kuQy
vkO;wg ds vU; vo;o izkIr fd;s tkrs gSaA
(ii) igys vkO;wg ds LraHkksa dh la[;k nwljs vkO;wg dks iafDr;ksa dh la[;k ds cjkcj gS rkfd izFke
vkO;wg nwljs vkO;wg }kjk xq.kk fd;s tkus ds vuqdwy gSA

bl izdkj] ;fn A = 

a   b   c

a   b   c
1 1 1

2 2 2

L

N
M
M

O

Q
P
P  rFkk B = 

α β

α β

α β

1 1

2 2

3 3

L

N
M
M
M

O

Q
P
P
P

 rc]  A ×  B  = 
a   b   c

a   b   c
1 1 1

2 2 2

L

N
M
M

O

Q
P
P  ×  

α β

α β

α β

1 1

2 2

3 3

L

N
M
M
M

O

Q
P
P
P
 = 

a b c a b c

a b c a b c

1 1 1 2 1 3 1 1 1 2 1 3

2 1 2 2 2 3 2 1 2 2 2 3

α α α β β β

α α α β β β

+ + + +

+ + + +

L
NM

O
QP

ifjHkk"kk% ifjHkk"kk% ifjHkk"kk% ifjHkk"kk% ;fn A rFkk B nks vkO;wg Øe'k%  m ×  p rFkk p ×  n Øe okys gksa] rks mudk xq.kuQy
,d  m ×  n Øe okyk vkO;wg C gksxk( rFkk ;fn a

ij
, b

ij
 rFkk c

ij
 Øe'k% A, B rFkk C vkO;wgksa dks

ioha iafDr rFkk josa LraHk ds vo;o gksa] rks

c ij ik kj

k 1

p

=
=
∑ a b
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.15.     ;fn A= 1 1 2−  rFkk B = 

−L

N
M
M
M

O

Q
P
P
P

2

0

2

 gks] rks

Kkr dhft,% (a) AB (b) BA D;k  AB= BA gS\

gy%gy%gy%gy% A dk Øe 1 × 3 gSA

 B dk Øe  3 × 1 gSA

 ∴  A  ds LraHkksa dh la[;k = B  dh iafDr;ksa dh la[;k

∴ AB  dk vfLrRo gSA

vc] AB = 1 1 2−

−L

N
M
M
M

O

Q
P
P
P

2

0

2

 = 1 ( 2) ( 1) 0 2 2× − + − × + ×  = − + +2 0 4  = 2

bl izdkj AB = 2 , 1 × 1 Øe dk vkO;wg

iqu%]  B ds LraHkksa dh la[;k  = A dh iafDr;ksa dh la[;k
∴ BA dk vfLro gSA

vc]  BA = 

−L

N
M
M
M

O

Q
P
P
P

2

0

2

1 1 2−  = 

− × − × − − ×

× × − ×

× × − ×

L

N
M
M
M

O

Q
P
P
P

2 1   ( 2) 1)     (

     0              0 2

2 1     2 ( )             2 2

( )

( )

2 2

0 1 1

1

 =

− −

−

L

N
M
M
M

O

Q
P
P
P

2 2 4

0 0 0

2 2 4

bl izdkj]  BA =

− −

−

L

N
M
M
M

O

Q
P
P
P

2 2 4

0 0 0

2 2 4
,  3 × 3 Øe dk vkO;wg

Åij dh lHkh ppkZ ls ge ikrs gSa fd  AB ≠ BAA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.16.  vkO;wgksa A rFkk B ds fy,] ;fn laHko gks] AB rFkk BA Kkr dhft, tcfd

A = 
2 0

0 1

L
NM
O
QP ; B =

−L

N
M
M
M

O

Q
P
P
P

1

2

3

 gy% gy% gy% gy% ;gka A ds LraHkksa dh la[;k ≠ B dh iafDr;ksa dh la[;k
∴ AB dk vfLrRo ugha gSA
iqu%] B ds LraHkksa dh la[;k ≠ Α dh iafDr;ksa dh la[;k
∴ BA dk vfLrRo ugha gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.17.  ;fn A= 
1 2

1 0−

L
NM
O
QP  rFkk  B = 

2 1

2 2

L
NM
O
QP  gks] rks

          AB rFkk BA Kkr dhft,A ;g Hkh Kkr dhft, fd AB = BA gS

vFkok ughaA
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 gy% gy% gy% gy% ;gka]  A ds LraHkksa dh la[;k = B dks iafDr;ksa dh la[;k

∴ AB dk vfLrRo gSA

B ds LraHkksa dh la[;k =  A dks iafDr;ksa dh la[;k

∴ BA  dk vfLrRo gSA

vc]    AB = 
1 2

1 0−

L
NM
O
QP  

2 1

2 2

L
NM
O
QP =

 1 2 + 2 2        

2 + 0 2   

× × × + ×

− × × − × + ×

L
NM

O
QP

1 1 2 2

1 1 1 0 2

         
=

2 4 1 4

2 0 1 0

+ +

− + − +

L
NM

O
QP

 
2 2

6 5

2 1
×

 
=  − − 

rFkk     BA = 
2 1

2 2

L
NM
O
QP

1 2

1 0−

L
NM
O
QP  = 

2 + 1 (        

1 + 2 (       

× × − × + ×

× × − × + ×

L
NM

O
QP

1 1 2 2 1 0

2 1 2 2 2 0

)

)

        =
2 1 4 0

2 2 4 0

− +

− +

L
NM

O
QP   =

1     4
0     4

2 2

L
NM
O
QP ×

bl izdkj] AB ≠ BA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% ge ns[krs gSa fd  AB rFkk BA ,d gh Øe 2 × 2, okys gSa] fQj Hkh AB ≠ BA gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.18.   ;fn  A =
2 0

0 3

L
NM
O
QP  rFkk B = 

4 0

0 1−

L
NM
O
QP gks] rks

  AB rFkk BA Kkr dhft,A D;k  AB =BA gS\

 gy% gy% gy% gy% ;gka nksuksa  A rFkk B dk Øe 2 × 2 gSA bl fy, nksuksa AB rFkk BA ds vfLrRo gSaA vc]

AB =
× ×

2 0

0 3

4 0

0 1
2 2 2 2

L
NM
O
QP −

L
NM
O
QP  = 

8 0 0 0

0 0 0 3

+ +

+ −

L
NM

O
QP  =    

×

8 0

0 3
2 2

−

L
NM
O
QP  rFkk

BA = 
4 0

0 1−

L
NM
O
QP

2 0

0 3

L
NM
O
QP  = 

8 0 0 0

0 0 0 3

+ +

+ −

L
NM

O
QP  = 

×

8 0

0 3
2 2

−

L
NM
O
QP

;gka] nksuksa AB rFkk BA ,d gh Øe ds gSa rFkk AB = BA Hkh gSaA

vr,o] ;fn nks vkO;wgksa  A rFkk B dks xq.kk fd;k tk,] rks fuEufyf[kr ikap fLFkfr;ka mRiUu gksrh gSa(

(i)   nksuksa AB rFkk BA ds vfLrRo gksrs gSa] fdUrq muds Øe fHkUu gksrs gSa

(ii)   dsoy ,d xq.kuQy AB vFkok BA dk vfLrRo gksrk gSA

(iii)   AB rFkk BA esa ls fdlh dk Hkh vfLrRo ugha gksrkA

(iv)   nksuksa AB rFkk BA ds vfLrRo gksrs gSa rFkk muds Øe Hkh ,d gh gksrs gSa] fdUrq AB≠ BA gksrk gSA

(v)   nksuksa  AB rFkk  BA ds vfLrRo gksrs gSa rFkk muds Øe Hkh ,d gh gksrs gSaA lkFk gh AB= BA

    gksrk gSA
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.19. ;fn A= 
3 0

0 3

L
NM
O
QP  rFkk I =

1 0

0 1

L
NM
O
QP gks] rks lR;kfir dhft, fd  A

2_2A
_

3I=O

 gy% gy% gy% gy% ;gka] A2 = AA = 
3 0

0 3

L
NM
O
QP   

3 0

0 3

L
NM
O
QP = 

9 0 0 0

0 0 0 9

+ +

+ +

L
NM

O
QP  = 

9 0

0 9

L
NM
O
QP

 2A = 2
3 0

0 3

L
NM
O
QP  = 

6 0

0 6

L
NM
O
QP     rFkk   3I = 3

1     0

0     1

3     0

0     3

L
NM
O
QP
L
NM
O
QP

=

A2_2A
_

3I = 
9 0

0 9

L
NM
O
QP

_
 

6 0

0 6

L
NM
O
QP

_
 

3 0

0 3

L
NM
O
QP  = 

9 0

0 9

L
NM
O
QP

_
 

6 0

0 6

3 0

0 3

L
NM
O
QP

+
L
NM
O
QP

RST
UVW

=
9 0

0 9

L
NM
O
QP  

_
 

9 0

0 9

L
NM
O
QP  = 

9 9 0 0

0 0 9 9

− −

− −

L
NM

O
QP  = 

0 0

0 0

L
NM
O
QP = O

vr,o] lR;kfir gqvkA

    mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.22.  vkO;wg lehdj.k  
2 3

1 1

−L
NM
O
QP  

x

y

L
NM
O
QP  = 

1

3

L
NM
O
QP  gy dhft,A

 gy% gy% gy% gy% ;gka   ck;ka i{k = 
2 3

1 1

−L
NM
O
QP  

x

y

L
NM
O
QP  = 

2 3x y

x y

−

+

L
NM

O
QP

⇒
−

+

L
NM

O
QP

2 3x y

x y
=

1

3

L
NM
O
QP  ⇒ − = + =2 3 1 3x y x y;

bu lehdj.kksa dks gy djus ij ge izkIr djrs gSa%

x= 2 rFkk y = 1

    mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.21.   ;fn A= 
1 1

1 1

L
NM
O
QP  vkSj B = 

−

−

L
NM

O
QP

1 1

1 1
, rks AB Kkr dhft;sA

 gy% gy% gy% gy% ;gka]  AB = 
1 1

1 1

L
NM
O
QP

−

−

L
NM

O
QP

1 1

1 1
 = 

( ) ( )
( ) ( )

1 1 1 11 1 1 1

1 1 1 11 1 1 1

× − + × × + × − 
 

× − + × × + × −  

              = 
− + −

− + −

L
NM

O
QP

1 1 1 1

1 1 1 1
= 

0 0

0 0

L
NM
O
QP  = O

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% mnkgj.k  3.23ls gesa Kkr gksrk gS fd nks 'kwU;srj vkO;wgksa dk xq.kuQy ,d 'kwU;
vkO;wg gks ldrk gS] vFkkZr~  A≠O rFkk  B ≠ O rc Hkh AB = O gks ldrk gSA

vr,o] ge fu"d"kZ fudkyrs gSa fd nks 'kwU;srj vkO;wgksa dk xq.kuQy ,d 'kwU; vkO;wg gks
ldrk gS] tcfd la[;kvksa eas nks 'kwU;ksrj la[;kvksa dk xq.kuQy lnk 'kwU;srj gksrk gSA
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 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.22. A = 
1 2

3 5

−L
NM
O
QP , B =

4 0

1 2−

L
NM
O
QP  rFkk C = 

−L
NM
O
QP

1 0

0 3

ds fy,  (a) (AB)C (b) A(BC) Kkr dhft;s

      D;k (AB) C = A (BC) gS\

 gy% gy% gy% gy% (a) (AB)C = 
1 2

3 5

4 0

1 2

−L
NM
O
QP −

L
NM
O
QP

RST
UVW

−L
NM
O
QP

1 0

0 3
 = 

4 2 0 4

12 5 0 10

+ −

− +

L
NM

O
QP  

−L
NM
O
QP

1 0

0 3

= 
6 4

7 10

−L
NM
O
QP

−L
NM
O
QP

1 0

0 3
 = 

− + −

− + +

L
NM

O
QP

6 0 0 12

7 0 0 30
 = 

− −

−

L
NM

O
QP

6 12

7 30

(b) A(BC) = 
1 2

3 5

−L
NM
O
QP  

4 0

1 2

1 0

0 3−

L
NM
O
QP

−L
NM
O
QP

RST
UVW  = 

1 2

3 5

−L
NM
O
QP  

− + +

+ +

L
NM

O
QP

4 0 0 0

1 0 0 6

= 
1 2

3 5

−L
NM
O
QP  

−L
NM
O
QP

4 0

1 6
 = 

− − −

− + +

L
NM

O
QP

4 2 0 12

12 5 0 30
 = 

− −

−

L
NM

O
QP

6 12

7 30

(a) rFkk (b) ls ge ikrs gSa fd (AB)C = A(BC), vFkkZr~ vkO;wg xq.ku lgpkjh gksrk gSA

 ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk 20.5

1. ;fn  A = 2 3 0  rFkk B = 

0

2

1

−

L

N
M
M
M

O

Q
P
P
P

 gks] rks AB rFkk BA Kkr dhft,A  D;k AB=BA gS\

2. ;fn  A= 
0 2 2

1 3 0

−

−

L
NM

O
QP  rFkk B =

2 3

1 1

0 2

−

−

L

N
M
M
M

O

Q
P
P
P

 gks] rks AB rFkk BA

Kkr dhft,A D;k AB = BA gS\

3. ;fn  A = 
a

b

L
NM
O
QP  rFkk  B= x y z gks] rks  AB rFkk BA  esa ls

ftl dk Hkh vfLrRo gks] mls Kkr dhft,A

4. ;fn A = 

−L
NM
O
QP

1

0 
 rFkk  B =

2 0

1 3−

L
NM
O
QP  gks] rks BA  Kkr dhft,A D;k AB dk vfLrRo gS\

5. ;fn A= 
2 3

0 1

L
NM
O
QP

 rFkk B = 

0

1

2

−

L

N
M
M
M

O

Q
P
P
P

 gks] rks

(a) D;k AB dk vfLrRo gS\ D;ksa\ (b) D;k BA dk vfLrRo gS\ D;ksa\
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6. ;fn A = 
2 1

0 3

L
NM
O
QP  rFkk B = 

−L
NM
O
QP

1 0

2 5
gks] rks AB rFkk BA  Kkr dhft,A D;k AB=BA  gS\

7. ;fn A = 

       2    0

        

          

1

3 5 4

5 3 1

−

L

N

M
M
M
M

O

Q

P
P
P
P

 rFkk B = 

2    3    1

        

        

−L

N

M
M
M
M

O

Q

P
P
P
P

1 0 3

1 2 3
 gks] rks

AB rFkk BA Kkr dhft,A D;k AB=BA gS\

8. ;fn  A=
2 0

0 1−

L
NM
O
QP  rFkk  B =

5 0

0 1

L
NM
O
QP  gks rks] AB rFkk BA  Kkr dhft,A D;k AB=BA  gS\

9.  x rFkk  y ds eku Kkr dhft, ;fn

(a) 
1 1

4 5

L
NM
O
QP

x

y

L
NM
O
QP  = 

2

7

L
NM
O
QP (b) 

2 3

1 1−

L
NM
O
QP

x

y

L
NM
O
QP  = 

4

3−

L
NM
O
QP gksA

10. ;fn  A=
2 0

1 0

L
NM
O
QP  rFkk  B=

0 0

3 4

L
NM
O
QP  gks] rks lR;kfir dhft, fd AB=O gSA

11.       A= 
2 5

1 3

L
NM
O
QPds fy, lR;kfir dhft, fd

 A2_5A+I = O, tgka I ,d nks Øe okyk bdkbZ vkO;wg gSA

12. ;fn A =
1 3

2 1

L
NM
O
QP  , B=

2 2

1 1−

L
NM
O
QP  rFkk  C =

4 3

2 3

−

−

L
NM

O
QP   gks] rks fuEu Kkr dhft,%

(a) A(BC) (b) (AB)C (c) (A+B)C

(d) AC+BC (e) A B2 2− (f) (A
_
B) (A+B)

13. ;fn A =
2 1

3 1

−L
NM
O
QP  , B=

3 2

2 2

−L
NM
O
QP  rFkk C = 

1 2

1 2

L
NM
O
QP  gks] rks (a) AC  (b) BC

Kkr dhft,A

D;k AC = BC  gS\ vki D;k fu"d"kZ fudkyrs gSa\

14. ;fn A =

−

−

L

N

M
M
M

O

Q

P
P
P

1 0

1 2

    

     , B =
1 1

2 0

−L
NM
O
QP  rFkk C=

3 8

7 1

    

−

L
NM
O
QP  gks] rks Kkr dhft,%

(a) B+C (b) A (B+C) (c) AB          (d) AC    (e) AB+AC

/;ku iwoZd ns[kus ls vki D;k ikrs gSa\

15. vkO;wgksa A = 
2 1

3 4

−L
NM
O
QP   rFkk B =

2 3

1 0

−

−

L
NM

O
QP  ds fy, lR;kfir dhft, fd ( ) ' ' 'AB B A=
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16. ;fn  A = 
−

−

L
NM

O
QP

1 2

2 1
 rFkk  B =

3

3

L
NM
O
QP  gks] rks ,slk vkO;wg X Kkr dhft, fd  AX = B

gksA

17. ;fn  A=
a b

c d

L
NM
O
QP  rFkk  I=

1 0

1 0

L
NM
O
QP   gks] rks fn[kkb, fd AA2_(a+d) A = (bc_ad) I

18 ;fn  A = 
0 1

2 1

L
NM
O
QP  rFkk B = 

0 1

1 1

L
NM
O
QP  gks] rks D;k] ;g lR; gS fd

(a) (A+B)2 = A2+B2+2AB? (b) (A_B)2 =A2+B2_2AB?

(c) (A+B) (A_B) = A2_B2?

20-8 O;qRØe.kh; vkO;wg

ifjHkk"kk%ifjHkk"kk%ifjHkk"kk%ifjHkk"kk%    'A' ,d n Øe dk oxZ vkO;wg O;qRØe.kh; gksrk gS ;fn 'B' nwljk mlh Øe (n)

dk vkO;wg] bl rjg gS fd

AB = I
n
 = BA, tgk¡ I

n
 rRled (n dksfV dk½ vkO;wg gksA

bl rjg ds volj ij] A dk O;qRØe B gksrk gS rFkk A–1 = B fy[krs gSaA

izes;izes;izes;izes; 1 : izR;sd O;qRØe.kh; vkO;wg dk ,d vf}rh; O;qRØe gksrk gSA

miifÙk % miifÙk % miifÙk % miifÙk % ekuk A ,d n Øe dk O;qRØe.kh; vkO;wg gSA

ekuk B, rFkk C vkO;wg A ds nks O;qRØe gSaA

rc AB = BA = I
n

...(i)

rFkk AC = CA = I
n

...(ii)

vc AB = I
n

⇒ C(AB) = C I
n

['C' ls igys xq.kk djus ij]

⇒ (CA) B = C I
n

[lkgp;Z xq.k }kjk]

⇒ I
n
 B = C I

n
(Q CA = I

n
 lehdj.k (ii) ls]

⇒ B = C [Q I
n
 B = B, C I

n
 = C]

vr% ,d O;qRØe.kh; vkO;wg dk ,d fo'ks"k ¼vf}rh;½ O;qRØe gksrk gSA

miizes; % miizes; % miizes; % miizes; % ;fn A O;qRØe.kh; vkO;wg gks] rks (A–1)–1 = A

miifÙk % miifÙk % miifÙk % miifÙk % ge tkurs gSa fd A  A–1 = I = A–1A

⇒ A, A–1 dk O;qRØe gqvk

vr% A = (A–1)–1

izes; 2%izes; 2%izes; 2%izes; 2% ,d oxZ vkO;wg rHkh O;qRØe.kh; gksxk tc og vO;qRØe.kh; ugha gSA

miifÙk% miifÙk% miifÙk% miifÙk% ekuk A ,d O;qRØe.kh; vkO;wg gSA rc B vkO;wg bl rjg gS fd AB = I
n
 = BA

⇒ |AB| = |I
n
|  ⇒  |A| |B| = 1  ⇒  |A| ≠ 0

⇒ A ,d O;qRØe.kh; vkO;wg gSA
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foykser % ekuk A, n dksfV dk ,d O;qRØe.kh; oxZ vkO;wg gSA

rc

⇒ A 
1

A
| A |

adj
 
  

 = I
n
 = 

1
A

| A |
adj

 
  

 A A 
1

| A | 0
| A |

 
≠ ∴ 

 
Q dk eku gksxk

⇒ –1 1
A A

| A |
adj= [O;qRØe dh ifjHkk"kk]

vr% A ,d O;qRØe.kh; vkO;wg gksxkA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh%    ;g izes; O;qRØe.kh; oxZ vkO;wg dk O;qRØe tkuus ds fy, mi;ksxh gSA

A dk O;qRØe

A–1 =
1

A
| A |

adj

20-9 ,d vkO;wg ij izkjfEHkd :ikarj.k vFkok izkjfEHkd lafØ;k,¡

fuEu rhu lafØ;kvksa dk fdlh vkO;wg dh iafDr;ksa ¼LraHk½ ij iz;ksx izkjfEHkd iafDr ¼LraHk½
:ikarj.k dgykrk gSA

(i) nks iafDr;kssa ¼LraHkksa½ dks ijLij cnyuk

fdlh vkO;wg esa 'i' oha iafDr ¼LraHk½ dks 'j ' oha iafDr ¼LrEHk½ ls ijLij cnyus dks
R

i
 ↔ R

j
 (C

i
 ↔ C

j
) ls fufnZ"V djrs gSaA

mnkgj.kkFkZ] A = 

2 1 3

1 2 1

3 2 4

 
 − 
  

, rc R
2
 ↔ R

3 
dk fu:i.k djus ij

gesa B vkO;wg feyrk gS&

B = 

2 1 3

3 2 4

1 2 1

 
 
 
 − 

(ii) fdlh vkO;wg ds fdlh iafDr ¼LraHk½ ds lHkh vo;oksa dks ,d 'kwU;sÙkj vfn'k ls xq.kk djus ij %

;fn 'i' oha iafDr ¼LraHk½ ds vo;oksa dks ,d 'kwU;srj vfn'k k, ls xq.kk fd;k tk, rks
mls R

i
 → k R

i
 [C

i
 → k C

i
] ls fufnZ"V djrs gSa

mnkgj.kkFkZ %

;fn A = 

3 2 1

0 1 2

1 2 3

− 
 
 
 − − 

, rc R
1
 → 2R

1
 ds fu:i.k djus ij fuEu B feyrk gSA

B = 

6 4 2

0 1 2

1 2 3

− 
 
 
 − − 
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(iii) fdlh iafDr ¼LraHk½ ds vo;oksa dks fdlh vU; iafDr ¼LraHk½ ds laxr vo;oksa dks fdlh
vfn'k ls xq.kk djds tksM+uk&bls R

i
 → R

i
 + kR

j
 (C

i
 → C

i
 + k C

j
) ls fu:i.k djrs

gS aA

;fn  A = 

2 1 3 1

1 1 0 2

0 1 3 1

 
 − − 
  

,  ij R
3
 → R

3
 + 2R

1
 fu:fir djrs gSa rks gesa vkO;wg B feyrk gS

B = 

2 1 3 1

1 1 0 2

4 3 9 3

 
 − − 
  

20-10 izkjfEHkd lafØ;kvksa }kjk ,d vkO;wg dk O;qRØe

izkjfEHkd iafDr lafØ;kvksa ;k LraHk lafØ;kvksa] ijUrq nksuksa ,d lkFk ugha] iz;ksx djrs gq, ,d
vkO;wg dk O;qRØe izkIr dj ldrs gSa tcfd mldk vfLrRo gksA

ekuk 'A' n dksfV dk ,d O;qRØe.kh; oxZ vkO;wg gSA

;fn ge izkjfEHkd lafØ;kvksa }kjk A–1 izkIr djuk pkgrs gSa rks

A = I
n
 A fy[krs gSa ...(i)

,d izkfjEHkd iafDr lafØ;k esa nks vkO;wg ds xq.ku dks mlh izkjfEHkd iafDr lafØ;k ds
vfxze xq.ku[k.M ls izHkkfor fd;k tk ldrk gSA

ge izkjfEHkd iafDr lafØ;kvksa iz;ksx lehdj.k (i) ij rc rd djrs gSa tc rd ck;k¡
i{k I

n
 rFkk nk;k¡ i{k esa ¼laxr izkjfEHkd iafDr lafØ;kvksa dk iz;ksx I

n
 ds vfxze ¼iwoZ½ xq.ku

djus ds ckn½

ge ikrs gSa I
n
 = BA ...(ii)

bldk rkRi;Z vkO;wg A rFkk vkO;wg B ,d nwljs ds O;qRØe gSaA vr% A–1 = B

blh rjg ;fn ge pkgrs gSa A–1, izkjfEHkd LraHk lafØ;kvksa ds iz;ksx }kjk rks ge fy[krs gSa

a A = A I
n

...(iii)

vc (iii) ij izkjfEHkd LraHk lafØ;kvksa dk iz;ksx tc rd djrs gSa tc rd ck;k¡ i{k
I
n
 ugha gks tkrk nk;k¡ i{k ¼laxr izkjfEHkd LraHk lafØ;kvksa dk iz;ksx i'p xq.ku (post factor)

I
n
ij djus ds ckn½ nk;k¡ i{k bl rjg gks tkrk gS

I
n
 = AB

rc A–1 = B

bl fof/k dks fuEu mnkgj.k }kjk le>k;k x;k gSA

 mnkgj.k 20-23- mnkgj.k 20-23- mnkgj.k 20-23- mnkgj.k 20-23-  izkjfEHkd LraHk lafØ;kvksa }kjk vkO;wg A dk O;qRØe Kkr dhft,A tgk¡

A =
2 6

1 2

− 
 − 

gy %gy %gy %gy % A = A I
2  
⇒  

2 6 1 0
A

1 2 0 1

−   
=   −   



30

vkO;wg

xf.kr

ekWM~;wy - VI

chtxf.kr-II

fVIi.kh

⇒
2 0 1 3

A
1 1 0 1

   
=   

   
C

2
 → C

2
 + 3C

1 
fu:fir djus ij

⇒

1 0 1
3

A 21
1

0 12

   
   =
   
   

C
1
 → 

1

2
C

1 
fu:fir djus ij

⇒

1 3
1 0

A 1
0 1 1

2

− 
   =   − 

 

C
1
 → C

1 
– 

1

2
C

2 
fu:fir djus ij

⇒ I
2
 = AB, tgk¡ B = 

1 3

1
1

2

− 
 
 −
 

vr% A–1 = 

1 3

1
1

2

− 
 
 −
 

mnkgj.k 20-24-mnkgj.k 20-24-mnkgj.k 20-24-mnkgj.k 20-24-   izkjfEHkd iafDr lafØ;kvksa }kjk vkO;wg A dk O;qRØe Kkr dhft,] tgk¡

A = 
10 2

5 1

− 
 − 

gy %gy %gy %gy % A = I
2
A

  
     ⇒   

10 2 1 0
A

5 1 0 1

−   
=   −   

1 1
1 0

A5 10

5 1 0 1

   
−   =

   
−   

R
1
 → 

1

10
 R

1 
fu:fir djus ij

R
2
 → R

2
 + 5 R

1 
fu:fir djus ij]

1
1 0

1 10
A5

1
0 0 1

2

 
   −  =  
   
    

tSlk fd vkO;wg ds ck;sa i{k esa ,d iafDr ds lHkh vo;o '0' gSaA vr% bl vkO;wg dk
O;qRØe ugha gks ldrk] D;ksafd ck;sa i{k ds vkO;wg dks rRled vkO;wg esa ugha cnyk tk
ldrkA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh% D;ksafd |A| = 0, vkO;wg vO;qRØe.kh; gSA

mnkgj.k 20-25-mnkgj.k 20-25-mnkgj.k 20-25-mnkgj.k 20-25-     izkjfEHkd lafØ;kvksa }kjk vkO;wg A dk O;qRØe Kkr dhft, tgk¡

A = 

3 1 2

2 0 1

3 5 0

− − 
 − 
 − 
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gygygygy :  A = I A    ;k  

3 1 2 1 0 0

2 0 1 0 1 0 A

3 5 0 0 0 1

− −   
   − =   
   −   

⇒

1 1 1 1 1 0

2 0 1 0 1 0 A

3 5 0 0 0 1

− − −   
   − =   
   −   

, R
1
 → R

1
 – R

2 
fu:fir djus ij

⇒

1 1 1 1 1 0

0 2 1 2 3 0 A

0 2 3 3 3 1

− − −   
   = −   
   − −   

,

⇒

1 1 1
1 1 0

1
0 1 1 3 2 0 A

2
3 3 1

0 2 3

− − 
−  

   = −  
 −  − 

, R
2
 → ½R

2
 fu:fir djus ij

⇒

1
11 0 0 0

22

310 1 1 0 A
2 2

0 0 4 5 6 1

 
−   

  
 = − 
  
 −      

,

⇒

1 10 01 0
22

31 1 0 A
20 1

2 5 3 1
0 0 1

4 2 4

   −   
   = −   
   −      

, R
3
 → ¼R

3
 fu:fir djus ij

⇒

5 5 1
8 4 81 0 0

3 3 10 1 0 A
8 4 8

0 0 1 5 3 1
4 2 4

− 
   
   − −=   
     −

  

,

vr% A–1 = 

5 5 1
8 4 8

3 3 1
8 4 8

5 3 1
4 2 4

− 
 
 − −
 
 −
  

      ns[ksa vkius fdruk lh[kk 20-6

1. fuEufyf[kr vkO;wgksa dk izkjfEHkd lafØ;kvksa }kjk O;qRØe Kkr dhft, %

(a)
7 1

4 3

 
 − 

(b)
1 6

3 5

 
 − 

(c)
5 10

3 6

 
 
 

R
1
 → R

1
 + R

2
, R

3 
→ R

3
 + 2R

2

fu:fir djus ij

R
1
 → R

1
 + ½R

3
, R

2 
→ R

2
 – ½R

3

fu:fir djus ij

R
2
 → R

2
 – 2R

1
, R

3 
→ R

3
 – 3R

1

fu:fir djus ij
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(d)

1 3 2

3 0 1

2 1 0

− 
 − − 
  

(e)

3 0 1

2 3 0

0 4 1

− 
 
 
  

• iafDr;ksa rFkk LraHkksa ds :i esa O;ofLFkr la[;kvksa ds ,d vk;rkdkj foU;kl dks vkO;wg dgk
tkrk gSA izR;sd la[;k dks vkO;wg dk ,d vo;o dgk tkrk gSA

• ,d ‘m’ iafDr;ksa rFkk ‘n’ LraHkksa okys vkO;wg dk Øe m × n gksrk gSA

• ;fn fdlh vkO;wg dh iafDr;kas dh la[;k mlds LraHkksa dh la[;k ds cjkcj gks] rks mls oxZ
vkO;wg dgk tkrk gSA

• ,d fod.kZ vkO;wg ,slk oxZ vkO;wg gksrk gS ftl esa fod.kZ ds vo;oksa dks NksM+ dj 'ks"k lHkh
vo;o 'kwU; gksrs gSaA

• fdlh Hkh Øe dk ,d bdkbZ vkO;wg mlh Øe dk ,d fod.kZ vkO;wg gksrk gS ftlesa izR;sd
fod.kZ dk vo;o 1 gksrk gSA

• 'kwU; vkO;wg ,d ,slk vkO;wg gksrk gS ftlds lHkh vo;o 'kwU; gksrs gSaA

• nks vkO;wgksa dks leku vkO;wg] dgk tkrk gS ;fn mudk Øe ,d gh gks rFkk muds laxr
vo;o cjkcj gksaA

• fdlh vkO;wg dk ifjorZ mldh iafDr;ksa rFkk blds LraHkksa dks ijLij cnyus ls izkIr gksrk gSA

• ,d vkO;wg A dks lefer vkO;wg dgrs gSa ;fn A′ = A gks] rFkk bls fo"ke lefer dgrs gSa
;fn A′ = _A gksA

• fdlh vkO;wg dh vfn'k ls xq.kk] mlds izR;sd vo;o dks vfn'k ls xq.kk djds izkIr dh tkrh
gSA

• nks vkO;wgksa ¼,d gh Øe okys½ dk ;ksx muds laxr vo;oksa dks tksM+us ls izkIr vkO;wg gksrk
gSA

• nks vkO;wgksa A rFkk  B dk vUrj vkO;wg A rFkk vkO;wg B ds _.kkRed vkO;wg ds ;ksxQy ds
cjkcj gksrk gSA

• nks vkO;wgksa] m × n Øe ds vkO;wg  A  rFkk n × p Øe ds vkO;wg B  dks xq.kuQy m × p, Øe
okyk ,d ,slk vkO;wg gksxk ftlds vo;oksa dks A dh iafDr;ksa ds vo;oksa dks B ds LraHkksa ds
laxr vo;oksa ls xq.kk djds tksM+us ij izkIr fd;k tkrk gSA

• http://www.math.odu.edu/~bogacki/cgi-bin/lat.cgi?c=sys

• https://www.youtube.com/watch?v=lsOsce_7gK8

• https://www.youtube.com/watch?v=lYEdR8-u9qo

• https://www.youtube.com/watch?v=sX6iWfQhM4w

• https://www.youtube.com/watch?v=slgM3nAEozM

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV
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1. fuEufyf[kr Øe okys vkO;wgksa esa ls izR;sd ds vo;oksa dh la[;k Kkr dhft,%

(a) 2 × 1 (b) 3 ×  2 (c) 3 ×  3 (d) 3 ×  4

2. ,d 3 × 2 Øe okys vkO;wg dk fuekZ.k dhft, ftlds vo;o a
ij
 fuEufyf[kr :i esa fn;s x;s

gSa%

(a) a
ij
 = i_2j (b) a

ij
 = 3i_j (c) a

ij
 = i+ 

3

2
j

3. vkO;wg dk Øe D;k gS\

(a) A =

2

3

1−

L

N
M
M
M

O

Q
P
P
P

(b) B = 2 3 5

(c) C = 

2 3

1 0

0 1

−

L

N
M
M
M

O

Q
P
P
P

(d) D=
2 1 5

7 6 1

−L
NM

O
QP

4. x, y rFkk z ds eku Kkr dhft,] ;fn

(a)

x   y

z   2

L
NM
O
QP= 

1 2

3 2

L
NM
O
QP      (b)

 x + y       z

        x y 6 −

L
NM

O
QP = 

6 5

6 4

L
NM
O
QP

(c)
x

y

−

+

L
NM

O
QP

2 3

0 5
= 

1

2

z

y z+

L
NM

O
QP       (d)

x y y z

z x y x

+ −

− −

L
NM

O
QP2

 = 
3 4

1 1

−

−

L
NM
O
QP

5. ;fn A = 
1 2

4 2

−L
NM
O
QP  rFkk  B=

2 4

1 4−

L
NM
O
QP  gks] rks Kkr dhft,%

(a) A+B (b) 2A (c) 2A
_
B

6. vkO;wg X Kkr dhft, ;fn

(a)
4 5

3 6−

L
NM
O
QP  + X = 

10 2

1 4

−L
NM

O
QP

(b)
1 3 2

2 0 2

−L
NM

O
QP  + 

2 1 1

1 0 1

−

−

L
NM

O
QP  + X = 

0 0 0

0 0 0

L
NM

O
QP

7. a rFkk b ds eku Kkr dhft, ftlls

3 2 2

1 0 1

−

−

L
NM

O
QP  + 

a b− −L
NM

O
QP

  2  2

      a      b4
 =

6

5

     0        0

  2 +      5a b

L
NM

O
QP

vkb, vH;kl djsa
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8. vkO;wgksa  A =  

1 3

0 2

5 7

L

N
M
M
M

O

Q
P
P
P

 , B =

2 1

1 4

3 7

L

N
M
M
M

O

Q
P
P
P

  rFkk  C=

5 6

7 1

4 1

L

N
M
M
M

O

Q
P
P
P

ds fy, lR;kfir dhft, fd  A+(B+C) = (A+B)+C

9. ;fnA = 
1 1 2

2 3 5

− 
 
 

 rFkk  B =  

1 3

2 4

6 5

 
 
 
  

 gks] rks AB rFkk BA  Kkr dhft,A D;k

AB = BA gS\

10. ;fn A =
1 2

0 0

 
 
 

 rFkk  B = 
0 2

0 1

− 
 
 

 gks] rks AB rFkk  BA  Kkr dhft,A D;k

AB = BA gS\

11. ;fn A =  

1 3 4

1 3 4

1 3 4

− − 
 − 
 − − 

 gks] rks  AA2 Kkr dhft,A

12. ;fn A= 
1 2

3 1

 
 − 

 , B = 
3 1 0

0 1 2

−L
NM

O
QP   rFkk  C=  

−

−

L
NM

O
QP

2 0 3

4 0 3
 gks] rks

A (B+C)  Kkr dhft,A

13. ;fn A =  
1 1

2 1

−

−

L
NM
O
QP  rFkk  B = 

x

y

1

1−

L
NM
O
QP   gks] rks

rFkk  (A+B)2 = A2 + B2 gks] rks  x rFkk y ds eku Kkr dhft,A

14. fn[kkb, fd vkO;wg A = 
−L
NM
O
QP

8 5

2 4

lehdj.k A2 + 4A
_

2I = O dks lUrq"V djrk gSA

Find intverse of the following matrces using elementary transformations:

15.
5 2

2 1

 
 
 

16.
2 5

1 3

 
 
 

17.
3 10

2 7

 
 
 

18.
3 5

2 4

− 
 
 

19.

0 1 2

1 2 3

3 1 1

 
 
 
  

20.

2 0 1

5 1 0

0 1 3

 
 
 
  

21.

2 3 1

2 4 1

3 7 2
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.1

1.
56 65 71

29 37 57

L
NM

O
QP ; 

56 29

65 37

71 57

L

N
M
M
M

O

Q
P
P
P

2. 
40     35     25

10      5       8

L
NM

O
QP ; 

40 10

35 5

25 8

L

N
M
M
M

O

Q
P
P
P

3.
4 6 3

4 3 5

L
NM

O
QP

4. (a) 6 (b) 12 (c) 8 (d) 12 (e) ab (f) mn

5. (a) 1 ×  8; 2 ×  4; 4 ×  2; 8 ×  1 (b) 1 ×  5; 5 ×  1

(c) 1 ×  12; 2 ×  6; 3 ×  4 ; 4 ×  3; 6 ×  2; 12 ×  1

(d) 1 ×  16; 2 ×  8; 4 ×  4; 8 ×  2; 16 ×  1

6. (a) 4 (b) 5 (c) 4 × 5 (d) 20

(e) a
14

 = 0; a
23

= 7; a
34

 = 
_

3; a 
45

 = 1 rFkk a
33

 = 3

7. (a) 

0 1 2

1 0 1

2 1 0

− −

−

L

N
M
M
M

O

Q
P
P
P

 (b) 

1
1

2

1

3

4 2
4

3

9
9

2
3

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

 (c)

9 25 49

2 2 2

8 18 32

25 49 81

2 2 2

 
 
 
 
 
 
 

 (d) 

1 4 7

1 2 5

3 0 3

−

−

L

N
M
M
M

O

Q
P
P
P

8. (a)  

4 7

5 8

6 9

L

N
M
M
M

O

Q
P
P
P

(b)

5 10

10 20

15 30

L

N
M
M
M

O

Q
P
P
P

(c)

1 1

2 4

3 9

L

N
M
M
M

O

Q
P
P
P

(d) 

0 1

1 2

2 3

L

N
M
M
M

O

Q
P
P
P

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.2

1. (a) G (b) B (c) A, D, E rFkk F (d) A, D rFkk F

(e) D rFkk  F (f) F (g) C

2. (a) a = 2,    b =10,   c = 6, d =
 _

2

(b) a = 2,    b =3,     c = 2, d = 5

(c) a = 
3
2

, b = 
_

2,  c = 2, d = 
_

4

3. ugha 4. ugha

mÙkjekyk
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk  20.3

1. (a) 
28 8

8 12

L
NM

O
QP (b)

− −

− −

L
NM

O
QP

7 2

2 3
(c) 

7

2
1

1
3

2

L

N

M
M
M

O

Q

P
P
P (d) 

−
−

−
−

L

N

M
M
M

O

Q

P
P
P

21

2
3

3
9

2

2. (a)
0 5 10

15 5 20

−L
NM

O
QP (b)

0 3 6

9 3 12

−

− − −

L
NM

O
QP

(c)

0
1

3

2

3

1
1

3

4

3

−L

N

M
M
M

O

Q

P
P
P (d) 

0
1

2
1

3

2

1

2
2

−

− −
−

L

N

M
M
M

O

Q

P
P
P 3.

7 0

28 14

0 7

− −

L

N
M
M
M

O

Q
P
P
P

4. (a)

15 0 5

20 10 0

5 0 25

−

−

L

N
M
M
M

O

Q
P
P
P

(b)

− −

−

−

L

N
M
M
M

O

Q
P
P
P

12 0 4

16 8 0

4 0 20

(c) 

1 0
1

3

4

3

2

3
0

1

3
0

5

3

               

           

            

−

−

L

N

M
M
M
M
M

O

Q

P
P
P
P
P

(d) 

− −

−
−

L

N

M
M
M
M

O

Q

P
P
P
P

3

2
0

1

2
2 1 0

1

2
0

5

2

5. (a) 
2 4

1 3−

L
NM
O
QP (b) 

4 6

10 8

9 7

L

N
M
M
M

O

Q
P
P
P

(c) 
1 4 6

2 1 9

−

− −

L
NM

O
QP (d) 

1 0 0

0 1 0

0 0 1

L

N
M
M
M

O

Q
P
P
P

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk  20.4

1. (a) 
3 2

8 4

−L
NM
O
QP (b)

6 3

13 6

−L
NM

O
QP (c) 

3 4

14 8

−L
NM

O
QP (d) 

6 5

19 10

−L
NM

O
QP

2. (a) 
1 3 6

5 3 5−

L
NM

O
QP (b) 

− − −

− −

L
NM

O
QP

1 3 6

5 3 5
(c) 

0 1 9

9 2 10−

L
NM

O
QP

(d) 
− − −

− −

L
NM

O
QP

4 11 15

11 10 10

3. (a)

0 6 3

5 5 3

6 5 7

−L

N
M
M
M

O

Q
P
P
P

(b)

 2       2      3

         1

2        5   

3 7

7

−

−

L

N
M
M
M

O

Q
P
P
P

(c) 

− − −

− −

− −

L

N
M
M
M

O

Q
P
P
P

2 2 3

3 7 1

2 5 7
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(d) 

1 14 9

14 9 8

16 15 14

−L

N
M
M
M

O

Q
P
P
P

4. (a) 

0 0

0 0

0 0

L

N
M
M
M

O

Q
P
P
P

5. (a) 

                  

         

              

2 1 0

1 2 3

4 0 1

− − −

−

L

N
M
M
M

O

Q
P
P
P

 (b) 

0 0 0

0 0 0

0 0 0

L

N
M
M
M

O

Q
P
P
P

(c) 

0 0 0

0 0 0

0 0 0

L

N
M
M
M

O

Q
P
P
P

6. (a)
2 18

6 4

L
NM
O
QP (b) 

15 3

21 27

L
NM

O
QP (c) 

17 21

27 31

L
NM

O
QP (d) 

17 21

5 5

27 31

5 5

− − 
 
 

− − 
  

7. (a) 

2 4

0 3

1 2−

L

N
M
M
M

O

Q
P
P
P

(b) 

−

−

L

N
M
M
M

O

Q
P
P
P

1 2

0 4

1 0
(c) 

1 0 0

6 1 2−

L
NM

O
QP  (d) 

1 6

0 1

0 2

−

L

N
M
M
M

O

Q
P
P
P

 (e)  

1 6

0 1

0 2

−

L

N
M
M
M

O

Q
P
P
P

ge ns[krs gSa fd (A+B)’= B’+A’

8. (a) 
0 2

5 2−

L
NM
O
QP (b) 

−

−

L
NM

O
QP

1 3

0 3
(c)

−

− −

L
NM

O
QP

1 5

5 1
(d) 

−

−
L
NM

O
QP

1

3 7

     8

    

(e) 
−

−

L
NM
O
QP

2 3

8 0
(f) 

−

− −

L
NM

O
QP

5 9

16 3

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.5

1. AB = −6 ; BA =

0 0 0

4 6 0

2 3 0

− −

L

N
M
M
M

O

Q
P
P
P

, AB ≠ BA

2. AB = 
2 2

1 6−

L
NM
O
QP ;  BA = 

− −

− −

−

L

N
M
M
M

O

Q
P
P
P

3 13 4

1 1 2

2 6 0
 , AB ≠ BA

3. AB = 
ax ay az

bx by bz

L
NM

O
QP ; BA dk vfLrRo ugha gSA

4. BA = 
−

−

L
NM
O
QP

2

1
; AB dk vfLrRo ugha gSA
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5. n ksu ksa AB r Fkk  BA ds vf L r Ro  u gha gSaA AB dk vf L r Ro  b lf y,  u gha gS D;ksaf d A ds L r aHkksa
dh la[lk B dh i af Dr ;ksa dh la[;k ds c j kc j  u gha gSA BA dk vf L r Ro  b lf y,  u gha gS
D;ksaf d B d s L r aHkksa dh la[;k A dh i af Dr ;ksa dh la[;k ds c j kc j  u gha gSaA

6. AB =
0 5

6 15

L
NM
O
QP ; BA =

− −L
NM

O
QP

2 1

4 17
; AB ≠ BA

7. AB =

4     3     7

3     17   24

14  13   17

−

−

L

N
M
M

O

Q
P
P ; BA =

16 8 11

16 11 3

10 21 11

− −L

N

M
M
M

O

Q

P
P
P

; AB ≠ BA.

8. AB =
10 0

0 1−

L
NM

O
QP ; BA =

10 0

0 1−

L
NM

O
QP ; AB ≠ BA.

9. (a) x = 3,  y = _1 (b) x = _1,  y = 2

12. (a) 
−L
NM
O
QP

14

2 6

  18

       
(b) 

−L
NM
O
QP

14

2 6

  18

       
(c) 

2   6

0    3

L
NM
O
QP

(d) 
2   6

0    3

L
NM
O
QP (e) 

5   0

7    8

L
NM
O
QP (f) 

− −L
NM
O
QP

2 3   

9     15

13. (a) 
1 2

4 8

L
NM
O
QP (b) 

1 2

4 8

L
NM
O
QP ; AC= BC

;gka] A ≠ B r Fkk C ≠ O, f Qj  Hkh AC = BC

vFkkZr ~ mHk;f u "B  ' kwU;sr j  xq.ku [kaM  dks lehdj .k ds n ksu ksa i {kksa ls d kV  n su s dk f u ;e

vkO;wgksa esa ykxw u gha gksr kA

 14. (a) 
4 7

9 1−

L
NM
O
QP (b) 

− −

−

L
NM
O
QP

4 7      

14     9
(c) 

−

− −

L
NM

O
QP

1 1

3 1
(d) 

− −

−

L
NM

O
QP

3 8

11 10

(e) 
− −

−

L
NM

O
QP

4 7

14 9

ge n s[kr s gSa f d A(B + C) = AB + AC

 16. x = 
3

3

L
NM
O
QP 18.  (a) u gha (b) u gha (c) u gha
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.6

1. (a)
3 11

4 725

 
 − 

(b)
5 61

3 123

− 
 
 

(c) does not exist

(d)

1 2 3

2 4 7

3 5 9

− − 
 − 
 − 

(e)

3 4 3

2 3 2

8 12 9

− 
 − − 
  

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. (a) 2 (b) 6 (c) 9 (d) 12

2. (a)

− −

−

−

L

N
M
M
M

O

Q
P
P
P

1 3

0 2

1 1

(b)

2 1

5 4

8 7

L

N
M
M
M

O

Q
P
P
P

(c)

5

2
4

7

2
5

9

2
6

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

3. (a) 3 ×  1 (b) 1 ×  3 (c) 3 × 2 (d) 2 × 3

4. (a) x = 1, y = 2, z = 3 (b) x = 5, y = 1, z = 5 (c) x = 3, y = _3 z = 3

(d) x = 2, y = 1, z = 5

5. (a)  
3 2

3 6

 
 
 

(b)
2 4

8 4

− 
 
 

(c)  
0 8

9 0

− 
 
 

6. (a)
6 7

4 2

−

−

L
NM
O
QP (b)

− −

− −

L
NM

O
QP

3 4 3

3 0 1

7. a = 
3

2
b = 

_ 3

2

9. AB =  
13 11

38 43

L
NM

O
QP ; BA = 

5 10 17

6 14 24

4 21 37

L

N
M
M
M

O

Q
P
P
P

; ABAB ≠ BA

10. AB = 
0 0

0 0

L
NM
O
QP ; BA = 

0 0

0 0

L
NM
O
QP ; AB = BA

11.

0 0 0

0 0 0

0 0 0

L

N
M
M
M

O

Q
P
P
P
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12.

9        1      1

1  4    10− −

L
NM

O
QP 13. x = 1, y = −4.

15.
1 2

2 5

− 
 − 

16.
3 5

1 2

− 
 − 

17.
7 10

3 3

− 
 − 

18.
4 51

2 322

− 
 
 

19.

1 1 0

2 3 4

2 3 3

− 
 − − 
 − − 

20.

3 1 1

15 6 5

5 2 2

− 
 − − 
 − 

21.

1 1 1

1 1 0

2 5 2

− 
 − 
 − 
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 21

lkjf.kd rFkk blds vuqiz;ksxlkjf.kd rFkk blds vuqiz;ksxlkjf.kd rFkk blds vuqiz;ksxlkjf.kd rFkk blds vuqiz;ksx

izR;sd oxZ vkO;wg ,d vf}rh; la[;k ls lEcfU/kr gS&;g la[;k lkjf.kd dgykrh gSA

bl ikB esa ge lkjf.kd ds fHkUu&fHkUu xq.kksa ¼xq.k/keks±½ dk v/;;u djsaxsA

 mís';mís';mís';mís';

bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,saxs %bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,saxs %bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,saxs %bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,saxs %

• ,d oxZ vkO;wg ds lkjf.kd dks ifjHkkf"kr djuk

• ,d vkO;wg ds vo;oksa ds milkjf.kd rFkk lg[kaM ifjHkkf"kr djuk

• vkO;wg ds vo;oksa ds milkjf.kd rFkk lg[kaM Kkr djuk

• lkjf.kdksa ds xq.k fy[kuk

• vf/kd&ls&vf/kd 3 Øe okys lkjf.kdksa ds eku Kkr djuk

 iwoZ Kku iwoZ Kku iwoZ Kku iwoZ Kku

• lehdj.kksa ds gy dk Kku

• la[;k fudk; ¼lfEeJ la[;kvksa lfgr½ dk Kku

• la[;kvksa vkSj O;atdksa ij pkj ekSfyd lafØ;k,¡
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21.1 dksfV ¼Øe½  dksfV ¼Øe½  dksfV ¼Øe½  dksfV ¼Øe½ 2 ds lkjf.kd ds lkjf.kd ds lkjf.kd ds lkjf.kd

vkb, uhps fn;s x;s jSf[kd lehdj.k fudk; ij fopkj djsa %

a x b y c

a x b y c

1 1 1

2 2 2

+ =

+ =

bl lehdj.k fudk; dks x rFkk y ds fy, gy djus ij]

2 1 1 2

1 2 2 1

b c b c
x

a b a b

−
=

−  rFkk 
1 2 2 1

1 2 2 1

a c a c
y

a b a b

−
=

−  tcfd 1 2 2 1 0a b a b− ≠

 la[;k  a b a b1 2 2 1−  ;g Kkr djrh gS fd x rFkk y  ds eku gSa ;k ugha

la[;k  a b a b1 2 2 1−  lkjf.kd dk eku dgykrk gS rFkk bls ge

a    a  

b     b

1 2

1 2

=  a b a b1 2 2 1−  }kjk n'kkZrs gSaA

    21.2 dksfV  dksfV  dksfV  dksfV 2 ds lkjf.kd dk foLrkj ds lkjf.kd dk foLrkj ds lkjf.kd dk foLrkj ds lkjf.kd dk foLrkj

Øe 2 ds lkjf.kd dks foLrr̀ :i esa fy[kus dk fu;e uhps fn;k x;k gS %

lkjf.kd,
11 12

21 22

 
a a

a a
,  ftlesa a

11
 izFke iafDr rFkk izFke LrEHk dk vo;o gS]

a
12

 izFke iafDr rFkk f}rh; LrEHk dk vo;o gS]

a
21

 f}rh; iafDr rFkk izFke LrEHk dk vo;o gS]

a
22

 f}rh; iafDr rFkk f}rh; LrEHk dk vo;o gS

ds vo;oksa dks fuEu izdkj ls fyf[k, %
a a

a a

11 12

21 22

rhj ds fu'kku }kjk tqM+s vo;oksa dks xq.kk dhft,A tks rhj dk fu'kku uhps dh vksj tkrk gS

tSls a
11

 a
22 

og /kukRed gksxk rFkk ftl xq.kuQy esa rhj dk fu'kku Åij dh vksj tkrk gS

og _.kkRed gksxk tSls fd − a
21

 a
12 

A

bu nksuksa xq.kuQyksa dk ;ksx vFkkZr~ a
11

 a
22

 +( − a
21

.a
12

) ;k a
11

 a
22

 − a
21

 a
12

 fn, x, lkjf.kd

dk okafNr eku gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.1.   eku Kkr dhft, %

(i) 
6 4

8 2
 (ii) 

a b b

a a b

+

+

2

2
(iii) 

x x x

x x x

2

2

1 1

1 1

+ + +

− + −
gy%gy%gy%gy%

(i)
6 4

8 2
 = (6  ×  2) −  (8 ×  4) = 12 −  32 = − 20

(ii)
a b b

a a b

+

+

2

2
 = (a + b) (a + b) − (2a) (2b)

= a2 + 2ab + b2 −  4ab = a2 + b2 −  2ab = (a _ b)2
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(iii)
x x x

x x x

2

2

1 1

1 1

+ + +

− + − = (x2 + x + 1) (x _ 1) −  (x2 _ x + 1) (x + 1)

= (x3 _ 1) – (x3 + 1) = _2

m n k g j . k  m n k g j . k  m n k g j . k  m n k g j . k  21.2.   x dk eku  Kkr  dhf t, ;f n  %

(i) 
x x

x x

−

+ +
=

3

1 3
6  gksA (ii) 

2 1 2 1

1 4 2

x x

x x

− +

+ +
 = 0  gksA

g y  %g y  %g y  %g y  %

(i)   
x x

x x

−

+ +

3

1 3
 = (x _ 3) (x + 3) −  x (x + 1) = (x2 _ 9) 

_x2 _ x = 
_ x _ 9

iz' u  ds vu qlkj ]   _ x 
_

 9 = 6 ⇒  x = _15

(ii)  
2 1 2 1

1 4 2

x x

x x

− +

+ +  = (2x 
_

 1) (4x + 2) 
_ 

(x + 1) (2x + 1)

     = 8x2 + 4x 
_

 4x 
_

 2 
_

 2x2 _ 
x 

_
 2x 

_
 1

     = 6x2 _ 3x 
_

3 = 3(2x2 _ x 
_

1)

iz' u  ds vu qlkj ]  3(2x2 _ x 
_

 1) = 0

;k]  2x2 _ x 
_

1 = 0           ;k]  22 2 1 0x x x− + − =

;k]  2x (x 
_

1) +1(x 
_

1) = 0   ;k]  (2x + 1) (x 
_

1)= 0

;k]        
1

1,
2

x = −

21.3 d k sf V   d k sf V   d k sf V   d k sf V  3 d k  l k j f . k d d k  l k j f . k d d k  l k j f . k d d k  l k j f . k d

O;atd 

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

esa 9 j kf ' k;k¡ a
1
, b

1
, c

1
, a

2
, b

2
, c

2
, a

3
, b

3
 r Fkk c

3
 gSa f tUgsa 3 iaf Dr ;ksa r Fkk

3 L r EHkksa esa O;of L Fkr  f d;k x;k gSA dksf V  3 ds lkj f .kd esa (3)2 = 9 vo;o gSaA

dksf V  3 ds lkj f .kd dks n ksgj s ikn kadksa dk iz;ksx dj r s gq,  ge bl izdkj  f y[kr s gSa %

 

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

,d lkj f .kd dks izk;% ge ∆ ;k |A|, |B| bR;kf n  } kj k n ' kkZr s gSaA
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∆ = |a
ij
| tcfd i = 1] 2] 3] rFkk j = 1] 2] 3 gSA

    21.4 ,d oxZ vkO;wg dk lkjf.kd ,d oxZ vkO;wg dk lkjf.kd ,d oxZ vkO;wg dk lkjf.kd ,d oxZ vkO;wg dk lkjf.kd

izR;sd oxZ vkO;wg ds fy, ge ,d laxr lkjf.kd dks lEc) djrs gSaaA

1 ×  1 vkO;wg  [a], ds fy, ge dksfV 1 ds lkjf.kd] ftlesa dsoy ,d vo;o a gksrk gS] dks

lEc) djrs gSaA bl lkjf.kd dk eku a gSA

;fn A= 
a a

a a

11 12

21 22

L
NM

O
QP  dksbZ dksfV 2 dk vkO;wg gS] rks O;atd a

111
a

22
 _ a

21
a

12
 dksfV 2

dk lkjf.kd dgykrk gSA bls ge

A =  
11 12

21 22

a a

a a
 =   a

11
a

22
 _ a

21
a

12
 }kjk n'kkZrs gSaA

3 × 3 vkO;wg 

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

L

N

M
M
M

O

Q

P
P
P

, ds lkFk ge lkjf.kd 

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

 dks lEc) djrs gSa

rFkk bldk eku gS

a
11

 ×   
a a

a a

22 23

32 33

 + (
_

1) a
12

 ×  
a a

a a

21 23

31 33

 + a
13

 
a a

a a

21 22

31 32

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.3.    ;fn A = 
3 6

1 5

L
NM
O
QP  gks] rks |A| Kkr dhft,A

gy %gy %gy %gy % |A| = 
3 6

1 5
 = 3 × 5 

_
 1 × 6 = 15 

_
 6 = 9

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.4.    ;fn A= 
a b a

b a b

+

−

L
NM

O
QP  gks] rks |A| Kkr dhft,A

gy %gy %gy %gy % |A| = 
a b a

b a b

+

− = (a + b) (a 
_

 b) 
_

 b × a = a2 _  b2 
_

 ab

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%   1. ,dkad vkO;wg I dk lkjf.kd 1 gksrk gSA

  2. ,d oxZ vkO;wg ftldk lkjf.kd 'kwU; gksrk gS] vO;qRØe.kh; (Singular) vkO;wg

   dgykrk gSA

21.5 dksfV  dksfV  dksfV  dksfV 3 ds lkjf.kd dk eku ds lkjf.kd dk eku ds lkjf.kd dk eku ds lkjf.kd dk eku

[k.M 21.4 esa geus fy[kk gS fd

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

 = a
11

 ×  
a a

a a

22 23

32 33

 + (
_

1)a
12

 ×  
a a

a a

21 23

31 33

 + a
13

 ×
a a

a a

21 22

31 32
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ftl dk vkxs bl izdkj foLrkj fd;k tk ldrk gS %

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

=
a a a a a a a a a a a a a a a

11 22 33 32 23 12 21 33 31 23 13 21 32 22 31
( ) ( ) ( )− − − + −

 = a a a a a a a a a a a a a a a a a a
11 22 33 12 23 31 13 21 32 11 23 32 12 21 33 13 22 31

+ + − − −

ge ns[krs gSa fd foLrkj dh mijksDr fof/k esa] ge izFke iafDr ds izR;sd vo;o dks] dksfV 2 ds

ml lkjf.kd ls xq.kk djrs gSa tks ml iafDr rFkk LrEHk dks gVkus ij izkIr gksrk gS ftlesa og

vo;o gSA

/;ku nhft, fd vo;o  a
11

, a
12

, a
13
 dks Øe'k% /kukRed] _.kkRed rFkk /kukRed fpg~u fn, x,

gSaA nwljs 'kCnksa esa mUgsa /kukRed fpg~u ls vkjEHk dj ,dkUrjr% /kukRed rFkk _.kkRed fpg~u

nsrs gSaA ;fn vo;o ds iknkadksa dk ;ksx lela[;k gks] rks ge /kukRed fpg~u yxkrs gSa rFkk ;fn

fo"ke la[;k gks] rks ge _.kkRed fpg~u yxkrs gSaA blfy, a
11
 dks /kukRed fpg~u fn;k x;k gSA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    ge lkjf.kd dk foLrkj mldh fdlh Hkh iafDr ;k LrEHk }kjk dj ldrs gSaA lkjf.kd dk

ogh eku gksxk pkgs ge mldk foLrkj izFke iafDr ;k izFke LrEHk vFkok fdlh vU; iafDr ;k LrEHk

}kjk djsaA gesa dsoy ;g /;ku j[kuk gS fd Åij fn, x, fu;e ds vuqlkj fpg~u yxkus gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.5.        fuEu lkjf.kd dk foLrkj izFke iafDr ds iz;ksx }kjk dhft, %

1 2 3

2 4 1

3 2 5

gy %gy %gy %gy % ∆  = 

1 2 3

2 4 1

3 2 5
= 1 ×  

4 1

2 5
 
_

 2 ×  
2 1

3 5
 + 3 ×  

2 4

3 2

  = 1 × (20 
_

 2) 
_

 2 ×  (10 
_

3) + 3 ×  (4 
_

 12) = 18 
_

 14 
_

 24 = 
_

20

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.6.        fuEu lkjf.kd dk foLrkj nwljs LrEHk ds iz;ksx }kjk dhft, %

1 2 3

3 1 2

2 3 1

gy%gy%gy%gy%  ∆ = 

1 2 3

3 1 2

2 3 1

 = (
_

1) ×  2 
3 2

2 1
 + 1 ×  

1 3

2 1
+ (

_
1) ×  3 

1 3

3 2

  = 
_

2 ×  (3 
_

 4) + 1 ×  (1 
_ 

6) 
_

3 ×  (2 
_

 9)

  = 2 
_

 5 + 21

  = 18
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       ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk    21.1

1.   |A| Kkr dhft, ;fn

(a) A = 
2 3 5

2 2 3

+

−

L
N
M

O
Q
P (b) A = 

cos sin

sin cos

α α

α α−

L
NM

O
QP

(c)  A = 
sin cos cos cos

cos cos sin sin

α β β α

β α α β

+ +

− −

L
NM

O
QP (d)   

a bi c di

c di a bi

+ +

− −

L
NM

O
QP

   

   

2.   Kkr dhft, fd fuEu esa ls dkSu&dkSu ls vkO;wg vO;qRØe.kh; gSa %

(a) 

5 5 1

5 1 1

10 7 1

−

L

N

M
M
M

O

Q

P
P
P

     (b) 

− −

− −

L

N

M
M
M

O

Q

P
P
P

2 3 1

3 2 1

1 8 1
    (c) 

2 3 0

3 0 1

0 2 1

L

N

M
M
M

O

Q

P
P
P

(d) 

1 2 3

3 1 2

4 1 5

−

L

N

M
M
M

O

Q

P
P
P

3.   fuEu esa ls izR;sd lkjf.kd dk izFke iafDr ls foLrkj dhft, %

(a) 

2 3 1

1 2 3

3 2 1
 (b) 

2 1 5

0 3 0

4 2 1

      

     

      

−

−

−
    (c) 

a b c

b d e

c e f
   (d) 

x y z

1 2 1

2 3 2

 21.6 milkjf.kd rFkk lg[k.M milkjf.kd rFkk lg[k.M milkjf.kd rFkk lg[k.M milkjf.kd rFkk lg[k.M

21.6.1 |A| esa vo;oesa vo;oesa vo;oesa vo;o a
ij
 dk milkjf.kd dk milkjf.kd dk milkjf.kd dk milkjf.kd

fdlh lkjf.kd ds izR;sd vo;o ds laxr ,d la[;k gksrh gS ftls ml vo;o dk milkjf.kd

dgrs gSaA fdlh lkjf.kd dk milkjf.kd milkjf.kd milkjf.kd milkjf.kd og la[;k gS tks ml vo;o dh iafDr rFkk LrEHk

dks NksM+us ij ¼ftlesa og vo;o vkrk gS½ 'ks"k lkjf.kd dk eku gksrk gS bl izdkj |A|  esa fdlh

vo;o a
ij
 dk milkjf.kd ml lkjf.kd dk og eku gS tks mldh ioha iafDr rFkk josa LrEHk dks

gVkdj izkIr gksrk gSA aij ds milkjf.kd dks M
ij
. }kjk fu:fir fd;k tkrk gSA mnkgj.kkFkZ

lkjf.kd 
3 2

5 7
 esa 3 dk milkjf.kd 7 gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.7.        fuEufyf[kr lkjf.kd ds vo;oksa ds milkjf.kd Kkr dhft, %

|A| = 

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

gy %gy %gy %gy % eku yhft, fd a
ij
 dk milkjf.kd M

ij
. }kjk fu:fir gksrk gSA vc a

11
 izFke iafDr rFkk

izFke LrEHk dk vo;o gSA vr% a
11

 dk milkjf.kd Kkr djus ds fy, gesa |A| dh izFke iafDr

rFkk izFke LrEHk dks NksM+uk gksxkA

a
11

 ds milkjf.kd M
11
 dk eku uhps fn;k x;k gS%

M
11

 = 
a a

a a

22 23

32 33

= a
22

a
33

 _ a
32

a
23
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blh izdkj a
12

 ds milkjf.kd M
12 

dk eku gS %

M
12

 = 
a a

a a

21 23

31 33

= a
21

a
33

 _ a
23

a
31 

 ; blh izdkj]M
13

 = 
a a

a a

21 22

31 32

= a
21

a
32

 _ a
31

a
22

M
21

 = 
a a

a a

12 13

32 33

= a
12

a
33

 _ a
32

a
13  

;    M
22

 = 
a a

a a

11 13

31 33

= a
11

a
33

_ a
31

a
13

M
23

 = 
a a

a a

11 12

31 32

= a
11

a
32

_ a
31

a
12

blh izdkj ge M
31

, M
32

 rFkk M
33

 Kkr dj ldrs gSaA

21.6.2 |A| esa  esa  esa  esa a
ij 
ds lg[k.Mds lg[k.Mds lg[k.Mds lg[k.M

|A| ds fdlh vo;o a
ij
 dk lg[k.M] blds milkjf.kd M

ij
 dks  (_1)i+j }kjk xq.kk djus ij izkIr

gksrk gSA bls izk;% C
ij 
}kjk O;Dr fd;k tkrk gSA

vr%vr%vr%vr% a
ij
  dk lg[k.M = C

ij
 = (

_
1)i+j M

ij

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.8.    |A| = 

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

 esa vo;oksa a
11

, a
12

 
 
rFkk a

21 
ds lg[k.M Kkr dhft,A

gy %gy %gy %gy % fdlh vo;o a
ij  

dk lg[k.M (
_

1)i+j M
ij
 

 
gksrk gSA

C
11

 = (
_

1)1+1 M
11 

= (
_

1)2 (a
22

 a
33

 
_

 a
32

 a
23

) = (a
22

 a
33

 
_

 a
32

 a
23

)

C
12

 = (
_

1)1+2 M
12 

= 
_

M
12

 = 
_

 (a
21

 a
33

 
_

 a
31

 a
23

) = (a
31

a
23

_
 a

21
a

33
)

rFkk C
21

 = (
_

1)2+1 M
21 

= 
_

M
21

 =  (a
32

 a
13

_
 a

12
 a

33
)

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.9.    uhps fn;s x, lkjf.kd esa] nwljh iafDr ds vo;oksa ds lg[k.M Kkr dhft,%

|A| = 

1 6 3

5 2 4

7 0 8

gygygygy: nwljh iafDr ds vo;o gSa % a
21

=5; a
22

=2; a
23

=4.

a
21 

vFkkZr~ 5 dk milkjf.kd M
21

 =  
6 3

0 8
 = 48 

_
 0 = 48

a
22

 vFkkZr~ 2 dk milkjf.kd M
22

 =  
1     3

7     8
 = 8 

_
 21 = 

_
13

rFkk a
23

 vFkkZr~ 4 dk milkjf.kd = 
1     6

7     0
 = 0 

_
 42 = 

_
 42  laxr lg[k.M gSa %

C
21

 = (
_

1)2+1M
21

= 
_

(48) = 
_

48 C
22

 = (
_

1)2+2M
22

= +(
_

13) = 
_

13

 rFkk C
23

 = (
_

1)2+3M
23

= 
_

(
_

42) = 42
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          ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 21.2

1. lkjf.kd dh nwljh iafDr ds vo;oksa ds milkjf.kd rFkk lg[k.M Kkr dhft,A

1 2 3

4 3 6

2 7 9

−

−

2. lkjf.kd ds rhljs LrEHk ds vo;oksa ds milkjf.kd rFkk lg[k.M Kkr dhft,A

2 3 2

1 2 1

3 1 2

3. lg[k.Mksa ds mi;ksx }kjk fuEu esa ls izR;sd lkjf.kd dk eku Kkr dhft,%

(a) 

2 1 0

1 0 2

3 4 3−

(b) 

−

−

−

1 0 1

0 1 1

1 1 0

(c) 

3 4 5

6 2 3

8 1 7

− −

(d) 

1

1

1

a bc

b ca

c ab

(e) 

b c a a

b c a b

c c a b

+

+

+

(f) 

1

1

1

a b c

b c a

c a b

+

+

+

4. fuEufyf[kr lehdj.kksa dks x ds fy;s gy dhft, %

(a) 

x 0 0

1 2 3

1 0 2

 = 0 (b) 

x

x

3 3

3 3

2 3 3

 = 0 (c) 

x x
2 1

0 2 1

3 1 4

 = 28

 21.7 lkjf.kd ds xq.k lkjf.kd ds xq.k lkjf.kd ds xq.k lkjf.kd ds xq.k

vc ge lkjf.kd ds xq.kksa dh ppkZ djsaxsA ;s xq.k lkjf.kd dk eku Kkr djus esa mi;ksxh fl)

gksrs gSaA
xq.k xq.k xq.k xq.k 1 % % % %  fdlh lkjf.kd dh iafDr;ksa rFkk LrEHkksa dks ijLij cnyus nsus ls lkjf.kd dk eku
vifjofrZr jgrk gSA

eku yhft, fd ∆ = 

2 1 3

0 3 0

4 2 1

−

−

−

izFke LrEHk ls lkjf.kd dk foLrkj djus ij ge izkIr djrs gS%

∆ = 
3 0 1 3 1 3

0 4
2 1 2 1 3 0

− − −
− +

− − −
 = 2 (3

_
0) 

_
 0 (1

_
 6) + 4 (0+9) = 6 + 36 = 42
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eku yhft, fd ∆′ og lkjf.kd gS tks ∆ dh iafDr;ksa rFkk LrEHkksa dks ijLij ifjofrZr djus ls

izkIr gksrk gSA rc ∆′  = 

2 0 4

1 3 2

3 0 1

− −

−

/;ku nhft, fd fdlh lkjf.kd dk foLrkfjr :i fdlh Hkh iafDr ;k LrEHk dk mi;ksx djds

gy fd;k tk ldrk gSA
vr% ∆′  dk LrEHk 2 vFkkZr C

2 
}kjk foLrkj djus ij

1 2 2 4 2 4
( ) 0 ( 3) ( ) 0

3 1 3 1 1 2

−
− + − + −

− − −
 = 0 + (

_
3) (

_
2

_
12) + 0 = 42

vr% ge ikrs gSa fd  ∆ = ∆′

xq.k xq.k xq.k xq.k 2 % % % %  ;fn fdlh lkjf.kd dh nks layXu iafDr;ksa ;k nks layXu LrEHkksa dks ijLij cny nsa]
rks lkjf.kd ds eku dk fpg~u cny tkrk gS ijUrq mldk okLrfod eku ugha cnyrkA

eku yhft, fd    ∆ = 

2 3 1

1 2 3

3 1 2

lkjf.kd dk izFke iafDr ls foLrkj djus ij

∆ = 2 
2 3

1 2
 
_

 3 
1 3

3 2
 + 1 

1 2

3 1
 = 2 (4 

_
 3) 

_
 3 (2 

_
 9) + 1 (1 

_
 6) = 2 + 21

_
 5 = 18

ekuk C
1
 rFkk C

2 
dks ijLij cnyus ij lkjf.kd ∆′ izkIr gksrk gS

  rc] ∆′  = 

3 2 1

2 1 3

1 3 2

lkjf.kd ∆′  dk foLrkj izFke iafDr ls djus ij]

∆ = 
1 3 2 3 2 1

3 2 1
3 2 1 2 1 3

− +  = 3 (2 
_

 9) 
_

 2(4 
_

 3) + 1(6 
_

 1) = 
_

21 
_ 

2 + 5 = 
_

18

vr% ge ns[krs gSa fd ∆′ = 
_ ∆

miizes;miizes;miizes;miizes; ;fn fdlh lkjf.kd esa dksbZ iafDr ¼;k LrEHk½ ml lkjf.kd dh n iafDr;ksa ¼;k LrEHkksa½

dks ikj djrk gS rks ifj.kkeh lkjf.kd ∆′ dk eku ∆′  = (
_

1)n ∆ gksxkA

mnkgj.kkFkZmnkgj.kkFkZmnkgj.kkFkZmnkgj.kkFkZ   

2 3 5

1 5 6

0 4 2
= (

_
1)2 

1 5 6

0 4 2

2 3 5
 = 2 (10 

_
 24) 

_
3 (2 

_
 0) + 5(4)

                                                                 = 
_

28 
_

 6 + 20 = 
_

14
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xq.k xq.k xq.k xq.k 3 % % % %  ;fn fdlh lkjf.kd dh nks iafDr;k¡ ¼;k LrEHk½ leku gksa] rks lkjf.kd dk eku 'kwU;
 gksrk gSA

miifÙk %miifÙk %miifÙk %miifÙk % eku yhft, fd ∆ = 

1 1 1

2 2 2

3 3 3

a a c

a a c

a a c
 ,d fn;k x;k lkjf.kd gSA

vkb, izFke vkSj nwljs LrEHk dks ijLij cny dj ,d u;k lkjf.kd ∆′ izkIr djsa

      ∴ ∆′  = 

1 1 1

2 2 2

3 3 3

a a c

a a c

a a c

ijUrq izes;&2 }kjk lkjf.kd dk fpg~u cny tkrk gS ;fn mldh nks layXu iafDr;ksa ¼;k LrEHkksa½
dks ijLij cny fn;k tk,A

∴ ∆′ = −∆

bl izdkj ge ns[krs gS fd ∆ = −∆

;k 2∆ = 0 ⇒∆ = 0

vr% ;fn fdlh lkjf.kd dh nks iafDr;k¡ ¼;k LrEHk½ leku gksa rks lkjf.kd dk eku 'kwU; gksrk gSA

xq.k xq.k xq.k xq.k 4 % % % % fdlh lkjf.kd dh fdlh iafDr ¼;k LrEHk½ ds izR;sd vo;o dks ;fn fdlh fLFkjkad

k ≠ 0 ls xq.kk fd;k tk, rks lkjf.kd dk eku k xq.kk gks tkrk gSA

ekuk   ∆ = 

2 1 5

0 3 0

4 2 1

−

−

−

igyh iafDr }kjk foLrkj djus ij]
         ∆ = 2(3 

_
0) 

_
 1 (0 

_
0) + (

_
5) (0 + 12 ) = 6 

_
60 = 

_
54

vc ge rhljs LrEHk dks 4 ls xq.kk djrs gSaA ekuk u;k lkjf.kd ∆′ gSA

2 1 20

0 3 0

4 2 4

−

′∆ = −

−

 ∆′ dk izFke iafDr ls foLrkj djus ij]
∆′  = 2 (12 

_
 0) 

_
1 (0 

_
 0) + (

_
20) (0 + 12)

    = 24 
_

 240 = 
_

216 = 4 × (_ 54) = 4 ∆

miizes;%miizes;%miizes;%miizes;% ;fn fdlh lkjf.kd dh nks iafDr;ka ¼;k LrEHk½ lekuqikrh gksa] rks ml dk eku 'kwU; gksrk

gSA

miifÙkmiifÙkmiifÙkmiifÙkekuk ∆ = 

a b ka

a b ka

a b ka

1 1 1

2 2 2

3 3 3

;gka ij rhljs LrEHk ds vo;o igys LrEHk ds laxr vo;oksa dk k xquk gSa
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xq.k xq.k xq.k xq.k 4    }kjk] ∆ = k  

a b a

a b a

a b a

1 1 1

2 2 2

3 3 3

    = k ×  0 ¼xq.k 3 }kjk½
    = 0

xq.k xq.k xq.k xq.k 5 % % % %  ;fn fdlh lkjf.kd dh dksbZ iafDr ;k LrEHk nks ;k vf/kd inksa ds :i esa gks rks ml

lkjf.kd dks mlh dksfV ds nks ;k vf/kd lkjf.kdksa ds ;ksx ds :i esa fy[kk tk ldrk gSA

miifÙk%miifÙk%miifÙk%miifÙk% ekuk ∆ = 

1 1 1

2 2 2

3 3 3

α β γ+ + +a b c

a b c

a b c

rks izFke iafDr ls foLrr̀ djus ij

∆ = ( )( ) ( )( ) ( )( )a b c b c b a c a c c a b a b1 2 3 3 2 1 2 3 3 2 1 2 3 3 2+ − − + − + + −α β γ

    = a b c b c b a c a c c a b a b b c b c
1 2 3 3 2 1 2 3 3 2 1 2 3 3 2 2 3 3 2
( ) ( ) ( ) ( )− − − + − + −α

   − − + −β γ( ) ( )a c a c a b a b
2 3 3 2 2 3 3 2

1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

α β γ

= +

a b c

a b c a b c

a b c a b c

vr% lkjf.kd ∆ dks mlh dksfV ds nks lkjf.kdksa ds ;ksxQy ds :i esa O;Dr fd;k tk ldrk gSA

xq.k xq.k xq.k xq.k 6 % % % %  ;fn fdlh lkjf.kd dh fdlh iafDr ¼;k LrEHk½ ds izR;sd vo;o esa fdlh nwljh iafDr
¼;k LrEHk½ ds laxr vo;o dk k xq.kk tksM+ fn;k tk; rks lkjf.kd dk eku ugha cnyrkA

mIkifÙk eku yhft, fd ∆ =  

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

R
1
ds izR;sd vo;o esa] R

3 
dk k xq.kk laxr vo;o tksM+us ij vFkkZr R R kR

1 1 3
→ +

eku yhft, fd  

1 3 1 3 1 3

2 2 2

3 3 3

a ka b kb c kc

a b c

a b c

+ + +

′∆ =

rc ∆′   = 

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

  +  

ka kb kc

a b c

a b c

3 3 3

2 2 2

3 3 3
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;k ∆′  =  

a      b      c

a     b      c

a      b     c

 +  k 

a      b     c

a     b      c

a      b     c

 

1 1 1

2 2 2

3 3 3

3 3 3

2 2 2

3 3 3

;k 0k′∆ = ∆ + × ¼D;ksafd iafDr 1 vkSj iafDr 3 leku gSaA½

∴ ′ =∆ ∆

 21.8 xq.kksa ds iz;ksx }kjk lkjf.kd dk eku xq.kksa ds iz;ksx }kjk lkjf.kd dk eku xq.kksa ds iz;ksx }kjk lkjf.kd dk eku xq.kksa ds iz;ksx }kjk lkjf.kd dk eku

vc ge mi;qZDr xq.kksa ds iz;ksx ls ,d lkfj.kd dk lqfo/kk iwoZd eku Kkr djus dh fLFkfr esa gSaA
fdlh lkjf.kd dks ljyre :i esa ykus dk vfHkizk; fdlh iafDr ¼;k LrEHk½ esa mijksDr izes;ksa dk
mi;ksx djds vf/kd ls vf/kd vo;oksa dks 'kwU; cukus ls gSA fQj ml iafDr ¼;k LrEHk½ }kjk
lkjf.kd dk foLrkj djrs gSaA ge lkadsfrd Hkk"kk esa izFke] f}rh; rFkk rr̀h; iafDr dks R

1
, R

2
, rFkk

R
3 
 ls rFkk LrEHkksa dks C

1
, C

2
 rFkk C

3
 ls fu:fir djrs gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.10.   n'kkZb;s fd  

2

2

2

1

1

1

ω ω

ω ω

ω ω

 = 0 tcfd w la[;k 1 dk vokLrfod ?kuewy gSA

gygygygy % % % % eku yhft, fd ∆ = 

2

2

2

1

1

1

ω ω

ω ω

ω ω

izFke LrEHk ds vo;oksa esa nwljs rFkk rhljs LrEHkksa ds vo;oksa dk ;ksx] djuss ij vFkkZr~

fØ;k 1 1 2 3( )→ + +C C C C  djus ij

∆ = 

2 2

2 2

2

1

1 1

1 1

+ ω + ω ω ω

ω + ω + ω

ω + + ω ω

  =  

2

2

0

0 1

0 1

ω ω

ω

ω
 = 0  (Q  1+w+w2 = 0)

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.11.    n'kkZb;s fd 

1

1

1

a bc

b ca

c ab
 = (a 

_
 b) (b 

_
 c) (c 

_
 a)

gy%gy%gy%gy%  ∆ = 

1

1

1

a bc

b ca

c ab

 
=

 

0

0

1

a c bc ab

b c ca ab

c ab

− −

− −
[R R R

1 1 3
→ −  rFkk R R R

2 2 3
→ − ]

=
 

0

0

1

a c b c a

b c a c b

c ab

− −

− −

( )

( ) = 
( )( )a c b c

b

a

c ab

− −

−

−

0 1

0 1

1
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C
1 
}kjk foLrkj djus ij

∆ = ( )( )a c b c
b

a
− −

−

−

1

1
 = ( )( )( )a c b c b a− − −  = ( )( )( )a b b c c a− − −

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.12. fl) dhft, fd 

+

+

+

b c a a

b c a b

c c a b

 = 4 abc

gy%gy%gy%gy% ∆ = 

+

+

+

b c a a

b c a b

c c a b

 = 

0 2 2

1 1 2 3

− −

+

+

→ − +

c b

b c a b

c c a b

R R R R[ ( )]

R
1
 }kjk foLrkj djus ij

= 0 2 2
c a b

c a b
c

b b

c a b
b

b c a

c c

+

+
− −

+
−

+
( )

= 2 2c b a b bc b bc c c a[ ( ) ] [ ( )]+ − − − +

= 2 2bc a b c bc b c a[ ] [ ]+ − − − −

= 2bc a b c b c a[( ) ( )]+ − − − −

= 2bc a b c b c a[ ]+ − − + +  = 4abc

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.13.   eku Kkr dhft,%   ∆ = 

a b b c c a

b c c a a b

c a a b b c

− − −

− − −

− − −

gy %gy %gy %gy %  ∆ = 

a b b c c a

b c c a a b

c a a b b c

− − −

− − −

− − −

 = 

0

0

0

b c c a

c a a b

a b b c

− −

− −

− −
[ ]C C C C

1 1 2 3
→ + +

 = 0,                        ¼C
1 
}kjk foLrkj djus ij½

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.14.    fl) dhft, fd%  

1

1

1

bc a b c

ca b c a

ab c a b

( )

( )

( )

+

+

+

 = 0

gy% gy% gy% gy%  ∆ = 

1

1

1

bc a b c

ca b c a

ab c a b

( )

( )

( )

+

+

+
 = 

1

1

1

bc bc ab ac

ca ca bc ba

ab ab ca cb

+ +

+ +

+ +
[ ]C C C

3 2 3
→ +
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= ( )ab bc ca

bc

ca

ab

+ +

1 1

1 1

1 1

= ( )ab bc ca+ + ×  0 ¼xq.k 3 }kjk½

= 0

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.15.     n'kkZb;s fd   ∆ = 

−

−

−

a ab ac

ab b bc

ac bc c

2

2

2
= 4a2b2c2

gy %gy %gy %gy % ∆ = 

−

−

−

a ab ac

ab b bc

ac bc c

2

2

2

 = abc 

−

−

−

a b c

a b c

a b c

    = abc 

−
→ +

→ +

L
NM

O
QP

a b c

c

b

R R R

R R R
0 0 2

0 2 0

2 2 1

3 3 1

    = abc a
c

b
( )−

0 2

2 0
 ¼C

1 
}kjk foLrkj djus ij½

    = abc a bc( )( )− −4

    = 4a2b2c2

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.16.    n'kkZb;s fd 

1 1 1

1 1 1

1 1 1

+

+

+

a

a

a

 = a2 (a + 3)

gy %gy %gy %gy % ∆ = 

1 1 1

1 1 1

1 1 1

+

+

+

a

a

a

 = 

a

a a

a a

C C C C

+

+ +

+ +

→ + +

3 1 1

3 1 1

3 1 1

1 1 2 3
[ ]

    = ( )a a

a

+ +

+

3

1 1 1

1 1 1

1 1 1

 = ( )a a

a

C C C

C C C
+

→ −

→ −

L
NM

O
QP

3

1 0 0

1 0

1 0

2 2 1

3 3 1

    = ( 3) (1)
     0

0     
a

a

a
+ ×

    = ( )( )a a+ 3 2

    = a a
2 3( )+
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           ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk 21.3

1. n'kkZb, fd 

x x x

x x x

x x x

+

+

+

3

3

3
= 27 (x + 1)

2. n'kkZb, fd 

a b c a a

b b c a b

c c c a b

a b c

− −

− −

− −

= + +

2 2

2 2

2 2

3( )

3. n'kkZb, fd 

1 1 1

1 1 1

1 1 1

+

+

+

= + + +

a

b

c

bc ca ab abc

4. n'kkZb, fd 

a a b a b

a b a a b

a b a b a

b a b

          +      +

+               +

+      +       

2

2

2

9
2= +( )

5. n'kkZb, fd 

( 1)( 2) 2 1

( 2)( 3) 3 1 2

( 3)( 4) 4 1

+ + +

+ + + = −

+ + +

a a a

a a a

a a a

6. n'kkZb, fd 

a b b c c a

b c c a b

c a a b b

a b c

b c a

c a b

+

=

          +      +

+           + a     +

+           +      + c

 

          

          

          

2

7. eku Kkr dhft, %

(a) 2 3 2 4 3 2

3 6 3 10 6 3

+ + +

+ + +

+ + +

a a b a b c

a a b a b c

a a b a b c

           (b)

2 2 2

2 2 2

2 2 2

( )

( )

( )

+

+

+

b c a a

b c a b

c c a b

8. x ds fy;s gy dhft, %

 

3 8 3

3 3 8 3

3 3 3 8

−

−

−

x x

x

x

 = 0

21-11 lkjf.kd osQ vuqiz;ksx

lkjf.kd dks f=Hkqt dk {ks=Qy Kkr djus ds fy;s iz;ksx fd;k tkrk gSA
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21-11-1 f=kHkqt dk {ks=kiQy

ge tkurs gSa ,d ,sls f=Hkqt ABC ftlds 'kh"kZ (x
1
, y

1
), (x

2
, y

2
) rFkk (x

3
, y

3
) gks] dk {ks=Qy

= [ ]1 2 3 2 3 1 3 1 2

1
( ) ( ) ( )

2
x y y x y y x y y− + − + − ...(i)

rFkk]
1 1

2 2

3 3

1

1

1

x y

x y

x y

 =
2 1 1

1 2 3
3 3 2

1 1 1

1 1 1

y y y
x x x

y y y
− +

= 1 2 3 2 1 3 3 1 2( ) ( ) ( )x y y x y y x y y− − − + −   [LraHk C
1 
ds lkFk izlkj dk djus ij]

= 1 2 3 2 3 1 3 1 2( ) ( ) ( )x y y x y y x y y− + − + − ...(ii)

lehdj.k (i) rFkk (ii) ls]

∆ABC dk {ks=Qy =

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y

vr% fdlh f=Hkqt] ftlds 'kh"kZ (x
1
, y

1
), (x

2
, y

2
) rFkk (x

3
, y

3
) gksa] rks mldk {ks=Qy

A =

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y

21-11-2 rhu fcUnqvksa dk lajs[k izfrcU/

ekuk A(x
1
, y

1
), B(x

2
, y

2
) rFkk C(x

3
, y

3
) rhu fcUnq gSaA rc

A, B, C lajs[k gksaxs tc] ∆ABC dk {ks=Qy 'kwU; gks

⇒

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y

 = 0  ⇒ 
1 1

2 2

3 3

1

1

1

x y

x y

x y

 = 0

21-11-3 nks fcUnqvksa ls tkus okyh js[kk dk lehdj.k

ekuk nks fcUnq P(x
1
, y

1
) rFkk Q(x

2
, y

2
) vkSj R(x, y) P rFkk Q dks tksM+us okyh js[kk ij

fLFkr gSaA rc P, Q rFkk R lajs[k gksaxs

∴ 1 1

2 2

1

1

1

x y

x y

x y

 = 0

vr% (x
1
, y

1
) rFkk (x

2
, y

2
) ls xqtjus okyh js[kk dk lehdj.k Kkr dj ldrs gSa]

bl izdkj  1 1

2 2

1

1

1

x y

x y

x y

 = 0
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.17.    ∆PQR dk {ks=Qy Kkr dhft, tcfd blds 'kh"kZ P(5, 4), Q(–2, 4) rFkk
             R(2, –6) gSaA

gygygygy : ekuk A, f=Hkqt PQR dk {ks=Qy gS

   A = 

5 4 1
1

2 4 1
2

2 6 1

−

−
 = [ ]1

5(4 ( 6)) 4( 2 2) 1(12 8)
2

− − − − − + −

= 
1

[50 16 4]
2

+ +  = (70)
2

1
 = 35 oxZ bdkbZ

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.18.  n'kkZb, fd fcUnq (a, b + c), (b, c + a) rFkk (c, a + b) lajs[k gSaA

gygygygy: ∆ = 

1

1

1

a b c

b c a

c a b

+

+

+
 = 

1

1

1

a a b c

b b c a

c c a b

+ +

+ +

+ +

= 

1 1

( ) 1 1

1 1

a

a b c b

c

+ +

   = (a + b + c) × 0 = 0

vr% fn;s x;s fcUnq lajs[k gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 21.19. lkjf.kdksa dk iz;ksx djrs gq,] A(1, 3) rFkk B(2, 1) dks feykus okyh js[kk

dk lehdj.k Kkr dhft,A

gygygygy : ekuk P(x, y) bu nksuksa fcUnqvksa A(1, 3) rFkk B(2, 1) dks tksM+us okyh js[kk ij fLFkr
gSA rc

1

1 3 1

2 1 1

x y

 = 0

⇒ x (3 –1) –y (1 – 2) + 1 (1 – 6) = 0 ⇒ 2x + y – 5 = 0

;g AB dk lehdj.k gSA

    ns[ksa vkius fdruk lh[kk 21-4

1. ∆ABC dk {ks=Qy Kkr dhft, tgk¡ blds 'kh"kZ A (3, 8), B (–4, 2) rFkk
(5, –1) gSaA

2. n'kkZb, fd fcUnq A(5, 5), B(–5, 1) rFkk C(10, 7) lajs[k gSA

3. lkjf.kdksa dk iz;ksx djrs gq,] fcUnq (1, 2) rFkk (3, 6) dks tksM+us okyh js[kk dk lehdj.k
Kkr dhft,A

• O;atd a
1
b

2
 −a

2
b

1
 dks 

1 1

2 2

a b

a b
 }kjk fu:fir fd;k tkrk gSA

• izR;sd oxZ vkO;wg ds lkFk vkO;wg ds ,d lkjf.kd dks lEc) fd;k tk ldrk gSA

C

A1

% + vkb;s nksgjk,¡
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• fdlh ,d lkjf.kd esa ,d vo;o dk milkjf.kd] fn, x, lkjf.kd ls vo;o okys LrEHk
rFkk iafDr dks gVk dj izkIr fd;k tkrk gSA

• lkjf.kd esa vo;o a
ij
 dk lg[k.M] a

ij
 ds milkjf.kd dks ( )i j

1
+

−   }kjk xq.kk djds izkIr

fd;k tkrk gSA

• fdlh lkjf.kd dk foLrkj fdlh Hkh iafDr ;k LrEHk ds }kjk fd;k tk ldrk gSA lkjf.kd
dk eku ,d gh jgrk gSA

• ,d oxZ vkO;wg ftldk lkjf.kd 'kwU; gksrk gS] vO;qRØe.kh; vkO;wg dgykrk gSA

• ;fn fdlh ,d lkjf.kd dh iafDr;ksa rFkk LrEHkksa dks vkil esa cny fn;k tk, rks lkjf.kd
dk eku ogh jgrk gSA

• ;fn fdlh lkjf.kd dh nks vklUu iafDr;ksa ¼;k LrEHkksa½ dks vkil esa cny fn;k tk,] rks
lkjf.kd ds eku esa fpg~u dk gh vUrj iM+rk gSA

• ;fn fdlh lkjf.kd dh nks iafDr;k¡ ¼LrEHk½ leku gksa] rks lkjf.kd dk eku 'kwU; gksrk gSA

• ;fn fdlh lkjf.kd dh ,d iafDr ¼LrEHk½ ds vo;oksa dks ,d fLFkjkad ls xq.kk fd;k tk,]
rks lkjf.kd dk eku Hkh ml fLFkjkad ls xq.kk gks tkrk gSA

• ;fn fdlh lkjf.kd dh nks iafDr;k¡ ¼LrEHk½ lekuqikrh gksa] rks bldk eku 'kwU; gksrk gSA

• ;fn fdlh lkjf.kd dh dksbZ iafDr ;k LrEHk nks ;k vf/kd inksa ds :i esa gks] rks ml lkjf.kd
dks mlh dksfV ds nks ;k vf/kd lkjf.kdksa ds ;skx ds :i esa fy[kk tk ldrk gSA

• ;fn fdlh lkjf.kd dh fdlh iafDr ¼;k LrEHk½ ds izR;sd vo;o esa fdlh nwljh iafDr ¼;k
LrEHk½ laxr ds vo;oksa dk k xq.kk tksM+ fn;k tk,] rks lkjf.kd dk eku ugha cnyrkA

• fdlh vkO;wg rFkk blds O;qRØe dk xq.kuQy mlh dksfV dk bdkbZ vkO;wg gksrk gSA

• fdlh vkO;wg dk O;qRØe ,d vf}rh; vkO;wg gksrk gSA

• vko';d ugha fd lHkh vkO;wg O;qRØe.kh; gksaA

• dksbZ rhu fcUnq rHkh lajs[k gksaxs] tc bu fcUnqvksa ls cuus okys f=kHkqt dk {ks=kQy 'kwU; gksA

• http://www.math.odu.edu/~bogacki/cgi-bin/lat.cgi?c=det

• http://mathworld.wolfram.com/Determinant.html

• http://en.wikipedia.org/wiki/Determinant

• http://www-history.mcs.st-andrews.ac.uk/HistTopics/Matrices_and_determinants.html

• https://www.youtube.com/watch?v=kThkOjhbtWY

lgk;d osclkbV



xf.kr 59

lkjf.kd rFkk blds vuqiz;ksx

ekWM~;wy - VI

chtxf.kr-I

fVIi.kh

1. lkjf.kd 

1 2 3

3 4 2

2 3 1

 ds lHkh milkjf.kd rFkk lg[k.M Kkr dhft,A

2. izFke LrEHk }kjk lkjf.kd 

43 1 6

35 7 4

17 3 2

 dk foLrkj djds bldk eku Kkr dhft,A

3.

2 1 2

1 2 3

3 1 4

−

−

− −

 dk eku Kkr dhft,A

4. x ds fy, gy dhft, ;fn  

0 1 0

2 0

1 3

=x x

x

5. lkjf.kdksa ds xq.kksa dk mi;ksx djds n'kkZb;s fd %

(a)

2

2

2

1

1 ( )( )( )

1

= − − −

a a

b b b c c a a b

c c

  (b) 

2 2

2 2

2 2

1

1 ( )( )( )

1

+ +

+ + = − − −

+ +

x y x y

y z y z x y y z z x

z x z x

6. eku Kkr dhft, %

(a)

2 2 2

2 2 2

2 2 2

1 2 3

2 3 4

3 4 5

                 (b) 

3 5

3 4

5 5

1

1

1

ω ω

ω ω

ω ω

 tcfd ω la[;k 1 dk dkYifud ?kuewy

gSA

7. mu f=Hkqt ds {ks=Qy Kkr dhft, ftuds 'kh"kZ fuEu fcUnq gSa %

(i) (2, 7), (1, 1) rFkk (10, 8) (ii) ( 1, 8), ( 2, 3) (3, 2)− − − − rFkk

(ii) (0, 0) (6, 0) rFkk (4, 3) (iv) (1, 4), (2, 3) rFkk (–5, –3)

8. lkjf.kd dk iz;ksx djrs gq;s ‘k’ dk eku Kkr dhft, ftlls rhuksa fcUnq lajs[k gksa

(i) ( , 2 2 ), ( 1, 2 ) ( 4 ,6 2 )− − + − − −k k k k k krFkk

(ii) ( , 2), (5, 2) (6,8)−k rFkk  (iii) (3, 2), ( , 2) (8,8)− k rFkk   (iv) (1, 5), ( 4,5), ( ,7)k− −

9. lkjf.kd dk iz;ksx gq;s] fuEu fcUnqvksa dks tksM+us okyh js[kk dk lehdj.k Kkr dhft,A

(i) (1, 2) rFkk (3, 6) (ii) (3, 1) rFkk (9, 3)

vkb, vH;kl djsa
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10. ;fn fcUnq (a, 0), (0, b) rFkk (1, 1) lajs[k gksa] rks lkjf.kd dk iz;ksx djrs gq;s] n'kkZb,
ab = a + b

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 21.1

1. (a) 11 (b) 1 (c) 0 (d) (a2+b2) −(c2 + d2)

2. (a) rFkk (d)

3. (a) 18 (b)
_

54 (c) 2 2 2
2adf bce ae fb dc+ − − −

(d) x − 1

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 21.2

1. M C

M C

M C

21 21

22 22

23 23

39 39

3 3

11 11

= = −

= =

= − =

;

;

;

2. M C

M C

M C

13 13

23 23

33 33

5 5

7 7

1 1

= − = −

= − =

= =

;

;

;

3. (a) 19   (b) 0      (c) –131  (d) ( )( )( )a b b c c a− − −     (e) 4abc      (f) 0

4. (a) x = 2 (b) x = 2 3, (c) x = −2
17

7
,

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 21.3

7. (a) a
3 (b) 2 3

abc a b c( )+ + 8. x =
2

3

11

3

11

3
, ,

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 21.4

1.
75

2
 oxZ bdkbZ   3.  y = 2x

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. M M M M M M

M M M

11 12 13 21 22 23

31 32 33

2 1 1 7 5 1

8 7 2

= − = − = = − = − = −

= − = − = −

, , , , , ,

, ,

C C C C C C

C C C

11 12 13 21 22 23

31 32 33

2 1 1 7 5 1

8 7 2

= − = = = = − =

= − = = −

, , , , , ,

, ,

2. 0 3. –31 4. x x= =0 1,

6. (a) –8 (b) 0

7. (i)
45

2
 oxZ bdkbZ (ii) 5 oxZ bdkbZ (iii) 9 oxZ bdkbZ (iv)

5

2

1
 oxZ bdkbZ

8. (i)
1

1,
2

= −k (ii) k  = 
13

3
(iii) k = 5 (iv) k = –5

9. (i) y = 2x (ii) x = 3y

mÙkjekyk
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22

vkO;wg dk izfryksevkO;wg dk izfryksevkO;wg dk izfryksevkO;wg dk izfrykse

rFkk blds vuqiz;ksxrFkk blds vuqiz;ksxrFkk blds vuqiz;ksxrFkk blds vuqiz;ksx

vkb, ,d mnkgj.k ysa

nks isu rFkk 5 dkWfi;k¡ [kjhnus ds fy,] vfHkuo 120 #- [kpZ djrk gS tcfd 'kkUruq] 4

isu rFkk 3 dkWfi;ksa ij 100 #- [kpZ djrk gSA ge vkO;wg }kjk] ,d isu rFkk 1 dkWih dk
ewY; Kkr djus dk iz;Ru djsaxsA ekuk 1 isu dk ewY; x #- rFkk 1 dkWih dk ewY; y #-
gSA mijksDr lwpuk dks vkO;wg :i esa bl izdkj fy[kk tk ldrk gS %

2  5

4  3
 

x

y
 =  

120

100

L
N
M
O
Q
P
L
N
M
O
Q
P
L
N
M
O
Q
P

bls ge bl izdkj fy[k ldrs gSa % A X B=

tcfd 
2 5

,
4 3

   
= =   
   

x
A X

y
 rFkk 

120

100

 
=  
 

B

gekjk mn~ns'; X = 
x

y

L
NM
O
QP  Kkr djuk gSA

X Kkr djus ds fy,] gesa ,d vkO;wg 1
A

−  Kkr djuk gS ftlls 1−=X A B

;g vkO;wg 1−
A , vkO;wg A  dk izfrykse dgykrk gSA bl v/;k; esa ge bl izdkj ds vkO;wg

ds izfrykse Kkr djus dk iz;Ru djsaxsA ge vkO;wg fof/k ls jSf[kd lehdj.k fudk; dks
gy djuk Hkh lh[ksaxsA
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           mís';  mís';  mís';  mís';

bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

• vkO;wg ds vo;o dk milkjf.kd rFkk lg[k.M ifjHkkf"kr djuk

• ,d vkO;wg ds vo;o ds milkjf.kd rFkk lg[k.M Kkr dj djuk

• ,d vkO;wg dk lg[k.Mt Kkr djuk

• vO;qRØe.kh; rFkk O;qRØe.kh; vkO;wg dh igpku rFkk mUgsa ifjHkkf"kr djuk

• ,d vkO;wg dk izfrykse] ;fn bldk vfLrRo gS] Kkr djuk

• jSf[kd lehdj.k fudk; dks vkO;wg :i AX = B; esa iznf'kZr dj djuk rFkk

• vkO;wg fof/k ls jSf[kd lehdj.k fudk; dks gy djuk

    iwoZ KkuiwoZ KkuiwoZ KkuiwoZ Kku

• lkjf.kd dh /kkj.kk

• vkO;wg dk lkjf.kd

• ,sls vkO;wg ftudk lkjf.kd 'kwU; gS

• vkO;wg dk ifjorZ

• vkO;wg ds vo;o dk milkjf.kd rFkk lg[k.M

  22.1 ,d oxZ vkO;wg dk lkjf.kd,d oxZ vkO;wg dk lkjf.kd,d oxZ vkO;wg dk lkjf.kd,d oxZ vkO;wg dk lkjf.kd

ge igys gh i<+ pqds gSa fd izR;sd oxZ vkO;wg ds lkFk ,d lkjf.kd lEcfU/kr gSA fdlh fn,

x, vkO;wg   A =
L
NM
O
QP

2 5

4 3
 ds fy, 

2 5

4 3
 bldk lkjf.kd gksxkA

bls ge A  }kjk n'kkZrs gSaA

blh izdkj vkO;wg A =

−

L

N

M
M
M

O

Q

P
P
P

1 3 1

2 4 5

1 1 7

, dk laxr lkjf.kd

A =

−

1 3 1

2 4 5

1 1 7
 gSA

  ,d oxZ vkO;wg A, vO;qRØe.kh; dgykrk gS ;fn bldk lkjf.kd 'kwU; gS vFkkZr~ A = 0

  ,d oxZ vkO;wg A, O;qRØe.kh; dgykrk gS ;fn bldk lkjf.kd 'kwU;srj gS vFkkZr~ A ≠ 0
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  mnkgj.kmnkgj.kmnkgj.kmnkgj.k 22.1.   Kkr dhft, fd vkO;wg A vO;qRØe.kh; gS ;k O;qRØe.kh; tcfd

(a) A =
− −L
NM

O
QP

6 3

4 2
(b) A =

L

N

M
M
M

O

Q

P
P
P

1 2 3

0 1 2

1 4 1

gy %gy %gy %gy % (a) ;gk¡ ij A =
− −6 3

4 2

          
=

= + =

(–6)( ) – ( )(–3)

–

2 4

12 12 0

∴  vkO;wg A vO;qRØe.kh; gSA

(b)

1 2 3

0 1 2

1 4 1

=A

;gk¡
1 2 0 2 0 1

1 2 3
4 1 1 1 1 4

= − +

= −7 + 4 −3

= −6 ≠ 0

∴  fn;k x;k vkO;wg O;qRØe.kh; gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.2.  x dk eku Kkr dhft, ftlls fn;k x;k vkO;wg A vO;qRØe.kh; gS %

A

x

=

−

−

L

N

M
M
M

O

Q

P
P
P

1 2 3

1 2 1

2 3

gy % gy % gy % gy % ;gk¡ ij

1 2 3

1 2 1

2 3

2 1 1 1 1 2
1 2 3

2 3 3 2

1( 6 2) 2( 3 ) 3(2 2 )

8 6 2 6 6

8 8

−

=

−

= + +
− −

= − − + − − + −

= − − − + −

= − −

A

x

x x

x x

x x

x

 ∴ A vO;qRØe.kh; gS]
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∴ 0=A

8 8 0= − − =A x

;k   1= −x

vr% x dk vHkh"V eku –1 gSA

  mnkgj.k mnkgj.k mnkgj.k mnkgj.k  22.3.    fn;k gS 
1 6

3 2

 
=  
 

A . fn[kkb, fd

 ′=A A  tcfd ′A  vkO;wg A ds ifjorZ dks n'kkZrk gSA

gy %gy %gy %gy %  ;gk¡ ij 
1 6

3 2

 
=  
 

A

vr% 
1 3

6 2

 
′ =  

 
A

vc
1 6

A  
3 2

=  = × − × = −1 2 3 6 16      ...(1)

rFkk
1   3

' 1 2 3 6 16
6  2

= = × − × = −A        ...(2)

(1) rFkk (2) ls] ′=A A oxZ vkOoxZ vkOoxZ vkOoxZ vkO

  22.2 oxZ vkO;wg ds vo;oksa ds milkjf.kd rFkk lg[k.MoxZ vkO;wg ds vo;oksa ds milkjf.kd rFkk lg[k.MoxZ vkO;wg ds vo;oksa ds milkjf.kd rFkk lg[k.MoxZ vkO;wg ds vo;oksa ds milkjf.kd rFkk lg[k.M

vkO;wg 

11 12 13

21 22 23

31 32 33

 
 =  
  

a a a

A a a a

a a a

  ij fopkj dhft,A

A dh ioha iafDr rFkk josa LrEHk dks NksM+dj] izkIr lkjf.kd] vo;o a
ij
 dk milkjf.kd dgykrk

gS rFkk bls M
ij
 }kjk n'kkZrs gSaA

vo;o a
ij
  dk lg[k.M C

ij
 bl izdkj ifjHkkf"kr gksrk gS%

( 1) += − i j

ij ij
C M

mnkgj.kkFkZ, M
23

  =  a
23 

dk milkjf.kd

11 12

31 32

=
a a

a a

rFkk C
23

 = a
23 

dk lg[k.M

( )2 3

231
+

= − M

( )5

231= − M

11 12

23

31 32

a a
M

a a
= − = −
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  mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.4.    vkO;wg  
2 5

6 3

 
=  
 

A  ds vo;oksa ds milkjf.kd rFkk lg[k.M Kkr dhft,A

gy %gy %gy %gy %

11M  (2 dk milkjf.kd) = 3;  
1 1 2

11 11 11( 1) ( 1) 3+= − = − =C M M

12M (5 dk milkjf.kd) = 6;  
1 2 3

12 12 12( 1) ( 1) 6+= − = − = −C M M

21M  (6 dk milkjf.kd) = 5;  
2 1 3

21 21 21( 1) ( 1) 5+= − = − = −C M M

22M  (3 dk milkjf.kd) = 2;  
2 2 4

22 22 22( 1) ( 1) 2+= − = − =C M M   mnkgj.kmnkgj.kmnkgj.kmnkgj.k  5.5

  mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.5.  vkO;wg 

1 3 6

2 5 2

4 1 3

− 
 = − 
  

A  ds vo;oksa ds milkjf.kd rFkk lg[k.M Kkr

dhft,A

gy %gy %gy %gy % ;gk¡ ij 1 1

11 11 11

5 2
15 2 17; ( 1) 17

1 3

+−
= = + = = − =M C M

1 2

12 12 12

2 2
6 8 14; ( 1) 14

4 3

+−
= = + = = − = −M C M

1 3

13 13 13

2 5
2 20 18; ( 1) 18

4 1

+= = − = − = − = −M C M

2 1

21 21 21

3 6
9 6 3; ( 1) 3

1 3

+= = − = = − = −M C M

2 2

22 22 22

1 6
( 3 24) 27; ( 1) 27

4 3

+−
= = − − = − = − = −M C M

2 3

23 23 23

1 3
( 1 12) 13; ( 1) 13

4 1

+−
= = − − = − = − =M C M

3 1
31 31 31

3      6
( 6 30) 36; ( 1) 36

5   2

+= = − − = − = − = −
−

M C M

3 2

32 32 32

1 6
(2 12) 10; ( 1) 10

2 2

+−
= = − = − = − =

−
M C M

rFkk M C M
33 33

3 3

33

1 3

2 5
5 6 11 1 11=

−
= − − = − = − = −+( ) ; ( )
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                             ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk 22.1

1. fuEufyf[kr vkO;wgksa ds lkjf.kdksa ds eku Kkr dhft, %

(a) 
0 6

2 5

 
=  
 

A (b) 

4 5 6

1 0 1

2 1 2

 
 = − 
  

B

2. Kkr dhft, fd fn;s x;s vkO;wg O;qRØe.kh; gS vFkok vO;qRØe.kh;%

(a) 
3 2

9 6

 
=  − − 

A (b) 

1 1 2

2 3 1

4 5 1

− 
 =  
 − 

Q

3. fuEu vkO;wg ds vo;oksa ds mi lkjf.kd Kkr dhft,%

(a) 
3 1

7 4

− 
=  
 

A (b) 
0 6

2 5

 
=  
 

B

4. (a) fuEu vkO;wg A dh nwljh iafDr ds vo;oksa ds milkjf.kd Kkr dhft,%

1 2 3

1 0 4

2 3 1

 
 = − 
 − − 

A

(b) fuEu vkO;wg A dh rhljh iafDr ds vo;oksa ds mi lkjf.kd Kkr dhft,%

2 1 3

5 4 1

2 0 3

− 
 =  
 − − 

A

5. fuEu vkO;wg ds vo;oksa ds lg[k.M Kkr dhft,%

(a)
3 2

9 7

− 
=  
 

A (b)
0 4

5 6

 
=  − 

B

6. (a) vkO;wg 

2 0 1

1 3 0

4 1 2

A

 
 = − 
 − 

 dh nwljh iafDr ds vo;oksa ds lg[k.M Kkr dhft,%

(b) fuEu vkO;wg dh igyh iafDr ds vo;oksa ds lg[k.M Kkr dhft,%

2 1 5

6 4 2

5 3 0

A

− 
 = − 
 − − 
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7. ;fn 
2 3

4 5
A

 
=  
 

 rFkk 
2 3

7 4
B

− 
=  
 

 rks lR;kfir dhft, fd

(a) A A′=  rFkk  B B′= (b) AB A B BA= =

 22.3  oxZ vkO;wg dk lg[k.MtoxZ vkO;wg dk lg[k.MtoxZ vkO;wg dk lg[k.MtoxZ vkO;wg dk lg[k.Mt

ekuk  
2 1

5 7
A

 
=  
 

 ,d vkO;wg gSA rc
2 1

5 7
A =

ekuk vo;o  a
ij
 ds M

ij
 rFkk C

ij
 Øe'k% milkjf.kd vkSj lg[k.M gSaA rc

1 1
11 117 7; ( 1) 7 7M C += = = − =

1 2
12 125 5; ( 1) 5 5M C

+= = = − = −

2 1
21 211 1; ( 1) 1 1M C

+= = = − = −
2 2

22 222 2; ( 1) 2 2M C
+= = = − =

ge A ds izR;sd vo;o ds LFkku ij blds lg[k.M dk foLFkkfir djrs gSa] rks

B =
−

−

L
NM

O
QP

7 5

1 2
1...( )

(1) esa izkIr lg[k.Mksa ds vkO;wg B dk ifjorZ gS%

′ =
−

−

L
NM

O
QP

B
7 1

5 2
2...( )

vkO;wg ′B  vkO;wg A dk lg[k.Mt dgykrk gS rFkk bls Adj A  }kjk n'kkZrs gSaA

bl izdkj fn, x, vkO;wg bl izdkj fn, x, vkO;wg bl izdkj fn, x, vkO;wg bl izdkj fn, x, vkO;wg A dk lg[k.Mt ml vkO;wg dk ifjorZ gksrk gS ftldsdk lg[k.Mt ml vkO;wg dk ifjorZ gksrk gS ftldsdk lg[k.Mt ml vkO;wg dk ifjorZ gksrk gS ftldsdk lg[k.Mt ml vkO;wg dk ifjorZ gksrk gS ftlds
vo;o fn, x, vkO;wg ds vo;oksa ds laxr lg[k.M gksrs gSaAvo;o fn, x, vkO;wg ds vo;oksa ds laxr lg[k.M gksrs gSaAvo;o fn, x, vkO;wg ds vo;oksa ds laxr lg[k.M gksrs gSaAvo;o fn, x, vkO;wg ds vo;oksa ds laxr lg[k.M gksrs gSaA

vkO;wgvkO;wgvkO;wgvkO;wg A ls ls ls ls Adj A Kkr djus ds fu;eKkr djus ds fu;eKkr djus ds fu;eKkr djus ds fu;e

(a)   vkO;wg ds izR;sd vo;o dks mlds lg[k.M ls foLFkkfir dhft, rFkk lg[k.Mksa dk
vkO;wg izkIr dj yhft,A

(b)   (a) esa izkIr vkO;wg dk ifjorZ Kkr dj yhft,A

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.6.  vkO;wg A =
−

−

L
NM

O
QP

4 5

2 3
 dk lg[k.Mt Kkr dhft,A

gy %gy %gy %gy % lkjf.kd   
4 5

2 3
A

−
=

−

ekuk fd A
ij
 vo;o a

ij
. dk lg[k.M gSA

∴ A
11

1 11 3 3= − − = −+( ) ( ) A
21

2 11 5 5= − = −+( ) ( )

A
12

1 21 2 2= − = −+( ) ( ) A
22

2 21 4 4= − − = −+( ) ( )
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A ds izR;sd vo;o dks mlds lg[k.M ls foLFkkfir djus ij] izkIr vkO;wg

− −

− −

L
N
M

O
Q
P

3

5

 2

 4
                ... (1)

∴  Adj A =
− −

− −

L
NM

O
QP

3 5

2 4

  mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.7.  vkO;wg A =

−

−

−

L

N

M
M
M

O

Q

P
P
P

1 1 2

3 4 1

5 2 1

 dk lg[k.Mt Kkr dhft,A

gy %gy %gy %gy %

lkjf.kd A    

 1   1     2

3     4     1

 5      2  1

=

−

−

−

ekuk A  ds vo;o A
ij 

dk lg[k.M a
ij
 gSA

rc  A11

1 11
4 1

2 1
4 2 6= −

−
= − − = −+( ) ( ) ;  A12

1 21
3 1

5 1
3 5 2= −

−

−
= − − =+( ) ( )

  A13

1 31
3 4

5 2
6 20 26= −

−
= − − = −+( ) ( ) ; ( ) ( )2 1

21

1 2
1 1 4 3

2 1

+ −
= − = − − =

−
A

A22

2 21
1 2

5 1
1 10 11= −

−
= − − = −+( ) ( ) ; A23

2 31
1 1

5 2
2 5 7= −

−
= − + = −+( ) ( )

A31

3 11
1 2

4 1
1 8 9= −

−
= − − = −+( ) ( ) ; A32

3 21
1 2

3 1
1 6 7= −

−
= − + = −+( ) ( )

rFkk ( ) ( )3 3

33

1 1
1 4 3 1

3 4
A

+ −
= − = − =

−

A ds vo;oksa ds LFkku ij muds lg[k.Mksa dks fy[kus ij izkIr lg[k.Mksa dk vkO;wg

− −

− −

− −

L

N

M
M
M

O

Q

P
P
P

6 2 26

3 11 7

9 7 1
vr% Adj A =

− −

− −

− −

L

N

M
M
M

O

Q

P
P
P

6 3 9

2 11 7

26 7 1

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    ;fn n dksfV dk oxZ vkO;wg A gS] rks A(Adj A) = (Adj A) A = |A| I
n

tcfd I
n 
n dksfV dk ,dkad vkO;wg gSA
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tk¡p %tk¡p %tk¡p %tk¡p %

(1) ekuk A =
−

L
NM
O
QP

2 4

1 3

rc | |A =
−

2 4

1 3
 ;k |A| = 2 × 3 − ( −1) × (4) = 10

;gk¡ ij] A
11

=3; A
12

=1; A
21

= −  4 rFkk AA
22

=2

∴ Adj A = 
3 4

1 2

−L
NM
O
QP

vc A (AdjA) = 2

2 4 3 4 10 0 1 0
10

1 3 1 2 0 10 0 1
A I

−       
= = =       −       

(2) iqu% ekuk A = −

L

N

M
M
M

O

Q

P
P
P

3 5 7

2 3 1

1 1 2

rc A  = 3( −6 −1) −5 (4 −1) + 7 (2+3) = −1

;gk¡ ij  A
11

 = −7; AA
12

= −3; AA
13

=5

A
21

= −3; AA
22

= −1; AA
23

=2

A
31

=26; A
32

=11; A
33

= −19

∴ Adj A = 

− −

− −

−

L

N

M
M
M

O

Q

P
P
P

7 3 26

3 1 11

5 2 19

         

         

           

vc (A) (Adj A) = 

3 5 7

2 3 1

1 1 2

−

L

N

M
M
M

O

Q

P
P
P

 

− −

− −

−

L

N

M
M
M

O

Q

P
P
P

7

3

5

    3     26

    1     11

         2  19

       =

−

−

−

L

N

M
M
M

O

Q

P
P
P

1 0 0

0 1 0

0 0 1
 = ( −1) 

1 0 0

0 1 0

0 0 1

L

N

M
M
M

O

Q

P
P
P

 = |A|I
3

rFkk (Adj A) A  
=

− −

− −

−

L

N

M
M
M

O

Q

P
P
P

7 3 26

3 1 11

5 2 19
  

3 5 7

2 3 1

1 1 2

−

L

N

M
M
M

O

Q

P
P
P

     
=

−

−

−

L

N

M
M
M

O

Q

P
P
P

1 0 0

0 1 0

0 0 1
 ( )1= −  

1 0 0

0 1 0

0 0 1

L

N

M
M
M

O

Q

P
P
P

 = |A|I
3
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fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    ;fn vkO;wg ,d vO;qRØe.kh; vkO;wg gS vFkkZr~  |A|=0 , rc A (Adj A) = O

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk  22.2

1. fuEu vkO;wgksa ds lg[k.Mt Kkr dhft, %

(a) 
2 1

3 6

−L
NM
O
QP (b) 

a b

c d

L
NM
O
QP (c) 

cos sin

sin cos

α α

α α−

L
NM

O
QP

2. fuEu vkO;wgksa ds lg[k.Mt Kkr dhft, %

(a) 
1 2

2 1

L
N
M

O
Q
P             (b) 

i i

i i

−L
NM
O
QP

izR;sd n'kk esa LFkkfir dhft, fd A(Adj A) = (Adj A) A = |A|I
2
.

3. lR;kfir dhft,

A(Adj A) = (Adj A) A = |A| I
3
, tcfd vkO;wg A gS

(a) 

6 8 1

0 5 4

3 2 0

−

−

L

N

M
M
M

O

Q

P
P
P

(b) 

2 7 9

0 1 2

3 7 4

−

−

L

N

M
M
M

O

Q

P
P
P

(c) 

cos sin

sin cos

α α

α α

−L

N

M
M
M

O

Q

P
P
P

0

0

0 0 1
(d) 

            

          

        

4 6 1

1 1 1

4 11 1

−

− −

− −

L

N

M
M
M

O

Q

P
P
P

 22.4  vkO;wg dk izfryksevkO;wg dk izfryksevkO;wg dk izfryksevkO;wg dk izfrykse

vkO;wg  A ij fopkj djsa A = 
a b

c d

L
NM
O
QP

;fn lEHko gks rks ge ,d vkO;wg B = 
x y

u v

L
NM
O
QP  Kkr djsaxs

rkfd AB = BA = I

vFkkZr~  
a b

c d

L
NM
O
QP

x y

u v

L
NM
O
QP  = 

1 0

0 1

L
NM
O
QP

;k
ax bu ay bv

cx du cy dv

+ +

+ +

L
NM

O
QP  = 

1 0

0 1

L
NM
O
QP

nksuksa i{kksa dh rqyuk djus ij izkIr gksxkA

ax  +  bu  =  1, ay  +  bv  =  0

cx  +  du  =  0, cy  +  dv  =  1
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x, y, u, v, ds fy, bu lehdj.kksa dks gy djus ij izkIr gksrk gSA

x
d

ad bc
=

−
 , y

b

ad bc
=

−

−
, u

c

ad bc
=

−

−
, v

a

ad bc
=

−

ijUrq 'krZ ;g gS fd ad bc− ≠ 0 , vFkkZr~  0≠
a b

c d

∴
B

d

ad bc

b

ad bc

c

ad bc

a

ad bc

=
−

−
−

−
− −

L

N

M
M
M
M

O

Q

P
P
P
P

     

     

bl izdkj B
ad bc

d b

c a
=

−

−

−

L
NM

O
QP

1

    fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    ge tk¡p djds ns[k ldrs gSa fd BA = I bl izdkj gesa ,d vkO;wg B izkIr gqvk

B
ad bc

d b

c a
=

−

−

−

L
NM

O
QP

1
  = 

1

A
Adj A ...(1)

bl izdkj izkIr vkO;wg B dks 1−
A  }kjk fy[krs gSa rFkk vkO;wg A dk ;g xq.kkRed izfrykse ¼O;qRØe½

gSA

bl izdkj ;fn ,d fn, x, oxZ vkO;wg bl izdkj ;fn ,d fn, x, oxZ vkO;wg bl izdkj ;fn ,d fn, x, oxZ vkO;wg bl izdkj ;fn ,d fn, x, oxZ vkO;wg A ds fy, ,d vkO;wgds fy, ,d vkO;wgds fy, ,d vkO;wgds fy, ,d vkO;wg B dk vfLrRo lEHkodk vfLrRo lEHkodk vfLrRo lEHkodk vfLrRo lEHko
gS rkfdgS rkfdgS rkfdgS rkfd AB = BA = I, rcrcrcrc B vkO;wgvkO;wgvkO;wgvkO;wg A dk xq.kkRed izfrykse dgykrk gSAdk xq.kkRed izfrykse dgykrk gSAdk xq.kkRed izfrykse dgykrk gSAdk xq.kkRed izfrykse dgykrk gSA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    /;ku nhft, fd ;fn ad −  bc  =  0 vFkkZr~ |A|  = 0 rks (1) ds nk;sa i{k dk vfLrRo

ugha gS rFkk 1( )−=B A  ifjHkkf"kr ugha gSA blh dkj.k ls ge A  dks O;qRØe.kh; vkO;wg

pkgrs gSa ftlls A dk xq.kkRed izfryksEk vfLrRo esa gks tk,A vr% dsoy O;qRØe.kh; vkO;wg
dk xq.kkRed izfrykse gksrk gSA B Hkh O;qRØe.kh; gS rFkk 1.−=A B

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.8. vkO;wg A dk izfrykse Kkr dhft,A

tcfd A = 
4 5

2 3−

L
NM
O
QP

gy %gy %gy %gy % A = 
4 5

2 3−

L
NM
O
QP

∴ |A|  =  −12 −10  = −22 ≠ 0

∴ 1−
A  laHko gSA

vc Adj A = 
− −

−

L
NM

O
QP

3 5

2 4
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∴
1

3 5

3 51 1 22 22
adj

2 4 1 222

11 11

−

 
 − − 

= = =   − −−    
  

A A
A

  fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    tk¡p djds nsf[k, fd AA-1  = A-1A  = I

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.9. vkO;wg A dk O;RqØe Kkr dhft,

tcfd
 
A =

−

−

−

L

N

M
M
M

O

Q

P
P
P

3 2 2

1 1 6

5 4 5

gy %gy %gy %gy %
         

A =

−

−

−

L

N

M
M
M

O

Q

P
P
P

3 2 2

1 1 6

5 4 5

∴ |A| = 3(5 −  24) −2( −5 −30) −2(4 + 5)

     = 3( −19) −2( −35) −2(9)

     = −57 + 70 −  18

     = −5 ≠ 0

∴ 1−
A  lEHko gSA

ekuk A
ij
 vkO;wg A ds a

ij
 vo;oksa ds lg[k.M gSaA

rc A
11

1 11
1 6

4 5
5 24 19= −

−

−
= − = −+( ) ,

A
12

1 21
1 6

5 5
5 30 35= −

−
= − − − =+( ) ( )

( )1 3

13

1 1
1 4 5 9,

5 4

+ −
= − = + =A

A
21

2 11
2 2

4 5
10 8 2= −

−

−
= − − + =+( ) ( )

A
22

2 21
3 2

5 5
15 10 5= −

−

−
= − + = −+( ) ,

A
23

2 31
3 2

5 4
12 10 2= − = − − = −+( ) ( )

A
31

3 11
2 2

1 6
12 2 10= −

−

−
= − =+( ) ,
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A
32

3 21
3 2

1
18 2 20= −

−
= − + = −+( ) ( )

      

         6 

vkSj A
33

3 31
3 2

1 1
3 2 5= −

−
= − − = −+( )

∴ bl izdkj lg[k.Mksa dk vkO;wg = 

−

− −

− −

L

N

M
M
M

O

Q

P
P
P

19 35 9

2 5 2

10 20 5
  ∴ AdjA=

−

− −

− −

L

N

M
M
M

O

Q

P
P
P

19 2 10

35 5 20

9 2 5

∴      A
A

Adj A
− = =

−

−

− −

− −

L

N

M
M
M

O

Q

P
P
P

1 1 1

5

19 2 10

35 5 20

9 2 5

.      

19 2
2

5 5

7 1 4

9 2
1

5 5

− − 
 

= − 
 −
 
 

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh% tk¡p djds ns[ksa fd A-1A = AA-1 = I
3

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.10. ;fn A = 
1 0

2 1−

L
NM
O
QP  rFkk B= 

−

−

L
NM

O
QP

2 1

0 1
 gks]

rks Kkr dhft, % (i) (AB)
−1

(ii) B
−1

A
−1

(iii) D;k (AB)
−1

 = B
−1

A
−1  ?

gy %gy %gy %gy % (i) AB = 
1 0

2 1−

L
NM
O
QP  

−

−

L
NM

O
QP

2 1

0 1

      = 
− + +

− + +

L
NM

O
QP

2 0 1 0

4 0 2 1
= 

−

−

L
NM
O
QP

2 1

4 3

vc  |AB|  = 
−

−

2

4

   1

   3
= −6 + 4  = −2 ≠ 0.

∴ 1( )AB
−  lEHko gSA

vkb;s AB dks C ls fu:fir djrs gSa

ekuk C
ij
  ljf.kd C ds vo;o c

ij
 ds lg[k.M gSa

rc C
11

= ( −1)1+1 (3) = 3 C
21

 = ( −1)2+1 (1) = −1

C
12

= ( −1)1+2 ( −4) = 4 C
22

 = ( −1)2+2 ( −2) = −2

Adj (C) =  
3 1

4 2

−

−

L
NM
O
QP

( )1

3 1
3 11 1

Adj C 2 2
4 22

2 1

C
C

−

− −   = = =   −−   − 
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C
−1

 = (AB)
−1

 = 

3 1

2 2

2 1

− 
 
 
− 

(ii) vc 1−
B  1−

A  Kkr djus ds fy, igys 1−
B  Kkr djsaxsA

vc B = 
−

−

L
NM

O
QP

2 1

0 1
 

2 1
2 0 2 0

0 1

−
∴ = = − = ≠

−
B

∴ 1−
B  lEHko gSA

ekuk B
ij
 vkO;wg B ds vo;o b

ij
 ds lg[k.M gSa

rc B
11

 = ( −1)1+1 ( −1) = −1 B
21

 = ( −1)2+1 (1) = −1

B
12

 = ( −1)1+2 (0) = 0  rFkk B
22

 = ( −1)2+2 ( −2) = −2

∴    Adj  B = 
− −

−

L
NM

O
QP

1 1

0 2
∴ = =

− −

−

L
N
M

O
Q
P−   

  

    
B

B
AdjB

1 1 1
2

1 1

0 2
.  

1 1

2 2

0 1

− − 
 =
 

− 

rFkk A = 
1 0

2 1−

L
NM
O
QP  ∴ A = 

1

1

    0

2 −
 = 1 −0 = −1 ≠ 0

∴ 1−
A  lEHko gSA

ekuk A
ij
 vkO;wg A ds vo;o a

ij 
 ds lg[k.M gS

rc A
11

 = ( −1)1+1 ( −1) = −1 A
21

 = ( −1)2+1 (0) = 0

A
12

 = ( −1)1+2 (2) = −2 rFkk A
22

 = ( −1)2+2 (1) = 1

∴ Adj A= 
−

−

L
NM
O
QP

1 0

2 1
⇒ =

−

−

−

L
N
M
O
Q
P =

−

L
N
M
O
Q
P− A  A =  

  0

  1

     0

  

1 1 1
1

1

2

1

2 1A
Adj

vc
1 1

1 1
1 0

2 2
2 1

0 1

B A
− −

− − 
  =    − − 

1 1 3 1
1 0

2 2 2 2

0 2 0 1 2 1

− −   − +   = =
   

− + −   

(iii) gk¡]

(AB)
−1

=B
−1

A
−1  = 

3 1

2 2

2 1

− 
 =
 
− 

∴  (AB)
−1

= B
−1

A
−1
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ns[kksa vkius fdruk lh[kk ns[kksa vkius fdruk lh[kk ns[kksa vkius fdruk lh[kk ns[kksa vkius fdruk lh[kk 22.3

1. ;fn lEHko gks rks fuEufyf[kr vkO;wgksa dk izfrykse Kkr dhft, %

(a) 
1 3

2 5

L
NM
O
QP (b) 

−

− −

L
NM

O
QP

1 2

3 4
(c) 

2 1

1 0

−L
NM
O
QP

2. ;fn lEHko gks rks fuEu vkO;wgksa ds izfrykse Kkr dhft, %

(a)

1 0 2

2 1 3

4 1 2

L

N

M
M
M

O

Q

P
P
P

(b) 

3 1 2

5 2 4

1 3 2

−

− −

L

N

M
M
M

O

Q

P
P
P

(a) vkSj (b) ds fy, tk¡p djds nsf[k, fd 1 1
A A AA

− −= = I

3. ;fn A= 

1 2 3

0 1 4

3 1 5

−

L

N

M
M
M

O

Q

P
P
P

  rFkk B= 

2 1 0

1 4 3

3 0 2

−

−

L

N

M
M
M

O

Q

P
P
P

gks] rks lR;kfir dhft, fd

( ) 1 1 1
AB B A

− − −=

4. ;fn  A = 

1 2 3

0 1 4

2 2 1

−

−

−

L

N

M
M
M

O

Q

P
P
P

 gks] rks ( )′ −
A

1  Kkr dhft,A

5. ;fn  A= 

0 1 1

1 0 1

1 1 0

L

N

M
M
M

O

Q

P
P
P

 rFkk B = 

1

2

ab c c b a

c b c a a b

b c a c a b

+ − −

− + −

− − +

L

N

M
M
M

O

Q

P
P
P

gks] rks n'kkZb, fd 1
ABA

−  ,d fod.kZ vkO;wg gSA

6. ;fn φ( )

cos sin

sin cosx

x x

x x=

−L

N

M
M
M

O

Q

P
P
P

0

0

0 0 1

 gks] rks n'kkZb;s ( ) ( )
1

x xφ φ
−

= −   .

7. ;fn A = 
1

1

tan

tan x

x

−

L
NM

O
QP gks] rks n'kkZb;s fd ′ =

−L
NM

O
QP

−
A A

x x

x x

1
2 2

2 2

cos sin

sin cos

8. ;fn  A = 

a b

c
bc

a

1+
L

N
M
M

O

Q
P
P  gks] rks n'kkZb;s fd aA

−1
=(a2 + bc + 1) I −aA
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9. ;fn  A = 

−

−

L

N

M
M
M

O

Q

P
P
P

1 2 0

1 1 1

0 1 0
 gks] rks n'kkZb;s fd A

−1
= A2

10. ;fn  A = 

1

9

8 1 4

4 4 7

1 8 4

−

−

−

L

N

M
M
M

O

Q

P
P
P

 gks] rks n'kkZb;s fd A A
− = ′1

22.5  jSf[kd lehdj.k fudk; dk gyjSf[kd lehdj.k fudk; dk gyjSf[kd lehdj.k fudk; dk gyjSf[kd lehdj.k fudk; dk gy

fiNyh d{kkvksa esa vkius nks ;k rhu vKkr pjksa esa jSf[kd lehdj.kksa ¼;qxir lehdj.k½ dks gy
djuk lh[kk gSA ,sls lehdj.k fudk;ksa dks gy djus ds fy, vkius foyksiu fof/k dk iz;ksx
fd;k FkkA tc pjksa dh la[;k vf/kd gksrh gS rks foyksiu djuk dfBu gks tkrk gSA

vki ,d oSdfYid fof/k] Øsej fu;e ls ,sls lehdj.k fudk;ksa dks gy djuk Hkh igys gh lh[k
pqds gSaA

vc ge ,d vU; fof/k] tks vkO;wg fof/k dgykrh gS] dh ppkZ djsaxs tks cM+h la[;k esa vKkr
pjksa ds lehdj.k fudk; dks gy djus esa iz;ksx dh tk ldrh gSA lqxerk ds n`f"V dks.k ls]
ge nks ;k rhu pjksa esa lehdj.k fudk; ysaxsA

22.5.1 vkO;wg fof/kvkO;wg fof/kvkO;wg fof/kvkO;wg fof/k

bl fof/k esa] igys ge lehdj.k fudk; dks vkO;wg :i AX = B, esa O;Dr djrs gSa tcfd A xq.kkad
vkO;wg dgykrk gSA

mnkgj.kkFkZ] ;fn fn;k x;k lehdj.k fudk; gS

a
1
x + b

1
y = c

1

a
2 
x + b

2 
y = c

2

rks bldk vkO;wg :i gS %

 
a b

a b

x

y

c

c

1 1

2 2

1

2

L
NM
O
QP
L
NM
O
QP

=
L
NM
O
QP

;gk¡ ij A = 
a b

a b

1 1

2 2

L
NM
O
QP , X= 

x

y

L
NM
O
QP  rFkk B =

c

c

1

2

L
NM
O
QP

;fn fn;k x;k lehdj.k fudk; gS a
1 

x + b
1 

y + c
1 

z = d
1
] a

2 
x + b

2 
y + c

2 
z = d

2
]

a
3 
x + b

3 
y + c

3 
z = d

3
 rks bl dk vkO;wg :i gS%

a b c

a b c

a b c

x

y

z

d

d

d

1 1 1

2 2 2

3 3 3

1

2

3

L

N

M
M
M

O

Q

P
P
P

L

N

M
M
M

O

Q

P
P
P

=

L

N

M
M
M

O

Q

P
P
P
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tcfd A = 

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

L

N

M
M
M

O

Q

P
P
P

, X = 

x

y

z

L

N

M
M
M

O

Q

P
P
P

 rFkk B=

d

d

d

1

2

3

L

N

M
M
M

O

Q

P
P
P

gy Kkr djus ls igys ge ;g tk¡p djsaxs fd xq.kkad vkO;wg A O;qRØe.kh; gS ;k ughaA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    ;fn A vO;qRØe.kh; gS] rc |A|=0. vkSj 1−
A  dk vfLrRo ugha gSA blfy, ;g fofèk

iz;ksx ugha dh tk ldrhA

lehdj.k AX = B ij fopkj dhft, tcfd  A = 
a b

a b

1 1

2 2

L
NM
O
QP , X = 

x

y

L
NM
O
QP  rFkk B =

c

c

1

2

L
NM
O
QP

tc |A| ≠0, vFkkZr~ a
1
b

2
−a

2
b

1
≠ 0 ge lehdj.k AX = B dks nksuksa vksj 1−

A  ls xq.kk djrs gSaA

∴ 1−
A (AX) = 1−

A B

⇒ 1( )−
A A  X = 1−

A B

⇒ IX = 1−
A B ( Q  1−

A A  = I)

⇒ X = 1−
A B

Q  A
a b a b

b b

a a

− =
−

−

−

L
NM

O
QP

1

1 2 2 1

2 1

2 1

1
,  ge izkIr djrs gSa%

X
a b a b

b b

a a

c

c
=

−

−

−

L
NM

O
QP
L
NM
O
QP1 2 2 1

2 1

2 1

1

2

1

∴
x

y a b a b

b c b c

a c a c

L
NM
O
QP

=
−

−

− +

L
NM

O
QP

1

1 2 2 1

2 1 1 2

2 1 1 2

 

2 1 1 2

1 2 2 1

2 1 1 2

1 2 2 1

b c b c

a b a b

a c a c

a b a b

− 
 −
 =
 − +
 − 

vr%vr%vr%vr%  x = 
b c b c

a b a b

2 1 1 2

1 2 2 1

−

−  rFkk  y =
a c a c

a b a b

1 2 2 1

1 2 2 1

−

−

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 22.11.  vkO;wg fof/k }kjk jSf[kd lehdj.k fudk;

4 3 11

3 7 1

x y

x y

− =

+ = −

U
V|
W|

...(i)

dks gy dhft,A

gy % gy % gy % gy %  bl fudk; dks vkO;wg :i esa bl izdkj O;Dr fd;k tk ldrk gS %

4 3

3 7

11

1

−L
NM
O
QP
L
NM
O
QP

=
−

L
NM
O
QP

x

y
...(ii)
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;gk¡ ij] A = 
4 3

3 7

−L
NM
O
QP , X = 

x

y

L
NM
O
QP ,  rFkk B = 

11

1−

L
NM
O
QP

vr% (ii) cu tkrk gS

AX = B ...(iii)

vc | |A =
−

= + = ≠
4 3

3 7
28 9 37 0

D;ksafd |A| ≠ 0, 1−
A  lEHko gSA

dFku  (iii) ds nksuksa i{kksa dks ck;ha vksj ( 1−
A )  ls xq.kk djus ij gesa izkIr gksrk gS%

1−
A  (AX) = 1−

A B

( 1−
A A )X = 1−

A B

vFkkZr~ IX = 1−
A B

X = 1−
A B

vr% X =
A

Adj A B
1

( )

;k
x

y

L
NM
O
QP

=
−

L
NM
O
QP −

L
NM
O
QP

1

37

7 3

3 4

11

1
 = 

1

37

77 3

33 4

−

− −

L
NM
O
QP

;k
x

y

L
NM
O
QP

=
−

L
NM
O
QP

1

37

74

37
;k

x

y

L
NM
O
QP

=
−

L
NM
O
QP

2

1

∴ x = 2, y = – 1 fn, x, lehdj.k fudk; dk 'kwU;srj] vf}rh; gy gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 22.12. vkO;wg fof/k ls fuEu lehdj.k fudk; dks gy dhft, %

x y z

x y z

x y z

+ + =

− + =

+ − =

U
V|

W|

2 3 14

2 0

2 3 5

    

 

gy %gy %gy %gy % fn, x, lehdj.k fudk; dks vkO;wg :i esa fy[krs gq,]

1 2 3

1 2 1

2 3 1

14

0

5

−

−

L

N

M
M
M

O

Q

P
P
P

L

N

M
M
M

O

Q

P
P
P

=

L

N

M
M
M

O

Q

P
P
P

x

y

z
                                     ... (i)

tks fd  AX = B, ds :i esa gS] tcfd

A = 

1 2 3

1 2 1

2 3 1

−

−

L

N

M
M
M

O

Q

P
P
P

,  X = 

x

y

z

L

N

M
M
M

O

Q

P
P
P

 rFkk  B = 

14

0

5

L

N

M
M
M

O

Q

P
P
P

∴ X = 1−
A B ...(ii)
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;gk¡ ij |A| = 1 (2 −3) −2 ( −1 −2) +3 (3+4)

    = 26 ≠ 0

∴ 1−
A  dk lEHko gSA

vc
1 11 8

Adj 3 7 2

7 1 4

A

− 
 = − 
 − 

∴ (ii) ls gesa izkIr gqvk 
1 1

.−= =X A B Adj A B
A

X =

−

−

−

L

N

M
M
M

O

Q

P
P
P

L

N

M
M
M

O

Q

P
P
P

1

26

1 11 8

3 7 2

7 1 4

14

0

5

   
=

L

N

M
M
M

O

Q

P
P
P

=

L

N

M
M
M

O

Q

P
P
P

1

26

26

52

78

1

2

3
;k             

L

N

M
M
M

O

Q

P
P
P

=

L

N

M
M
M

O

Q

P
P
P

x

y

z

1

2

3

bl izdkj x =1, y = 2 rFkk z = 3 fn, x, lehdj.k fudk; dk gy gSA

22.6  lehdj.k fudk; dh laxrrk dk fud"k ¼dlkSVh½lehdj.k fudk; dh laxrrk dk fud"k ¼dlkSVh½lehdj.k fudk; dh laxrrk dk fud"k ¼dlkSVh½lehdj.k fudk; dh laxrrk dk fud"k ¼dlkSVh½

ekuk AX = B nks ;k rhu jSf[kd lehdj.kksa dk ,d fudk; gS rc gekjs ikl fuEu fud"k
¼dlkSVh½ gS %

(1) ;fn |A | ≠ 0, rks lehdj.k fudk; laxr gS rFkk bldk ,d vf}rh; gy

gS tks gesa X= 1−
A B  ls izkIr gksrk gSA

(2) ;fn |A| = 0, rks fudk; laxr ;k vlaxr gks ldrk gSA ;fn fudk;
laxr gksxk rks bldk ,d vf}rh; gy ugha gksxkA blds vfrfjDr ;fn

(a) (Adj A) B ≠ O, rc fudk; vlaxr gksxk

(b) (Adj A) B = O, rks fudk; laxr gksxk vkSj blds vuUr gy
gksaxsA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh%  ;g fud"k'n' esa 'n' lehdj.k fudk; ds fy, Hkh lR; gSA

vc ge mnkgj.kksa ds }kjk bls lR;kfir djrs gSaA

(a)
5 7 1

2 3 3

x y

x y

+ =

− =

;g fudk; laxr gS rFkk bldk ,d vf}rh; gy gS D;ksafd 
5 7

0
2 3

≠
−

 ;gk¡ ij vkO;wg lehdj.k gS  
5 7

2 3

1

3−

L
NM
O
QP
L
NM
O
QP

=
L
NM
O
QP

x

y
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vFkkZr~ AX = B ... (i)

tcfd A = 
5 7

2 3−

L
NM
O
QP , X =

x

y

L
NM
O
QP  rFkk B =

1

3

L
NM
O
QP

;gk¡ ij] |A| = 5 × ( −3) −2 × 7 = −15 −14 = −29 ≠ 0

rFkk
1

3 71 1
( )

2 529

− − − 
= =  −−  

LA Adj A ii
A

(i) ls X A B= −1

vFkkZr~  

x

y

L
NM
O
QP
L
NM
O
QP
L
NM
O
QP
L

N

M
M
M

O

Q

P
P
P

=
−

− −

−
=

−

1

29

3 7

2 5

1

3

24

29

13

29

 

    [(i) rFkk (ii) ls]

vr% x = 
24

29
, rFkk y = 

−13
29

 fn, x, lehdj.k fudk; dk gy gSA

3 2 7

6 4 8

x y

x y

+ =

+ =

vkO;wg :i esa] fudk; dks bl izdkj fy[kk tk ldrk gS %

3 2

6 4

7

8

L
NM
O
QP
L
NM
O
QP

=
L
NM
O
QP

x

y

;k AX = B

tcfd A = 
3 2

6 4

L
NM
O
QP , X=

x

y

L
NM
O
QP  rFkk B =

7

8

L
NM
O
QP

;gk¡ ij] |A| = 3 ×  4 −  6 ×  2 = 12 −12 = 0

Adj A = 
4 6

6 3

−

−

L
NM

O
QP

rFkk (Adj A) B =  
4 6 7 20

O
6 3 8 18

− −     
= ≠     − −     

vr% fn;k x;k lehdj.k fudk; vlaxr gSA

(c)
3 7

9 3 21

x y

x y

− =

− =

UVW
3 1

9 3

7

21

−

−

L
NM
O
QP
L
NM
O
QP

=
L
NM
O
QP

x

y

;k AX =B,
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tcfd A = 
3 1

9 3

−

−

L
NM
O
QP ;  X =

x

y

L
NM
O
QP  rFkk B =

7

21

L
NM
O
QP

;gk¡ ij] |A| = 
3 1

9 3

−

− ( ) ( )3 3 9 1= × − − × −  = −  9 + 9 = 0

Adj A = 
−

−

L
NM
O
QP

3 1

9 3
rFkk (Adj A)B = 

3 1 7 0
O

9 3 21 0

−     
= =     −     

vr% fn, x, lehdj.k fudk; ds vuUr gy gSaA

vkb, vc ge ,d vU; jSf[kd lehdj.k ysa tgk¡ fd

|A| = 0 rFkk (Adj A) B≠ O.

fuEu lehdj.k fudk; dks yhft,

x + 2y + z = 5

2x + y + 2z = −1

x −3y + z = 6

vkO;wg :i esa] ;g lehdj.k fudk; bl izdkj gS

1 2 1

2 1 2

1 3 1

5

1

6−

L

N

M
M
M

O

Q

P
P
P

L

N

M
M
M

O

Q

P
P
P

= −

L

N

M
M
M

O

Q

P
P
P

x

y

z

vFkkZr~ AX = B

tgk¡ fd A = 

1 2 1

2 1 2

1 3 1−

L

N

M
M
M

O

Q

P
P
P

, X = 

x

y

z

L

N

M
M
M

O

Q

P
P
P

 rFkk  B= 

5

1

6

−

L

N

M
M
M

O

Q

P
P
P

vc |A| = 

1 2 1

2 1 2

1 3 1−
 = 0 (QC C

1 3
= )

rFkk (Adj  A ) B = 

7 5 3

0 0 0

7 5 3

5

1

6

−

− −

L

N

M
M
M

O

Q

P
P
P

−

L

N

M
M
M

O

Q

P
P
P

 [Adj A  dh Lo;a tk¡p dhft,]

     = 

58

0

58−

L

N

M
M
M

O

Q

P
P
P

≠ O
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∴ |A| = 0 rFkk (Adj A ) B ≠ O,

x

y

z
A

Adj A B

L

N

M
M
M

O

Q

P
P
P

=
1

| |
( )  = 

58
1

0
0

58

 
 
 
 − 

 tks fd ifjHkkf"kr ugha gSA

vr% lehdj.k fudk; dk dksbZ gy ugha gSA

bl izdkj ge ikrs gSa fd ;fn |A| = 0 rFkk (Adj A) B ≠ O rks lehdj.k fudk; dk dksbZ gy ugha
gksxkA

ge bu ifj.kkeksa dks lkjka'k :i esa ns jgs gSa%

  (i) ;fn |A| ≠ 0 rFkk (Adj A) B ≠ O rks lehdj.k fudk; dk 'kwU;srj vf}rh; gy
gksxkA

  (ii) ;fn |A| ≠ 0 rFkk (Adj A) B  = O, rks lehdj.k fudk; dk fujZFkd gy gksxkA

  (iii) ;fn |A| = 0 rFkk (Adj A) B = O, rks lehdj.k fudk; ds vuUr gy gksaxsA

  (iv) ;fn |A| = 0 rFkk (Adj A) B ≠ O, rks lehdj.k fudk; dk dksbZ gy ugha gksxkA
¼vlaxr fudk;½

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 22.4

1. vkO;wg izfrykseu fof/k }kjk fuEu esa izR;sd lehdj.k fudk; dks gy dhft, %

(a) 2 3 4x y+ = (b) x y+ = 7

x y− =2 5 3 7 11x y− =

2. vkO;wg izfrykseu fof/k }kjk fuEu esa izR;sd lehdj.k fudk; dks gy dhft, %

(a) x y z+ + =2 3 (b) 2 3 13x y z+ + =

2 3 5x y z− + = 3 2 12x y z+ − =

x y z+ − = 7 x y z+ + =2 5

(c) − + + =x y z2 5 2 (d) 2 2x y z+ − =

2 3 15x y z− + = x y z+ − = −2 3 1

− + + = −x y z 3  5 2 1x y z− − = −

3. Kkr dhft, fd fuEu lehdj.k fudk; laxr gSa ;k ughaA ;fn laxr gSa rks gy Kkr dhft,
%

(a) 2 3 5x y− = (b) 2 3 5x y− =

x y+ = 7 4 6 10x y− =

(c) 3 2 3x y z+ + = , − − =2 7y z , x y z+ + =15 3 11
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C
A1

% + vkb;s nksgjk,¡

• ,d oxZ vkO;wg O;qRØe.kh; gksrk gS ;fn bldk laxr lkjf.kd 'kwU;srj gksA

• vkO;wg A ds ioha iafDr rFkk josa LrEHk dks gVkus ls izkIr lkjf.kd vo;o a
ij
 dk milkjf.kd

dgykrk gSA bls izk;% M
ij
 }kjk n'kkZrs gSaA

• a
ij 
 dk lg[k.M ifjHkkf"kr gS % C

ij
 = ( −1)i+j M

ij

• vkO;wg A dk lg[k.Mt ml vkO;wg dk ifjorZ gksrk gS ftlds vo;o fn, x, vkO;wg
ds vo;oksa ds lg[k.M gksaA bls izk;% Adj A }kjk O;Dr djrs gSaA

• ;fn A dksbZ n dksfV dk oxZ vkO;wg gS] rks

A (Adj A) = (Adj A) A = A   I
n
 tcfd I

n
  dksfV n dk ,dkad vkO;wg gSA

• fdlh O;qRØe.kh; oxZ vkO;wg A, ds fy, ;fn ,d ,slk O;qRØe.kh; oxZ vkO;wg B gS
f t l l s
AB = BA = I, rks B vkO;wg A dk xq.kkRed izfrykse dgykrk gSA bls B = A–1 }kjk n'kkZrs
gS aA

• dsoy O;qRØe.kh; vkO;wgksa ds gh xq.kkRed izfrykse gksrs gSaA

• a
1 
x + b

1 
y = c

1
  rFkk a

2 
x + b

2 
y = c

2
 lehdj.kksa dks ge fuEu vkO;wg :i esa fy[k ldrs

gSa %

1 1 1

2 2 2

a b cx

a b y c

    
=    

    

bl izdkj ;fn A
a b

a b
X

x

y
=
L
NM
O
QP

=
L
NM
O
QP

1 1

2 2

, rFkk B = 
 

c

c
1

2

L

N
M
M
O

Q
P
P  gks rks

X A B
a b a b

b b

a a

c

c
= =

−

−

−
− L

NM
O
QP
L
NM
O
QP

1

1 2 2 1

2 1

2 1

1

2

1      

     
 

• lehdj.k fudk;] tks AX = B }kjk O;Dr gksrk gS] laxr gksrk gS rFkk bldk ,d vf}rh;
gy gksrk gS ;fn |A| 0.≠

• lehdj.k AX = B }kjk O;Dr fd;k x;k fudk; vlaxr gksrk gS ;fn |A| = 0 rFkk
(Adj A) B ≠ O.

• lehdj.k AX = B }kjk O;Dr fd;k x;k fudk; laxr gksrk gS rFkk blds vuUr gy gksrs
gSa ;fn |A| = 0 rFkk (Adj A) B = O.

• lehdj.k AX = B }kjk O;fDr fd;k x;k fudk; le?kkrh gksrk gS ;fn B 'kwU; vkO;wg gksA

• ,d le?kkrh jSf[kd lehdj.k fudk; AX = 0 dk dsoy ,d fujZFkd gy gksrk gS ;fn
|A| ≠ 0 ;g gy gS % x

1
 = x

2 
= ... = x

n 
= 0.

• le?kkrh jSf[kd lehdj.k fudk; AX = O ds vuUr gy gksrs gSa ;fn |A| = 0
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    lgk;d osclkbVlgk;d osclkbVlgk;d osclkbVlgk;d osclkbV

• http://www.mathsisfun.com/algebra/matrix-inverse.html

• http://www.sosmath.com/matrix/coding/coding.html

1. |A| Kkr dhft, ;fn %

(a) A= − −

−

L

N

M
M
M

O

Q

P
P
P

1 2 3

3 1 0

2 5 4

(b) A=

−L

N

M
M
M

O

Q

P
P
P

1 3 4

7 5 0

0 1 2

2. A dk lg[k.Mt Kkr dhft, ;fn

(a) A=

−

−

−

L

N

M
M
M

O

Q

P
P
P

2 3 7

1 4 5

1 0 1

(b) A=

−

−

L

N

M
M
M

O

Q

P
P
P

1 1 5

3 1 2

2 1 3

(a) rFkk (b) ds fy, lR;kfir Hkh dhft, fd A(Adj A) = |A|I
3
 = (Adj A) A.

3. ;fn lEHko gS rks A–1, Kkr dhft, tc fd vkO;wg A =

(a)
3 6

7 2

L
NM
O
QP (b)

2 1

3 5

L
NM
O
QP (c)      

3 5

4 2

−

−

L
NM

O
QP

(a), (b) rFkk (c) ds fy, lR;kfir Hkh dhft, (A′)–1 = (A–1)′.

4. vkO;wg A dk izfrykse Kkr dhft, ;fn

(a) A =

−

L

N

M
M
M

O

Q

P
P
P

1 0 0

3 3 0

5 2 1

(b) A = −

L

N

M
M
M

O

Q

P
P
P

1 2 0

0 3 1

1 0 2

5. vkO;wg izfrykseu fof/k }kjk] fuEu jSf[kd lehdj.k fudk; dks gy dhft, %

(a)
x y

x y

+ =

+ =

2 4

2 5 9
(b)     

6 4 2

9 6 3

x y

x y

+ =

+ =

(c)      

2 1

3
2

2

3 5 9

x y z

x y z

y z

+ + =

− − =

− =
 (d)

x y z

x y z

x y z

− + =

+ − =

+ + =

4

2 3 0

2

(e)  

x y z

x y z

x y z

+ − = −

− + =

+ − =

2 1

3 2 3

2 0

lgk;d osclkbV

vkb, vH;kl djsa
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6. vkO;wg izfrykseu fof/k }kjk gy dhft, %

2 3 10 4 6 5 8 9 20
4; 1; 3

x y z x y z x y z
+ + = − + = + − =

7. λ  dk eku Kkr dhft, ftlls fuEu lehdj.k fudk; laxr gks tk, %

2 3 4 0

5 2 1 0

21 8 0

x y

x y

x y

− + =

− − =

− + =λ

 ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 22.1

1. (a) –12 (b) 10 2. (a) vO;qRØe.kh;  (b) O;qRØe.kh;

3. (a) M
11 

= 4; M
12 

= 7; M
21

 = –1; M
22

 = 3 (b) M
11 

= 5; M
12 

= 2; M
21

 = 6; M
22

 = 0

4. (a) M
21 

= 11; M
22 

= 7; M
23

 = 1 (b) M
31 

= –13; M
32 

= –13; M
33

 = 13

5. (a) C
11 

= 7; C
12 

= –9; C
21

 = 2; C
22

 = 3 (b) C
11 

= 6; C
12 

= 5; C
21

 = –4; C
22

 = 0

6. (a) C
21 

= 1; C
22 

= –8; C
23

 = –2 (b) C
11 

= –6; C
12 

= 10; C
33

 = 2

 ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 22.2

1. (a)
6 1

3 2−

L
NM
O
QP   (b)        

d b

c a

−

−

L
NM

O
QP       (c)        

cos sin

sin cos

α α

α α

−L
NM

O
QP

2. (a)
1 2

2 1

−

−

L
N
M

O
Q
P (b)

i i

i i−

L
NM
O
QP

 ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 22.3

1. (a)
−

−

L
NM

O
QP

5 3

2 1
     (b)      

4 2

10 10

3 1

10 10

 − − 
 
 −
  

        (c)
0 1

1 2−

L
NM
O
QP

2. (a) 

      2      2
5

         

 2
5

      1
5

    

5
1
5

8
5

6
5

1
5

1
5

−

− −

−

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

 (b) 

−

−

− −

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

1
3

7
12

1
12

11
24

                

             

 17
24

     1
3

   

1
3

1
3

1
3

4. (A′)–1 = 

− − −

− − −

L

N

M
M
M

O

Q

P
P
P

9 8 2

8 7 2

5 4 1

mÙkjekyk
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 ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 22.4

1. (a) x y= =
−23

7

6

7
,

(b) x y= =6 1,

2. (a) x y z= = − = −
58

11

2

11

21

11
, ,

(b)  x y z= = =2 3 0, ,

(c) x y z= = − =2 3 2, ,

(d)  x y z= = =1 2 2, ,

3. (a) laxr; x y= =
26

5

9

5
,

(b) laxr] vuUr gy

(c) vlaxr

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. (a) –31 (b) –24

2. (a)

4 3 13

4 5 3

4 3 5

− −

−

− −

L

N

M
M
M

O

Q

P
P
P

(b)

1 8 7

13 13 13

5 1 4

−

−

L

N

M
M
M

O

Q

P
P
P

3. (a)

−

−

L

N

M
M
M

O

Q

P
P
P

1
18

        1
6

     7
36

1
12

(b)     

 5
7

     1
7

       

−

−

L

N

M
M
M

O

Q

P
P
P3

7
2
7

    (c)     

− −

− −

L

N

M
M
M

O

Q

P
P
P

1
7

      5
14

       2
7

3
14

4. (a)

 1     0       0

1   1
3

      0

 3    2
3

   1

−

−

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

(b)

 3
2

           

       1        1
4

             3
4

2

1
2

− −

−

−

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

1 1
2

1
4

3
4

5. (a) x y= =2 1, (b) x k y k= = −,
1

2

3

2

(c) x y z= = = −1
1

2

3

2
, ,          (d) x y z= = − =2 1 1, ,

(e) x y z= = − =
1

2

1

2

1

2
, ,

6. x y z= = =2 3 5, ,

7. λ = − 5
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23

laca/ ,oa iQyu-II

gekjs nSfud thou esa gesa oLrqvksa osQ chp fofHkUu izdkj osQ laca/ ns[kus dks feyrs gSaA laca/ dh vo/
kj.kk dks xf.krh; :i esa LFkkfir fd;k tk pqdk gSA ge Øfer ;qXe] dkrhZ; xq.kuiQy laca/] iQyu
muds izkar rFkk ifjlj ls ifjfpr gSA

bl ikB esa ge laca/ksa ds izdkj] iQyuksa ds izfrykse] f}vk/kjh lfØ;k,a nks leqPp;ksa osQ chp
lacaèk] ,d laca/ dk iQyu gksus dh fLFkfr;k¡] fofHkUu izdkj osQ iQyu vkSj muosQ xq.kksa dh ppkZ

djsaxsA

   mís';
bl ikB dss vè;;u osQ ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

• fofHkUu izdkj ds laca/ksa dks ifjHkkf"kr djuk

• fofHkUu izdkj osQ iQyuksa osQ mnkgj.kksa tSls ,oSQdh] cgq&,d] vkPNknd] vUr{ksZih vkSj
,sdSdh vkPNknu (bijection) dks crkdj mUgsa ifjHkkf"kr djuk

• ;g crkuk fd D;k iQyu ,oSQdh] cgq&,d] vkPNknd ;k vUr{ksZih gSa

• nks iQyuksa dk la;kstu ifjHkkf"kr djuk

• izfrykse iQyuksa dks ifjHkkf"kr djuk

• izfrykse osQ vfLrRo dh ifjfLFkfr crk lduk

• f}vk/kjh lafØ;kvks rFkk muds xq.kksa dh O;k[;k djuk] leqPp; ds fdlh vo;o dk
rRled rFkk izfrykse Kkr djuk

iwoZ Kku
• la[;k i¼fr] Øfer ;qXe dh vo/kj.kk laca/ ,oa iQyu dh ifjHkk"kk laca/ ,oa iQyu ds

izkar] lg&izkar] lg&izkar o ifjlj

23-1 lEcU/

23-1-1 lEcU/

eku yhft, A rFkk B nks leqPp; gSa rc leqPp; A ls leqPp; R esa lEcU/k R,

A × B dk ,d mileqPp; gksrk gSA
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bl izdkj A ls B esa lEcU/k R ⇔ R ⊆ A × B

• ;fn (a, b) ∈R gS rc ge bls aRb fy[krs gSa tks fd a, b ls lEcU/k R }kjk lEcfUèkr

gS] i<+k tkrk gSA ;fn (a, b) ∉R rc ge bls Ra b  fy[krs gSa rc ge dgrs gSa
fd a, b ls lEcU/k R }kjk lEcfU/kr ugha gSA

• ;fn n(A) = m rFkk n(B) = n, rc A × B ds mn Øfer ;qXe gksrs gSa rc A ls B esa
dqy lEcUèkksa dh la[;k 2mn gksrh gSA

23-1-2 lEcU/ksa ds izdkj
 (i) LorqY; laca/kLorqY; laca/kLorqY; laca/kLorqY; laca/k

leqPp; A ij lEcU/k R LorqY; dgykrk gS] ;fn A dk izR;sd vo;o Lo;a ls lEcfUèkr
gksA

bl izdkj R LorqY; gksrk gS ⇔ izR;sd a ∈A ds fy, (a, a) ∈R

,d lEcU/k R LorqY; ugha gksxk ;fn muesa ls ,d Hkh vo;o a ∈A ds fy, (a, a) ∉R.

eku yhft, A = {1, 2, 3} ,d leqPp; gS rc

R = {(1, 1), (2, 2), (3, 3), (1, 3), (2, 1)} A ij LorqY; lEcU/k gSA

ysfdu R
1
 = {(1, 1), (3, 3) (2, 1) (3, 2)}, A ij LorqY; lEcU/k ugha gSA D;ksafd 2 ∈A

ysfdu (2,2) ∉R.

 (ii) lefer lEcU/klefer lEcU/klefer lEcU/klefer lEcU/k

leqPp; A ij lEcU/k R lefer lEcU/k dgykrk gS ;fn

izR;sd (a, b) ∈A ds fy, (a, b) ∈R ⇒ (b, a) ∈R

vFkkZr~ izR;sd a, b ∈A ds fy, aRb ⇒ bRa

ekuk A = {1, 2, 3, 4} rFkk R
1
 vkSj R

2
 leqPp; A ij lEcU/k

R
1
 = {(1, 3), (1, 4), (3, 1), (2, 2), (4, 1)

,oa R
2
 = {(1, 1), (2, 2), (3, 3), (1, 3)} }kjk ifjHkkf"kr gSaA

• R
1
 leqPp; A ij ,d lefer lEcU/k gS D;ksafd izR;sd (a, b) ∈R

1 
ds fy, (a, b) ∈R

1

⇒ (b, a) ∈R
1
 ;k izR;sd (a, b) ∈A ds fy, aR

1
b ⇒ bR

1
a

ysfdu R
2
 lefer ugha gS D;ksafd (1, 3) ∈R

2
 ysfdu (3, 1) ∉R

2
.

;g vko';d ugha fd leqPp; A ij LorqY; lEcU/k] lefer gksA mnkgj.k ds fy, lEcUèk
R ={(1, 1), (2, 2), (3, 3), (1, 3)}, leqPp; A = {1, 2, 3} ij LorqY; lEcU/k gS ysfdu
;g lefer ugha gSA

 (iii) laØed lEcU/klaØed lEcU/klaØed lEcU/klaØed lEcU/k

eku yhft, fd A dksbZ leqPp; gSA A ij lEcU/k R laØed lEcU/k dgykrk gS ;fn
izR;sd a, b, c ∈A ds fy, (a, b) ∈R rFkk (b, c) ∈R ⇒ (a, c) ∈R

vFkkZr~ izR;sd a, b, c ∈A ds fy, aRb ,oa bRc ⇒ aRc
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mnkgj.k ds fy,

izkdr̀ la[;kvksa ds leqPp; N ij] lEcU/k R, xRy ⇒ x, y ls NksVk gS] }kjk ifjHkkf"kr
fd;k tkrk gSA

laØed gS D;ksafd izR;sd x, y, z ∈N ds fy, x < y rFkk y < z ⇒ x < z

vFkkZr~ xRy rFkk yRz ⇒ xRz

nwljk mnkgj.k ysus ij

ekuk lery esa lHkh ljy js[kkvksa dk leqPp; A gS rc A esa lEcU/k ^ds lekarj gS*
laØed lEcU/k gSA D;ksafd izR;sd l

1
, l

2
, l

3
 ∈A ds fy, l, ||l

2
 rFkk l

2
|| l

3
 ⇒ l

1
|| l

3
.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 23.1.  LorqY;rk] lefefr rFkk laØedrk ds fy, lEcU/k R dh tk¡p dhft, tgk¡
R bl izdkj ifjHkkf"kr gS fd izR;sd l

1
, l

2
 ∈ A ds fy, l

1
Rl

2
 ;fn l

1
⊥ l

2
A

gygygygy : ekuk lery esa lHkh js[kkvksa dk leqPp; A gSA fn;k gS fd izR;sd l
1
, l

2
 ∈A ds fy,

l
1
Rl

2
 ⇔ l

1
 ⊥ l

2
A

LorqY;rkLorqY;rkLorqY;rkLorqY;rk: R LorqY; ugha gS D;ksafd ,d js[kk Lo;a ds yEcor~ ugha gks ldrh vFkkZr~
l ⊥ l lR; ugha gSA

leferrkleferrkleferrkleferrk : ekuk l
1
, l

2
 ∈ A vr% l

1
Rl

2

rc 1 2 1 2 2 1 2 1R Rl l l l l l l l⇒ ⊥ ⇒ ⊥ ⇒

A ij R lefer gS

laØedrk%laØedrk%laØedrk%laØedrk%

R laØed ugha gS D;ksafd l
1 

⊥ l
2
 rFkk l

2 
⊥ l

3 ⇔/  l
1 

⊥ l
3

23-1-3 lerqY; lEcU/

leqPp; A ij lEcU/k R lerqY; dgykrk gS ;fn

(i) ;g LorqY; gS vFkkZr~ izR;sd a ∈A ds fy, (a, a) ∈R

(ii) ;g lefer gS vFkkZr~ izR;sd a, b ∈A ds fy, (a, b) ∈R ⇒ (b, a) ∈R

(iii) ;g laØed gS vFkkZr~ izR;sd a, b, c ∈A ds fy, (a, b) ∈R rFkk (b, c) ∈R

⇒ (a, c) ∈R

mnkgj.k ds fy, lEcU/k ^^ds lokZaxle gS** ,d lerqY; lEcU/k gS D;ksafd

(i) ;g LorqY; gS tSls izR;sd ∆ ∈S ds fy, ∆ ≅ ∆ ⇒ (∆,∆) ∈S tgk¡ S f=Hkqtksa dk
leqPp; gSA

(ii) ;g lefer gS tSls     ⇒ 1 2R∆ ∆  ⇒ 1 2∆ ≅ ∆  ⇒ 2 1∆ ≅ ∆

 ⇒ 2 1R∆ ∆

(iii) ;g laØed gS 1 2∆ ≅ ∆  rFkk 2 3∆ ≅ ∆  ⇒ 1 3∆ ≅ ∆

bldk eryc gS fd (∆
1
, ∆

2
) ∈R rFkk (∆

2
, ∆

3
) ∈R ⇒ (∆

1
, ∆

3
) ∈R

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 23.2. n'kkZb, fd ,d lery esa lHkh f=Hkqtksa ds leqPp; A ij ifjHkkf"kr lEcU/k
R = {(T

1
,T

2
) : T

1
, T

2
 ds le:i gS) ,d lerqY; lEcU/k gSA

gygygygy : ge lEcU/k R ds fuEufyf[kr xq.kksa dk fujh{k.k djrs gSa
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LorqY;rk% LorqY;rk% LorqY;rk% LorqY;rk% ge tkurs gSa fd izR;sd f=Hkqt Lo;a ds le:i gS vr% izR;sd T ∈A ds fy,
(T, T) ∈R ⇒ R ds fy, ijkoR;Z gSA

leferrk leferrk leferrk leferrk ekuk (T
1
, T

2
) ∈R, rc

(T
1
, T

2
) ∈R ⇒ T

1
, T

2 
ds le:i gSA

⇒ T
2
, T

1 
ds le:i gSSA

⇒ (T
2
, T

1
) ∈R, blfy, R lefer gSA

laØedrklaØedrklaØedrklaØedrk: ekuk T
1
, T

2
, T

3
 ∈A ekuk (T

1
, T

2
) ∈R rFkk (T

2
, T

3
) ∈R.

rc (T
1
, T

2
) ∈R rFkk (T

2
, T

3
) ∈R

⇒ T
1
, T

2
 ds le:i gS rFkk T

2
, T

3
 ds le:i gSA

⇒ T
1
, T

3 
ds le:i gSA

⇒ (T
1
, T

3
) ∈R

vr% R ,d lerqY; lEcU/k gSA

       ns[ksa vkius fdruk lh[kk 23-1

1. ekuk ,d lery esa lHkh js[kkvksa ds leqPp; esa lEcU/k R dks (l
1
, l

2
) ∈R ⇒ js[kk l

1
, l

2

ds lekUrj gS] }kjk ifjHkkf"kr fd;k tkrk gSA n'kkZb, fd R ,d lerqY; lEcU/k gSA

2. n'kkZb, fd ,d lery esa fLFkr lHkh fcUnqvksa ds leqPp; A, esa lEcU/k R = {(P, Q), fcUnq
P ls ewyfcUnq dh nwjh rFkk fcUnq Q ls ewyfcUnq dh nwjh leku gS} }kjk ifjHkkf"kr fd;k
x;k gS] ,d lerqY; lEcU/k gSA

3- n'kkZb, fd leqPp; A = {x ∈ z;  ≤ x ≤ 12} esa laca/k R tks fuEu izdkj ifjHkkf"kr gSA

(i) R = {(a, b) : |a – b|, 4 dk xq.kt gS}

(ii) R = {(a, b) : a = b}  ,d lerqY; laca/k gSA

4- fl) dhft, fd R ls R esa ,d laca/k ̂dk xq.ku[kaM gS* ijkoR;Z rFkk laØed gS ijarq lefer
ugha gSA

5- ;fn R rFkk S nks lerqY; laca/k gks rks fl) dhft, fd R ∩ S Hkh ,d lerqY; laca/k gksxkA

6- fl) dhft, fd N × N leqPp; ij ,d laca/k R tks (a, b) R (c, d) ⇔ a + d = b + c,

∀ (a, b), (c, d) ∈ N × N }kjk ifjHkkf"kr gS] ,d lerqY; laca/k gSA

23-2 iQyuksa dk oxhZdj.k

eku yhft, fd A ls B ij f ,d iQyu gSA ;fn B leqPp; dk izR;sd vo;o leqPp; A ds de
ls de ,d vo;o dk izfrfcEc gks] vFkkZr~ ;fn leqPp; B esa dksbZ Hkh vo;o v;qfXer u gks rc
iQyu f leqPP; A dk leqPp; B ij vkPNknd dgyk;sxk vU;Fkk ge dgrs gSa fd leqPp; A

leqPp; B ij ,dSdh izfrfpf=kr iQyu gS

,sls iQyu] ftlesa leqPP; A dk izR;sd vo;o leqPP; B ds vyx vo;o ls izfrfpf=kr gksrk gS]
dks ,dSdh iQyu dgrs gSaA
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,dSdh iQyu

A 1

B 2

C 3

4

 fp=k 23.1

{A, B, C} izkar gSA

{1, 2, 3, 4} lgizkar gSA

{1, 2, 3} ifjlj gSA

fdlh iQyu esa leqPp; A ds ,d ls vf/d vo;o leqPp; B ds ,d gh vo;o ij izfrfpf=kr
gks ldrs gSaA bl izdkj ds iQyu dks cgq ,d iQyu dgrs gSaA

cgq&,d iQyu

A 1

B 2

C 3

4

 fp=k 23.2

izkUr {A, B, C} gSA

lgizkUr {1, 2, 3, 4} gSA

ifjlj {1, 4}  gSA

,slk iQyu] tks ,oSQdh vkSj vkNknd nksuksa gks] ,dSdh vkPNknd iQyu dgykrk gSA

A 1

B 2

C 3

4

              

A 1

B 2

C 3

 fp=k 23.3         fp=k 23.4

          

A 1

B 2

C 3

4

A 1

B 2

C

fp=k 23.5                              fp=k 23.6
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fp=k 23.3 ,oSQdh iQyu n'kkZrk gS ftlesa izfrfp=k.k {A, B, C} ls {1, 2, 3, 4} ij vUr{ksZih gSA

fp=k 23.4 ,oSQdh iQyu n'kkZrk gS ftlesa izfrfp=k.k {A, B, C} ls {1, 2, 3} ij vkPNknd gSA

fp=k 23.5 cgq&,d iQyu n'kkZrk gS ftlesa izfrfp=k.k {A, B, C} ls {1, 2, 3, 4} ij vUr{ksZih gSA

fp=k 23.6 cgq&,d iQyu n'kkZrk gS vkSj izfrfp=k.k{A, B, C} ls {1, 2}  ij vkPNknd gSA

fp=k 23.4 esa n'kkZ;k x;k iQyu] ,dSdh&vkPNknd Hkh gSA

fVIi.kh% ,d&cgq lEcU/ Hkh gksrs gSaA ijUrq gekjh iQyu dh ifjHkk"kk ls ;g iQyu ugha gSA uhps
fn;k x;k fp=k bldh O;k[;k djrk gSA

A 1

B 2

C 3

4

fp=k 23.7

 mnkgj.k 23.3.   fcuk xzkiQ dh lgk;rk ls fl¼ dhft, fd iQyu F: R R→ , tks f (x) 4 3x= +

}kjk ifjHkkf"kr gS] ,oSQdh iQyu gSA

gy % ,oSQdh iQyu gksus osQ fy,

( ) ( )1 2 1 2 1 2F x f x x x x , x= ⇒ = ∀ ∈  izkUr

∴ vc ( ) ( )1 2f x f x=  ls gesa izkIr gksrk gS

1 24 3x 4 3x+ = +  ;k 1 2x x=

∴ f  ,oSQdh iQyu gSA

 mnkgj.k 23.4.   fl¼ dhft, fd iQyu

F: R R→ ] tks ( ) 3f x 4x 5= −  }kjk ifjHkkf"kr gS] ,dSdh vkPNknd iQyu gSA

gy %  ( ) ( )1 2 1 2f x f x x , x= ∀ ∈ izkUr

∴ 3 3
1 24x 5 4x 5− = −

⇒        3 3
1 2x x=

⇒ 3 3
1 2x x 0− = ⇒ ( ) ( )2 2

2 1 1 1 2 2x x x x x x 0− + + =

⇒  1 2x x=

 ;k 2 2
1 1 2 2x x x x 0+ + =  ;gk¡  x

1
 rFkk x

2
 osQ dksbZ okLrfod eku ugha gS] vr% bls NksM+ nsrs gSa]

∴ F ,oSQdh iQyu gSA

iqu% eku yhft, fd y (x)=  tgk¡ y ∈ lgizkUr] x ∈ izkUr
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gesa izkIr gksrk gS % 3y 4x 5= −  ;k 
1/ 3

y 5
x

4

+ =  
 

∴ izR;sd y ∈ lgizkUr] izkUr esa x ,slk gksxk fd f (x) y=

vr% F vkPNknd iQyu gSA

vr,o] F ,sdSdh&vkPNknd gSA

 mnkgj.k 23.5.  fl¼ djks fd F : R R→   tks ( ) 2F x x 3= +  }kjk ifjHkkf"kr gS u rks

,oSQdh iQyu vkSj u gh vkPNknd iQyu gSA

gy % ( ) ( )1 2 1 2F x F x x , x= ∀ ∈ izkUr ls gesa izkIr gksrk gS

2 2 2 2
1 2 1 2x 3 x 3 x x+ = + ⇒ =

;k 2 2
1 2 1 2x x 0 x x− = ⇒ =  ;k  1 2x x= −

vFkkZr~ F  ,oSQdh iQyu ugha gSA

iqu% eku yhft, fd ( )y F x=  tgk¡ y ∈ lgizkUr] x ∈ izkUr

⇒ 2y x 3= + ⇒ x y 3= ± −

⇒ y 3 x∀ <  dk dksbZ Hkh okLrfod eku izkUr esa ugha gSA

∴ F  ,d vkPNknd iQyu ugha gSA

23.3 iQyu dk xzkiQ osQ :i esa fu:i.k
pw¡fd iQyu Øfer ;qXeksa }kjk iznf'kZr fd;k tk ldrk gSA

vr% iQyu dk xzkiQh; izn'kZu lnSo lEHko gSA mnkgj.kkFkZ] vkb, 2y x=  ij fopkj djsaµ

2y x=

x 0 1 1 2 2 3 3 4 4

y 0 1 1 4 4 9 9 16 16

− − − −

–1–2–3–4 1 2 3 4

(1, 1)

(2, 4)

(3, 9)

(4, 16)(–4, 16)

(–3, 9)

(–2, 4)

(–1, 1)
X

Y′

X′

Y

fp=k 23.8
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D;k ;g ,d iQyu iznf'kZr djrk gS\

gk¡] ;g ,d iQyu iznf'kZr djrk gS D;ksafd x osQ izR;sd eku osQ fy, y dk ,d vf}rh; eku gSA vkb,

vc lehdj.k 2 2x y 25+ =  ij fopkj djsaA

2 2x y 25+ =

   
x 0 0 3 3 4 4 5 5 3 3 4 4

y 5 5 4 4 3 3 0 0 4 4 3 3

− − − − −

− − − − −

–1–2–3–4–5

–5

–4

–3

–2

–1

1

2

3

4

5

1 2 3 4 5

Y

XX′

Y′

(0, 5)

(3, 4)

(4, 3)

(5, 0)

(4, –3)

(3, –4)

(0, –5)

(–3, –4)

(–4, –3)

(–5, 0)

(–4, 3)

(–3, 4)

fp=k 23.9

;g xzkiQ ,d oÙ̀k iznf'kZr djrk gS\

D;k ;g ,d iQyu iznf'kZr djrk gS\

ugha] ;g iQyu iznf'kZr ugha djrk gS D;ksafd x osQ ,d (leku) eku osQ fy, y dk vf}rh; eku ugha
gSA

    ns[ksa vkius fdruk lh[kk 23.2

1. (i) D;k ;g xzkiQ ,d iQyu iznf'kZr djrk gSA

fp=k 23.10
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(ii) D;k ;g xzkiQ ,d iQyu iznf'kZr djrk gSA

fp=k 23.11

2. fuEufyf[kr esa ls dkSu ls iQyu vUr{ksZih iQyu gS\

(a)

2

4

6

10

A B

1

2

3

fp=k 23.12

(b) 2f (x) x=  tgk¡ f : N N,→  ;gk¡ N izkÑr la[;kvksa dk leqPp; gSA

(c) f (x) x=  tgk¡ f : N N→

3. fuEufyf[kr esa ls dkSu ls iQyu vkPNknd gS ;fn f : R R→ \

(a) ( )f x 115x 49 x R= + ∀ ∈       (b) ( )f x x=   x N∀ ∈

4. fuEufyf[kr esa ls dkSu ls iQyu ,dSdh iQyu gS \

(a) { } { }f : 20, 21, 22 40, 42, 44→ tgk¡ f ifjHkkf"kr gS rFkk ( )f x 2x=

(b) { } { }f : 7, 8, 9 10→ tgk¡  f ifjHkkf"kr gS rFkk ( )f x 10=

(c) f : I R→ tgk¡ f ifjHkkf"kr gS rFkk ( ) 3f x x=

(d) f : R R→ tgk¡ f ifjHkkf"kr gS rFkk ( ) 4f x 2 x= +

(e) f : N N→ tgk¡ f ifjHkkf"kr gS rFkk ( ) 2f x x 2x= +

5. fuEufyf[kr esa ls dkSu&dkSu ls iQyu cgq&,d iQyu gS \

(a) f :{ 2, 1,1, 2} {2, 5}− − →  tgk¡ f ifjHkkf"kr gS rFkk 2f (x) x 1= +

(b) f :{0,1, 2} {1}→  tgk¡ f ifjHkkf"kr gS rFkk f (x) 1=



96

laca/ ,oa iQyu-II

xf.kr

ekWM~;wy - VII

laca/ ,oa
iQyu

fVIi.kh

(c)       

a

b

c

d

A B

1

2

3

4

fp=k 23.13

(d) f : N N→  tgk¡ f ifjHkkf"kr gS rFkk f (x) 5x 7= +

23.4 iQyuksa dk la;kstu
uhps fn, x, nks iQyuksa ij fopkj dhft,

y 2x 1,= +       { }x 1, 2, 3∈

z y 1,= +         { }y 3, 5, 7∈

rc z nks iQyuksa x rFkk y dk la;kstu gS D;ksafd z, y osQ inksa esa ifjHkkf"kr gS rFkk y, x osQ inksa esa ifjHkkf"kr
gSA bldk xzkiQh; fu#i.k ge fuEu izdkj ls fn[kk ldrs gSaA

3

5

7

1

2

3

4

6

8

f (x) = y = 2x + 1 g (y) = z = y + 1

gof

fp=k 23.19

iQyu g rFkk f dk la;kstu] eku yhft,  g0f, iQyu f dk iQyu g ds :i esa ifjHkkf"kr gksrk gSA
;fn f : A B→  rFkk g : B C→

rc gof : A ls C

ekuk f (x) 3x 1= +  vkSj 2g(x) x 2= +

rc ( ) ( )( )fog x f g x=

     ( )2f x 2= +

     ( )23 x 2 1= + +  23x 7= + (i)

vkSj                ( ) ( )( )gof x g f x=

     ( )g 3x 1= +
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     ( )2
3x 1 2= + + 29x 6x 3= + + (ii)

(i) vkSj (ii) ls tk¡p dhft, fd D;k

fog gof= gS\

Li"Vr% fog gof≠

blh izdkj           ( ) ( )( ) ( )fof x f f x f 3x 1= = +  [ fof  dks iQyu f dk iQyu if<+,]

( )3 3x 1 1= + +

9x 3 1 9x 4= + + = +

        ( ) ( )( ) ( )2gog x g g x g x 2= = +               [iQyu g dk iQyu if<+,]

( )22x 2 2= + +

4 2x 4x 4 2= + + +

4 2x 4x 6= + +

 mnkgj.k 23.6.  ;fn f (x) x 1= +  vkSj 2g(x) x 2= +  rks fog rFkk gof Kkr dhft,A

gy %    ( ) ( )( )fog x f g x=

     ( )2f x 2= +

     2x 2 1= + +

     2x 3= +

               ( ) ( )( )gof x g f x=

      ( )g x 1= +  ( )2
2x 1= ++

      x 1 2= + +  = x + 3.

;gk¡ ge iqu% ns[krs gSa fd ( )fog gof≠

 mnkgj.k 23.7.  ;fn ( ) 3f x x , f : R R= →

( ) { } { }
1

g x , g : R 0 R 0
x

= − → −  rks fog  rFkk gof  Kkr dhft,A

gy % ( ) ( )( )fog x f g x=

   
1

f
x

 =  
 

3

3

1 1

x x

 = = 
 

( ) ( ) ( )( )gof x g f x=  ( )3g x=
3

1

x
=

;gk¡ ge ns[krs gSa fd      fog = gof
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    ns[ksa vkius fdruk lh[kk 23.3

1. fuEufyf[kr iQyuksa osQ fy, fog, gof , fof  rFkk gog Kkr dhft, %

( ) 2f x x 2,= + ( )
1

g x 1 , x 1.
1 x

= − ≠
−

2. fuEufyf[kr iQyuksa osQ fy,] fog, gof , fof rFkk gog  fyf[k, %

(a) ( ) 2f x x 4= − , ( )g x 2x 5= +

(b) ( ) 2f x x= , ( )g x 3=

(c) ( )f x 3x 7= − , ( )
2

g x , x 0
x

= ≠

3. eku yhft, fd f (x) | x |,=  g(x) [x]=  rks lR;kfir dhft, fd fog gof≠

4. eku yhft, fd 2f (x) x 3, g(x) x 2= + = −

fl¼ dhft, fd fog gof≠  vkSj 
3 3

f f g f
2 2

      
=            

5. ;fn 2f (x) x ,=  g(x) x=  rks n'kkZb, fd fog gof=

6. eku yhft, fd f (x) | x |,=  1/ 3g(x) (x) ,=  
1

f (x) ;
x

=  x 0≠  rks Kkr dhft, %

(a) fog (b) goh (c) foh (d) hog (e) fogoh.

{laosQr% 
1

(fogoh) (x) f (g(h(x)) f (g }
x

 
= =   

23.5 ,d iQyu dk izfrykse
(A) uhps fn, x, lEcU/ ij fopkj dhft,µ

A B

4

1

2

3

f

fp=k 23.20

;g cgq&,d iQyu gSA vkb, vc ge bldk izfrykse Kkr djsaA fp=k esa bls fuEufyf[kr :i esa
fn[kk;k tk ldrk gS %
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B A

4

1

2

3

f

fp=k 23.21

Li"Vr% ;g lEcU/ iQyu iznf'kZr ugha djrkA D;ksa \

(B) vc ,d vU; lEcU/ yhft, %

4

5

6

f

A B

1

2

3

fp=k 23.22

;g ,d ,oSQdh vkPNknd iQyu iznf'kZr djrk gSA vkb, vc ge bl lEcU/ dk izfrykse Kkr djsa]
ftls fp=k }kjk uhps fn, x, :i esa n'kkZ;k tk ldrk gSA

1

2

3

f–1
B A

4

5

6

fp=k 23.23

;g iQyu iznf'kZr djrk gSA

(C) uhps fn, x, lEcU/ ij fopkj dhft, %

4

5

6

f

A B

1

2

3

fp=k 23.24
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;g cgq&,d iQyu fu:fir djrk gSA vc lEcU/ dk izfrykse Kkr dhft,] ftls uhps fn, x, :i
ls n'kkZ;k tk ldrk gSA

1

2

3

f–1

B A

4

5

6

fp=k 23.25

;g iQyu iznf'kZr ugha djrk D;ksafd B ds vo;o 6 dk lEcU/ ‘A’ osQ fdlh vo;o ls ugha gSA

(D) ;gk¡ fn, x, lEcU/ dks yhft, %

4

5

6

7

f

A B

1

2

3

fp=k 23.26

;g A ls B esa ,d ,oSQdh iQyu gSA bl lEcU/ dk izfrykse Kkr dhft,A

f–1
B A

1

2

3

4

5

6

7

fp=k 23.27

;g iQyu iznf'kZr ugha djrk gS D;ksafd B ds vo;o 7 dk lEcU/ ‘A’ osQ fdlh Hkh vo;o ls ugha
gSA mi;qZDr lEcU/ksa ls ge ns[krs gSa fd lEcU/ksa dks myVus ij izkIr lEcU/ iQyu gks Hkh ldrk
gS vkSj ugha HkhA

ge ns[krs gSa fd iQyu osQ izfrykse dk vfLrRo rHkh gS tc iQyu ,oSQdh vkPNknd gksA

    ns[ksa vkius fdruk lh[kk 23.4

1. (i) n'kkZb, fd iQyu osQ izfrykse dk vfLrRo gS %

y 4x 7= −
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(ii) eku yhft, fd ‘f’ ,d ,oSQdh vkPNknd iQyu gS ftldk izkUr A rFkk ifjlj B gSA
blosQ izfrykse iQyu dk izkUr rFkk ifjlj fyf[k,A

2. ;fn izfrykse iQyu dk vfLrRo gS rks fuEufyf[kr iQyuksa dk izfrykse Kkr dhft, %

(a) ( )f x x 3 x R= + ∀ ∈

(b) ( )f x 1 3x x R= − ∀ ∈

(c) ( ) 2f x x x R= ∀ ∈

(d) ( )
x 1

f x , x 0 x R
x

+
= ≠ ∈

23-6 f}vk/kjh lafØ;k,¡

ekuk A rFkk B vfjDr leqPp; gSa rc A × A ls A esa ,d Qyu A ij f}vk/kkjh lafØ;k dgykrk

gSA

;fn A ij ,d ckbujh lafØ;k * }kjk n'kkZ;h tkrh gS] rc A × A ds Øfer ;qXe (a, b)

ls A dk ,d vf}rh; vo;o] a * b ls n'kkZ;k tkrk gSA

vo;oksa dks ,d fuf'pr Øe esa ysrs gSa vFkkZr~ ;qXe (a, b) rFkk (b, a) ls lacaf/kr vo;o

fHkUu&fHkUu izdkj ls gksrs gSaA vFkkZr~ a * b, b * a ds vleku gks ldrk gSA

ekuk A ,d vfjDr leqPp; gS ‘*’, A ij ,d lafØ;k gS] rc

1. * lafØ;k }kjk A can dgykrk gS ;fn vkSj dsoy ;fn izR;sd a, b ∈A ds fy,

a * b ∈A gSA

2. lafØ;k Øefofues; dgykrh gS ;fn vkSj dsoy ;fn izR;sd a, b ∈A ds fy, a * b = b * aA

3. lafØ;k lgpkjh dgykrh gS ;fn vkSj dsoy ;fn izR;sd a, b, c ∈A ds fy, (a * b) * c =

a * (b * c) A

4. ,d vo;o e ∈A rRled vo;o gS ;fn e * a = a = a * e

5. ,d vo;o a ∈A O;qRØe.kh; dgykrk gS ;fn mlesa b ∈A bl izdkj fLFkr gks fd a * b

= e = b * a . b, a dk izfrykse dgykrk gSA

uksV%uksV%uksV%uksV% ;fn ,d vfjDr leqPp; A lafØ;k * ds vUrxZr can gS] rc lafØ;k *, A ij

ckbujh lafØ;k dgykrh gSA

mnkgj.k ds fy, ekuyhft, A lHkh /kukRed okLrfod la[;kvksa dk leqPp; gS rFkk

*, A ij ,d lafØ;k gS] tks izR;sd a, b ∈A ds fy, a * b = 
3

ab
 }kjk ifjHkkf"kr gSA
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izR;sd a, b, c ∈A, ds fy,] gesa izkIr gksrk gSA

(i) a * b = 
3

ab
 ,d /kukRed okLrfod la[;k gS ⇒ A  nh xbZ lafØ;k ds vUrxZr cUn gSA

∴ *, A ij ,d f}vk/kkjh lafØ;k gSA

(ii) * *
3 3

ab ba
a b b a= = = ⇒ lafØ;k * Øefofues; gSA

(iii)

.
3( * )* *

3 3 9

ab
c

ab abc
a b c c= = =  rFkk *( * ) * .

3 3 3 9

bc a bc abc
a b c a= = =

⇒ ( * )* *( * )a b c a b c= ⇒  lafØ;k * lgpkjh gSA

(iv) 3 ∈A bl izdkj fLFkr gS fd 3 * a = 3. .3 *3
3 3

a a
a a= = =

⇒ 3 ,d rRled vo;o gSA

(v) izR;sd a ∈A ds fy,] 
9

A
a

∈  bl izdkj fLFkr gS] fd 

9
.

9
* 3

3

a
aa

a
= =  rFkk

9
.

9
* 3

3

a
aa

a
= =  ⇒ 

9 9
* 3 *a a

a a
= = ⇒  A A dk izR;sd vo;o O;qRØe.kh; gS] rFkk

a dk izfrykse 
9

a
 gSA

       ns[ksa vkius fdruk lh[kk 23-5

1. Kkr dhft, fd uhps ifjHkkf"kr lafØ;k ,d f}vk/kkjh lafØ;k gS ;k ugha

(i) * ,
2

+
= ∀ ∈

a b
a b a b N

(ii) * , .= ∀ ∈b
a b a a b Z

(iii) 2 2* 3 , .= + ∀ ∈a b a b a b R

2. ;fn A = {1, 2} gS rks A ij ifjHkkf"kr f}vk/kkjh lfØ;kvksa dh dqy la[;k Kkr dhft,A

3. ekuk Q (lHkh okLrfod la[;kvksa dk leqPp;) ij ,d f}vk/kkjh lafØ;k bl izdkj

ifjHkkf"kr dh tkrh gS lHkh a, b ∈ Q ds fy, a * b = a + 2b gks rks
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fl) dhft, fd%

(i) nh xbZ lafØ;k Øefofues; ugha gSA

(ii) nh x;h lafØ;k lgpkjh ugha gSA

4- ekuk *, Q+ ij * , ,
3

+= ∀ ∈
ab

a b a b Q }kjk ifjHkkf"kr ,d f}vk/kkjh lafØ;k gS rks

4 * 6 dk izfrykse Kkr dhft,A

5- ekuk A = N × N rFkk * leqPp; A ij (a, b) * (c, d) = (a + c, b + d) }kjk ifjHkkf"kr

,d f}vk/kkjh lafØ;k gSA fl) dhft, fd * Øe fofues; rFkk lgpkjh gSA ;fn gks
rks A dk rRled vo;o Kkr dhft,A

6- ,d f}vk/kkjh lafØ;k * leqPp; Q – {–1} ij a * b = a + b + ab; ∀ a, b ∈ Q{–1}

}kjk ifjHkkf"kr gSA Q dk rRled vo;o Kkr dhft,A Q –{–1} esa fdlh vo;o dk

izfrykse Hkh Kkr dhft,A

• lEcU/k (a, a) ∈R ∀ a ∈X dk X esa ijkoR;Z lEcU/k R gSA

• X esa lefer lEcU/k R, lEcU/k (a, b) ∈R bldk rkRi;Z  (b, a) ∈R dks larq"V djrk gSA

• X esa VªakthfVo lEcU/k R, lEcU/k (a, b) ∈R rFkk (b, c) ∈R bldk rkRi;Z gS fd
(a, c) ∈R dks larq"V djrk gSA

• X esa lerqY; lEcU/k R lEcU/k ijkoR;Z] lefer] VªkathfVo gSA

• leqPp; A ij f}vk/kkjh lafØ;k * Qyu * A × A ls A esa gSA

• ;fn a * b = b * a lHkh a, b ∈A ds fy,] rc lafØ;k Øe fofues; dgykrh gSA

• ;fn (a * b) * c = a * (b * c), lHkh a, b, ∈A ds fy,] rc lafØ;k lgpkjh dgykrh gSA

• ;fn e * a = a = a * e lHkh a ∈A ds fy, rc vo;o e ∈A rRled vo;o dgykrk gSA

• ;fn a * b = e = b * a rc a rFkk b ,d nwljs ds izfrykse gksrs gSaA

• vo;oksa dk ,d ;qXe tks ,d fo'ks"k Øe esa gksrk gS mls Øfer ;qXe dgykrk gSA

• ;fn n(A) = p, n(B) = q rFkk n(A × B) = pq

• R × R = {(x, y) : x, y ∈ R} rFkk R × R × R = {(x, y, z) : x, y, z ∈R}

• ,d Qyu esa f : A → B, B, f dk lgizkar gSA

• f, g : X → R rFkk X ⊂ R, rc

(f + g)(x) = f(x) + g(x), (f – g)(x) = f(x) – g(x)

(f . g)x = f(x) . g(x), 
( )

( ) , ( ) 0
( )

f f x
x g x

g g x

 
= ≠  

• ,d okLrfod Qyu] okLrfod la[;kvksa dk leqPp; gksrk gS ;k buesa ls blds mileqPp;
blds izkar rFkk ifjlj nksuksa gSaA

C

A1

% + vkb;s nksgjk,¡
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• http://www.bbc.co.uk/education/asguru/maths/13pure/02functions/06composite/

index.shtml

• http://mathworld.wolfram.com/Composition.html

• http://www.cut-the-knot.org/Curriculum/Algebra/BinaryColorDevice.shtml

• http://mathworld.wolfram.com/BinaryOperation.html

1. fuEufyf[kr iQyuksa osQ fy, fog, gof , fof rFkk gog  fyf[k, %

(a) ( ) 3f x x=  ( )g x 4x 1= −

(b) ( )
2

1
f x , x 0

x
= ≠ ( ) 2g x x 2x 3= − +

(c) ( )f x x 4 , x 4= − ≥ ( )g x x 4= −

(d)  ( ) 2f x x 1= − ( ) 2g x x 1= +

2. (a) eku yhft, fd f (x) | x |,=  
1

g(x) ,
x

=  x 0,≠  1/ 3h(x) x ,=  fogoh  Kkr dhft,A

(b) 2f (x) x 3,= +  2g(x) 2x 1= +

fog(3)  rFkk gof (3)  Kkr dhft,A

3. fuEufyf[kr esa dkSu ls lehdj.k ,slk iQyu n'kkZrs gSa  ftlosQ izfrykse dk vfLrRo gS \

(a) ( )f x x= (b) ( )f x x, x 0= ≥

(c) ( ) 2f x x 1, x 0= − ≥ (d) ( )
3x 5

f x
4

−
= (e) ( )

3x 1
f x x 1

x 1

+
= ≠

−

4. ;fn gof(x) = |sin| rFkk gof(x) = 
2

(sin x)  rks f(x) rFkk g(x) Kkr dhft,A

5- ;fn * leqPp; Q ij * , , ,
3

+
= ∀ ∈

a b
a b a b Q  }kjk ifjHkkf"kr ,d f}vk/kjh lafØ;k gks rks

fl¼ dhft, dh * Q ij Øefofues; gSA

6- ;fn * ifjes; la[;kvksa ds leqPp; Q ij * , , ,
5

= ∀ ∈
ab

a b a b Q  }kjk ifjHkkf"kr ,d

f}vkèkkjh lafØ;k gks rks fl¼ dhft, fd * leqPp; Q ij lgpkjh gSA
7. fn[kkb, fd okLrfod la[;kvksa osQ leqPp; esa ,d laca/ R, tks fd R = {(a, b)} : a ≤ b2}

}kjk ifjHkkf"kr gS] uk rks LorqY; gS] uk lefer gS vkSj uk gh laozQed gSA

8. tkap dhft, fd leqPp; {1, 2, 3, 4, 5, 6} esa ,d laca/ R, tks fd R = {(a, b) : b = a + 1}

}kjk ifjHkkf"kr gS] LorqY;] lefer rFkk laozQe.k gSA

lgk;d osclkbV

vkb, vH;kl djsa
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9. n'kkZb, fd leqPp; A esa ,d laca/ R, tks fd] R = {(a, b) ∀ : a = b} a, b ∈A,

,d rqY;rk laca/ gSA

10. ;fn laca/ A = N × N ls ifjHkkf"kr gS] tgka N ,d izkdf̀rd la[;kvksa dk leqPp;
gSA ;fn lHkh (a, b), (c, d) ∈ A osQ fy, * : A × A → A bl izdkj ifjHkkf"kr gS fd
(a, b) * (c, d) = {ad + bc, bd) rc fn[kkb, fd

(i) * ozQe fofues; gSA

(ii) * lgpkjh gSA

(iii) lafozQ;k * ds laca/ esa rRled vo;o vfLrRo esa ugha gSA

11. izkdf̀rd la[;kvksa ds leqPp; N ij * ,d f}vk/kjh lsfozQ;k bl izdkj ifjHkkf"kr gS
fd a * b = ab tgka lHkh a, b ∈N

(i) * ozQefofues; gS  (ii) * lgpkjh gSA

ns[ksa vkius fdruk lh[kk 23-2

1. (i) ugha    (ii) gk¡ 2. (a), (b)

3. (a) 4.  (a), (c), (e) 5.  (a), (b)

ns[ksa vkius fdruk lh[kk 23-3

1. (i) 
( )

2

2

x
fog 2

1 x
= +

−
(ii) 

2

2

x 2
gof

x 1

+
=

+

(iii) 4 2fof x 4x 6= + + (iv) gog x=

2. (a) 2fog 4x 20x 21= + +

2gof 2x 3= −

4 2fof x 8x 12= − +

gog 4x 15= +

(b) 4fog 9, gof 3, fof x , gog 3= = = =

(c)
6 7x

fog ,
x

−
=  

2
gof ,

3x 7
=

−
 fof 9x 28, gog x= − =

6. (a) 
1
3fog

x
=         (b) 

1
3

1
goh

x

=  (c) 
1

foh
x

=

(d) 
1
3

1
hog

x

=        (e)    fogoh(1) 1=

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 23-4

1. (ii) izkar B gS. ifjlj A gS

2. (a) 1f (x) x 3− = − (b) 1
1 x

f (x)
3

− −
=

(c)izfrykse dk vfLrRo ugha gSA  (d) 1
1

f (x)
x 1

− =
−

ns[ksa vkius fdruk lh[kk 23-5

1. (i) ugha (ii) gk¡ (iii) gk¡

2- 16 4. 
9

8
5- (0] 0) 6- rRled = 0 a–1 = 

1

a

a +

vkb, vH;kl djsa

1. (a) ( )3
fog 4x 1 ,= −    3 9gof 4x 1, fof x , gog 16x 5= − = = −

(b) 

( )22

1
fog ,

x 2x 3
=

− +
     

4 2

4

3x 2x 1
gof ,

x

− +
=

    4 4 3 2fog x , gog x 4x 4x= = − +

(c) fog x 8,= −        gof x 4 4,= − −

    fof x 4 4, gog x 8= − − = −

(d) 4 2fog x 2x ,= +      4 2gof x 2x 2,= − +

   4 2fof x 2x ,= −          4 2gog x 2x 2= + +

2. (a)  1
3

1

x
(b) ( )fog (3) 364, (gof )(3) 289= =

3. (c), (d), (e)

4. f(x) = sin2 x, g(g) = x

8. LorqY; ugha] lefer ugha] laozQed ugha

9. gka] R ,d rqY;rk laca/ gSA

11. (i)  ozQefofues; ugha



xf.kr 107

izfrykse f=kdks.kferh; iQyu

ekWM~;wy - VII

laca/ ,oa
iQyu

fVIi.kh

24

izfrykse f=kdks.kferh; iQyu

fiNys ikB esa vkius iQyu dh ifjHkk"kk rFkk fofHkUu izdkj ds iQyuksa ds ckjs esaa i<+kA ge izfrykse
iQyu ds ckjs esa o.kZu dj pqds gSaA

vkb,] la{ksi esa Lej.k djsa %

ekuk f, A ls B rd dk ,dSdh vkPNknd iQyu gSA

ekuk y, B dk dksbZ ,d vo;o gSSA rc f vkPNknd
iQyu gksxk ;fn A dk dksbZ ,d vo;o  x A∈

gks tgka ( )f x y=  gks A D;ksafd f ,dSdh iQyu
n'kkZrk gS blfy, x vf}rh; gksuk pkfg,A bl
izdkj izR;sd y B∈  ds fy, ,d vf}rh;  vo;o

x A∈  gksxk tgka ( )f x y=  gSA vr% ge ,d
iQyu dks 1f −  ls iznf'kZr djds  bl :i esa Hkh

ifjHkkf"kr dj ldrs gaS tSls 1f : B A− →

∴ ( ) ( )1f y x f x y− = ⇔ =

mQij fn;k x;k iQyu 1f −  iQyu 'f' dk izfrykse dgykrk gSA ,d iQyu O;qRØe.kh; (invertible)

rHkh gksrk gS ;fn vkSj dsoy ;fn 'f' ,dSdh vkPNknd gksA bl fLFkfr esa 1f −  dk izkUr] f dk ifjlj
gS vkSj 1f −  dk ifjlj] f dk izkUr gSA

vkb, ,d nwljk mnkgj.k ysaA

ge iQyu dks ifjHkkf"kr djrs gSa] f : dkj → jftLVªs'ku uEcj

;fn ge fy[krs gSa] g : jftLVªs'ku uEcj → dkj

ge ns[krs gSa fd f dk izkUr (Domain), g dk ifjlj gS vkSj f dk ifjlj] g dk izkUr gSA

vr% ge dgrs gSa fd g, f dk izfrykse iQyu gS vFkkZr g = f −1A bl vè;k; esa ge dqN vkSj izfrykse
f=kdks.kferh; iQyuksa] muds izkUrksa vkSj ifjlj ds ckjs esa lh[ksaxs vkSj ,sls O;atdksa dks gy djuk
lh[ksaxs ftlesa izfrykse f=kdks.kferh; iQyu lfEefyr gksA

fp=k 24.1

f

f 
–1

x = f –1(x)

x y

y = f(x)

A B
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  mís';

bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

• izfrykse f=kdks.kferh; iQyuksa dks ifjHkkf"kr djuk

• izfrykse f=kdks.kferh; iQyuksa ds vfLrRo dh fLFkfr Kkr djuk

• izfrykse f=kdks.kferh; iQyuksa ds eq[; ekuksa (Principal values) dks ifjHkkf"kr djuk

• izfrykse f=kdks.kferh; iQyuksa ds izkUr rFkk ifjlj Kkr djuk

• izfrykse f=kdks.kferh; iQyuksa ds xq.k/eks± dk o.kZu djuk

• ,sls iz'uksa dks gy djuk ftuesa izfrykse f=kdks.kferh; iQyu lfEefyr gksa

iwoZ Kku
• iQyu] iQyuksa ds izdkj] izkUr rFkk ifjlj dh tkudkjh

• f=kdks.kferh; iQyuksa ds ;ksx] vUrj] xq.kt vkSj viorZd ds lw=k

24.1 D;k izR;sd iQyu dk izfrykse lEHko gS\
,d iQyu ds nks Øfer ;qXeksa ( )1x , y  rFkk ( )2x , y yhft,A ;fn ge bUgsa mYVsa rks gesa ( )1y, x rFkk

( )2y, x  izkIr gksxkA ;g iQyu ugha gS D;ksafd nksuksa Øfer ;qXeksa dk izFke vo;o ,d gh gSA

vkb, vc nwljk iQyu ysa

sin ,1
2

π 
 
 

, 
1

sin ,
4 2

π 
 
 

  vkSj 
3

sin ,
3 2

 π
 
 

bl dk izfrykse fy[kus ij gesa

1, sin
2

π 
 
 

, 
1

, sin
42

π 
 
 

 vkSj 
3

, sin
2 3

 π
 
 

izkIr gksrk gS tks iQyu gSA

vkb, nSfud thou ls lEcfU/r dqN mnkgj.kksa ij fopkj djsaA

f : fo|kFkhZ→xf.kr esa izkIr vad

D;k vki lksprs gS fd f −1 dk vfLrRo gS\

;g iQyu% gks Hkh ldrk gS vkSj ugha Hkh] D;ksafd ftl fLFkfr esa nks fo|kfFkZ;ksa }kjk izkIr vad leku
gks tk,saxs] f −1 iQyu ugha jgsxkA D;ksafd nks ;k nks ls vf/d Øfer ;qXeksa ds izFke vo;o ,d gh
gksaxsA vr% ge bl fu"d"kZ ij igqaprs gSa fd izR;sd iQyu O;qRØe.kh; ugha gSA

mnkgj.k 24.1.  ;fn f : R →R, 3(x) x 4= +f  }kjk ifjHkkf"kr gS rks f −1 D;k gksxk \

gy % bl fLFkfr esa 'f' ,dSdh rFkk vkPNknd nksuksa gSA

⇒ f  O;qRØe.kh; gSA

eku yhft, fd 3 4= +y x
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∴      3 34 4− = ⇒ = −y x x y

D;ksafd 'f' dk izfrykse f −1 gS] vr% f −1 ( ) 3 4= −y y

tks iQyu ,dSdh rFkk vPNknd gksrs gSa os O;qRØe.kh; gksaxs A

vkb, bls f=kdks.kfefr rd c<+k,¡ %

 y = sin x yhft, A ;gka izkar (Domain) okLrfod la[;k vFkok dks.kksa dk leqPp; gSA ifjlj lHkh
okLrfod la[;kvksa] tks &1 rFkk 1 ds chp esa gS ftuesa &1 vkSj 1 Hkh lfEefyr gSa vFkkZr

1 1− ≤ ≤y  dk leqPp; gSA ge tkurs gSa fd izR;sd fn, gq, dks.k vFkok la[;k x ds fy, y dk
,d vf}rh; eku gksrk gSA
izfrykse izfØ;k esa] ge lkbu ds fof'k"V eku dks laxr dks.k vFkok la[;k tkuuk pkgrs gSaA

eku yhft, fd
1

sin
2

= =y x

⇒        
5 13

sin sin sin sin ....
6 6 6

π π π
= = = =x

x ds eku     
6

π
, 

5

6

π
, 

13
....

6

π
=  gks ldrs gSaA

vr% x ds vuUr eku gSaA

y = sin x dks
1

,
6 2

π 
 
 

, 
5 1

, ...,
6 2

π 
 
 

 ls Hkh iznf'kZr fd;k tk ldrk gSA

izfrykse lEcU/ gksxk % 
1 1 5

, , , , ...
2 6 2 6

π π   
   
   

;g Li"V gS fd ;g iQyu ugha gS D;ksafd lHkh Øfer ;qXeksa ds izFke vo;o 
1

2
 gSa tks iQyu dh

ifjHkk"kk ds izfrdwy gSA
vkb,] vc y = sin x ij fopkj djsa tgka x ∈  R izkUr rFkk y ∈  [−1, 1] vFkok 1 y 1− ≤ ≤  ftls
ifjlj dgrs gSa ;g cgq&,d vkPNknd iQyu gSA vr% ;g O;qRØe.kh; ugha gSA
D;k y = sin x dks O;qRØe.kh; cuk;k tk ldrk gS vkSj dSls\
gka] ;fn ge blds izkUr dks bl izdkj lhfer j[ksa fd ;g ,dSdh vkPNknd cu tk,] bl ds fy,
x ds eku fuEufyf[kr :i esa ysus gksaxs %

(i) x
2 2

π π
− ≤ ≤ , y ∈  [−1, 1] vFkok

(ii)
3 5

x
2 2

π π
≤ ≤ y ∈  [−1, 1] vFkok

(iii)
5 3

x
2 2

π π
− ≤ ≤ − y ∈  [−1, 1] vkfn

vc izfrykse iQyu 1sin−=y x  ij fopkj dhft,A

ge iQyu dk izkUr vkSj ifjlj tkurs gSaA izfrykse iQyu ds fy, muds izkar rFkk ifjlj dks ijLij
cny nsrs gaSA blfy,
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(i)
2 2

π π
− ≤ ≤y x ∈  [−1, 1] vFkok

(ii)
3 5

2 2

π π
≤ ≤y x ∈  [−1, 1] vFkok

(iii)
5 3

2 2

π π
− ≤ ≤ −y x ∈  [−1, 1] vkfn

;gka ge dks.kksa ds lHkh ekuksa esa U;wure la[;kRed eku ysaxs ftlds lkbu dk eku x gS ftls
1sin−

x  dk eq[; eku (Principal value) dgk tkrk gSA

blds fy, dsoy 
2 2

π π
− ≤ ≤y  fLFkfr gSA vr% 1y sin x−=  ds eq[; eku ds fy, izkUr  [−1, 1]

gS vFkkZr x∈ [−1, 1] gS rFkk ifjlj
2 2

π π
− ≤ ≤y  gSA

blh izdkj] ge vU; izfrykse f=kdks.kferh; iQyuksa dh ppkZ dj ldrs gSaA

iQyu izkUr ifjlj (eq[;eku)

1. 1sin−=y x [−1, 1] ,
2 2

π π −  

2. 1cos−=y x [−1, 1] [0, π]

3. 1tan−=y x R ,
2 2

π π − 
 

4. 1cot−=y x R [0, π]

5. 1sec−=y x x 1≥  ;k x 1≤ − 0, ,
2 2

 π π  ∪ π    

6. 1cosec−=y x x 1≥  ;k x 1≤ − , 0 0,
2 2

 π π  ∪−     

24.2 izfrykse f=kdks.kferh; iQyuksa ds xzkiQ (vkys[k)

–1 1

O

π/2

−π/2

y′

y

–1 1O

π

y′

y

π/2

1sin−=y x
1cos−=y x
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y

π/2

O

−π/2
y′

                              

y

y′

O

π

π/2

1tan−=y x
1cot−=y x

π

π/2

O

–1
y′

y

                            

y

y′
– /2π

O–1 1

π/2

1sec−=y x
1cosec−=y x

fp=k 24.2

mnkgj.k 24.2. fuEufyf[kr ds eq[; eku Kkr dhft, %

(i) 
1 1

sin
2

−  
 
 

(ii) 
1 1

cos
2

−  − 
 

(iii) 1 1
tan

3

−  − 
 

gy % (i) eku yhft, fd 1 1
sin

2

−  
= θ 

 

vFkok 1
sin sin

42

π θ = =  
 

vFkok   
4

π
θ =

(ii) eku yhft, fd 
1 1

cos
2

−   = θ− 
 

⇒          
1 2

cos cos cos
2 3 3

π π   θ = − = =π −   
   

  vFkok 2

3

π
θ =

(iii) eku yhft, fd 1 1
tan

3

−  − = θ 
 

 vFkok 1
tan

3
− = θ  vFkok tan tan

6

π θ = − 
 

⇒       
6

π
θ = −
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mnkgj.k 24.3.  fuEufyf[kr ds eq[; eku Kkr dhft, %

(a) (i)  1 1
cos

2

−  
 
 

(ii) 1tan ( 1)− −

(b)  eq[; eku dk mi;ksx djrs gq, 1 3
sec cos

2

− 
 
 

 dk eku Kkr dhft,A

gy % (a) eku yhft, fd (i) 
1 1

cos
2

−  
= θ 

 
, rc

1
cos

2
= θ vFkok cos cos

4

π
θ =

⇒    
4

π
θ =

(ii) eku yhft, fd 1tan ( 1)− − = θ , rc

          1 tan− = θ vFkok tan tan
4

π θ = − 
 

⇒  
4

π
θ = −

(b) eku yhft, fd   1 3
cos

2

−  
= θ 

 
, rc

          
3

cos
2

= θ vFkok cos cos
6

π θ =  
 

⇒
6

π
θ =

∴           1
23

sec sec seccos
6 32

−  π = θ = =  
  

mnkgj.k 24.4.  ljy dhft, %

(i) ( )1cos sin x− (ii) ( )1co t co s ec x−

gy % (i) eku yhft, fd   
1sin x− = θ

⇒             x sin= θ

∴        [ ]1 2 2cos sin x cos 1 sin 1 x− = θ = − θ = −

(ii) eku yhft, fd 1cosec x− = θ

⇒            x cosec= θ

∴ 2cot cosec 1θ = θ −  2x 1= −
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    ns[ksa vkius fdruk lh[kk 24.1

1. fuEufyf[kr esa izR;sd dk eq[; eku Kkr dhft, %

(a)
1 3

cos
2

−  
 
 

(b) ( )1cosec 2− − (c) 
1 3

sin
2

−  
− 
 

(d) ( )1tan 3− − (e) ( )1cot 1−

2. fuEufyf[kr ds eku Kkr dhft, %

(a) 
1 1

cos cos
3

− 
 
 

(b) 
1cosec cosec

4

− π 
 
 

(c) 
1 2

cos cosec
3

− 
 
 

(d) ( )1tan sec 2− (e) ( )1cosec cot 3− − 

3. fuEufyf[kr O;atdksa esa ls izR;sd dks ljy dhft, %

(a) ( )1sec tan x−
(b) 1 x

tan cosec
2

− 
 
 

 (c) ( )1 2cot cosec x−

(d) ( )1 2cos cot x−
(e) ( )( )1tan sin 1 x− −

24.3 izfrykse f=kdks.kferh; iQyuksa ds xq.k&/eZ

xq.k/eZ 1% ( )1sin sin− θ = θ , 
2 2

π π
− ≤ θ ≤

gy % eku yhft, fd  sin xθ =

⇒ 1sin x−θ = ( )1sin sin−= θ = θ

lkFk gh       ( )1sin sin x x− =

blh izdkj ge fl¼ dj ldrs gSa fd

(i)        ( )1cos cos− θ = θ , 0≤ θ ≤ π

(ii)        ( )1tan tan− θ = θ , 
2 2

π π
− < θ <

xq.k/eZ 2%   (i)
1 1 1

cosec x sin
x

− −  =  
 

(ii) 1 1 1
cot x tan

x

− −  =  
 

(iii)
1 1 1

sec x cos
x

− −  =  
 

gy% (i) eku yhft, fd  
1cosec x− = θ

⇒ x cosec= θ

(ii) eku yhft, fd  
1cot x− = θ

⇒  x cot= θ

⇒
1

tan
x

= θ

⇒
1 1

tan
x

−  θ =  
 

∴    
1 1 1

cot x tan
x

− −  =  
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⇒
1

sin
x

= θ

∴   
1 1

sin
x

−  θ =  
 

⇒  1 1 1
cosec x sin

x

− −  =  
 

(iii) eku yhft, fd  1sec x− = θ

⇒  x sec= θ

∴  
1

cos
x

= θ vFkok 1 1
cos

x

−  θ =  
 

∴       1 1 1
sec x cos

x

− −  =  
 

xq.k/eZ 3%  (i) ( )1 1sin x sin x− −− = − (ii) ( )1 1tan x tan x− −− = −

     (iii) ( )1 1cos x cos x− −− = π −

gy % (i) eku yhft, fd  ( )1sin x− − = θ

⇒  x sin− = θ vFkok     ( )x sin sin= − θ = −θ

∴   1sin x−−θ = vFkok      1sin x−θ = −

vFkok   ( )1 1sin x sin x− −− = −

(ii) eku yhft, fd ( )1tan x− − = θ

⇒       x tan− = θ vFkok      ( )x tan tan= − θ = −θ

∴         1tan x−θ = − vFkok     ( )1 1tan x tan x− −− = −

(iii) eku yhft, fd  ( )1cos x− − = θ

⇒        x cos− = θ vFkok     ( )x cos cos= − θ = π − θ

∴ 1cos x− = π − θ

∴     ( )1 1cos x cos x− −− = π −

xq.k/eZ 4% (i) 
1 1sin x cos x

2

− − π
+ = (ii)

1 1tan x cot x
2

− − π
+ =

           (iii) 
1 1cosec x sec x

2

− − π
+ =

gy% (i)  1 1sin x cos x
2

− − π
+ =
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eku yhft, fd 1sin x x sin cos
2

− π = θ ⇒ = θ = − θ 
 

vFkok  1cos x
2

− π = − θ 
 

⇒
1cos x

2

− π
θ + = vFkok  1 1sin x cos x

2

− − π
+ =

(ii) eku yhft, fd  
1cot x x cot tan

2

− π = θ ⇒ = θ = − θ 
 

∴ 1tan x
2

− π
= − θ vFkok 1tan x

2

− π
θ + =

vFkok      1 1cot x tan x
2

− − π
+ =

(iii)  eku yhft, fd 1cosec x− = θ

⇒         x cosec sec
2

π = θ = − θ 
 

∴
1sec x

2

− π
= − θ vFkok 1sec x

2

− π
θ + =

⇒    1 1cosec x sec x
2

− − π
+ =

xq.k/eZ 5%   (i) 1 1 1 x y
tan x tan y tan

1 xy

− − − + + =  − 

(ii)  1 1 1 x y
tan x tan y tan

1 xy

− − − − − =  + 

gy % (i) eku yhft, fd 1tan x− = θ , 1tan y− = φ   ⇒ x tan= θ , y tan= φ

gesa fl¼ djuk gS fd 1 1 1 x y
tan x tan y tan

1 xy

− − − + + =  − 

mi;qZDr ekuksa dks ck;sa i{k rFkk nk;sa i{k esa j[kus ij

 oke i{k = θ + φ  vkSj nk;sa i{k  1 tan tan
tan

1 tan tan

− θ + φ =  − θ φ 

   ( )1tan tan−  = θ + φ = θ + φ =   ck;sa i{k

vr% mi;qZDr ifj.kke lR; gSA

blh izdkj (ii) dks Hkh fl¼ dj ldrs gSaA
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xq.k/eZ 6%  
2

1 1 1 1

2 2 2

2x 1 x 2x
2 tan x sin cos tan

1 x 1 x 1 x

− − − − −   = = =     +   +   − 

  (a)          (b)             (c)                (d)

gy %  eku yhft, fd x tan= θ

(a), (b), (c) rFkk (d) esa izfrLFkkfir djus ij

( )1 12 tan x 2 tan tan 2− −= θ = θ ......(i)

    
1 1

2 2

2x 2 tan
sin sin

1 x 1 tan

− − θ   =   
 +  + θ 

 
1

2

2 tan
sin

sec

− θ =  
θ 

   ( )1sin 2 sin cos−= θ θ  ( )1sin sin2 2−= θ = θ            .....(ii)

     

2 2
1 1

2 2

1 x 1 tan
cos cos

1 x 1 tan

− −   − − θ
=   

 +  + θ 

     

2 2
1

2 2

cos sin
cos

cos sin

−  θ − θ
=  

θ + θ 

     ( )1 2 2cos cos sin−= θ − θ  ( )1cos cos 2 2−= θ = θ          ......(iii)

      
1 1

2 2

2x 2 tan
tan tan

1 x 1 tan

− − θ   =   
 −  − θ 

 ( )1tan tan 2 2−= θ = θ           .....(iv)

(i),(ii),(iii) rFkk (iv) ls gesa izkIr gqvk

 

2
1 1 1 1

2 2 2

2x 1 x 2x
2 tan x sin cos tan

1 x 1 x 1 x

− − − − −   = = =    
 +   +   − 

xq.k/eZ 7%

(i)   
( )1 1 2 1

2

x
sin x cos 1 x tan

1 x

− − −  = − =  
− 

1

2

1
sec

1 x

−  =  
− 

2
1 1 x

cot
x

−
 −
 =
 

          
1 1

cosec
x

−  =   

(ii)  ( )
2

1 1 2 1 1 x
cos x sin 1 x tan

x

− − −
 −
 = − =
 

 
1

2

1
cosec

1 x

−  =  
− 

1

2

x
cot

1 x

−  =  
− 

   
1 1

sec
x

−  =   

miifÙk% eku yhft, fd 1sin x− = θ  ⇒  sin xθ =

(i)    
2cos 1 xθ = − , 

2

x
tan

1 x

θ =
−

, 
2

1
sec

1 x

θ =
−

,
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21 x
cot

x

−
θ =  vkSj 

1
cosec

x
θ =

∴ ( )1 1 2 1

2

x
sin x cos 1 x tan

1 x

− − −  = θ = − =  
− 

1

2

1
sec

1 x

−  =  
− 

2
1 1 x

cot
x

−
 −
 =
 

  
1 1

cosec
x

−  =  
 

(ii) eku yhft, fd 
1cos x− = θ  ⇒  x cos= θ

∴      2sin 1 xθ = − ,    
21 x

tan
x

−
θ = ,

1
sec

x
θ = ,     2

x
cot

1 x
θ =

−
  vkSj     

2

1
cosec

1 x
θ =

−

 ( )1 1 2cos x sin 1 x− −= −  
2

1 1 x
tan

x

−
 −
 =
 

1

2

1
cosec

1 x

−  =  
− 

 
1 1

sec
x

−  =  
 

mnkgj.k 24.5.   fl¼ dhft, 
1 1 11 1 2

tan tan tan
7 13 9

− − −     + =     
     

gy % lw=k 
1 1 1 x y

tan x tan y tan
1 xy

− − − + + =  − 
 dk mi;ksx djrs gq, gesa izkIr gksrk gS

1 1 1 1 1

1 1

1 1 20 27 13tan tan tan tan tan
1 17 13 90 9

1
7 13

− − − − −

 +        + = = =        
        − × 

 

mnkgj.k 24.6.   fl¼ dhft, fd  
1 11 1 x

tan x cos
2 1 x

− − − =  
 + 

gy % eku yhft, fd x tan= θ   rc

ck;k¡ i{k = θ  vkSj nk;k¡ i{k = ( )
2

1 1

2

1 1 tan 1
cos cos cos 2

2 21 tan

− − − θ
= θ 

+ θ 
 

1
2

2
= × θ = θ
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∴      ck;k¡ i{k = nk;k¡ i{k

mnkgj.k 24.7.   lehdj.k gy dhft, %

1 11 x 1
tan tan x, x 0

1 x 2

− −−  = > 
 + 

gy % eku yhft, fd x tan= θ rc

( )1 11 tan 1
tan tan tan

1 tan 2

− −− θ  = θ 
+ θ 

⇒       
1 1

tan tan
4 2

−  π  − θ = θ    

⇒      
1

4 2

π
− θ = θ

⇒
2

4 3 6

π π
θ = × =

∴
1

x tan
6 3

π = = 
 

mnkgj.k 24.8.  fl¼ dhft, fd

( )
2 2

1 1 2

2 2

1 x 1 x 1
tan cos x

4 21 x 1 x

− −
 + + − π
  = +
 + − − 

gy % eku yhft, fd  2x cos 2= θ , rc

( )1 22 cos x−θ =

⇒   
1 21

cos x
2

−θ =

 2x cos 2= θdks fn;s x, lehdj.k ds ck;sa&i{k esa izfrLFkkfir djus ij  gesa izkIr gksrk gS %

2 2
1 1

2 2

1 cos 2 1 cos 21 x 1 x
tan tan

1 cos 2 1 cos 21 x 1 x

− −
   + θ + − θ+ + −
  =     + θ − − θ+ − −   

1 2 cos 2 sin
tan

2 cos 2 sin

−  θ + θ
=  

θ − θ 

1 cos sin
tan

cos sin

− θ + θ =  
θ − θ 

1 1 tan
tan

1 tan

− + θ =  
− θ 
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C

A1

% + vkb;s nksgjk,¡

1tan tan
4

−  π  = + θ    

4

π
= + θ

( )1 21
cos x

4 2

−π
= +

    ns[ksa vkius fdruk lh[kk 24.2

1. eku Kkr dhft, %

(a)
1 1

sin sin
3 2

−π  − −    
(b) ( )1 1cot tan cot− −α + α

(c)

2
1 1

2 2

1 2x 1 y
tan sin cos

2 1 x 1 y

− − −
+ 

+ + 

(d)
1 1

tan 2 tan
5

− 
 
 

(e)
1 1

tan 2 tan
5 4

− π − 
 

2. ;fn 1 1cos x cos y− −+ = β  gks] rks] fl¼ dhft, fd

2 2 2x 2xy cos y sin− β + = β

3. ;fn 1 1 1cos x cos y cos z− − −+ + = π  gks] rks] fl¼ dhft, fd

2 2 2x y z 2xyz 1+ + + =

4. fl¼ dhft, fd %

(a)
1 11 2

sin sin
25 5

− − π
+ = (b)

1 1 14 5 16
sin sin sin

5 13 65 2

− − − π
+ + =

(c)
1 1 14 3 27

cos tan tan
5 5 11

− − −+ = (d)
1 1 11 1 1

tan tan tan
2 5 8 4

− − − π
+ + =

5. lehdj.k tan–1 (x – 1) + tan–1 (x + 1) = tan–1 3x dks gy dhft,A

• ;fn fdlh f=kdks.kferh; iQyu ds izkar dks izfrcfU/r dj fn;k tk,] rks mlds izfrykse dk
vfLrRo laHko gSA

(i) 1sin x y− =  ;fn sin y x=  tgka 1 x 1, y
2 2

π π
− ≤ ≤ − ≤ ≤

(ii) 1cos x y− =  ;fn cos  y = x tgka 1 x 1, 0 y− ≤ ≤ ≤ ≤ π



120

  izfrykse f=kdks.kferh; iQyu

xf.kr

ekWM~;wy - VII

laca/ ,oa
iQyu

fVIi.kh

(iii) 1tan x y− =  ;fn tan y = x tgka x R, y
2 2

π π
∈ − < <

(iv) 1cot x y− =  ;fn cot y = x tgka x R, 0 y∈ < < π

(v) 1sec x y− =  ;fn sec y = x tgka x 1, 0 y
2

π
≥ ≤ <  or x 1, y

2

π
≤ − < ≤ π

(vi) 1cosec x y− =  if cosec y = x tgka x 1, 0 y
2

π
≥ < ≤

vFkok x 1, y 0
2

π
≤ − − ≤ <

• izfrykse f=kdks.kferh; iQyuksa ds vkys[kksa dks fn, gq, vUrjkyksa esa muds v{kksa dks ijLij
cnyus ds }kjk iznf'kZr fd;k tk ldrk gSA tSls fd y = sin x, dh fLFkfr esaA

• xq.k/eZ %

(i) ( )1sin sin− θ = θ , ( )1tan tan− θ = θ , ( )1tan tan− θ = θ  and ( )1sin sin− θ = θ

(ii) 1 1 1
cosec x sin

x

− −  =  
 

, 
1 1 1

cot x tan
x

− −  =  
 

, 
1 1 1

sec x cos
x

− −  =  
 

(iii) ( )1 1sin x sin x− −− = − , ( )1 1tan x tan x− −− = − , ( )1 1cos x cos x− −− = π −

(iv)
1 1sin x cos x

2

− − π
+ = , 

1 1tan x cot x
2

− − π
+ = ,  

1 1cosec x sec x
2

− − π
+ =

(v)
1 1 1 x y

tan x tan y tan
1 xy

− − − + + =  − 
, 1 1 1 x y

tan x tan y tan
1 xy

− − − − − =  + 

(vi)
2

1 1 1 1

2 2 2

2x 1 x 2x
2 tan x sin cos tan

1 x 1 x 1 x

− − − − −   = = =    
 +   +   − 

(vii) ( )1 1 2 1

2

x
sin x cos 1 x tan

1 x

− − −  = − =  
− 

           
2

1 1 1

2

1 11 xsec cot cosec
x1 x x

− − −    −= = =    
 −   

• http://en.wikipedia.org/wiki/Inverse_trigonometric_functions

• http://mathworld.wolfram.com/InverseTrigonometricFunctions.html

lgk;d osclkbV



xf.kr 121

izfrykse f=kdks.kferh; iQyu

ekWM~;wy - VII

laca/ ,oa
iQyu

fVIi.kh

mÙkjekyk

vkb, vH;kl djsa

1. fuEufyf[kr esa ls izR;sd dks fl¼ dhft, %

(a)
1 1 13 8 77

sin sin sin
5 17 85

− − −     + =     
     

(b) 
1 1 11 1 1 3

tan tan cos
4 9 2 5

− − −     + =     
     

(c) 1 1 14 3 27
cos tan tan

5 5 11

− − −     + =     
    

2. fuEufyf[kr esa ls izR;sd dks fl¼ dhft, %

(a) 1 1 11 1 23
2 tan tan tan

2 5 11

− − −     + =    
    

(b)
1 1 11 1

tan 2 tan tan 2
2 3

− − −   + =   
   

(c)
1 1 11 1 1

tan tan tan
8 5 3

− − −     + =     
     

3. (a) fl¼ dhft, fd ( )1 1 22sin x sin 2x 1 x− −= −

(b) fl¼ dhft, fd ( )1 1 22cos x cos 2x 1− −= −

(c) fl¼ dhft, fd 1 1 11 x 1 x
cos x 2sin 2 cos

2 2

− − −   − +
= =   

   

4. fuEufyf[kr esa ls izR;sd dks fl¼ dhft, %

(a)
1 cos x x

tan
1 sin x 4 2

− π  = − + 
(b)

1 cos x sin x
tan x

cos x sin x 4

− − π  = − + 

(c) 1 1 1ab 1 bc 1 ca 1
cot cot cot 0

a b b c c a

− − −+ + +     + + =     
− − −     

5. fuEufyf[kr esa ls izR;sd dks gy dhft, %

(a) 1 1tan 2x tan 3x
4

− − π
+ = (b) ( ) ( )1 12 tan cos x tan 2 cosec x− −=

(c)
1 1 1

cos x sin x
2 6

− − π + = 
 

(d) ( )1 1cot x cot x 2 , x 0
12

− − π
− + = >

ns[ksa vkius fdruk lh[kk 24.1

. (a) 
6

π
(b) 

4

π
− (c) 

3

π
− (d) 

3

π
− (e) 

4

π

2. (a) 
1

3
(b) 

4

π
(c) 

1

2
(d) 1 (e) 2−
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3. (a) 21 x+ (b) 2

2

x 4−
(c) 4x 1− (d) 

2

4

x

x 1+
(e) 

1 x

x

−

ns[ksa vkius fdruk lh[kk  24.2

1. (a)  1 (b)  0 (c) 
x y

1 xy

+

− (d) 
5

12
(e) 

7

17
−

5. 0, ± 
1

2

vkb;s vH;kl djsa

5. (a) 
1

6
(b) 

4

π
(c) 1± (d) 3
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25

lhek ,oa lkarR;

iQyu 
2x 1

f (x)
x 1

−
=

−
 yhft,A

vki ns[k ldrs gSa fd iQyu x 1=  ij ifjHkkf"kr ugha gS D;ksafd ( )x 1−  gj esa gSA x dk eku

1 ds fcYdqy ikl] ysfdu 1 ds cjkcj ugha] tSlk uhps rkfydk esa fn;k x;k gSA bl voLFkk
esas x 1− ≠  0 D;ksafd x ≠  1

ge ( ) ( )( )
( )

2 x 1 x 1x 1
f x x 1

x 1 x 1

+ −−
= = = +

− −
 fy[k ldrs gSa D;ksafd x 1 0− ≠

blfy, ( )x 1−  ls Hkkx nsuk laHko gSA

         rkfydk 2
x f (x)

1.9 2.9

1.8 2.8

1.7 2.7

1.6 2.6

1.5 2.5

: :

: :

1.1 2.1

1.01 2.01

1.001 2.001

: :

: :

1.00001 2.00001

                  rkfydk 1

x f (x)

0.5 1.5

0.6 1.6

0.7 1.7

0.8 1.8

0.9 1.9

0.91 1.91

: :

: :

0.99 1.99

: :

: :

0.9999 1.9999
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mijksDr rkfydkvksa esa vki ns[k ldrs gSa fd x,1  dh vksj vxzlj gks jgk gS rFkk ( )f x  dk laxr

eku 2 ds ikl&ikl igqap jgk gS (vxzlj gS)A vycÙkk bl voLFkk esa ( )f x  ,x=1 ij ifjHkkf"kr ugha
gSA bl fopkj dks ;g dg ldrs gSa fd tc x, 1 dh vksj vxzlj gksrk gS rks ( )f x  ds eku dh lhek
2 gSA
vkb, vc ,d vU; iQyu ( )f x 2x=  ysaA ge bl iQyu ds vkpj.k x 1=  fcUnq ds ikl rFkk

x 1=  ij ns[ksaxsA ge ns[krs gSa tc x, 1 dh vksj vxzlj gksrk gS] rks ( )f x  dk laxr eku 2 dh vksj

vxzlj gksrk gS rFkk x 1=  ij ( )f x  dk eku 2 gSA

vr% mijksDr [kkst ls ge ( )f x  ds vkpj.k ds fo"k; esa vkSj vf/d D;k dg ldrs gSa tc x,

2 ds ikl gS rFkk tc x = 2 gSA

bl ikB esa ge fdlh iQyu ds fdlh fcUnq ds ikl rFkk ml fcUnq ij ( )f x  dk vkpj.k ns[ksaxs pkgs

ml fcUnq ij iQyu ifjHkkf"kr Hkh u gksA

    mís';
bl ikl ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,axs %

• ,d iQyu dh lhek dks ifjHkkf"kr djuk

• ,d iQyu dh ekud lhek Kkr djuk

• ekud lhekvksa rFkk fofHkUu fof/;ksa dk iz;ksx dj lhek,a Kkr djuk

• ,d fcUnq ij iQyu ds lkarR; dks ifjHkkf"kr djuk rFkk mldh T;kferh; O;k[;k djuk

• ,d iQyu dk ,d vUrjkr esa lkarR; dks ifjHkkf"kr djuk

• fdlh fcUnq ij ,d iQyu dk lkarR; rFkk vU;Fkk Kkr djuk

• mnkgj.kksa dh lgk;rk ls iQyu ds lkarR; ds izes;ksa dk dFku nsuk rFkk mudk iz;ksx djuk

iwoZ Kku
• iQyu dh ladYiuk
• ,d iQyu dk vkys[k [khapuk
• f=kdks.kferh; iQyuksa dh ladYiuk
• pj?kkarkdh rFkk y?kqx.kdh; iQyuksa dh ladYiuk

25.1 ,d iQyu dh lhek

bl ikB ds vkjEHk esa geus iQyu 
2x 1

f (x)
x 1

−
=

−
 dks fy;k FkkA geus ns[kk Fkk tc x,1 dh vksj

vxzlj gksrk gS] rks ( )f x , 2  dh vksj vxzlj gksrk gSA lkekU;r% ;fn x, a  dh vksj vxzlj gksrk gS

rks ( )f x , L  dh vksj vxzlj gksrk gS] rks ge dgrs gSa L, iQyu ( )f x  dk lhekar eku gS

ladsrksa esa bls fy[kk tkrk gS ( )
x a
lim f x L
→

=
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vkb, vc ge iQyu ( )5 x−  dk lhekUr eku Kkr djsa] tc x, 0 dh vksj vxzlj gksrk gSA

vFkkZr ( )
x 0
lim 5x 3
→

−

bl lhek dks Kkr djus ds fy,] ge 'kwU; ds nksuksa vksj] x dks eku nsrs gSa

x 0.1 0.01 0.001 0.0001..........

5x 3 3.5 3.05 3.005 3.0005 ..........

− − − −

− − − − −

x 0.1 0.01 0.001 0.0001..........

5x 3 2.5 2.95 2.995 2.9995 .........− − − − −

mijksDr ls lkiQ gS fd ( )5x 3−  dh lhek tc x 0, 3→ −  gS

vFkkZr ( )
x 0
lim 5x 3 3
→

− = −

bldks fp=k 25.1 esa vkys[k ds :i esa fn[kk;k x;k gS %
y

5

4

3

2

1

–1

–2

–3

–4

–5

1 2 3 4 5–1 –2 –3 –4 –5

y′

x′ x

(0.1, –2.5)

(0, –3)

(–0.1, –3.5)

fp=k 25.1

,d fcUnq ij fdlh iQyu dk lhekUr eku] pj dks ml fcUnq ds cgqr ikl ds eku nsdj Kkr djuk]
lnk lqfo/ktud ugha gSA

vr% gesa bl fof/ ds vfrfjDr fof/;ka pkfg,¡ ftuds }kjk ge iQyu dh lhek Kkr dj ldsa] tc
x (Lora=k pj) ,d ifjfer jkf'k ekuk a dh vksj vxzlj gS

vkb, ,d mnkgj.k ysa& 
x 3
lim f (x),
→

Kkr dhft, tc 
2x 9

f (x)
x 3

−
=

−

bls ge izfrLFkkiu fof/ ls Kkr dj ldrs gSa] ftlds pj.k fuEu gSa %
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fVIi.kh% è;ku nas fd ( )f 3  ifjHkkf"kr ugha gS fiQj Hkh bl iQyu dh lhek tc x 3, 6→  gSA

vc ge fofHkUu izdkj ds iQyuksa dh lhek Kkr djus dh vU; fof/;ksa ij ppkZ djsaxsA

vkb, vc ,d vU; mnkgj.k ysa

x 1
lim f (x)
→

 Kkr djsa tgk¡ 

3

2

x 1
, x 1

f (x) x 1

1 , x 1

 −
≠

=  −
 =

;gk¡ x 1≠  ds fy, 
3

2

x 1
f (x)

x 1

−
=

−

 
( )( )

( )( )

2x 1 x x 1

x 1 x 1

− + +
=

− +

;g n'kkZrk gS fd ;fn ( )f x  dk :i 
( )

( )
g x

h x
 gks] rks ge mls xq.ku[kaM dh fof/ ls gy dj ldrs

gSaA bl fLFkfr esa ge fuEu pj.k viukrs gSa%

pj.k&3 % h 0=  j[kdj vHkh"V eku (ifj.kke)
izkIr djsaA

2x 9
f (x)

x 3

−
=

−
 ds fy, ge x dks 3 h+

fy[krs gSaA x 3→  rks h 0→

vc     f (x) f (3 h)= +

( )2
3 h 9

3 h 3

+ −
=

+ −
2h 6h

h

+
=

 = h + 6

( ) ( )
x 3 h 0
lim f x lim 6 h
→ →

= +

tc x 0→  rks h 0→

h = 0 j[kus ij] ( )
x 3
lim f x 6 0 6
→

= + =

pj.k&1 % ge 'a' ds fudV ,d eku yas] tSls
a h+  tgka h ,d cgqr NksVh /ukRed l[a;k gS
Li"Vr% tc x a→  rc h 0→

pj.k&2 % ( )f a h+  dks ljy djsa
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vr% ( )f x  dh lhek tc x a→ rFkk iQyu dk ml fcUnq x a=  ij eku vyx&vyx gks ldrs gSaA

vkb,] vc ge ,d ,slk mnkgj.k ysa tks u rks xq.ku[kaM fof/ vkSj u gh izfrLFkkiu fof/ ls gy
gks ldrk gSA

eku Kkr dhft, %
x 0

1 x 1 x
lim

x→

+ − −

blds fy, ge fuEu pj.k ysrs gSa %

pj.k&1% ml in dk ifjes;hdj.k djsa ftlesa oxZewy gS

pj.k&2% ljy djsa

pj.k&3% x dk eku j[ksa rFkk okafNr ifj.kke izkIr djsa

gy %

        

( )( )
( )

1 x 1 x 1 x 1 x1 x 1 x

x x 1 x 1 x

+ − − + + −+ − −
=

+ + −

         ( )
2 2(1 x ) (1 x)

x 1 x 1 x

+ − −
=

+ + − ( )
(1 x) (1 x)

x 1 x 1 x

+ − −
=

+ + −

         ( )
1 x 1 x

x 1 x 1 x

+ − +
=

+ + − ( )
2x

x 1 x 1 x
=

+ + −

[ x 0≠Q vr% mls dkV ldrs gSaA]

pj.k&1 % ( )g x  rFkk ( )h x  ds xq.ku[kaM djsa

pj.k&2 % ( )f x dks ljy djsa

pj.k&3 % x dk eku j[kus ij gesa vHkh"V
ifj.kke feyrk gSA

gy %
3

2

x 1
f (x)

x 1

−
=

−

        
( )( )

( )( )

2x 1 x x 1

x 1 x 1

− + +
=

− +

 ( x 1, x 1 0≠ ∴ − ≠∵  vkSj bl izdkj ge bls
dkV ldrs gSaA

∴
2x x 1

f (x)
x 1

+ +
=

+

3 2

2x 1 x 1

x 1 x x 1 1 1 1 3
lim lim

x 1 1 1 2x 1→ →

− + + + +
∴ = = =

+ +−

ijUrq f (1) 1=  (fn;k gS)

bl voLFkk esa 
x 1
lim f (x) f (1)
→

≠
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2

1 x 1 x
=

+ + −

∴   
x 0 x 0

1 x 1 x 2
lim lim

x 1 x 1 x→ →

+ − −
=

+ + −

2

1 0 1 0
=

+ + −

2

1 1
=

+
 = 1

25.2 ckb± i{k rFkk nkb± i{k lhek,a
ge igys gh ns[k pqds gSa fd x a→  dk vFkZ gS fd x ds eku a ds cgqr fudV gaS tks a ls cM+s
vFkok NksVs gSaA ml fLFkfr esa tc x ds eku a ls NksVs rFkk a ds cgqr fudV gSa rks ge dgrs gSa fd
x, ckb± vksj ls x dh vksj vxzlj gS rFkk bls ge x a−→  ds :i esa fy[krs gSaA blh izdkj x ds eku
tks a ls cM+s rFkk a ds cgqr fudV gSa rks ge dgrs gSa fd x nkbZa vksj ls a dh vksj vxzlj gS rFkk

mls ge x a+→  ds :i esa fy[krs gSaA

vr% ;fn ,d iQyu ( )f x ,d lhek 1l dh vksj vxzlj gS] tc x 'a' dh vksj ck;sa ls mixeu djrk gS]

rks ge dgrs gSa fd ( )f x  dh ckb± i{k lhek tc x a→ ] 1l gSA ge mls bl izdkj fy[k ldrs gSa %

( ) 1
x a

lim f x
−→

= ℓ
    vFkok ( ) 1

h 0
lim f a h , h 0
→

− = >ℓ

blh izdkj x ds nk;sa ls a dh vksj vxzlj gksus ij ;fn ( )f x  ,d lhek 2l  dh vksj vxzlj gks] rks

ge dgrs gSa fd ( )f x  dh nkb± i{k lhek tc 2x a; l→  gSA ge bls bl izdkj fy[k ldrs gSa %

( ) 2
x a

lim f x
+→

= l vFkok ( ) 2
h 0
lim f a h , h 0
→

+ = >l

dk;Zdkjh fu;e %

nkb± i{k lhek Kkr djuk ckb± i{k lhek Kkr djuk

( )
x a

lim f x
+→

( )
x a

lim f x
−→

x a h= +  jf[k, x a h= −  jf[k,

( )
h 0
lim f a h
→

+  Kkr dhft, ( )
h 0
lim f a h
→

−  Kkr dhft,

 fVIi.kh % è;ku jgs nksuksa voLFkkvksa esa h ds eku /ukRed gksaxsA

25.3 iQyu y = f (x) dh x = a ij lhek
vkb, ,d mnkgj.k ysa %

x 1
lim f (x)
→

 Kkr dhft, tgk¡ 2f (x) x 5x 3= + +

;gk¡ ( ) ( )2

h 0x 1

lim f (x) lim 1 h 5 1 h 3
+ →→

 = + + + +  
2

h 0
lim 1 2h h 5 5h 3
→

 = + + + + +
 

    = 1 + 5 + 3 = 9 .....(i)
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rFkk    
2

h 0x 1

lim f (x) lim (1 h) 5(1 h) 3
− →→

 = − + − +
 

      
2

x 0
lim 1 2h h 5 5h 3
→

 = − + + − +
 

      1 5 3 9= + + = .....(ii)

(i) rFkk (ii) ls,      
x 1 x 1

lim f (x) lim f (x)
+ −→ →

=

vkb, ,d vU; mnkgj.k ysa %

eku Kkr dhft, %
x 3

| x 3 |
lim

x 3→

−

−

;gk¡         
h 0x 3

| x 3 | | (3 h) 3 |
lim lim

x 3 [(3 h) 3]+ →→

− + −
=

− + − h 0

| h |
lim

h→
=

      
h 0

h
lim

h→
= (D;ksafd h>0, vr% | h | = h)

      =1 .....(iii)

rFkk            
h 0x 3

| x 3 | | (3 h) 3 |
lim lim

x 3 [(3 h) 3]− →→

− − −
=

− − − h 0

| h |
lim

h→

−
=

−

      
h 0

h
lim

h→
=

−
(D;ksafd h > 0, vr% |-h | = h)

      1= − .....(iv)

vr% (iii) rFkk (iv) ls, 
x 3 x 3

| x 3 | | x 3 |
lim lim

x 3 x 3+ −→ →

− −
≠

− −

vr% izFke mnkgj.k esa ckb± i{k lhek = nkb± i{k lhek tcfd nwljs mnkgj.k esa

ckb± i{k lhek ≠  nkb± i{k lhek

vr% ckb± i{k lhek rFkk nkb± i{k lhek lnk leku ugha gksrsA vr% ge bl urhts ij igq¡ps gSa fd

( )2

x 1
lim x 5x 3
→

+ +  dk vfLrRo gS (tks 9 ds cjkcj gS) rFkk 
x 3

| x 3 |
lim

x 3→

−

−
 dk vfLrRo ugha gSA

 fVIi.kh%

( )

( )
( )x a

x a

x a

I lim f x

lim f x
lim f x

+→

→
−→

= 


⇒ == 


l

l
lrFkk

( )

( )
( )

1
x a

x a2
x a

II lim f x

lim f x .
lim f x

+→

→
−→

= 


⇒= 


l

l
dk vfLrRo ugha

rFkk
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III ( )
x a

lim f x
+→

 ;k ( )
x a

lim f x
−→

 dk vfLrRo ugha ⇒ ( )
x a
lim f x
→

dk vfLrRo ugha

25.4 lhekvksa ij vk/kjHkwr izes;

1.
x a x a
lim cf (x) c lim f (x)
→ →

=  tgk¡ c  ,d vpj gS

bldks lR;kfir djus ds fy, ekuk ( )f x 5x=

ge ns[krs gSa fd 
x 2
lim 5x
→

 esa 5 ,d vpj gS rFkk lhek ls csvlj gS

∴ x 2 x 2
lim 5x 5 lim x 5 2 10
→ →

= = × =

2. ( ) ( ) ( )
x a
lim g x h x p x ....
→

+ + + =   ( ) ( ) ( )
x a x a x a
lim g x lim h x lim p x ........
→ → →

+ + +

tgk¡ ( ) ( ) ( )g x ,h x ,p x ,....dksbZ iQyu gSa

3. ( ) ( ) ( ) ( )
x a x a x a
lim f x g x lim f x lim g x
→ → →

⋅ =  

bls lR;kfir djus ds fy, ekuk
2f (x) 5x 2x 3= + +

rFkk g (x) = x + 2.

rc      ( )2

x 0 x 0
lim f (x) lim 5x 2x 3
→ →

= + +

       
2

x 0 x 0
5 lim x 2 lim x 3 3

→ →
= + + =

    
x 0 x 0 x 0
lim g(x) lim (x 2) lim x 2 2
→ → →

= + = + =

∴
2

x 0 x 0
lim (5x 2x 3) lim (x 2) 3.2 6
→ →

+ + + = = .....(i)

fiQj
2

x 0 x 0
lim[f (x) g(x)] lim[(5x 2x 3)(x 2)]
→ →

⋅ = + + +

              
3 2

x 0
lim (5x 12x 7x 6)
→

= + + +

              =
3 2

x 0 x 0 x 0
5 lim x 12 lim x 7 lim x 6

→ → →
+ + +

   = 6 .....(ii)

(i) rFkk (ii) ls]

           ( ) ( )[ ] ( ) ( )
x 0 x 0 x 0
lim f x g x lim f x lim g x
→ → →

=

4.

( )

( )

( )

( )
x a

x a
x a

lim f x
f x

lim
g x lim g x

→

→
→

 
= 

 
,  tcfd ( )

x a
lim g x 0
→

≠



xf.kr 131

lhek ,oa lkarR;

ekWM~;wy - VIII

dyu

fVIi.kh

bls lR;kfir djus ds fy, ekuk 2f (x) x 5x 6= + +  vkSj g(x) x 2= +

gesa feyrk gS
2 2

x 1
lim (x 5x 6) ( 1) 5 ( 1) 6
→−

+ + = − + − +

      1 5 6= − +  = 2

rFkk          
x 1
lim (x 2) 1 2
→−

+ = − +  = 1

∴

2

x 1

x 1

lim (x 5x 6)
2

2
lim (x 2) 1

→−

→−

+ +
= =

+ .....(i)

vkSj

2

2 2

x 1 x 1

x 5x 6

(x 5x 6) (x 3)(x 2) x 3x 2x 6lim lim
x 2 x 2 x(x 3) 2(x 3)

(x 3)(x 2)

→− →−

 + +
 

+ + + +  = + + +=  + + = + + + 
 = + + 

Q

     
x 1
lim (x 3)
→−

= +

     1 3 2= − + = .....(ii)

∴  (i) rFkk (ii) ls]

 

( )2
2

x 1

x 1
x 1

lim x 5x 6
x 5x 6

lim
x 2 lim (x 2)

→−

→−
→−

+ ++ +
=

+ +

vFkkZr~      
( )

( )

( )

( )
x 1

x 1
x 1

lim f x
f x

lim
g x lim g x

→−

→−
→−

 
= 

 

ge us mQij ns[kk fd fn;s gq, nks iQyuksa dks vusd fof/;ksa ls feyk dj u;k iQyu cuk;k tk ldrk
gSA bl la;ksftr iQyu dh lhek tc x a→ ] dh x.kuk fn, gq, iQyuksa dh lhek ls dh tk ldrh
gSA vUr esa] ge lhek ij dqN vk/kjHkwr ifj.kkeksa dk o.kZu uhps djsaxs ftu dk vk/kjHkwr lafØ;kvksa
ls la;ksftr iQyuksa dh lheka, Kkr djus esa mi;ksx fd;k tk ldrk gSA

;fn
x a
lim f (x)
→

= ℓ rFkk 
x a
lim g(x) m
→

=  gks] rks

(i)
x a x a
lim kf (x) k lim f (x) k
→ →

= = l  tgk¡ k ,d vpj gS

(ii) [ ]
x a x a x a
lim f (x) g(x) lim f (x) lim g(x) m
→ → →

± = ± = ±l

(iii) [ ]
x a x a x a
lim f (x) g(x) lim f (x) lim g(x) m
→ → →

⋅ = ⋅ = ⋅l
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(iv)  
x a

x a
x a

lim f (x)
f (x)

lim ,
g(x) lim g(x) m

→

→
→

= =
l

 tcfd 
x a
lim g(x) 0
→

≠

mijksDr ifj.kke nks ls vf/d iQyuksa ij Hkh ykxw gksrs gSaA

 mnkgj.k 25.1.  
x 1
lim f (x)
→

 Kkr dhft, tgk¡

( )

2x 1
, x 1

f x x 1

1, x 1

 −
 ≠=  −
 =

gy %     
2x 1

f (x)
x 1

−
=

−

( )( )x 1 x 1

x 1

− +
=

−
(x 1)= + [ x 1]≠Q

∴          
x 1 x 1
lim f (x) lim(x 1)
→ →

= + = 1 + 1 = 2

 fVIi.kh % 
2x 1

x 1

−

−
, x = 1 ij ifjHkkf"kr ugha gSA

x 1
lim f (x)
→

dk eku f (x)  ds x = 1 eku ls Lora=k gSA

 mnkgj.k 25.2.  
3

x 2

x 8
lim

x 2→

−

−
 dk eku Kkr dhft,A

gy %         
3

x 2

x 8
lim

x 2→

−

−

2

x 2

(x 2)(x 2x 4)
lim

(x 2)→

− + +
=

−

( )2

x 2
lim x 2x 4
→

= + + [ x 2]≠Q

22 2 2 4= + × + = 12

 mnkgj.k 25.3.  
x 2

3 x 1
lim

2 x→

− −

−
 dk eku Kkr dhft,A

gy % va'k dk ifjes;dj.k djus ij gesa izkIr gksrk gS

       
3 x 1 3 x 1 3 x 1

2 x 2 x 3 x 1

− − − − − +
= ×

− − − + ( )
3 x 1

(2 x) 3 x 1

− −
=

− − +

( )( )
2 x

2 x 3 x 1

−
=

− − +

∴        ( )( )x 2 x 2

3 x 1 2 x
lim lim

2 x 2 x 3 x 1→ →

− − −
=

− − − +

( )x 2

1
lim

3 x 1→
=

− + [ x 2]≠Q
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( )
1

3 2 1
=

− +

1

1 1
=

+

1

2
=

 mnkgj.k 25.4.  eku Kkr dhft, %

x 3

12 x x
lim

6 x 3→

− −

+ −

gy % va'k rFkk gj dk ifjes;dj.k djus ij gesa feyrk gS

 

( )( ) ( )
( )( )( )x 3 x 3

12 x x 12 x x 6 x 312 x x
lim lim

6 x 3 6 x 3 6 x 3 12 x x→ →

− − − + ⋅ + +− −
=

+ − + − + + − +

     
( )2

x 3 x 3

12 x x 6 x 3
lim lim

6 x 9 12 x x→ →

− − + +
= ⋅

+ − − +

     
( )( )

( )x 3 x 3

x 4 x 3 6 x 3
lim lim

x 3 12 x x→ →

− + − + +
= ⋅

− − +

      = 
6

(3 4) 7
6

− + ⋅ = − [ x 3]≠Q

fVIi.kh% tc dHkh fdlh iQyu ds va'k vkSj gj nksuksa dh lheka, 'kwU; gksa rks vki iQyu dk ,slk
ljyhdj.k djsa fd ifj.kkeh iQyu dk gj 'kwU;srj gksA ;fn gj dh lhek 0 gS rFkk va'k dh lhek
'kwU;srj gS] rks iQyu dh lhek dk vfLrRo ugha gksrkA

mnkgj.k 25.5.  
x 0

1
lim

x→
, ;fn mldk vfLrRo gS] rks Kkr djsaA

gy % ge x ds og eku pqurs gSa tks nksuksa vksj ls 0 dh vksj vxzlj gksrs gSaA

ge 
1

x
 ds laxr ekuksa dh rkfydk cukrs gSa

x 0.1 .01 .001 .0001

1
10 100 1000 10000

x

− − − −

− − − −

x 0.1 .01 .001 .0001

1
10 100 1000 10000

x

ge ns[krs gSa fd tSls x 0→  rks 
1

x
 ds eku fdlh la[;k dh vksj vxzlj ugha gksrsA vr% 

x 0

1
lim

x→

dk vfLrRo ugha gS tSlk fd fp=k 25.2 esa fn[kk;k x;k gSA
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5

4

3

2

1

–1

–2

–3

–4

–5

1 2 3 4 5

–1 –2 –3 –4 –5

y

y′

x′ x

y = 
1
x

fp=k 25.2

 mnkgj.k 25.6.  eku Kkr dhft, %

( )
x 0
lim | x | | x |
→

+ −

gy % D;ksafd |x| ds eku x 0≥  rFkk x 0<  ds fy, fHkUu gSa] gesa nksuksa ckb± i{k lhek rFkk nkb± i{k
lhek Kkr djuh iMa+sxhA

( ) ( )
h 0x 0

lim | x | | x | lim | 0 h | | (0 h) |
− →→

+ − = − + − −

     ( )
h 0
lim | h | | ( h) |
→

= − + − −

      =
h 0 h 0
lim h h lim 2h 0
→ →

+ = = ...(i)

rFkk ( ) ( )
h 0x 0

lim | x | | x | lim | 0 h | | (0 h) |
+ →→

+ − = + + − +

     
x 0 h 0
lim h h lim 2h 0
→ →

= + = = ...(ii)

(i) rFkk (ii) ls,

   ( ) [ ]
x 0 h 0

lim | x | | x | lim | x | | x |
− +→ →

+ − = + −

vr%      [ ]
h 0
lim | x | | x | 0
→

+ − =

fVIi.kh% gesa ;kn j[kuk pkfg, fd ge ckb± i{k rFkk nkb± i{k lhek dk iz;ksx fo'ks"kr;k rc djrs
gSa tc (a) fn;k x;k iQyu ekikad iQyu gS rFkk (b) iQyu ,d ls vf/d fu;e }kjk ifjHkkf"kr
gSA
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 mnkgj.k 25.7.   a dk eku Kkr dhft, fd

x 1
lim f (x)
→

 dk vfLrRo gS tgk¡ 3x 5 , x 1
f (x)

2x a, x 1

+ ≤
= 

+ >

gy %   ( )
x 1x 1

lim f (x) lim 3x 5
− →→

= +  f (x) 3x 5, x 1 = + ≤ Q ds fy,

     [ ]
h 0
lim 3 (1 h) 5
→

= − +

     = 3 + 5 = 8 .....(i)

            ( )
x 1x 1

lim f (x) lim 2x a
+ →→

= +      f (x) 2x a, x 1 = + > Q ds fy,

     ( )
h 0
lim 2(1 h) a
→

= + +

     = 2 + a .....(ii)

gesa fn;k gS fd 
x 1
lim f (x)
→

 dk vfLrRo gS ;fn

( )
x 1 x 1

lim f x lim f (x)
− +→ →

=

(i) rFkk (ii) ls]
2 + a = 8

∴ vFkok       a = 6

 mnkgj.k 25.8.  ;fn iQyu ( )f x  bl izdkj ifjHkkf"kr gS fd

1
x , 0 x

2

1
f (x) 0 , x

2

1
x 1, x 1

2

 ≤ <



= =



− < ≤


1
x

2

lim f (x)

→
 ds vfLrRo dk ijh{k.k dhft,A

gy % ;gk¡     

1
x , 0 x .....(i)

2

1
f (x) 0 , x

2

1
x 1, x 1 .....(ii)

2

 ≤ <



= =



− < ≤


    h 01
x

2

1
lim f (x) lim f h

2− → → 
 

 = − 
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 =
x 0

1
lim h

2→

 
− 

 
 

1 1 1 1
h (i) ,f h h

2 2 2 2

  
− < − = −  

  
Q rFkk ls

1 1
0

2 2
= − = .....(iii)

h 01
x

2

1
lim f (x) lim f h

2+ → → 
 

 = + 
 

     
h 0

1
lim h 1

2→

  = + −  
  

         
1 1 1 1

h (ii) , f h h 1
2 2 2 2

    
+ > + = + −    

    
Q rFkk ls

( )1
1

2
= + −  

1

2
= −         .....(iv)

(iii) rFkk (iv) ls] ckb± i{k lhek ≠  nkb± i{k lhek

vr% 
1

x
2

lim f (x)

→

 dk vfLrRo ugha gSA

  ns[ksa vkius fdruk lh[kk 25.1

1. fuEu esa ls izR;sd lhek Kkr dhft,%

   (a) [ ]
x 2
lim 2(x 3) 7
→

+ + (b) ( )2

x 0
lim x 3x 7
→

+ + (c)
2

x 1
lim (x 3) 16
→

 + −
 

    (d) 
2

x 1
lim (x 1) 2
→−

 + +
  (e) 

3

x 0
lim (2x 1) 5
→

 + −
  (f) ( )( )

x 1
lim 3x 1 x 1
→

+ +

2. fuEu iQyuksa esa izR;sd dh lhek Kkr dhft, %

    (a)  
x 5

x 5
lim

x 2→

−

+
(b)

x 1

x 2
lim

x 1→

+

+
(c)

x 1

3x 5
lim

x 10→−

+

−

    (d)  
x 0

px q
lim

ax b→

+

+
(e)

2

x 3

x 9
lim

x 3→

−

−
(f)

2

x 5

x 25
lim

x 5→−

−

+

     (g) 
2

2x 2

x x 2
lim

x 3x 2→

− −

− +
(h) 

2

1
x

3

9x 1
lim

3x 1→

−

−

3. fuEu esa izR;sd lhek Kkr dhft, %

     (a)
3

x 1

x 1
lim

x 1→

−

−
(b)

3

2x 0

x 7x
lim

x 2x→

+

+
(c)

4

x 1

x 1
lim

x 1→

−

−

      (d) 2x 1

1 2
lim

x 1 x 1→

 
− − − 
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4. fuEu lhekvksa esa ls izR;sd dks Kkr dhft,%

(a) 
x 0

4 x 4 x
lim

x→

+ − −
(b)

x 0

2 x 2
lim

x→

+ −
 (c)

x 3

3 x 6
lim

x 3→

+ −

−

(d) 
x 0

x
lim

1 x 1→ + −
(e) 

x 2

3x 2 x
lim

2 6 x→

− −

− −

5. (a) 
x 0

2
lim

x→
, ;fn mldk vfLrRo gS] Kkr dhft,A

(b) 
x 2

1
lim

x 2→ −
, ;fn mldk vfLrRo gS] Kkr dhft,A

6. fuEu lhekvksa dks Kkr dhft, %

(a)
x 0

x
lim

5 | x |→ − (b)
x 2

1
lim

| x 2 |→ + (c)   
x 2

1
lim

| x 2 |→ −

(d) n'kkZb, fd 
x 5

| x 5 |
lim

x 5→

−

−
dk vfLrRo ugha gSA

7. (a) fuEu iQyuksa dh ckb± i{k lhek rFkk nkb± i{k lhek Kkr dhft, %

        
2x 3, x 1

f (x)
3x 5, x 1

− + ≤
= 

− >
tcfd x 1→

(b) ;fn 
2x , x 1

f (x) ,
1,x 1

 ≤
= 

>
 

x 1
lim f (x)
→

 gks] rks Kkr dhft,A

(c)
x 4
lim f (x)
→

, ;fn mldk vfLrRo gS] Kkr dhft, tc 
4x 3, x 4

f (x)
3x 7, x 4

+ <
= 

+ ≥

8. 'a' dk eku Kkr dhft, rkfd 
x 2
lim f (x)
→

 dk vfLrRo gS] tgk¡ 
ax 5, x 2

f (x)
x 1, x 2

+ <
= 

− ≥

9.  ekuk 
2

x, x 1

f (x) 1, x 1

x , x 1

 <


= =


>

 rks 
x 1
lim f (x)
→

 ds vfLrRo dk ijh{k.k dhft,A

10.
x 2
lim f (x)
→

,  ;fn mldk vfLrRo gS] rks Kkr dhft, tgk¡

x 1,x 2

f (x) 1,x 2

x 1,x 2

− <


= =
 + >
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25.5 dqN fo'ks"k iQyuksa dh lhek Kkr djuk

(i) fl¼ dhft, fd (a) 

n n
n 1

x a

x a
lim na

x a

−

→

−
=

−
 tgk¡  n ,d /ukRed iw.kkZad gSA

miifÙk %

    
( )n nn n

x a h 0

a h ax a
lim lim

x a a h a→ →

+ −−
=

− + −
s

( )n n 1 n 2 2 n n

h 0

n n 1
a n a h a h ..... h a

2!
lim

h

− −

→

− 
+ + + + − 

 =

( )n 1 n 2 n 1

h 0

n n 1
h n a a h ..... h

2!
lim

h

− − −

→

− 
+ + + 

 =

( )n 1 n 2 n 1

h 0

n n 1
lim n a a h ..... h

2!

− − −

→

− 
= + + + 

 

n 1n a 0 0 ..... 0−= + + + +

n 1n a −=

∴    
n n

n 1

x a

x a
lim n a

x a

−

→

−
= ⋅

−

fVIi.kh% ;g ifj.kke lHkh n ds fy, Hkh lR; gS

(ii) fl¼ dhft, fd (a)
x 0
lim sin x 0
→

=  rFkk    (b) 
x 0
lim cos x 1
→

=

miifÙk %  ,d bdkbZ o`Ùk yhft, ftldk dsUnz B gS

rFkk ftlesa  C ij ledks.k gS rFkk ∠ ABC = x  jsfM;u gS

vc sin x = A C rFkk cos x = BC

tSls&tSls x ?kVrk gS oSls&oSls A,C ds ikl gksrk tkrk gS

vFkkZr x 0,A C→ →

vFkok x 0,AC 0→ →  rFkk BC AB→

(Qo`Ùk dh f=kT;k 1 gS)

∴ sin x 0→  rFkk cos x 1→

bl izdkj gesa feyrk gS 
x 0
lim sin x 0
→

= rFkk 
x 0
lim cos x 1
→

=

(iii) fl¼ dhft, fd 
x 0

sin x
lim 1

x→
=
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miifÙk % ,d bdkbZ f=kT;k dk o`Ùk yhft, ftldk dsUnz ewy fcUnq O ij gSA ekuk o`Ùk ij ,d fcUnq
B (1, 0) gS rFkk A, o`Ùk ij ,d vU; fcUnq gSA AC OX⊥  cukb,A

ekuk AOX x∠ =  jsfM;u] tgk¡ 0 < x < 
2

π

o`Ùk ds fcUnq B ij ,d Li'kZ js[kk [khafp,] tks c<+kbZ xbZ OA dks D ij feyrh gSA vr% BD OX⊥

AOC∆ dk {ks=kiQy < f=kT;[kaM OBA dk {ks=kiQy < DOBD dk {ks=kiQy

vFkok 21 1 1
OC AC x(1) OB BD

2 2 2
× < < ×

[D;ksafd ,d f=kHkqt dk {ks=kiQy 
1

2
= ×  vk/kj × mQ¡pkbZ rFkk ,d f=kT;[kaM dk {ks=kiQy 21

= r
2

θ ]

∴
1 1 1

cos x sin x x 1 tan x
2 2 2

< < ⋅ ⋅

OC AC BD
cos x ,sin x tan x ,OA 1 OB

OA OA OB

 = = = = =  
Q vkSj

vFkok
x tan x

cos x
sin x sin x

< < [ 
1

2
sin  x ls Hkkx nsus ij]

vFkkZr
x 1

cos x
sin x cos x

< <

vFkkZr
1 sin x

cos x
cos x x

> >

vFkok
sin x 1

cos x
x cos x

< <

lhek ysus ij] tc x 0→  gesa feyrk gS

x 0 x 0 x 0

sin x 1
lim cos x lim lim

x cos x→ → →
< <

vFkkZr
x 0

sin x
1 lim 1

x→
< <

x 0 x 0

1 1
lim cos x 1 lim 1

cos x 1→ →

 = = =  
Q rFkk

vr%
x 0

sin x
lim 1

x→
=

 fVIi.kh % mijksDr ifj.kke esa Lej.k jf[k;s fd dks.k x

jsfM;u esa O;Dr gSA

(iv) fl¼ dhft, fd ( )

1

x

x 0
lim 1 x e
→

+ =

miifÙk % f}in izes; ls] tc | x | 1<  rks gesa feyrk gS

fp=k 25.3

fp=k 25.4

C
B

A

O C

x

A

D

Li Z js[kk'k

B
X 
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( )

1

x 2 3

1 1 1 1 1
1 1 2

1 x x x x x
1 x 1 x x x ..........

x 2! 3!

     − − −     
     + = + ⋅ + + + + ∞

 

 
( ) ( )( )1 x 1 x 1 2x

1 1 ..........
2! 3!

− − − 
= + + + + ∞ 
 

∴ ( ) ( )( )
1

x

x 0 x 0

1 x 1 2x1 x
lim 1 x lim 1 1 ..........

2! 3!→ →

− − −
+ = + + + + ∞ 

 

1 1
1 1 ..........

2! 3!

 = + + + + ∞  

= e  (ifjHkk"kk ls)

vr% ( )

1

x

x 0
lim 1 x e
→

+ =

(v) fl¼ dhft, fd 
( )

x 0

log 1 x
lim 1

x→

+
=

miifÙk %
( ) ( ) ( )1/ x

x 0 x 0 x 0

log 1 x 1
lim lim log 1 x lim log 1 x

x x→ → →

+
= + = +

 = log e
( )

1

x

x 0
lim 1 x e
→

 
 

+ = 
 
 

d s i;z kxs  ls

 = 1

(vi) fl¼ dhft, fd 
x

x 0

e 1
lim 1

x→

−
=

miifÙk % ge tkurs gaS fd 
2 3

x x x
e 1 x ..........

2! 3!

 
= + + + +  
 

∴         

2 3
x x x

e 1 1 x .......... 1
2! 3!

 
− = + + + + −  

 

2 3x x
x ..........

2! 3!

 
= + + +  
 

∴         

2 3

x

x x
x ..........

2! 3!e 1

x x

 
+ + +  −  =

       [ nksuksa i{kksa dks x ls Hkkx nsus ij]

      

2x x
x 1 ..........

2! 3!

x

 
+ + +  

 =
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2x x
1 ..........

2! 3!

 
= + + +  
 

∴          

x 2

x 0 x 0

e 1 x x
lim lim 1 ..........

x 2! 3!→ →

 −
= + + +  

 

    1 0 0 ........ 1= + + + =

 vr%            
x

x 0

e 1
lim 1

x→

−
=

mnkgj.k 25.9.  

x x

x 0

e e
lim

x

−

→

−
 dk eku Kkr dhft,A

gy % ge tkurs gaS fd  
x

x 0

e 1
lim 1

x→

−
= .....(i)

∴(i) esa x  ds LFkku ij x−  j[kus ij gesa feyrk gS

x

x 0

e 1
lim 1

x

−

→

−
=

−
.....(ii)

nh xbZ lhek dks fy[k ldrs gSa
x x

x 0

e 1 1 e
lim

x

−

→

− + −

x x

x 0

e 1 1 e
lim

x x

−

→

 − −
= + 

  

x x

x 0

e 1 e 1
lim

x x

−

→

 − −
= + 

−  

x x

x 0 x 0

e 1 e 1
lim lim

x x

−

→ →

− −
= +

−
= 1+1 [ (i) rFkk (ii) ds iz;ksx ls]
= 2

vr%
x x

x 0

e e
lim 2

x

−

→

−
=

mnkgj.k 25.10.  

x

x 1

e e
lim

x 1→

−

−
 dk eku Kkr dhft,A

gy % ekuk  x = 1 + h tgk¡ h→0

x 1 h

x 1 h 0

e e e e
lim lim

x 1 h

+

→ →

− −
=

−
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1 h

h 0

e e e
lim

h→

⋅ −
=

h

h 0

e(e 1)
lim

h→

−
=

h

h 0

e 1
e lim

h→

−
=

= e × 1 = e.

vr%        
x

x 1

e e
lim e

x 1→

−
=

−

mnkgj.k 25.11.  eku Kkr dhft, %

x 0

sin 3x
lim

x→

gy %    
x 0 x 0

sin 3x sin 3x
lim lim 3

x 3x→ →
= ⋅ (3 ls xq.kk rFkk Hkkx nsus ij)

3x 0

sin 3x
3 lim

3x→
= [Q tc x 0→ rks 3x 0→ ]

3.1=
x 0

sin x
lim 1

x→

 =  
Q

= 3

vr%       
x 0

sin 3x
lim 3

x→
=

mnkgj.k 25.12.   eku Kkr dhft, %

2x 0

1 cos x
lim

2x→

−

gy %

22

2

2 2x 0 x 0
2

x cos 2x 1 2 sin x,2 sin
1 cos x 2lim lim 1 cos 2x 2 sin x

2x 2x x
or 1 cos x 2 sin

2

→ →

 
= − 

−  = ∴ − =
 
 − =
  

Q

=

2

x 0

x
sin

2lim
x

2
2

→

 
 
 
 ×
 

(gj dks 2 ls xq.kk rFkk Hkkx nsus ij)

2

x
0

2

x
sin

1 2lim
x4

2
→

 
 

=  
 
 

1 1
1

4 4
= × =
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∴   2x 0

1 cos x 1
lim

42x→

−
=

 mnkgj.k 25.13.  eku Kkr dhft, %
0

1 cos 4
lim

1 cos 6θ→

− θ

− θ

gy %
2

20 0

1 cos 4 2 sin 2
lim lim

1 cos 6 2 sin 3θ→ θ→

− θ θ
=

− θ θ

=

2 2

0

sin 2 3 1
lim 2

2 sin3 3θ→

 θ θ   
 × θ ×    θ θ θ    

2 2 2

20

sin 2 3 4
lim

2 sin 3 9θ→

θ θ θ   =    θ θ    θ

2 2

2 0 3 0

4 sin 2 3
lim lim

9 2 sin 3θ→ θ→

θ θ     =      θ θ     

4 4
1 1

9 9
= × × =

mnkgj.k 25.14.  eku Kkr dhft, % 
( )2

x
2

1 cos 2x
lim

2xπ
→

+

π −

gy % x h
2

π
= +  yhft, tc x , h 0

2

π
→ →

∴   2x 2h= π +

∴   
( )2 2h 0

x
2

1 cos 2 h
1 cos 2x 2

lim lim
[ ( 2h)]2xπ →→

π + + +  =
π − π +π −

2h 0

1 cos( 2h)
lim

4h→

+ π +
=

2h 0

1 cos 2h
lim

4h→

−
=

2

2h 0

2 sin h
lim

4h→
=

2

h 0

1 sin h
lim

2 h→

 =  
 

  
1 1

1
2 2

= × =
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∴    ( )2
x

2

1 cos 2x 1
lim

22xπ
→

+
=

π −

mnkgj.k 25.15.  eku Kkr dhft, % 
x 0

sin a x
lim

tan b x→

gy %    
x 0 x 0

sin a x
a

sin a x axlim lim
tan bxtan b x

b
bx

→ →

×
=

×

x 0

x 0

sin a x
lim

a ax
tan b xb

lim
bx

→

→

=

a 1

b 1
= ⋅

a

b
=

∴     
x 0

sin ax a
lim

tan bx b→
=

    ns[ksa vkius fdruk lh[kk 25.2

1. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a) 
2x

x 0

e 1
lim

x→

−
(b)   

x x

x xx 0

e e
lim

e e

−

−→

−

+

2. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a)
x 1

x 1

e e
lim

x 1

− −

→

−

−
(b)

x

x 1

e e
lim

x 1→

−

−

3. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a)
x 0

sin 4x
lim

2x→
 (b) 

2

2x 0

sin x
lim

5x→
 (c)

2

x 0

sin x
lim

x→
(d)

x 0

sin a x
lim

sin b x→

4. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a) 2x 0

1 cos x
lim

x→

−
(b)

x 0

1 cos8x
lim

x→

−
     (c) 3x 0

sin 2x(1 cos2x)
lim

x→

−

(d) 2x 0

1 cos 2x
lim

3 tan x→

−

5. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a)
x 0

1 cosa x
lim

1 cosb x→

−

− (b)

3

x 0

x cot x
lim

1 cos x→ −
(c)

x 0

cosec x cot x
lim

x→

−
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6. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a) 
x

sin x
lim

x→π π − (b)
x 1

cos x
2lim

1 x→

π

−
(c) ( )

x
2

lim sec x tan x
π

→

−

7. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a) 
x 0

sin5x
lim

tan3x→
(b)

0

tan 7
lim

sin 4θ→

θ

θ
(c)

x 0

sin 2x tan3x
lim

4x tan5x→

+

−

25.6 fdlh fcUnq ij ,d iQyu dk lkarR;

(a, f(a))

(a, f(a))
(a, f(a))

a a a a

(i) (ii) (iii) (iv)

fp=k 25.5

vkb;s ,d iQyu ds mijksDr vkys[kksa dk izs{k.k djsa %

vkys[k (iv) dks ge fcuk iSafly mBk;s vkysf[kr dj ldrs gSa ysfdu vkys[kksa (i),(ii) rFkk (iii) esa] iwjk
vkys[k [khapus ds fy, gesa iSafly dks mBkuk gh iM+sxkA

fLFkfr (iv) ds fy, ge dgrs gSas fd x a=  ij iQyu lrr gSA vU; rhu fLFkfr;ksa esa x a= ij iQyu
lrr ugha gS] vFkkZr og x a=  ij vlrr gSA

fLFkfr (i) esa] x a=  ij iQyu dh lhek dk vfLrRo ugha gSA

fLFkfr (ii)  esa] lhek dk vfLrRo gS ysfdu x a=  ij iQyu ifjHkkf"kr ugha gSA

fLFkfr (iii) esa] lhek dk vfLrRo gS] ysfdu og iQyu dk x a=  ds eku ds cjkcj ugha gSA

fLFkfr (iv) esa] lhek dk vfLrRo gS rFkk og iQyu dk x a= ds eku ds cjkcj Hkh gSA

 mnkgj.k 25.16.  iQyu  f (x) = x a−  dk x = a ij lkarR; dk ijh{k.k dhft,A

gy %           
x a h 0
lim f (x) lim f (a h)
→ →

= +
h 0
lim[(a h) a]
→

= + −

= 0 .....(i)

rFkk    f (a) a a 0= − = .....(ii)

(i) rFkk (ii) ls]        
x a
lim f (x) f (a)
→

=

vr% x a=  ij iQyu ( )f x  lrr gSA
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 mnkgj.k 25.17.   n'kkZb, fd ( )f x c=  lrr gSA

gy % vpj iQyu ( )f x c=  dk izkar R gSA ekuk 'a' ,d LosPN okLrfod la[;k gSA

∴ x a
lim f (x) c
→

=  rFkk f (a) c=

∴  
x a
lim f (x) f (a)
→

=

∴ x = a ij ( )f x  lrr~ gSA ijUrq a LosPN gS] vr% ( )f x c=  ,d lrr iQyu gSA

 mnkgj.k 25.18.  n'kkZb, fd ( )f x cx d= +  ,d lrr iQyu gSA

gy % iQyu ( )f x cx d= + dk izkar R gS rFkk ekuk a ,d LosPN okLrfod la[;k gSA

x a h 0
lim f (x) lim f (a h)
→ →

= +

      
h a
lim[c (a h) d]
→

= + +

      ca d= + .....(i)

rFkk         ( )f a ca d= + .....(ii)

(i) rFkk (ii) ls,  
x a
lim f (x) f (a)
→

=

vr% x a=  ij ( )f x lrr gS

D;ksafd a LosPN gS] vr% ( )f x  ,d lrr iQyu gSA

 mnkgj.k 25.19.  fl¼ dhft, fd ( )f x sin x=  ,d lrr iQyu gSA

gy % ( )f x sin x=

sin x  dk izkar R gSA ekuk 'a' ,d LosPN okLrfod la[;k gS

∴           
x a h 0
lim f (x) lim f (a h)
→ →

= + =
h 0
lim sin(a h)
→

+

=
h 0
lim [sin a. cos h cos a. sin h]
→

+

=
h 0 h 0

sin a lim cos h cosa lim sin h
→ →

+
x a x a
lim kf (x) k lim f (x) k
→ →

 =  
Q tgk¡  ,d vpj gS

sin a 1 cosa 0= × + ×
x 0 x 0
lim sin x 0 lim cos x 1
→ →

 = =  
Q vkSj

= sin a .....(i)

rFkk  f (a) = sin a .....(ii)

(i) rFkk (ii) ls, 
x a
lim f (x) f (a)
→

=

∴sin x, x = a  ij lrr gS

Qsin x, x = a  ij lrr gS rFkk x ,d LosPN fcUnq gSA
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blfy, ( )f x sin x=  lrr gSA

ifjHkk"kk %

1. ,d iQyu ( )f x  ,d [kqys vUrjky ]a,b[ esa lrr gS ;fn og ]a,b[* ds izR;sd fcUnq ij

lrr gSA

2. ,d iQyu ( )f x  ,,d cUn vUrjky [a,b] esa lrr gS ;fn ;g ]a,b[ ds izR;sd fcUnq ij lrr

gS rFkk ;g fcUnq a ij nk;sa ls rFkk 'b' ij ck;sa ls lrr gSA

vFkkZr ( ) ( )
x a

lim f x f a
+→

=

rFkk ( ) ( )
x b

lim f x f b
−→

=

* [kqys vUrjky ]a, b[ esa ge vUr fcUnq a rFkk b ugha ysrsA

    ns[ksa vkius fdruk lh[kk 25.3

1. fuEu iQyuksa dh lrrrk dk ijh{k.k dhft, %
(a) f (x) x 5,x 2= − =  ij (b) f (x) 2x 7,x 0= + =  ij

(c) 
5

f (x) x 7,x 3
3

= + = ij (d) f (x) px q,x q= + = − ij

2. n'kkZb, fd iQyu ( )f x 2a 3b= +  lrr gS tgk¡ a rFkk b vpj gSaA

3. n'kkZb, fd iQyu 5x 7+ lrr gS

4. (a)   n'kkZb, fd cos x  ,d lrr iQyu gS

(b)    n'kkZb, fd cot x  vius izkar ds lHkh fcUnqvksa ij lrr gSA

5. fuEu iQyuksa esa vpjksa ds eku Kkr dhft,%

(a) ( )f x px 5= −  rFkk ( )f 2 1=  tcfd x 2=  ij ( )f x  lrr gS

(b)  ( )f x a 5x= + rFkk ( )f 0 4=  bl izdkj gS fd x 0=  ij ( )f x  lrr gS

(c)  ( )f x 2x 3b= +   rFkk ( ) 2
f 2

3
− =  tcfd ( )f x , x 2= −  ij lrr gS

25.7 ,d fcUnq ij iQyu dk lkarR; vFkok vlkarR;
vc rd geus dsoy mUgha iQyuksa ij fopkj fd;k gS tks lrr gSaA vc ge dqN ,sls mnkgj.kksa dh
ppkZ djsaxs ftuesa fn;s x, iQyu lrr gks ldrs gS vFkok ughaA

mnkgj.k 25.20.  n'kkZb, fd iQyu xf (x) e=  ,d lrr iQyu gSA

gy % xe  dk izkar R gSA ekuk a R∈  tgka a ,d LosPN gS
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x a h 0
lim f (x) lim f (a h)
→ →

= +  tcfd h ,d cgqr NksVh la[;k gSA

a h

h 0
lim e +

→
= a h

h 0
lim e e
→

= ⋅ a h

h 0
e lim e

→
=

ae 1= ×

ae= .....(i)

lkFk gh]       f (a) ae= .....(ii)

∴(i) rFkk (ii) ls ,         
x a
lim f (x) f (a)
→

=

∴ f (x), x = a ij lrr gSA

D;ksafd a ,d LosPN gS] xe  ,d lrr iQyu  gSA

mnkgj.k 25.21.   iQyu ( )
2x 1

f x
x 1

−
=

−
 ds vkys[k ls blds lkarR; dh ppkZ dhft,A

gy % iQyu dk vkys[k (fp=k 25.6) esa fn;k x;k gSA iQyu vlrr gS D;ksafd x 1=  ij vkys[k
esa ,d vlrrk (varjky) gSA

–1 O 2 1

1

2

y

x

fp=k 25.6

    ns[ksa vkius fdruk lh[kk 25.4

1. (a)  n'kkZb, fd f(x) = e5x ,d lrr iQyu gSA

(b)  n'kkZb, fd ( )
2

x
3f x e

−

=  ,d lrr iQyu gSA

(c) n'kkZb, fd ( ) 3x 2f x e +=  ,d lrr iQyu gSA

(d)  n'kkZb, fd ( ) 2x 5f x e− +=  ,d lrr iQyu gSA

2. vkys[k }kjk] fuEu iQyuksa esa ls izR;sd ds lkarR; dk ijh{k.k dhft, %

(a) f (x) = x+1. (b) ( ) x 2
f x

x 2

+
=

−
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(c) ( )
2x 9

f x
x 3

−
=

+
(d) ( )

2x 16
f x

x 4

−
=

−

25.8 lrr iQyuksa ds xq.k /eZ

(i) iQyu ( )f x 4=  ij fopkj djsaA iQyu ( )f x 4=  dk vkys[k fp=k 25.7 esa fn[kk;k x;k gSA

vkys[k ls ge ns[krs gSa fd iQyu lrr gSA lk/kkj.kr;k lHkh vpj iQyu lrr gSaA

(ii) ;fn dksbZ iQyu lrr gS] rks ml iQyu dk vpj

xq.kt Hkh lrr gSA vkb, iQyu ( ) 7
f x x

2
=  ij

fopkj djsaA ge tkurs gSa fd
7

2
 ,d vpj iQyu gS]

blfy, ;g lrr gSA x  Hkh lrr iQyu gS

vc

x a h 0
lim f (x) lim f (a h)
→ →

= +
h 0

7
lim (a h)

2→
= +

7
a

2
= .....(i)

rFkk    
7

f (a) a
2

= .....(ii)

∴ ( ) 7
f x x

2
= , x a=  ij ,d lrr iQyu gS

;fn x a= ij 
7

2
 rFkk x lrr~ iQyu gSa rks 

7
x

2
 Hkh x a=  ij lrr iQyu gSA

(iii) iQyu 2f (x) x 2x= +  ij fopkj djsaA ge tkurs gSa fd 2x  rFkk 2x  nksuksa lrr gSas

vc         
x a h 0
lim f (x) lim f (a h)
→ →

= + , h > 0

( ) ( )2

h 0
lim a h 2 a h
→

 = + + +  

2 2

h 0
lim a 2ah h 2a 2ah
→

 = + + + +
 

2a 2a= + .....(i)

rFkk       2f (a) a 2a= + .....(ii)

(i) rFkk (ii) ls]      
x a
lim f (x) f (a)
→

=

∴ f(x), x = a ij lrr gSA

vr% ge dgrs gSa fd x a= ij 2x  rFkk 2x  nks lrr iQyu gSa] rks ( )2x 2x+  Hkh x a=  ij

lrr gSA

fp=k 25.7

4

y

O
x
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(iv) iQyu ( )( )2f (x) x 1 x 2= + +  ij fopkj dhft,A ge tkurs gaS fd ( )2x 1+  rFkk ( )x 2+  nks

lrr iQyu gSa

rFkk  ( )( )2f (x) x 1 x 2= + +

        3 2x 2x x 2= + + +

D;ksafd 3 2x ,2x ,x rFkk 2 lrr iQyu gSa] blfy, 3 2x 2x x 2+ + +  Hkh ,d lrr iQyu gS

ge dgrs gSa fd ;fn ( )2x 1+  rFkk ( )x 2+  nks lrr iQyu gSa] rks ( )2x 1+ (x 2)+  Hkh ,d

lrr iQyu gS

(v) iQyu 
2x 4

f (x)
x 2

−
=

+
dks x 2=  ij fopkj dhft;sA ge tkurs gaS fd 2x 4,x 2− =  ij lrr

iQyu gSA ( )x 2+  Hkh x 2=  ij lrr gS

rFkk        
( )( )2

x 2 x 2

x 2 x 2x 4
lim lim

x 2 x 2→ →

+ −−
=

+ +

( )
x 2
lim x 2
→

= −

2 2 0= − =

rFkk      
2(2) 4

f (2)
2 2

−
=

+

 
0

0
4

= =

∴
x 2
lim f (x) f (2).
→

=  vr% f (x), x = 2 ij lrr gS

;fn x 2=  ij ( )2x 4+  rFkk ( )x 2+  nks lrr iQyu gSa] rks 
2x 4

x 2

−

+
 Hkh x 2=  ij lrr gSA

(vi) iQyu f (x) | x 2 |= −  ij fopkj djsaA bl iQyu dks ge bl izdkj fy[k ldrs gSa

        
(x 2), x 2

f (x)
(x 2),x 2

− − <
= 

− ≥

           h 0x 2

lim f (x) lim f (2 h)
− →→

= −
, h > 0

   [ ]
h 0
lim (2 h) 2
→

= − −

    2 2 0= − =

             h 0x 2

lim f (x) lim f (2 h)
+ →→

= +
,  h > 0 ......(i)

    [ ]
x 0
lim (2 h) 2
→

= + −

    2 2 0= − = .....(ii)
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vkSj          f (2) (2 2) 0= − = .....(iii)

(i), (ii) rFkk (iii) ls]  
x 2
lim f (x) f (2)
→

=

vr%  | x 2 |− ] x = 2 ij lrr gSA

mijksDr ifj.kkeksa ls ge lrr iQyuksa ds dqN xq.k/eksZa dks uhps ns jgss gSa%

;fn f (x) rFkk g (x)] x = a ij nks lrr iQyu gSa] rks

(i) C f (x), x = a ij lrr iQyu gS tgk¡ C ,d vpj gS

(ii) f (x) g(x)± , x = a ij lrr gS

(iii) ( ) ( )f x g x⋅ , x = a ij lrr gS

(iv) f (x)/g (x), x = a ij lrr gS tgk¡ ( )g a 0≠

(v) |f(x)|, x = a ij lrr gS

 fVIi.kh% izR;sd vpj iQyu lrr gS

25.9 lkraR; ij dqN egRoiw.kZ ifj.kke
mijksDr pfpZr xq.kksa dk iz;ksx djrs gq, ge lkarR; ij dqN ifj.kkeksa dh ppkZ djasxsA

(i) iQyu f (x) px q,x R= + ∈ (i)

bl iQyu dk izkar okLrfod la[;kvksa dk leqPp; gSA eku ysa R esa a ,d LosPN okLrfod
la[;k gS

(i) ds nksuksa i{kksa dh lhek ysus ij gesa feyrk gS

( )
x a x a
lim f (x) lim px q pa q
→ →

= + = +

   p x +q=  dk x = a ij eku

∴  x = a ij px +q lrr gS

blh izdkj ;fn 2f (x) 5x 2x 3= + + ij fopkj djsa] rks ge n'kkZ ldrs gSa fd ;g lrr

iQy+u gSA

O;kid :i esa ;fn] 2 n 1 n
0 1 2 n 1 nf (x) a a x a x ... a x a x−

−= + + + + +

tgka 0 1 2 na ,a ,a .....a  vpj gSa rFkk n ½.ksrj iw.kkZad gS

ge n'kk Z ldrs gS a fd fcUnq x c=  (tgk a c dksb Z okLrfod la[;k gS) ij lHkh
2 n

0 1 2 na ,a x,a x ,.....a x  lrr gaS vkSj xq.k (i) ls mu ds ;ksxiQy Hkh x = c ij lrr gSA

∴ fdlh fcUnq c ij ( )f x  lrr iQyu gSA

vr% izR;sd cgqin iQyu izR;sd fcUnq ij lrr gSA

(ii) iQyu 
( )( )

( )
x 1 x 3

f (x)
x 5

+ +
=

−
 ij fopkj djsaA
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( )f x  ifjHkkf"kr ugha gS tc x 5 0− =  vFkkZr x 5=  gSA pwafd ( )x 1+  rFkk ( )x 3+  nksuksa lrr

gSa] (x + 1) (x + 3) Hkh lrr gS [xq.k (iv) dk iz;ksx djus ij]

∴ iQyu dk va'k lrr gS]

( )x 5−  Hkh lrr gS

∴ xq.k (iv) dk iz;ksx djus ij ge dg ldrs gSa fd x 5=  ds vfrfjDr lHkh fcUnqvksa ij

iQyu 
( )( )x 1 x 3

(x 5)

+ +

−
 lrr gSA

O;kid :i esa] ;fn p(x)
f (x)

q(x)
=  tgka p (x)  rFkk q (x) cgqin iQyu gSa rFkk ( )q x 0≠ rks

( )f x  lrr gS D;ksafd p (x) rFkk q(x) lrr gSaA

mnkgj.k 25.22.  ;fn
3x 2,x 2

f (x)
x 2,x 2

 − <
= 

+ ≥

d s fy,

d s fy,
 gks] rks x = 2 ij f (x) ds lkarR; dh tkap

dhft,A

gy % D;ksafd f (x), fcUnq x 2=  ds ckb± vksj cgqin iQyu 3x 2−  ds :i esa ifjHkkf"kr gS rFkk

x 2=  ds nkbZa vksj nwljs cgqin iQyu x 2+  ds :i essaA blfy, x 2=  ij ge iQyu dh ckb± i{k
lhek rFkk nkb± i{k lhek vyx&vyx Kkr djsaxsA

ckb± i{k lhek 
x 2

lim f (x)
−→

=
x 2
lim (3x 2)
→

= − 3 2 2 4= × − =

5

4

3

2

1

–5

–4

–3

–2

–1

–1 –2 1 2 3 4 5

y = x + 2

y
 =

 3
x
 –

 2

x

y

y′

x′
O

fp=k 25.8
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nkb± i{k lhek = ( )
x 2x 2

lim f (x) lim x 2 4
+ →→

= + =

pwafd x 2=  ij ckb± i{k lhek rFkk nkb± i{k lhek cjkcj gS] blfy, x 2=  ij iQyu ( )f x  dh lhek

dk vfLrRo gS vkSj og 4 ds cjkcj gS vFkkZr 
x 2
lim f (x) 4
→

=

rFkk x = 2 ij  f (x), x + 2 ds :i esa ifjHkkf"kr gSA

∴       f (2) = 2 + 2 = 4.

vr%            
x 2
lim f (x) f (2)
→

=

blfy, x 2=  ij ( )f x  lrr gSA

mnkgj.k 25.23.

(i) ( )f x x=  dk vkys[k [khafp,A

(ii) x 0=  ij ( )f x  ds lkarR; dh ppkZ dhft,A

gy % ge tkurs gSa fd x 0≥  ds fy, x x= vkSj x x= −  gksrk gSA vr% ( )f x  dks fuEu izdkj ls
fy[k ldrs gSa %

x, x 0
f (x) | x |

x, x 0

− <
= = 

≥

(i) iQyu dk vkys[k fp=k 25.9 esa fn;k x;k gSA

1 2 3 4 –4 –3 –2 –1 O

y′

y

x′ x

fp=k 25.9

(ii)  ckb± i{k lhek 
x 0

lim f (x)
−→

=
x 0
lim ( x) 0
→

= − =

  nkb± i{k lhek 
x 0

lim f (x)
+→

=
x 0
lim x 0
→

= =

vr%          ( )
x 0
lim f x 0
→

=

rFkk       f (0) = 0
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∴           
x 0
lim f (x) f (0)
→

=

vr% x 0=  ij iQyu ( )f x  lrr gSA

mnkgj.k 25.24.  iQyu f (x) | x b |= −  ds x b=  ij lkarR; dk ijh{k.k dhft,A

gy % gesa fn;k gS f (x) | x b |= −

bl iQyu dks bl izdkj Hkh fy[kk tk ldrk gS %

( )
( )

x b ,x b
f (x)

x b ,x b

− − <
= 

− ≥

  ckb± i{k lhek  
h 0x b

lim f (x) lim f (b h)
− →→

= = −
h 0
lim[ (b h b)]
→

= − − −

  
h 0
lim h 0
→

= = .....(i)

   nkb± i{k lhek 
h 0x b

lim f (x) lim f (b h)
+ →→

= = +
h 0
lim[(b h) b]
→

= + −

   
h 0
lim h 0
→

= = .....(ii)

lkFk gh,          f (b) b b 0= − = .....(iii)

(i), (ii) rFkk (iii) ls,
x b
lim f (x) f (b)
→

=

vr% ( )f x , x b=  ij lrr gSA

mnkgj.k 25.25.  ;fn 
sin 2x

, x 0
f (x) x

2, x 0


 ≠= 
 =

rks Kkr dhft, fd ( )f x , x 0=  ij lrr gS ;k ughaA

gy % ;gka
sin 2x

, x 0
f (x) x

2, x 0


 ≠= 
 =

 ckb± i{k lhek 
x 0

sin 2x
lim

x−→
=

h 0

sin 2(0 h)
lim

0 h→

−
=

−

h 0

sin 2h
lim

h→

−
=

− h 0

sin 2h 2
lim

2h 1→

 = × 
 

=1 × 2 = 2 .....(i)

  nkb± i{k lhek 
x 0

sin 2x
lim

x+→
=

h 0

sin 2(0 h)
lim

0 h→

+
=

+
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h 0

sin 2h 2
lim

2h 1→
= ×

= 1 × 2 = 2 .....(ii)

lkFk gh]    f (0) = 2 (fn;k gS) .....(iii)

(i), (ii) rFkk (iii) ls     
x 0
lim f (x) 2 f (0)
→

= =

vr% x 0=  ij ( )f x  lrr gSA

fpUg iQyu % iQyu f (x) = sgn (x) [ftls flxue (x) i<+k tkrk gS] dks fuEu ls ifjHkkf"kr fd;k
tkrk gS

1, x 0

f (x) 0, x 0

1, x 0

− <


= =
 >

iQyu ds uhps fn;s x;s vkys[k ls bldh ckb± i{k lhek rFkk nkb± i{k lhek Kkr dhft,A

1 2 3–1 –2 –3

–1 

y

x

fp=k 25.10

vkys[k ls] ge ns[krs gSa fd tc x 0+→ , f (x) 1→  rFkk tc (x) 0−→ , f (x) 1→ −

vr%
x 0 x 0

lim f (x) 1, lim f (x) 1
+ −→ →

= = −

D;ksafd ;g lhek,¡ leku ugha gS] blfy, iQyu ( )f x , x 0= ij vlrr gSA

lcls cM+k iw.kkZad iQyu% vkb, iQyu [ ]
x 0
lim f (x) x
→

= , tgk¡ [ ]x , x  ls cjkcj ;k NksVk cM+s ls

cM+k iw.kkZad n'kkZrk gSA Kkr dhft, fd D;k ( )f x  lrr gS \

(i) 
1

x
2

=  ij (ii) x =1 ij

bls gy djus ds fy,] vkb, ge x ds dqN LosPN eku ysa tSls 1, 3, 0, 2, –0,  –0.2, 2,-- lcls cM+s
iw.kkZad iQyu dh ifjHkk"kk ls

[1.3] = 1,[1.99] = 1,[2] = 2,[0.2] = 0, [ − 0.2] = −1,[ − 3.1] = − 4, bR;kfn

lk/kkj.kr;k  3 x 2− ≤ < − ds fy, [x] 3= −
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 2 x 1− ≤ < − ds fy, [x] 2= −

1 x 0− ≤ < ds fy, [x] 1= −

0 x 1≤ < ds fy, [x] 0=

1 x 2≤ < ds fy, [x]=1 blh izdkj vkxs

iQyu ( ) [ ]f x x=  dk vkys[k fp=k 25.111 esa fn;k x;k gS

(i) vkys[k ls

1 1
x x

2 2

lim f (x) 0, lim f (x) 0,
− +

→ →

= =

∴ 1
x

2

lim f (x) 0

→

=

rFkk       
1

f [0.5] 0
2

 
= = 

 

blfy,  1
x

2

1
lim f (x) f

2→

 =  
 

vr%  f (x), 
1

x
2

=  ij lrr gS

(ii)
x 1 x 1

lim f (x) 0, lim f (x) 1
− +→ →

= =

vr% x 1=  ij ( )f x  dk vfLrRo ugha gS

 fVIi.kh% iQyu ( ) [ ]f x x=  dks ix iQyu Hkh dgrs gSaA

 mnkgj.k 25.26.  iQyu ( )
x 1

x 4 (x 5)

−

+ −  fdu fcUnqvksa ij lrr gS\

gy % 
( )

x 1
f (x)

x 4 (x 5)

−
=

+ −
 fn;k gS

va'k esa fn;k iQyu ( )x 1−  lrr gSA gj esa fn;k iQyu (x+4) (x − 5) Hkh lrr gSA

ysfdu f (x), x = − 4, 5 ij ifjHkkf"kr ugha gS

iQyu ( )f x , fcUnqvksa – 4, 5 dks NksM+dj] tgk¡ ij ;g ifjHkkf"kr ugha gS] izkar ds 'ks"k lc fcUnqvksa

ij lrr gSA

    ns[ksa vkius fdruk lh[kk 25.5

1. (a) ;fn f (x) 2x 1= + tc x 1≠  rFkk ( )f x 3=  tc x 1=  n'kkZb, fd x 1=  ij ( )f x

lrr gSA

fp=k 25.11

1 2 3 4–1 –2 –3 –4

–1 

–2 

–3 

–4

1 

2 

3 

4

y

x
O
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(b) ;fn 4x 3, x 2
f (x) ,

3x 5, x 2

+ ≠
= 

+ =
 rks

Kkr dhft, fd x 2=  ij iQyu f lrr gS vFkok ughaA

(c) Kkr dhft, fd x 2=  ij iQyu ( )f x  lrr gS vFkok ugha tgk¡]

4x 3, x 2
f (x)

8 x, x 2

+ ≤
= 

− >

(d) x 1=  ij iQyu ( )f x  ds lkarR; dh tkap dhft,] tgk¡

2x ,x 1
f (x)

x 5, x 1

 ≤
= 

+ >

(e) k dk eku Kkr dhft, tcfd iQyu

2kx ,x 2
f (x)

3, x 2

 ≤
= 

>
x 2=  ij lrr gSA

2. fuEu iQyu ds lkarR; dh tkap dhft, %
(a) x 2=  ij f (x) | x 2 |= − (b) x 5= −  ij f (x) | x 5 |= +

(c)   x a=  ij f (x) | a x |= −

(d)

| x 2 |
, x 2

f (x) x 2
1, x 2

−
 ≠=  −
 =

] x = 2 ij lrr gS ;k ugha tk¡p dhft,A

(e) n'kkZb, fd 
| x a |

, x a
f (x) x a

1, x a

−
 ≠=  −
 =

,  x = a ij vlrr gSA

3. (a) ;fn
sin 4x, x 0

f (x)
2 , x 0

≠
= 

=
, x = 0 ij] rks tk¡p dhft, fd ( )f x  ,d lrr iQyu

gS ;k vlrrA

(b) ;fn 
sin 7x

, x 0
f (x) x

7, x 0


 ≠= 
 =

] x = 0 ij] rks tk¡p dhft, fd ( )f x  ,d lrr

iQyu gS ;k vlrrA

(c) a ds fdl eku ds fy, iQyu 
sin 5x

, x 0
f (x) 3x

a, x 0


 ≠= 
 =

, x = 0 ij lrr gS\

4. (a) n'kkZb, fd iQyu ( )f x , x 2=  ij lrr gS] tgk¡
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2x x 2
, x 2

f (x) x 2
3, x 2

 − −
 ≠=  −
 =

ds fy,

ds fy,

(b) x = 1 ij iQyu ( )f x  ds lkarR; dh tkap dhft,] tgk¡

2x 4x 3
, x 1

f (x) x 1

2 , x 1

 − +
≠

= −
− =

d s fy,

d s fy,

(c) k ds fdl eku ds fy, fuEu iQyu x 1= ij lrr gS tgk¡

2x 1
x 1

f (x) x 1

k x 1

 −
 ≠=  −
 =

tc

tc

(d) x 2=  ds fy, iQyu ( )f x  ds lkarR; dh ppkZ dhft,] tc

2x 4
, x 2

f (x) x 2

7, x 2

 −
≠

= −
 =

ds fy,

ds fy,

5. (a) ;fn 
| x |

, x 0
f (x) x

0, x 0


 ≠= 
 =

 Kkr dhft, fd x 0= ij] iQyu f lrr gS vFkok ugha

(b) ewy fcUnq ij iQyu ( )f x  ds lkarR; dh tkap dhft, %

x
, x 0

f (x) | x |

1, x 0

 ≠
= 
 =

6. Kkr dhft, fd ( ) [ ]f x x=  fuEu fcUnq ij lrr gS vFkok ugha %

(a)
4

x
3

= ] (b) x 3= (c) x 1= − (d) 
2

x
3

=

7. fdu fcUnqvksa ij fuEu fLFkfr;ksa esa izR;sd iQyu ( )f x  lrr gS\

(a) 
( )( )

x 2
f (x)

x 1 x 4

+
=

− −
 (b) 

( )( )
x 5

f (x)
x 2 x 3

−
=

+ −
 (c) 

2

x 3
f (x)

x 5x 6

−
=

+ −

(d) 
2

2

x 2x 5
f (x)

x 8x 16

+ +
=

− +
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C

A1

% + vkb;s nksgjk,¡

• ;fn ,d iQyu ( )f x , l  dh vksj vxzlj gksrk gS tc x, a dh vksj vxzlj gksrk gS] rks ge

dgrs gSa fd ( )f x  dh lhek l  gS

ladsr esa ge fy[krs gSa fd 
x a
lim f (x)
→

= l

• ;fn
x a
lim f (x)
→

= l  rFkk 
x a
lim g(x) m
→

=  gks] rks

(i)
x a x a
lim kf (x) k lim f (x) k
→ →

= = l

(ii) [ ]
x a x a x a
lim f (x) g(x) lim f (x) lim g(x) m
→ → →

± = ± = ±l

(iii) [ ]
x a x a x a
lim f (x)g(x) lim f (x) lim g(x) m
→ → →

= = l

(iv) x a

x a
x a

lim f (x)
f (x)

lim
g(x) lim g(x) m

→

→
→

= =
l , tcfd 

x a
lim g(x) 0
→

≠

• dqN izfl¼ iQyuksa dh lhek,¡

(i)
n n

n 1

x a

x a
lim na

x a

−

→

−
=

−
(ii)

x 0
lim sin x 0
→

=

(iii)
x 0
lim cos x 1
→

= (iv)
x 0

sin x
lim 1

x→
=

(v) ( )

1

x

x 0
lim 1 x e
→

+ = (vi)
( )

x 0

log 1 x
lim 1

x→

+
=

(vii)
x

x 0

e 1
lim 1

x→

−
=

• http://www.youtube.com/watch?v=HB8CzZEd4xw

• http://www.zweigmedia.com/RealWorld/Calcsumm3a.html

• http://www.intuitive-calculus.com/limits-and-continuity.html

fuEufyf[kr lhekvksa dk eku Kkr dhft,A

1.
x 1
lim 5
→

2.
x 0
lim 2
→

lgk;d osclkbV

vkb, vH;kl djsa
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3.
5

6 3x 1

4x 9x 7
lim

3x x 1→

+ +

+ +
4.

2

3 2x 2

x 2x
lim

x x 2x→−

+

+ −

5.

4 4

x 0

(x k) x
lim

k(k 2x)→

+ −

+
6.

x 0

1 x 1 x
lim

x→

+ − −

7. 2x 1

1 2
lim

x 1 x 1→−

 
+ + − 

8.
x 1

(2x 3) x 1
lim

(2x 3)(x 1)→

− −

+ −

9.
2

x 2

x 4
lim

x 2 3x 2→

−

+ − −
10. 2x 1

1 2
lim

x 1 x 1→

 
− − − 

11.
x

sin x
lim

x→π π −
12.

2 2

2 2x a

x (a 1)x a
lim

x a→

− + +

−

fuEufyf[kr iQyuksa dh ck;ha rFkk nk;ha lhek Kkr dhft,%

13.   
2x 3 if x 1

f (x) as x 1
3x 5 if x 1

− + ≤
= →

− >
14.

2x 1
f (x) as x 1

| x 1|

−
= →

+

fuEufyf[kr lhekvksa dk eku Kkr dhft,%

15.
x 1

| x 1|
lim

x 1−→

+

+

16.
x 2

| x 2 |
lim

x 2+→

−

−

17.
x 2

x 2
lim

| x 2 |−→

−

−

18. ;fn 
2(x 2) 4

f (x)
x

+ −
= , fl¼ dhft, fd 

x 0
lim f (x) 4
→

= ;|fi f(0) ifjHkkf"kr ugha gSA

19. k dk eku Kkr dhft, ;fn 
x 2
lim f (x)
→

 ifjHkkf"kr gS tgka 
5x 2,x 2

f (x)
2x k, x 2

+ ≤
= 

+ >

20. eku Kkr dhft, 
x 0

sin 7x
lim

2x→

21. eku Kkr dhft, 

x x

2x 0

e e 2
lim

x

−

→

 + −
 
  

22. eku Kkr dhft, 2x 0

1 cos3x
lim

x→

−

23. eku Kkr dhft, 
x 0

sin 2x 3x
lim

2x sin3x→

+

+

24. eku Kkr dhft, 
x 1

x
lim(1 x) tan

2→

π
−

25. eku Kkr dhft, 
0

sin5
lim

tan8θ→

θ

θ
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fuEufyf[kr lkaR;rk dk ijh{k.k dhft,%

26.
1 3x if x 1

f (x)
2 if x 1

+ > −


≤ −
    x = –1 ij

27.

1 1
x,0 x

x 2

1 1
f (x) , x

2 2

3 1
x, x 1

2 2


− < <




= =



− < <


   
1

x
2

= ij

28. k ds fdl eku ds fy, iQyu

( )

2x 16
x 4

f x x 4

k x 4

 −
 ≠=  −
 =

;fn

;fn
 x = 4  ij lrr gS \

29. fuEu iQyuksa ds fy, vlrr gksus ds fcUnq Kkr dhft, %

(a)   
2

2

x 3

x x 1

+

+ +
(b) 

2

2

4x 3x 5

x 2x 1

+ +

− +

(b)   
2

2

x x 1

x 3x 1

+ +

− +
(d) 

4x 16, x 2f (x)
16, x 2

 − ≠= 
=

30. n'kkZb, fd iQyu
sin x

cos, x 0
f (x) x

2, x 0


 + ≠= 
 =

  x 0=  ij lrr gS

31. 'a' dk eku Kkr dhft, fd iQyu ( )f x  tks fuEu }kjk ifjHkkf"kr gS

a cos x
, x

2x 2
f (x)

5, x
2

π
≠π −= 

π =


lrr gSA

ns[ksa vkius fdruk lh[kk 25.1

1. (a) 17 (b) 7 (c) 0 (d) 2

(e)- 4 (f) 8

2. (a)   0 (b) 
3

2
(c)

2

11
− (d)

q

b
 (e) 6

(f) 10− (g)  3 (h) 2

3. (a) 3 (b)
7

2
(c) 4 (d) 

1

2

mÙkjekyk
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4. ( a )  ( a )  ( a )  ( a )  

1

2
(b) 

1

2 2
(c) 

1

2 6
(d) 2 (e) 1−

5. (a) vfLrRo ugha gS (b) vfLrRo ugha gS

6. (a) 0 (b)
1

4
(c) vfLrRo ugha gS

7. (a) 1, 2− (b) 1 (c) 19

8. a 2= −

10. vfLrRo ugha gS

ns[ksa vkius fdruk lh[kk 25.2

1. (a) 2 (b)  
2

2

e 1

e 1

−

+

2. (a) 
1

e
− (b) −e

3. (a)  2 (b)
1

5
(c) 0 (d) 

a

b

4. (a) 
1

2
(b) 0 (c)  4 (d) 

2

3

5. (a) 
2

2

a

b
(b) 2 (c) 

1

2

6. (a) 1 (b)
2

π
(c)  0

7. (a) 
5

3
(b) 

7

4
(c) -5

 ns[ksa vkius fdruk lh[kk 25.3

1. (a) lrr (b) lrr

(c) lrr (d) lrr

5. (a) p =3 (b) a = 4 (c) 
14

b
9

=

ns[ksa vkius fdruk lh[kk 25.4

2. (a) lrr

(b) x = 2 ij vlrr

(c) x 3= −  ij vlrr

(d) x = 4 ij vlrr
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ns[ksa vkius fdruk lh[kk 25.5

1. (b) lrr (c) vlrr

(d) vlrr (e) 
3

k
4

=

2 (a) lrr (b) lrr (c) lrr

(d) vlrr (e) vlrr

3 (a) vlrr (b) lrr (c) 
5

3

4 (b) lrr (c) k = 2

(d) vlrr

5. (a) vlrr (b) vlrr

6 (a) lrr (b) vlrr

(c) vlrr (d) lrr

7. (a)  1 rFkk 4 dks NksMdj lHkh okLrfod la[;k,¡

(b)  −2 rFkk 3 dks NksMdj lHkh okLrfod la[;k,¡

(c)  −6 rFkk 1 dks NksMdj lHkh okLrfod la[;k,¡

(d)  4 dks NksMdj lHkh okLrfod la[;k,¡

vkb;s vH;kl djsa

1. 5 2.  2 3.  4 4. 
1

3
−

5.
22x 6.  1 7. 

1

2
− 8. 

1

10
−

9. 8− 10.
1

2

11. 1 12.
a 1

2a

−

13. 1, 2− 14. 2,2−

15. 1− 16. 1

17. 1− 19. k 8=

20.
7

2
21. 1
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22.
9

2
23. 1

24.
2

π
25.

5

8

26. vlrr

27. vlrr

28. k 8=

29. (a) ugha (b) x 1=

(c) x 1= , x 2= (d) x 2=

31. 10
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26

vodyu

vody xf.kr (Differential Calculus) dk mnxe laHkor% 1665 vFkok 1666 bZ- esa gqvk Fkk tc
vkblkd U;wVu (Issac Newton) us lcls igys ml izfØ;k dh fopkjksRifÙk (Conceived) dh ftls
ge vktdy vodyu (,d xf.krh; izfØ;k ds }kjk feyus okyk ifj.kke) dgrs gSaA U;wVu rFkk
yscfut+ ds vkfo"dkjksa esa] nwljs vusd ifj.kkeksa ds lkFk&lkFk] la;qDr iQyuksa ds ;ksx] xq.ku rFkk
foHkktu ds vodyu djus ds fu;e gSaA

bl ikB esa ge ,d iQyu ds vodyt dks ifjHkkf"kr djsaxs] mldh T;kferh; rFkk HkkSfrd O;k[;k
djsaxsa] vodytksa ds fofHkUu fu;eksa dh ppkZ djsxsa rFkk iQyuksa ds f}rh; dksfV ds vodytksa dh
vo/kj.kk dks Hkh vkjEHk djsaxsA

 mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

� fdlh iQyu ( )f x  ds vodyt dks x a=  ij ifjHkkf"kr djuk rFkk mldh T;kferh; O;k[;k
Hkh djukA

� fl¼ djuk fd fdlh fLFkj iQyu dk vodyu 'kwU; gksrk gSA

� ( ) nf x x=  dk vodyt izFke fl¼kUr ls Kkr djuk] tcfd n Q∈  rFkk mldk iz;ksx vU;
iQyuksa ds vodyt Kkr djus esa djukA

� nks iQyuksa ds xq.ku rFkk Hkkx }kjk izkIr iQyu ds vodyt Kkr djus ds fu;eksa dks crk dj
mudk iz;ksx djukA

� Ja[kyk fu;e dks crkdj mldk vodyt Kkr djus esa iz;ksx djukA

� chth; iQyuksa (ifjes; iQyuksa lfgr) dk vodyt Kkr djuk] rFkk

• ,d iQyu dk f}rh; dksfV dk vodyt (second order derivative ) Kkr djukA

iwoZ Kku
� cgqin izes;
� iQyu rFkk muds vkys[k
� ,d iQyu dh lhek dh ifjdYiuk
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26.1 fdlh iQyu dk vodyt

iQyu 2y x=  ij fopkj dhft, rFkk eku yhft, fd bl ds vkys[k ij ,d fcUnq (5,25)  gSA ;fn
x   dk eku 5 ls  5.1, 5.01, 5.001..vkfn cnyrk gS rks y, 25 ls 26.01,25.1001, 25.010001... gks tkrk
gSA x esa gksus okyk ,d NksVk lk ifjorZu y ds eku esa Hkh FkksM+k lk ifjorZu dj nsrk gSA ge x esa
ifjorZu dks xδ  ls rFkk mlds laxr y ds ifjorZu dks yδ  }kjk O;Dr djrs gSaA ;g ekudj fd ;g

o`f¼ /ukRed vFkok ½.kkRed gS bu ifjorZuksa dk vuqikr 
y

x

δ

δ
 dks o`f¼ vuqikr dgrs gSaA ;gk¡

2y x=  ds (5,25) ij] rFkk o`f¼ x 0.1δ = ,0.01,0.001, 0.0001,...... rFkk y 1.01δ = ,.1001,

.010001, .00100001 vkfn ysus ij gesa uhps nh xbZ rkfydk izkIr gksrh gS %
x 5.1 5.01 5.001 5.0001

  xδ   .1      .01         .001     .0001

       y     26.01          25.1001               25.010001 25.00100001

       yδ     1.01              .1001                    .010001              .00100001

            
y

x

δ

δ
         10.1                     10.01                           10.001                     10.0001

mijksDr rkfydk ls ge fuEufyf[kr fujh{k.k djrs gSa %
(i) tc xδ  cnyrk gS] rks yδ cnyrk gS
(ii) tc y 0δ → rks] x 0δ → .

(iii) vuqikr 
y

x

δ

δ
la[;k 10 dh vksj vxzlj gksrk gSA

bl izdkj bl mnkgj.k ls irk pyrk gS fd y 0δ → tc x 0δ → ysfdu 
y

x

δ

δ
 ,d lhfer la[;k

cu tkrk gS ;g vko';d ugha fd og 'kwU; gksA lhek 
x 0

y
lim

xδ →

δ

δ
dks laxrrk esa 

dy

dx
}kjk fu#fir djrs

gSaA 
dy

dx
dks y dk x ds lkis{k vodyt (derivative) dgrs gSa rFkk mls x ds lkis{k y  dk vody

xq.kkad (differential co-efficient) i<+k tkrk gSA

nwljs 'kCnksa esa ge dg ldrs gSsa fd 
x 0

y dy
lim 10

x dxδ →

δ
= =

δ
(mijksDr mnkgj.k esa) gSA ;kn jf[k, fd

tcfd xδ rFkk yδ cgqr NksVh&NksVh la[;k,¡ (òf¼) gaS] rks Hkh vuqikr 
y

x

δ

δ
 ,d fuf'pr la[;k 10 gSA

O;kid :i ls eku yhft, fd

y f (x)= .....(i)

 ,d iQyu gSA bldk vodyt Kkr djus ds fy, eku yhft, fd x ds eku esa xδ  ,d NksVk
lk ifjorZu gS] rc x dk eku x x+ δ  gks tk;sxk] tgk¡ f (x) ifjHkkf"kr gSA blh izdkj y ds eku esa
Hkh laxr ifjorZu yδ  gS vkSj rc y dk eku y + yδ  gks tk;sxkA

bl izdkj y y f (x x)+ δ = + δ ...(ii)
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∴     (y y) y f (x x) f (x)+ δ − = + δ −

     y f (x x) f (x)δ = + δ − ...(iii)

ifjorZu dh nj Kkr djus ds fy, ge (iii) dks xδ ls Hkkx djrs gSaA

∴      
y f (x x) f (x)

x x

δ + δ −
=

δ δ
...(iv)

vUr esa ge vuqikr 
y

x

δ

δ
 dk lhekar eku ysrs gSa tc x 0δ → .

;fn       
x 0 x 0

y f (x x) f (x)
lim lim

x xδ → δ →

δ + δ −
=

δ δ
...(v)

,d lhfer la[;k gS rks ( )f x ,d vodyuh; iQyu dgykrk gS rFkk lhekar eku dks ( )f x  dk
x ds lkis{k vodyt dgk tkrk gS rFkk bls ladsr ( )f ' x  }kjk fy[kk tkrk gSA

nwljs 'kCnksa esa 
d

f (x)
dx

 vFkok 
dy

dx
(ftls y dk 

d

dx
) i<+k tkrk gSA

vr% ( )
x 0 x 0

y f (x x) f (x)
lim lim f ' x

x xδ → δ →

δ + δ −
= =

δ δ

        
dy d

f (x)
dx dx

= f '(x)=

fVIi.kh

(1) lehdj.k (v) }kjk fu#fir lhekar izfØ;k ,d xf.krh; lafØ;k gSA bl izfØ;k dks vodyu
dgk tkrk gS rFkk blds ifj.kke dks vodyt dgrs gSaA

(2) ,d iQyu] ftldk fdlh fcUnq ij vodyt dk vfLrRo gS] mls vodyuh; iQyu dgrs gSaA

(3) bl ckr dks lR;kfir fd;k tk ldrk gS fd ;fn ( )f x  fdlh fcUnq x = a ij vodyuh;
gS] rks og ml fcUnq ij lrr Hkh gS ;|fi ;g vko';d ugha fd bldk foykse lR; gksA

(4) ladsr xδ ds LFkku ij x∆  vFkok  h dk Hkh mi;ksx fd;k tkrk gSA

vFkkZr] 
h 0

dy f (x h) f (x)
lim

dx h→

+ −
=   vFkok     

x 0

dy f (x x) f (x)
lim

dx x∆ →

+ ∆ −
=

∆
  gSA

(5) ;fn y = f (x) gS] rks 
dy

dx
 dks 1y  vFkok y'  }kjk Hkh fu#fir fd;k tkrk gSA

26.2 osx ,d lhekUr
eku yhft, fd fd ,d d.k] tks vkjEHk esa O ij fLFkj gS] ,d ljy js[kk OP ij xfreku gSA bl
d.k }kjk P fcUnq rd igq¡pus esa r; dh xbZ nwjh le; t dk iQyu gSA

fp=k 21.1
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ge nwjh OP dks fy[k ldrs gSa] OP s f (t)= =

blh izdkj ;fn P ds lehi ,d fcUnq Q rd igq¡pus dh nwjh sδ rFkk le; tδ gks rks

      OQ OP PQ= +

s s= + δ

f (t t)= + δ ...(ii)

d.k dk le; vUrjky tδ  esa vkSlr osx

=
njw h esa ifjorZu
le; eas ifjoruZ

(s+ s) s

(t+ t) t

δ −
=

δ − (i) vkSj (ii) }kjk

f (t t) f(t)

t

+ δ −
=

δ

vc ge P ds lehi NksVs vUrjky esa vkSlr osx Kkr djus ds fy, tδ dks vkSj NksVk cuk ysrs gSaA

vkSlr osx dk lhekar eku tcfd t 0δ → (PfcUnq ij) fdlh le; t ij d.k dk rkR{kf.kd osx
dgykrk gSA

∴ le; t ij osx 
t 0

f (t t) f (t)
lim

tδ →

+ δ −
=

δ

bls 
ds

dt
 }kjk fu:fir fd;k tkrk gSA

vr% ;fn fdlh xfreku d.k }kjk le; t ij r; dh xbZ nwjh f(t) gS rks 0t t=  ij 1f  dk vodyt

fcUnq P ij rkR{kf.kd vFkkZr~ le; 0t t=  ij osx fu:fir djrk gSA

bldks fdlh iQyu dk ,d fcUnq ij vodyt dk HkkSfrd izn'kZu Hkh dgk tkrk gSA

fVIi.kh % vodyt 
dy

dx
, y dh x ds lkis{k rkR{kf.kd ifjorZu nj dks O;Dr djrk gSA

mnkgj.k 26.1.  ,d dkj }kjk le; t lsdaM esa r; dh x;h 's' eh nwjh fuEufyf[kr lEcU/ }kjk

ifjHkkf"kr gS %
2s 3t=

le; t = 4 lsd.M ij dkj dk osx Kkr dhft,A
gy % ;gk¡ 2f (t) s 3t= =

∴ 2f (t t) s s 3(t t)+ δ = + δ = + δ

fdlh le; t ij dkj dk osx   
t 0

f (t t) f (t)
lim

tδ →

+ δ −
=

δ

2 2

t 0

3(t t) 3t
lim

tδ →

+ δ −
=

δ
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2 2 2

t 0

3(t 2t. t t ) 3t
lim

tδ →

+ δ + δ −
=

δ

t 0
lim (6t 3 t)

δ →
= + δ  = 6t

∴t = 4 lsd.M ij dkj dk osx = (6 × 4) eh@lsd.M

= 6 × 4 = 24 eh@lsd.M

  ns[ksa vkius fdruk lh[kk  26.1

1. fdlh ljy js[kk esa xfreku d.kksa dk osx fn;s x, le;&nwjh lEcU/ksa ls t ds bafxr ekuksa ij
Kkr dhft, %

(a)
1

s 2 3t; t .
3

= + = (b) s 8t 7; t 4.= − =

(c)
2 3

s t 3t; t .
2

= + = (d)
2 5

s 7t 4t 1; t .
2

= − + =

2. ,d ljy js[kk esa xfreku ,d d.k }kjk t lsd.M esa r; dh x;h nwjh s eh dh nwjh
4 2s t 18t= −  }kjk iznf'kZr dh xbZ gSA t = 10 lsd.M ij xfr Kkr dhft,

3. ,d d.k ,d {kSfrt js[kk esa xfreku gSA bldh ,d fLFkj fcUnq 0 ls t lsd.M esa nwjh s uhps
fn, x;s laca/ }kjk ifjHkkf"kr gS %

2 3s 10 t t= − +

3 lsd.M ds vUr esa d.k dh rkR{kf.kd xfr Kkr dhft,A

 26.3  dy/dx  dk T;kferh; vFkZ
eku yhft, fd y = f (x) ,d x  dk lrr iQyu gSA vkb;s] bl iQyu dk xzkiQ [khapsaA eku yhft,
fd APQB bldk xzkiQh; fu:i.k gSA

P(x, y) α
A δx

y

θ
OT

α

x

x + xδ

M
δx

N
x

y + yδ

R

By 
=
 f(

x)

Q(x + x, y + y)δδ

    fp=k 21.2

dy/
dx
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eku yhft, fd y = f(x) ij ,d fcUnq P (x,y) gSA eku yhft, fd P ds lehi gh nwljk fcUnq
Q(x x, y y)+ δ + δ  gSA PM vkSj QN, x&v{k ij yEc Mkysa vkSj PR x&v{k ds lekUrj [khaps rkfd
PR, QN dks R ij dkVsA QP dks feyk;sa rFkk bls fcUnq S rd c<+k;sa A eku yhft, fd izfrNsnh js[kk
QPS ?kukRed x&v{k ds lkFk ekuk fd α dks.k cukrh gSA fcUnq P ij oØ dh PT Li'kZ js[kk [khpsa
tks fd x&v{k ds lkFk θ  dks.k cukrh gSA f=kHkqt QPR esa QPR∠ = α

QR QN RN QN PM (y y) y y
tan

PR MN ON OM (x x) x x

− − + δ − δ
α = = = = =

− + δ − δ (i)

vc eku yhft, fd fcUnq Q oØ ij fcUnq P dh vksj P ds lehi vkSj lehi tkrk gSA bl izdkj
tc Q P→ rc x 0δ → , y 0δ → ,

0,(tan tan )α → α → θ

vkSj ifj.kke Lo:i Nsnd js[kk QPR Li'kZ js[kk PT  ds lkFk laikrh gksus ds fy, izòr gksrh gSA

(i) ls  
y

tan
x

δ
α =

δ

lhekar fLFkfr esa,      
x 0 x 0
y 0

y
lim tan lim

xδ → δ →
δ →
α→ θ

δ
α =

δ

∴   
dy

tan
dx

θ = ...(ii)

bl izdkj 
dy

dx
, tks fd y = f (x) dk oØ ds fdlh fcUnq P (x,y) ij vodyt gS] fcUnq P ij Li'kZ

js[kk ds <yku ;k izo.krk dks fu:fir djrk gSA

bls 
dy

dx
 dk T;kferh; izn'kZu dgk tkrk gSA

;g ckr ;kn j[ksa fd oØ ds fofHkUu fcUnqvksa ij 
dy

dx
 ds eku fHkUu fHkUu gksrs gSaA

blfy, fdlh fo'ks"k fcUnq ij oØ dh Li'kZ js[kk dh izo.krk Kkr djus ds fy, y = f (x) lehdj.k

ls 
dy

dx
 dk eku Kkr dhft, vkSj 

dy

dx
 esa fcUnq ds funsZ'kakd dk eku izfrLFkkfir dhft,A

miizes; 1

;fn oØ ds fcUnq P ij Li'kZ js[kk x-v{k ds lekUrj gSA rks 0θ = ° ;k 180°, 
dy

tan 0
dx

= °  ;k

tan 180° = 0 vFkkZr 
dy

0
dx

=

vr% y = f(x)  ds fcUnq P ij Li'kZ js[kk x-v{k ds lekUrj gS



xf.kr 171

vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

miizes; 2

;fn oØ ds fcUnq P ij Li'kZ js[kk] x v{k ds yEcor gks rks 90θ = ° , 
dy

tan90
dx

= ° = ∞

vr% y = f(x) ds fcUnq P ij Li'kZ js[kk y-v{k ds lekUrj gSA

26.4 vpj iQyu dk vodyt
dFku % ,d vpj dk vodyt 'kwU; gksrk gS

miifÙk % y = c ,d vpj iQyu gSA

;k 0y cx= 0[ x 1]=Q ..(i)

eku yhft, fd x esa ,d NksVh lh o`f¼ xδ  gksrh gS rFkk y esa mlds laxr o`f¼ yδ  gksrh gS rkfd
0y y c(x x)+ δ = + δ ..(ii)

(ii) esa ls (i) dks ?kVkus ij

      0 0(y y) y c(x x) cx+ δ − = + δ − , ( )0x 1=Q

       y c cδ = −

       y 0δ =

xδ ls Hkkx djus ij            
y 0

x x

δ
=

δ δ

      
y

0
x

δ
=

δ

x 0δ → lhekar ysrs gq,  
x 0

y
lim 0

xδ →

δ
=

δ

       
dy

0
dx

=

vFkok         
dc

0
dx

=

;g fl¼ djrk gS fd fdlh vpj dh ifjorZu nj 'kwU; gSA blfy, ,d vpj dk vodyt
'kwU; gSA

26.5  fdlh iQyu dk izFke fl¼kUr ls vodyu
fdlh iQyu ds ,d fcUnq ij vodyt dh ifjHkk"kk dk Lej.k djus ls] gesa fdlh iQyu dk izFke
fl¼kUr ls vodyt Kkr djus ds fy, fuEu dk;Zdkjh fu;e izkIr gksrk gSA

pj.k I :  fn, x, iQyu dks y = f (x) ds :i esa fyf[k,  ....(i)

pj.k II : eku yhft, fd x esa NksVk ifjorZu xδ  gS rFkk y esa laxr ifjorZu yδ  gSA  bl izdkj
y y f (x x)+ δ = + δ ....(ii)

pj.k III : (i) dks (ii) esa ls ?kVkus ij gesa feyrk gS
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y f (x x) f (x)δ = + δ − ..(iii)

pj.k IV : (iii) ds ifj.kke dks xδ  ls Hkkx nsus ij] gesa feyrk gS

y f (x x) f (x)

x x

δ + δ −
=

δ δ

pj.k V :  tc x 0δ →  rks mijksDr dh lhek ysus ij

    
x 0 x 0

y f (x x) f (x)
lim lim

x xδ → δ →

δ + δ −
=

δ δ

 fVIi.kh%

izFke fl¼kUr ls iQyuksa dk vodyt Kkr djus dks MsYVk fof/ vFkok vkfnr% vodyu fof/
Hkh dgrs gSaA

vc ge dqN ekud iQyuksa ds vodyt izFke fl¼kUr ls Kkr djsaxsA

dqN iQyuksa ds izFke fl¼kUr }kjk vodyt

eku yhft, fd ny x= .....(i)

x esa ,d NksVh c<+ksÙkjh xδ  ds fy, eku yhft, fd y esa laxr c<+ksÙkjh yδ  gS

rc ny y (x x)+ δ = + δ . ...(ii)

(i) dks (ii) esa ls ?kVkus ij

    n n(y y) y (x x) x+ δ − = + δ −

∴     

n
n nx

y x 1 x
x

δ 
δ = + − 

 

        

n
n x

x 1 1
x

 δ 
= + −  

   

D;ksafd xδ , x dh rqyuk esa cgqr NksVk gS] 
x

x

δ
<1, vr% ge 

n
x

1
x

δ 
+ 

 
 dk fdlh ?kkrkad ds fy,

f}in izes; }kjk izlkj fy[k ldrs gSaA
n

x
1

x

δ + 
 

 dks f}in izes; }kjk izlkfjr djus ij

2 3
n x n(n 1) x n(n 1)(n 2) x

y x 1 n ... 1
x 2! x 3! x

 δ − δ − − δ     δ = + + + + −      
       

    ( ) ( ) ( ) ( ) ( )2
n

2 3

n n 1 n n 1 n 2 xn x
x x ....

x 2 3!x x

 − − − δδ
 = δ + + +
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mijksDr dks xδ ls Hkkx nsus ij gesa feyrk gS %

2
n

2 3

y n n(n 1) x n(n 1)(n 2) ( x)
x ...

x x 2! 3!x x

 δ − δ − − δ
= + + + 

δ   

tc x 0δ →  rFkk 2( x)δ  rFkk mlls cM+h ?kkrsa Hkh 'kwU; dh vksj vxzlj gksrh gSa]

mijksDr dh lhek ysus ij

∴   

2
n

2 3x 0 x 0

y n n(n 1) x n(n 1)(n 2) ( x)
lim lim x ...

x x 2! 3!x xδ → δ →

 δ − δ − − δ
= + + + 

δ   

vFkok
n

x 0

y dy n
lim x 0 0 ...

x dx xδ →

δ  = = + + + δ  

vFkok  
n n 1dy n

x nx
dx x

−= ⋅ =

vr,o      
n n 1d

(x ) nx ,
dx

−−−−==== ny x =
 
Q

bldks U;wVu dk ikoj&iQkewZyk (Power  Formula) vFkok ikoj fu;e (Power  Rule) dgrs gSaA

fVIi.kh % bl lw=k dk iz;ksx djds ge 2 3x,x ,x ,... vkfn iQyuksa vFkkZr tc n = 1,2,3,... gSa
dk vodyu Kkr dj ldrs gSaA

mnkgj.k ds fy,  
1 1 1 0d d

x x 1x 1x 1.1 1
dx dx

−= = = = =

2 2 1d
x 2x 2x

dx

−= =

       ( )3 3 1 2d
x 3x 3x

dx

−= =

mnkgj.k 26.2.   fuEufyf[kr esa ls izR;sd dk vodyt Kkr dhft, %

(i) 10x (ii) 50x (iii) 91x

gy % (i) ( )10 10 1 9d
x 10x 10x

dx

−= =

(ii) ( )50 50 1 49d
x 50x 50x

dx

−= =

(iii) ( )91 91 1 90d
x 91x 91x

dx

−= =

vr%
1 1

1
2 2

1 / 2

dy 1 1 1 1
x x

dx 2 2 2 x

−
−

= = =  vFkok   ( )d 1
x

dx 2 x
=

vc ge dqN ljy iQyuksa dk vodyt ifjHkkf"kr vFkok izFke fl¼kUr ls djsaxsA
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mnkgj.k 26.3.  2x dk izFke fl¼kUr ls vodyt Kkr dhft,A

gy % eku yhft,
2y x= .....(i)

x  esa ,d NksVh c<+ksrjh xδ  ls y esa laxr c<+ksrjh yδ  gS

2y y (x x)+ δ = + δ .....(ii)

(ii) esa ls (i) ?kVkus ij] gesa feyrk gS %

    2 2(y y) y (x x) x+ δ − = + δ −

vFkok      2 2 2y x 2x( x) ( x) xδ = + δ + δ −

vFkok      2y 2x( x) ( x)δ = δ + δ

mijksDr dks xδ  ls Hkkx nsus ij] gesa feyrk gS %

    
y

2x x
x

δ
= + δ

δ

lhek ysus ij gesa feyrk gS %

      
x 0 x 0

y
lim lim (2x x)

xδ → δ →

δ
= + δ

δ

vFkkZr     
x 0

dy
2x lim ( x)

dx δ →
= + δ

         = 2x + 0

         = 2x

vr,o]     
dy

2x
dx

= vFkok ( )2d
x 2x

dx
=

mnkgj.k 26.4. x  dk izFke fl¼kUr ls vodyt dhft, A

gy % eku yhft, y x= ..(i)

x esa ,d NksVh c<+ksrjh xδ  ds fy, eku yhft, fd  y esa laxr c<+ksrjh yδ  gS

∴      y y x x+ δ = + δ ...(ii)

(ii) esa ls (i) ?kVkus ij] gesa feyrk gS

          ( )y y y x x x+ δ − = + δ −

vFkok y x x xδ = + δ −

(iii) ds nk;sa i{k ds va'k dk ifjes;dj.k djus ij feyrk gS

( )x x x
y x x x

x x x

+ δ −
δ = + δ +

+ δ +

  ( )
(x x) x

x x x

+ δ −
=

+ δ +
vFkok         

x
y

x x x

δ
δ =

+ δ +
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xδ ls Hkkx nsus ij gesa feyrk gS

y 1

x x x x

δ
=

δ + δ +

lhek ysus ij gesa feyrk gS

 
x 0 x 0

y 1
lim lim

x x x xδ → δ →

δ  
=  δ + δ + 

vFkok
dy 1

dx x x
=

+
vFkok   ( )d 1

x
dx 2 x

=

mnkgj.k 26.5. ;fn f (x) ,d vodyuh; iQyu gS rFkk c ,d vpj gS rks (x) cf (x)φ =  dk
vodyt Kkr dhft,A

gy % gesa iQyu (x) cf (x)φ = ......(i) dk vodyt Kkr djuk gS

x esa ,d NksVh c<+ksrjh xδ ds fy,] eku yhft, fd laxr iQyu (x)φ dk eku ( )x xφ + δ  rFkk

( )f x dk eku f (x x)+ δ gSA
∴ (x x) cf (x x)φ + δ = + δ ...(ii)

(ii) esa ls (i) ?kVkus ij gesa feyrk gS

    [ ](x x) (x) c f (x x) f (x)φ + δ − φ = + δ −

mijksDr dks xδ  ls Hkkx nsus ij gesa feyrk gS

(x x) (x) f (x x) f (x)
c

x x

φ + δ − φ + δ − 
=  δ δ 

lhek ysus ij gesa feyrk gS

  
x 0 x 0

(x x) (x) f (x x) f (x)
lim lim c

x xδ → δ →

φ + δ − φ + δ − 
=  δ δ 

vFkok      
x 0

f (x x) f (x)
'(x) c lim

xδ →

+ δ − 
φ =  δ 

vFkok       '(x) cf '(x)φ =

vr%    ( ) ( )( )d d
cf x c f x

dx dx
= ⋅  

      ns[ksa vkius fdruk lh[kk 26.2

1. fuEufyf[kr esa ls izR;sd iQyu dk MsYVk fof/ ls vodyt Kkr dhft, %

(a) 10x (b) 2x 3+ (c) 23x

(d) 
2x 5x+ (e) 37x
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2. fuEufyf[kr esa ls izR;sd iQyu dks izFke fl¼kUr ls vodfyr dhft, %

(a)
1

,x 0
x

≠ (b)
1

,x 0
ax

≠ (c) 
1

x ,x 0
x

+ ≠

(d)
1 b

,x
ax b a

−
≠

+
(e)

ax b d
,x

cx d c

+ −
≠

+
(f) 

x 2 5
,x

3x 5 3

+ −
≠

+

3. fuEufyf[kr esa ls izR;sd dk izFke fl¼kUr ls vodyt Kkr dhft, %

(a) 
1

, x 0
x

≠ (b)
1 b

,x
aax b

−
≠

+
(c)

1
x ,x 0

x
+ ≠

(d)
1 x

,x 1
1 x

+
≠

−

4. fuEufyf[kr esa ls izR;sd iQyu dk MsYVk fof/ ls vodyt Kkr dhft, %

(a)   f (x) 3 x= A f'(2) Hkh Kkr dhft,A (b) 2f (r) r= π A  f(2) Hkh Kkr dhft,A

(c)   
34

f (r) r
3

= π A  f '(3) Hkh Kkr dhft,A

26.6 vodytksa dk chtxf.kr
cgqr ls iQyu nwljs iQyuksa ds la;kstu ls curs gSaA la;kstu iQyuksa ds ;ksx] vUrj] xq.ku vFkok Hkkx
}kjk cus gks ldrs gSaA gesa dHkh&dHkh ,slh ifjfLFkfr Hkh feyrh gS tgk¡ ,d iQyu dk iQyu nwljs
iQyu ds :i esa O;Dr gksrk gSA

,slh ifjfLFkr;ksa esa vodyt dks ,d vPNk vkStkj (tool) cukus ds fy,] gesa ;ksx] vUrj] xq.ku]
Hkkx rFkk iQyuksa ds iQyu ds vodytksa ds fu;e cukus vko';d gSaA ,sls fu;e gesa cgqinksa] chth;
(ifjes; lfgr) iQyuksa ds vodyt Kkr djus esa lgk;d gksxsaA

26.7 iQyuksa ds ;ksx rFkk vUrj dk vodyt
;fn f (x) rFkk g (x)nksuksa vodyuh; iQyu gSa rFkk h (x) = f (x) + g ( x) rks h' (x)  D;k gksxk\

eku yhft, fd xδ , x esa ,d NksVh c<+ksrjh gS rFkk y,δ y esa laxr NksVh c<+ksrjh gSA

∴ h(x x) f (x x) g(x x)+ δ = + δ + + δ

vr%        
[ ] [ ]

x 0

f (x x) g(x x) f (x) g(x)
h '(x) lim

xδ →

+ δ + + δ − +
=

δ

    
[ ] [ ]

x 0

f (x x) f (x) g(x x) g(x)
lim

xδ →

+ δ − + + δ −
=

δ

    
x 0

f (x x) f (x) g(x x) g(x)
lim

x xδ →

+ δ − + δ − = + δ δ 

     
( ) ( ) ( ) ( )

x 0 x 0

f x x f x g x x g x
lim lim

x xδ → δ →

+ δ − + δ −
= +

δ δ

vFkok ( ) ( ) ( )h ' x f ' x g ' x= +
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vr% ge ns[krs gSa fd nks iQyuksa ds ;ksx dk vodyt muds vodytksa ds ;ksx ds cjkcj gksrk gSA

bls ;ksx dk fu;e dgrs gSaA

mnkgj.kr;k 2 3y x x= +

rks ( ) ( )2 3d d
y ' x x

dx dx
= +

     22x 3x= +

bl izdkj 2y ' 2x 3x= +

bl ;ksx fu;e ls ge vUrj fu;e Hkh ljyrk ls Kkr dj ldrs gSaA

D;ksafd ;fn   ( ) ( ) ( )h x f x g x= −  gSA

rks         ( ) ( ) ( )h x f x g x= + −  

∴        ( ) ( ) ( )h ' x f ' x g ' x= + −  

    ( ) ( )f ' x g ' x= −

vFkkZr nks iQyuksa ds vUrj dk vodyt muds vodytksa ds vUrj ds cjkcj gksrk gSA bls vUrj
fu;e dgk tkrk gSA

bl izdkj ge izkIr djrs gSa %

;ksx fu;e % ( ) ( ) ( ) ( )d d d
f x g x f x g x

dx dx dx
+ = +          

vUrj fu;e % ( ) ( ) ( ) ( )d d d
f x g x f x g x

dx dx dx
− = −          

mnkgj.k 26.6. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(i) 2 3y 10t 20t= +

(ii)
3

2

1 1
y x

xx
= + − ,  x 0≠

gy % (i) gesa fn;k gS 2 3y 10t 20t= +

∴           ( ) ( )2dy
10 2t 20 3t

dt
= +

    220t 60t= +

(ii)   3

2

1 1
y x

xx
= + − x 0≠

     3 2 1x x x− −= + −

∴             
2 3 2dy

3x ( 2)x ( 1)x
dx

− −= + − − −  
2

3 2

2 1
3x

x x
= − +
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mnkgj.k 26.7.  bafxr ekuksa ij fuEufyf[kr esa ls izR;sd iQyu ds vodyt dk eku Kkr dhft,%
3 2y x 3x 4x 5, x 1= + + + =

gy % gesa fn;k gS   3 2y x 3x 4x 5= + + +

∴
3 2 2dy d

x 3x 4x 5 3x 6x 4
dx dx

 = + + + = + +
 

∴    ( ) ( )2

x 1

dy
3 1 6 1 4

dx =

 = + +
 = 13

     ns[ksa vkius fdruk lh[kk 26.3

1. y' Kkr dhft, %

(a) y =12 (b)  y = 12x (c) y = 12 x + 12

2. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a)  9f (x) 20x 5x= + (b) 4 2f (x) 50x 20x 4= − − +

(c) 3 2f (x) 4x 9 6x= − − (d)
95

f (x) x 3x
9

= +

(e) 
3 2 2

f (x) x 3x 3x
5

= − + − (f)
8 6 4x x x

f (x) 2
8 6 4

= − + −

(g) 

2 4

3 5
2

2 3
f (x) x x

5 x

−

= − + (h)
1

f (x) x
x

= −

3. (a) ;fn f (x) 16x 2= +  rks f '(0),f '(3),f '(8)  Kkr dhft,A

(b) ;fn 
3 2x x

f (x) x 16
3 2

= − + −  rks ( ) ( ) ( )f ' 1 , f ' 0 , f ' 1−  Kkr dhft,A

(c) ;fn
4

7x 3
f (x) x 2x 5

4 7
= + + − ] rks ( )f ' 2−  Kkr dhft,A

(d) fn;k gS fd 34
V r

3
= π ] 

dV

dr
Kkr dhft, rFkk 

r 2

dV

dr =





Kkr dhft,A

26.8 iQyuksa ds xq.ku dk vodyt
vki vad xf.kr dh pkj ewy lafØ;kvkasa% ;ksx] vUrj ( O;odyu) xq.kk rFkk Hkkx ds fo"k; esa tkurs
gSaA vHkh rd geus ;ksx rFkk vUrj ds fu;eksa dh ppkZ dhA vkb, vc ge nks iQyuksa ds xq.ku ls
cus iQyu dk vodyt Kkr djsaA

iQyu 2 2y (x 1)= +  ij fopkj dhft,A
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vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

bldks ge fuEu izdkj ls fy[k ldrs gSa
2 2y (x 1)(x 1)= + +

,slh ifjfLFkfr esa gesa vodyt Kkr djus dh fof/ Kkr djus dh vko';drk gSA

eku yhft, fd x esa c<+ksrjh xδ  rFkk y esa laxr c<+ksrjh yδ gS rc

       2 2y y [(x x) 1][(x x) 1)]+ δ = + δ + + δ +

⇒ 2 2 2 2y [(x x) 1][(x x) 1)] (x 1)(x 1)δ = + δ + + δ + − + +

     ( ) ( ) ( )( )2 2 2 2 2 2x x 1 x x x x 1 x 1 x 1   = + δ + + δ − + + − + +   

    2 2 2[(x x) 1][(x x) x )]= + δ + + δ − 2 2 2 2(x 1)[(x x) 1] (x 1)(x 1)+ + + δ + − + +

     2 2 2 2 2 2[(x x) 1][(x x) x ] (x 1)[x x) 1 (x 1)]= + δ + + δ − + + + δ + − +

     2 2 2 2 2 2[(x x) 1][(x x) x ] (x 1)[(x x) x ]= + δ + + δ − + + + δ −

∴ ( ) ( ) ( ) ( )2 22 2
2 2x x x x x xy

x x 1 x 1
x x x

   + δ − + δ −δ      = + δ + ⋅ + +  δ δ δ   
   

    ( ) ( ) ( ) ( )2 2
2 22x x x 2x x x

x x 1 x 1
x x

   δ + δ δ + δ     = + δ + ⋅ + +   δ δ   
   

     2 2[(x x) 1](2x x) (x 1)(2x x)= + δ + + δ + + + δ

∴            
2 2

x 0 x 0 x 0

y
lim lim [(x x) 1] [2x x] lim (x 1)(2x x)

xδ → δ → δ →

δ
= + δ + ⋅ + δ + + + δ

δ

vFkok ( )( ) ( ) ( )2 2dy
x 1 2x x 1 2x

dx
= + + + ⋅

      ( )22x 2x 2= +

       ( )24x x 1= +

vkb, ge fo'ys"k.k djsa % ( ) ( ) ( ) ( )2 2

2 2x 1 x 1

dy
x 1 2x x 1 2x

dx
+ +

= + + +

dk vodyt dk vodyt

  vc 3 2y x x= ⋅  ij fopkj dhft,

 D;k ( ) ( )3 2 2dy
x 2x x 3x

dx
= ⋅ + ⋅  gS?

vkb, tk¡p djsa ( ) ( )3 2 2x 2x x 3x+ 4 42x 3x= + 45x=

gesa feyk gS          3 2y x x= ⋅ 5x=

∴        
4dy

5x
dx

=
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 vodyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

lk/kkj.kr;k] ;fn f (x) rFkk g(x), x ds nks iQyu gSa  rks muds xq.ku dk vodyt fuEufyf[kr :i
ls ifjHkkf"kr gksrk gSA

   ( ) ( ) ( ) ( ) ( ) ( )d
f x g x f x g ' x g x f ' x

dx
  = + 

  ( ) ( )d d

dx dx

   
   = +      

   
iFz ke iQyu nwljk iQyu nlw jk iQyu izFke iQyu

bldks nks iQyuksa ds xq.kuiQy dk vodyt i<+k tkrk gSA bls gh xq.ku fu;e dgrs gSaA

mnkgj.k 26.8.  ;fn ( )6 2y 5x 7x 4x= +  gS] rks 
dy

dx
 Kkr dhft,A

I fof/ % ;gk¡ y nks iQyuksa dk xq.kuiQy gSA

∴        ( ) ( ) ( ) ( )6 2 2 6dy d d
5x 7x 4x 7x 4x 5x

dx dx dx
= ⋅ + + +

( )( ) ( )( )6 2 55x 14x 4 7x 4x 30x= + + +

7 6 7 670x 20x 210x 120x= + + +

7 6280x 140x= +

II fof/ %           ( )6 2y 5x 7x 4x= +

8 735x 20x= +

∴       
7 6 7 6dy

35 8x 20 7x 280x 140x
dx

= × + × = +

tks fd ogh gS tks igyh fof/ ls izkIr gqvk FkkA

blh fu;e dk nks ls vf/d iQyuksa ds fy, foLrkj fd;k tk ldrk gSA

 fVIi.kh % ;fn f (x), g (x) rFkk h(x) ds rhu iQyu gSa] rks

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )d d d d
f x g x h x f x g x h x g x h x f x h x f x g x

dx dx dx dx
  = + + 

mnkgj.k 26.9. ( ) ( ) ( )f x g x h x    dk vodyt Kkr dhft, ;fn

( ) ( ) ( )f x x, g x x 3 ,= = − ( ) 2h x x x= +

gy % eku yhft, fd y = ( )( )2x x 3 x x− +

y dk vodyt Kkr djus ds fy;s ge igys fdUgh nks iQyuksa dk xq.kuiQy Kkr djrs gSa] fiQj xq.ku
fu;e dk mi;ksx djrs gSa] ;k fiQj mijksDr fVIi.kh esa fn, x, fu;e dk mi;ksx djrs gaSA

nwljs 'kCnksa esa] ge fy[k ldrs gSa

( ) ( )2y x x 3 x x=  −  + 
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vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

eku yhft, fd       ( ) ( ) ( )u x f x g x= ( )x x 3= − 2x 3x= −

rFkk         ( ) 2h x x x= +

∴   ( ) ( )y u x h x= ×

vr% ( ) ( ) ( ) ( )2 2 2dy d d
x x 3 x x x x x 3x

dx dx dx
= − + + + −

     ( )( ) ( )( )2x x 3 2x 1 x x 2x 3= − + + + −

    ( )( ) ( )( ) ( )2 2x x 3 2x 1 x x x 3 x x x= − + + + − + +

    ( ) ( ) ( ) ( ) ( )[f x g x ] h ' x [g x h(x)]f '(x) [h x f (x)].g '(x)= ⋅ + +

vr%   ( ) ( ) ( ) ( ) [ ]d d
[f x g x h x ] [f x g(x)] h(x)

dx dx
= ⋅ ( ) [ ] [ ]d d

[g x h(x)] f (x) h(x)f (x) g(x)
dx dx

+ +

fodYir% ge lh/s rhu iQyuksa ds xq.kuiQy dks ysdj xq.ku fu;e yxk ldrs gSaA

 ( ) ( )2 2 2dy d d d
[x x 3 ] (x x) [ x 3 (x x)] (x) [(x x) x] (x 3)

dx dx dx dx
= − + + − + + + ⋅ −

      ( ) ( ) 2 2x x 3 (2x 1) x 3 (x x) 1 (x x) x 1= − + + − + ⋅ + + ⋅ ⋅

      3 24x 6x 6x= − −

      ns[ksa vkius fdruk lh[kk 26.4

1. xq.ku fu;e ds mi;ksx ls fuEufyf[kr iQyuksa  esa ls izR;sd dk vodyt Kkr dhft,%

` (a) ( )f x (3x 1)(2x 7)= + − (b) f (x) (x 1)( 3x 2)= + − −

(c) f (x) (x 1)( 2x 9)= + − − (d) y (x 1)(x 2)= − −

(e) 2 2y x (2x 3x 8)= + + (f) 2y (2x 3)(5x 7x 1)= + − +

(g) 2 3u(x) (x 4x 5)(x 2)= − + −

2. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 2f (r) r(1 r)( r r)= − π + (b) f (x) (x 1)(x 2)(x 3)= − − −

(c) 2 3 2 4f (x) (x 2)(x 3x 4)(x 1)= + − + −

(d) ( )2 2f (x) (3x 7)(5x 1) 3x 9x 8= + − + +

26.9 Hkkx fu;e
vkius mu iQyuksa] tks nks iQyuksa ds ;ksx] vUrj ,oe~ xq.ku ds :i esa gS] ds vodyt Kkr djus
ds fy, Øe'k% ;ksx] vUrj rFkk xq.ku fu;e lh[ks gSaA vkb, vc ge ,d dne vkSj vkxs c<+kdj
mu iQyuksa dk vodyt Kkr djus ds fy, ^Hkkx fu;e* lhs[ksa tks nks iQyuksa ds Hkkx ds :i esa
O;Dr gSaA
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 vodyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

eku yhft, fd
1

g(x)
r(x)

= , [r(x) 0]≠

vkb,] ge g (x) dk vodyt izFke fl¼kUr ls Kkr djsaA

    
1

g(x)
r(x)

=

∴   
x 0

1 1

r(x x) r(x)g '(x) lim
xδ →

 − + δ=  
δ 

           
x 0

r(x) r(x x)
lim

(x)r(x)r(x x)δ →

 − + δ
=  δ + δ 

x 0 x 0

r(x) r(x x) 1
lim lim

x r(x).r(x x)δ → δ →

− + δ 
=  δ + δ 

2 2

1 r '(x)
r '(x)

[r(x)] [r(x)]
= − ⋅ = −

vkb,] vc ,sls nks iQyu f (x) rFkk g (x)  ysa rkfd f (x)
(x)

g(x)
φ = , ( )g x 0≠  gksA

ge fy[k ldrs gSa ( ) 1
(x) f x

g(x)
φ = ⋅

∴     ( ) 1 d 1
(x) f ' x f (x)

g(x) dx g(x)

 
φ = ⋅ +  

 

2

f '(x) g '(x)
f (x)

g(x) [g(x)]

 −
= +  

  
2

g(x)f '(x) f (x)g '(x)

[g(x)]

−
=

vr,o         2

d f (x) f '(x)g(x) f (x)g '(x)

dx g(x) [g(x)]

  −
= 

 

2

 ( )   ( )

( )

−
=
gj v'a k dk vodyt v'a k gj dk vodyt

gj

bls Hkkx fu;e (vFkok HkkxiQy fu;e) dgrs gSa

 mnkgj.k 26.10. ;fn 
4x 3

f (x)
2x 1

+
=

−
,

1
x

2
≠ , gS rks ( )f ' x Kkr dhft, A

gy%     
2

d d
(2x 1) (4x 3) (4x 3) (2x 1)

dx dxf '(x)
(2x 1)

− + − + −
=

−

2

(2x 1).4 (4x 3).2

(2x 1)

− − +
=

−
 2

10

(2x 1)

−
=

−
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vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

 vkb, ge fuEufyf[kr mnkgj.k ij fopkj djss %

         
1

f (x)
2x 1

=
−

,
1

x
2

≠

2

d d
(2x 1) (1) 1 (2x 1)

d 1 dx dx

dx 2x 1 (2x 1)

− − −
 

= −  −

       2

(2x 1) 0 2

(2x 1)

− × −
=

−

d
(1) 0

dx

 
=  

Q

  2

d 1 2

dx 2x 1 (2x 1)

 
= − −  −

      ns[ksa vkius fdruk lh[kk 26.5

1. fuEufyf[kr esa ls izR;sd dk vodyt Kkr dhft, %

(a) 
2

y
5x 7

=
−

, 
7

x
5

≠ (b) 2

3x 2
y

x x 1

−
=

+ −
(c)

2

2

x 1
y

x 1

−
=

+

(d)
4

2

x
f (x)

x 3
=

−
(e)

5

7

x 2x
f (x)

x

−
= (f)

2

x
f (x)

x x 1
=

+ +

(g) 3

x
f (x)

x 4
=

+

2. f '(x)  Kkr dhft, %

(a)  
2x(x 3)

f (x)
x 2

+
=

−
, [ ]x 2≠

(b)
( )(x 1) x 2

f (x)
(x 3)(x 4)

− −
=

− −
, [ ]x 3, x 4≠ ≠

26.10 Ja[kyk fu;e

blls igys gesa 4 2x 8x 1+ +  ds :i okys iQyu ugha feys gSaA bl iQyu dks nks iQyuksa ds ;ksx

vUrj] xq.ku vFkok HkkxiQy ds :i esa ugha O;Dr dj ldrs] blfy, vc rd dh lh[kh gqbZ fof/
;ka gesa ,sls iQyuksa ds vodyt Kkr djus esa lgk;d ugha gks ldrhA vr%] bl izdkj ds iQyu
dk vodyt Kkr djus ds fy, gesa ,d u;k fu;e fodflr djuk gksxkA

vkb, fy[ksa % 4 2y x 8x 1= + +  vFkok y t=  tgk¡ 4 2t x 8x 1= + +  vFkkZr y, t, t dk iQyu gS rFkk
t, x dk iQyu gSA vr% y ,d iQyu dk iQyu gSA ge ,d iQyu ds iQyu dk vodyt Kkr djus
dk iz;kl djus ds fy, vkxs c<rs gSaA
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 vodyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

eku yhft, fd tδ , t esa o`f¼ gS rFkk y esa lxr o`f¼ yδ gS

rc] y 0δ → tc t 0δ →

∴
t 0

dy y
lim

dt tδ →

δ
=

δ
(i)

blh izdkj t, x dk iQyu gS
∴ t 0δ → tc  x 0δ →

∴
x 0

dt t
lim

dx xδ →

δ
=

δ
(ii)

 D;ksafd y, t dk iQyu gS rFkk t, x dk iQyu gSA blfy, y 0δ → tc x 0δ →

(i)  rFkk (ii) ls] gesa feyrk gSA

x 0 t 0 x 0

dy y y t
lim lim lim

dx x t xδ → δ → δ →

δ δ δ   
= =    δ δ δ   

     
dy dt

dt dx
= ⋅

 vr%
dy dy dt

dx dt dx
= ⋅

bls Ja[kyk fu;e dgk tkrk gSA

mnkgj.k 26.11.  ;fn 4 2y x 8x 1= + +  gS] rks 
dy

dx
 Kkr dhft,A

gy % gesa fn;k gS % 4 2y x 8x 1= + +

ftls ge fy[k ldrs gSa %

   y t= , tgk¡ 4 2t x 8x 1= + + (i)

∴
dy 1

dt 2 t
=  rFkk 3dt

4x 16x
dx

= +

;gk¡
3dy dy dt 1

(4x 16x)
dx dt dx 2 t

= ⋅ = ⋅ +

      

3 3

4 2 4 2

4x 16x 2x 8x

2 x 8x 1 x 8x 1

+ +
= =

+ + + +

mnkgj.k 26.12. iQyu 
2 7

5
y

(x 3)
=

−
 dk vodyt Kkr dhft,A

gy %   { }2 7dy d
5(x 3)

dx dx

−= −

       
2 8 2d

5[( 7)(x 3) ] (x 3)
dx

−= − − ⋅ − (Ja[kyk fu;e }kjk)

       2 835(x 3) (2x)−= − − ⋅  2 8

70x

(x 3)

−
=

−
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vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

mnkgj.k 26.13. 
dy

dx
 Kkr dhft, ;fn 41

y v
4

=  rFkk 32
v x 5

3
= +  gksA

gy % gesa fn;k gS % 41
y v

4
=  rFkk 32

v x 5
3

= +

(i)
3dy 1

(4v )
dv 4

=  =

3
3 32

v x 5
3

 
= + 
 

...(i)

rFkk 2dv 2
(3x )

dx 3
= 22x= ..(ii)

vr%   
dy dy dv

dx dv dx
= ⋅

        

3
3 22

x 5 (2x )
3

 
= + 
 

 [(i) rFkk (ii) dk mi;ksx djus ij]

fVIi.kh

geus igys okys mnkgj.kksa esa ns[kk gS fd vodytksa ds fofHkUu fu;eksa ds mi;ksx ls ge lHkh
chth; iQyuksa dk vodyt Kkr dj ldrs gSaA

   ns[ksa vkius fdruk lh[kk 26.6

1. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 7f (x) (5x 3)= − (b) 2 35f (x) (3x 15)= −

(c) 2 17f (x) (1 x )= − (d)
( )5
3 x

f (x)
7

−
=

(e)
2

1
y

x 3x 1
=

+ +
(f) 2 53y (x 1)= +

(g)
2

1
y

7 3x

=
−

(h)

5
6 41 1 1

y x x
6 2 16

 
= + + 
 

(i) 2 4y (2x 5x 3)−= + − (j) 2y x x 8= + +

2.
dy

dx
 Kkr dhft, %

(a)
2

3 v 4x
y , v

2 v 1 x

−
= =

+ −
(b)

2 x
y at , t

2a
= =

26.12 ,d iQyu ds f}rh; dksfV ds vodyt
f}rh; dksfV dk vodyt% fn;k gS fd y, x dk iQyu] eku yhft, f (x) gSA ;fn bldk vodyt
dy

dx
 Hkh vodyuh; iQyu gS] rks 

dy

dx
 dk vodyt y = f (x) dk x  ds lkis{k f}rh; dksfV dk
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 vodyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

vodyt dgykrk gS rFkk mls 
2

2

d y

dx
 }kjk fu#fir djrs gSaA vU; izrhd (symbols) tks f}rh; dksfV

vodyt ds fy, iz;qDr gksrs gSa 
2

D , f", y", 2y  vkfn gSaA

fVIi.kh

bl izdkj x ij f" dk eku gksxk %

( ) ( ) ( )
h 0

f ' x h f ' h
f " x lim

h→

+ −
=

rhljh] pkSFkh] ----- dksfV ds vodyt Hkh blh izdkj ls ifjHkkf"kr fd;s tk ldrs gSaA vr% x

ds lkis{k y dk nwljk vodyt ;k nwljh dksfV dk vodyt gSA
2

2

d dy d y

dx dx dx

 
= 

 

mnkgj.k 26.14. nwljh dksfV ds vodyt Kkr dhft, %

(i) 2x (ii) 3x +1 (iii) 2(x 1)(x 1)+ − (iv) 
x 1

x 1

+

−

gy % (i)  eku yhft,  2y x= , rc 
dy

2x
dx

=

rFkk    
2

2

d y d d(x)
(2x) 2

dx dxdx
= = ⋅

          = 2.1 = 2

∴    
2

2

d y
2

dx
=

(ii) eku yhft,         3y x 1= +

rc]     2dy
3x

dx
=  (;ksx fu;e }kjk rFkk vpj dk vodyt 'kwU; gSA)

rFkk   
2

2

2

d y d
(3x ) 3.2x 6x

dxdx
= = =

vFkkZr~    
2

2

d y
6x

dx
=

(iii) eku yhft,      2y (x 1)(x 1),= + −

rc]    
2 2dy d d

(x 1) (x 1) (x 1), (x 1)
dx dx dx

= + − + − +

        2(x 1) 1 (x 1) 2x= + ⋅ + − ⋅  2 2 2x 1 2x 2x 3x 2x 1= + + − = − +
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vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

rFkk ( )
2

2

2

d y d
3x 2x 1 6x 2

dxdx
= − + = −

∴

2

2

d y
6x 2

dx
= −

(iv) eku yhft, fd   
x 1

y
x 1

+
=

−

   2 2

dy (x 1) 1 (x 1).1 2

dx (x 1) (x 1)

− ⋅ − + −
= =

− −

rFkk ( ) ( ) ( )

2

2 2 3 3

d y d 2 1 4
2. 2.

dxdx x 1 x 1 x 1

 −
 = = − − =
 − − − 

∴ ( )

2

2 3

d y 4

dx x 1
=

−

     ns[ksa vkius fdruk lh[kk 26.7

fuEufyf[kr esa ls izR;sd iQyu dk nwljh dksfV dk vodyt Kkr dhft, %

1. (a)
3x (b) 4 3 2x 3x 9x 10x 1+ + + +

(c)

2x 1

x 1

+

+
(d) 2x 1+

� fdlh iQyu f (x) dk x ds lkis{k vodyt

( ) ( ) ( )
x 0

f x x f x
f ' x lim

xδ →

+ δ −
=

δ

� ,d vpj dk vodyt 'kwU; }kjk ifjHkkf"kr gksrk gS vFkkZr 
dc

0
dx

=  tgk¡ c ,d vpj gS

� T;kferh; :i esa iQyu ( )y f x=  dk fcUnq ( )P x, y  ij vodyt 
dy

dx
, oØ ( )y f x=

ds fcUnq P ij Li'kZ js[kk dh izo.krk gksrh gSA
� y dk x ds lkis{k vodyt y dk x ds lkis{k rkR{kf.kd ifjorZu nj dk |ksrd gSA

� ;fn f (x) ,d vodyuh; iQyu gS rFkk c ,d vpj gS] rks ( ) ( )d
cf x cf ' x

dx
=  

vodyt n'kkZrk gS tgk¡ ( ) ( )f ' x , f x  dk vodyt fu#fir djrk gSA

C

A1

% + vkb;s nksgjk,¡
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� iQyuksa dk ;ksx vFkok vUrj fu;e %

( ) ( ) ( ) ( )d d d
f x g x f x g x

dx dx dx
± = ±          

iQyuksa ds ;ksx vFkok vUrj dk vodyt muds vodytksa ds Øe'k% ;ksx vFkok vUrj
ds cjkcj gksrk gSA

� xq.ku fu;e %

( ) ( ) ( ) ( ) ( ) ( )d d d
f x g x f x g x g x f x

dx dx dx
= +  

(igyk iQyu) (nwljs iQyu dk vodyt)$  (nwljk iQyu) (igys iQyu dk vodyt)

� HkkxiQy fu;e %

;fn ( ) ( )
( )

( )
f x

x , g x 0,
g x

φ = ≠  rks

    ( ) ( ) ( ) ( ) ( )

( ) 2

g x f ' x f x g ' x
' x

g x

−
φ =

  

( ) ( )

( )2

d d

dx dx

   −   
   =

gj v'a k v'a k gj

gj

� Ja[kyk fu;e % { }d d
f g(x) f '[g(x)] [g(x)]

dx dx
  = ⋅ 

 f(x) dk  g(x) ds lkis{k vodyt ×  g(x) dk x ds lkis{k vodyt

� y dk x ds lkis{k] f}rh; dksfV dk vodyt] 
2

2

d dy d y

dx dx dx

 
= 

 
 gSA

� http://www.bbc.co.uk/education/asguru/maths/12methods/03differentiation/

index.shtml

� https://www.youtube.com/watch?v=MGOFPFLTHLg

� https://www.youtube.com/watch?v=IrBWXoJ9NMQ

� https://www.youtube.com/watch?v=rsrMQ5osWfc

� https://www.youtube.com/watch?v=CzGGtJnbd1A

� https://www.youtube.com/watch?v=Dx4GuHH4lTI

� https://www.youtube.com/watch?v=nVfWs10A_b8

� https://www.youtube.com/watch?v=j5pVhP8GmP4

1. ,d dkj }kjk t lsds.M esa r; dh xbZ nwjh s eh 2s t=  }kjk nh x;h gS] Kkr dhft, %
(a) nwjh dk le; ds lkis{k ifjorZu nj (b) dkj dh xfr tc t = 3 lsds.M

lgk;d osclkbV

vkb, vH;kl djsa
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2. fn;k gS % 2f (t) 3 4t= − A MsYVk fof/ ds iz;ksx ls f '(t)  rFkk 
1

f '
3

 
 
 

 Kkr dhft,A

3. 4f (x) x=  dk izFke fl¼kUr }kjk vodyu dhft,A vr,o 1
f '(0),f '

2

 
− 
 

 Kkr dhft,A

4. iQyu 2x 1+  dk izFke fl¼kUr ls vodyt Kkr dhft,
5. fuEufyf[kr esa ls izR;sd iQyu dk izFke fl¼kUr ls vodyt Kkr dhft, %

(a) ax + b, (b) 
22x 5+

(c) 3 2x 3x 5+ + (d)
2(x 1)−    )

6. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 4 2f (x) px qx 7x 11= + + − (b) 3 2f (x) x 3x 5x 8= − + −

(c)
1

f (x) x
x

= + (d) 
2x a

f (x) ,a 2
a 2

−
= ≠

−

7. fuEufyf[kr esa ls izR;sd iQyu dk nks fof/;ksa ls vodyt Kkr dhft,& igys xq.ku fu;e
}kjk rFkk fiQj xq.ku dks [kksydjA lR;kfir dhft, fd nksuksa mÙkj ,d gh gSa %

(a) 
1

y x 1
x

 
= + 

 
(b)     

3

2
1

y x 2 5x
x

 = + + 
 

8. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 2

x
f (x)

x 1
=

−
(b)

2 3

3 10
f (x)

(x 1) x
= +

−

(c)
4

1
f (x)

(1 x )
=

+
(d)

(x 1)(x 2)
f (x)

x

+ −
=

(e)
23x 4x 5

f (x)
x

+ −
= (f)

x 4
f (x)

2 x

−
=

(g)
3

2

(x 1)(x 2)
f (x)

x

+ −
=

9. J[kayk fu;e ds mi;ksx ls] fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a)

2
1

x
x

 
+ 

 
(b)

1 x

1 x

+

−
(c) 2 23 x (x 3)+

10. fuEufyf[kr esa ls izR;sd ds fy, f}rh; dksfV dk vodyt Kkr dhft, %

(a) x 1+ (b) x x 1⋅ −

ns[ksa vkius fdruk lh[kk 26.1

1. (a) 3 (b)  8 (c) 6 (d)  31

mÙkjekyk
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2. 3640 eh@lsds.M 3.   21 eh@lsds.M

ns[ksa vkius fdruk lh[kk 26.2

1. (a) 10 (b) 2 (c) 6x (d) 2x+5 (e) 221x

2. (a) 2

1

x
− (b) 2

1

ax
− (c) 2

1
1

x
− (d) 2

a

(ax b)

−

+
(e) 2

ad bc

(cx d)

−

+

(f)    2

1

(3x 5)
−

+

3. (a) 
1

2x x
− (b)

a

2(ax b)( ax b)

−

+ + (c) 
1 1

1
x2 x

 − 
 

(d) 2

2

(1 x)−

4. (a)
3 3

;
2 x 2 2

(b) 2 r ; 4π π (c)  22 r ; 36π π

ns[ksa vkius fdruk lh[kk 26.3
1. (a) 0 (b) 12 (c)  12

2. (a) 8180x 5+ (b) 3200x 40x− − (c) 212x 12x−

(d) 85x 3+ (e) 23x 6x 3− + (f) 7 5 3x x x− +

(g) 

1 9

33 54 4
x x 6x

15 5

− −
−+ − (h) 

3

2

1 1

2 x
2x

+

3. (a) 16,   16,    16 (b) 3,1 ,1 (c) 186

(d) 24 r ,16π π

ns[ksa vkius fdruk lh[kk 26.4

1. (a)12x 19− (b) 6x 5− − (c) 4x 11−

(d) 2x 3− (e) 3 28x 9x 16x+ +  (f) 230x 2x 19+ −

(g) 4 3 25x 16x 15x 4x 8− + − +

 2. (a) 3 24 r 3( 1)r 2r− π + π − + (b) 23x 12x 11− +

(c) 8 7 6 5 4 3 29x 28x 14x 12x 5x 44x 6x 4x− + − − + − +

(d) 2 2 2(5x 1)(3x 9x 8).6x 5(3x 7)(3x 9x 8)− + + + + + + 2(3x 7)(5x 1)(6x 9)+ + − +
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ns[ksa vkius fdruk lh[kk 26.5

1. (a) 2

10

(5x 7)

−

−
(b)

2

2 2

3x 4x 1

(x x 1)

− + −

+ +
(c) 2 2

4x

(x 1)+

(d)

5 3

2 2

2x 12x

(x 3)

−

−
(e)

4

7

2x 12

x

− +
(f)

2

2 2

1 x

(x x 1)

−

+ +
(g) 

3

3 2

4 5x

2 x (x 4)

−

+

2. (a) 

3 2

2

2x 6x 6

(x 2)

− −

−
(b)

2

2 2

4x 20x 22

(x 3) (x 4)

− + −

− −

ns[ksa vkius fdruk lh[kk 26.6

1. (a) 635(5x 6)− (b) 2 34210x(3x 15)−

(c) 2 1634x(1 x )− − (d)
45

(3 x)
7

−
−

(e) 2 2(2x 3)(x 3x 1)−− + + + (f) ( )
2

2 3
10x

x 1
3

+

(g) 2 3/ 23x(7 3x )−− (h)

4
6 4

5 3 x x 1
5(x 2x )

6 2 16

 
+ + + 

 
 

(i) 2 54(4x 5)(2x 5x 3)−− + + − (j) 2

x
1

x 8

+
+

2. (a) 

2

2 2

5(1 x )

(1 2x x )

− +

+ −
(b) 

x

2a

ns[ksa vkius fdruk lh[kk 26.7

1. (a) 6x (b) 212x 18x 18+ + (c) 3

4

(x 1)+
(d) 2 3/ 2

1

(1 x )+

vkb, vH;kl djsa
1. (a) 2 t (b) 6 lsds.M

2
8

8t,
3

− − 3.
1

0,
2

−
4.

1

2x 1+

5. (a) a  (b) 4x (c) 23x 6x+ (d) 2(x 1)−

6. (a) 34px 2qx 7+ + (b) 23x 6x 5− +

(c) 
2

1
1

x
− (d) 

2x

a 2−

7. (a) 
1

2 x
(b) 

25 1
3 x x x

2 2 x
+ +
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8. (a) 

2

2 2

(x 1)

(x 1)

− +

−
(b) 3 4

6 30

(x 1) x

−
−

−

(c) 

3

4 2

4x

(1 x )

−

+
(d) 3/ 2

3 1 1
x

2 2 x x
− +

(e) 
2

5
3

x
+ (f) 

1 1

4 x x x
+

(g) 2

2 3

1 4
3x 2

x x
− − +

9. (a) 
2

1
1

x
− (b) 3

2

1

1 x (1 x)+ ⋅ −

(c) 
3

2

4 2 3

4x 6x

3(x 3x )

+

+

10. (a) 3

2

1

4(x 1)

−

+

(b) 
2

1

2

2 x x

4(x 1)

+ −

−
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27

f=kdks.kferh; iQyuksa dk vodyt

f=kdks.kfefr xf.kr dh og 'kk[kk gS] tks mPpÙkj xf.kr dh vU; 'kk[kkvksa tSls dSydqyl (dyu)
lfn'k] f=kfoe T;kfefr] iQyu& izlaoknh (Harmonic) vFkok ljy iQyuksa ds vè;;u ds fy,
vfuok;Z gSA f=kdks.kferh; iQyu ds mi;ksx ds fcuk mu ij fØ;k,¡ djuk vlaHko izrhr gksrk gSA

dqN fo'ks"k lhekvksa  rd f=kdks.kferh; iQyu gesa izfrykse Hkh nsrs gSaA

vc iz'u ;g gS fd D;k vodyt Kkr djus ds os lHkh fu;e tks geus vHkh rd i<+s gSa
f=kdks.kferh; iQyuksa ds fy, Hkh ykxw gSa\

bl ikB esa ge blh iz'u dk gy <w<+saxs rFkk bl fØ;k esa ge f=kdks.kferh; iQyuksa rFkk muds
izfrykseksa ds vodytksa dks Kkr djus ds lw=k ;k ifj.kke Kkr djsaxsA tc rd vU;Fkk u dgk tk,]
ge f=kdks.kfefr; iQyuksa vkSj muds izfrykseksa dh lEiw.kZ ppkZ esa] jsfM;u eki dk iz;ksx djsaxsA

      mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs %

• f=kdks.kferh; iQyuksa ds vodyt izFke fl¼kUr ls Kkr djukA

• izfrykse f=kdks.kferh; iQyuksa ds vodyt izFke fl¼kUr ls Kkr djukA

• f=kdks.kferh; rFkk izfrykse f=kdks.kferh; iQyuksa ds vodyt xq.ku fu;e (Product rule),

Hkkx fu;e (quotient rule) rFkk Ja[kyk fu;e (chain rule) dk iz;ksx djds Kkr djukA

• ,d iQyu ds f}rh; dksfV (second order)  dk vodyt Kkr djukA

iwoZ Kku
• dks.kksa ds iQyuksa ds :i esa f=kdks.kferh; vuqikrksa dk KkuA

• f=kdks.kferh; iQyuksa dh dqzN ekud lhekvksa dk Kku]

• vodyt dh ifjHkk"kk rFkk iQyuksa ds vodyt Kkr djus ds fofHkUu fu;eksa dk KkuA
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27.1 izFke fl¼kUr }kjk dqN f=kdks.kferh; iQyuksa dk vodyt
(i) ekuk y = sin x gSA

ekuk fd x ds eku esa ux.; (lw{e) o`f¼ xδ ds fy,] y ds eku esa laxr o`f¼ yδ gSA

∴ y y sin(x x)+ δ = + δ

rFkk      y sin(x x) sin xδ = + δ −

x x
2cos x sin

2 2

δ δ 
= + 

 

C D C D
sin C sin D 2cos sin

2 2

+ − 
− = 

 

∴         

x
sin

y x 22cos x
x 2 x

δ
δ δ 

= + δ δ 

 ∴            
x 0 x 0 x 0

x
sin

y x 2lim lim cos x lim
xx 2

2

δ → δ → δ →

δ
δ δ 

= + ⋅  δδ  
cos x.1=    

x 0

sin x

2lim 1
x

2

δ →

δ 
 

= δ
 
  

Q

vr%]
dy

cos x
dx

=

vFkkZr~]
d

(sin x) cos x
dx

=

(ii) ekuk  y = cos x gSA

ekuk fd x ds eku esa ux.; o`f¼ xδ ds fy,] y ds eku esa laxr o`f¼ yδ  gSA

∴       y y cos(x x)+ δ = + δ

rFkk y cos(x x) cos xδ = + δ −

     
x x

2sin x sin
2 2

δ δ 
= − + 

 

∴             

x x
2sin x sin

y 2 2

x x

δ δ − + ⋅ δ  =
δ δ

∴    x 0 x 0 x 0

x
sin

y x 2lim lim sin x lim
xx 2

2

δ → δ → δ →

δ
δ δ 

= − + ⋅  δδ  

    sin x 1= − ⋅
x 0

x / 2
lim sin 1

x / 2δ →

δ 
= δ 

Q

vr%]
dy

sin x
dx

= −

vFkkZr~]  ( )d
cos x sin x

dx
= −
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(iii) ekuk  y  =  tan x gSA

ekuk fd x ds eku esa ux.; o`f¼ xδ ds fy,] y ds eku esa laxr o`f¼ yδ gSA

∴              y y tan(x x)+ δ = + δ

rFkk        y tan (x x) tan xδ = + δ −

sin(x x) sin x

cos(x x) cos x

+ δ
= −

+ δ

sin(x x) cos x sin x.cos(x x)

cos(x x)cos x

+ δ ⋅ − + δ
=

+ δ

sin[(x x) x]

cos(x x)cos x

+ δ −
=

+ δ

sin x

cos(x x) cos x

δ
=

+ δ ⋅

∴         
y sin x 1

x x cos(x x)cos x

δ δ
= ⋅

δ δ + δ

∴            
x 0 x 0 x 0

y sin x 1
lim lim lim

x x cos(x x)cos xδ → δ → δ →

δ δ
= ⋅

δ δ + δ

2

1
1

cos x
= ⋅ 2sec x= x 0

sin x
lim 1

xδ →

δ = δ 
Q

vr%]     
2dy

sec x
dx

=

vFkkZr~] 2d
(tan x) sec x

dx
=

(iv) ekuk     y = sec x  gSA

ekuk fd x ds eku esa ux.; o`f¼ xδ ds fy,] y ds eku esa laxr o`f¼ yδ gSA

∴  y y sec(x x)+ δ = + δ

rFkk        y sec(x x) sec xδ = + δ − =
1 1

cos(x x) cos x
−

+ δ

cos x cos(x x)

cos(x x)cos x

− + δ
=

+ δ

x x
2sin x sin

2 2

cos(x x)cos x

δ δ +  =
+ δ

∴        

x xsin x sin
y 2 2

xx cos(x x)cos x

2

δ  δ+ δ  =
δδ + δ

∴ x 0 x 0 x 0

x xsin x sin
y 2 2lim lim lim

xx cos(x x)cos x

2

δ → δ → δ →

δ  δ+ δ  =
δδ + δ

  2

sin x
1

cos x
= ⋅ sin x 1

tan x.sec x
cos x cos x

= ⋅ =

vr%]            
dy

sec x.tan x
dx

=
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vFkkZr~]               
d

(sec x) sec x tan x
dx

= ⋅

blh izdkj] ge fl¼ dj ldrs gSa fd

    
2d

(cot x) cosec x
dx

= −

            
d

(cosec x) cosec x cot x
dx

= − ⋅

mnkgj.k 27.1.  izFke fl¼kUr }kjk 2cot x  dk vodyt Kkr dhft,A

gy % 2y cot x=

ekuk x ds eku esa ux.; o`f¼ xδ  ds fy,] y ds eku esa laxr o`f¼ yδ  gSA

∴  2y y cot(x x)+ δ = + δ

rFkk        2 2y cot(x x) cot xδ = + δ −

2 2

2 2

cos(x x) cos x

sin(x x) sin x

+ δ
= −

+ δ

2 2 2 2

2 2

cos(x x) sin x cos x sin(x x)

sin(x x) sin x

+ δ − + δ
=

+ δ

2 2

2 2

sin[x (x x) ]

sin(x x) sin x

− + δ
=

+ δ

2

2 2

sin[ 2x x ( x) ]

sin(x x) sin x

− δ − δ
=

+ δ

2 2

sin[(2x x) x]

sin(x x) sin x

− + δ δ
=

+ δ

∴       2 2

y sin[(2x x) x]

x xsin(x x) sin x

δ − + δ δ
=

δ δ + δ

∴            2 2x 0 x 0 x 0

y sin[(2x x) x] 2x x
lim lim lim

x x(2x x) sin(x x) sin xδ → δ → δ →

δ + δ δ + δ
= −

δ δ + δ + δ

vFkkZr~]        
dy

1
dx

= −
2 2

2x

sin x .sin x
⋅

x 0

sin[(2x x) x]
lim 1

x(2x x)δ →

 + δ δ
= δ + δ 

Q

2 2 2 2

2x 2x

(sin x ) sin x

− −
= = 2 22x.cosec x= −

vr%]           
2 2 2d

(cot x ) 2x cosec x
dx

= − ⋅

mnkgj.k 27.2.  izFke fl¼kUr }kjk cosec x  dk vodyt Kkr dhft,A

gy % ekuk          y cosec x=  gSA

rc]   y y cosec(x x)+ δ = + δ



xf.kr 197

f=kdks.kferh; iQyuksa dk vodyt

ekWM~;wy - VIII

dyu

fVIi.kh

∴        
cosec(x x) cosec x cosec (x x) cosec x

y
cosec (x x) cosec x

   + δ − + δ +   δ =
+ δ +

cosec (x x) cosec x

cosec (x x) cosec x

+ δ −
=

+ δ +

1 1

sin (x x) sin x

cosec (x x) cosec x

−
+ δ

=
+ δ +

( )[ ]
sin x sin (x x)

cosec (x x) cosec x sin x x sin x

− + δ
=
 + δ + + δ 

( ) ( )[ ]

x x
2cos x sin

2 2

cosec (x x) cosec x sin x x sin x

δ δ + 
 = −

+ δ + + δ

∴           
x 0 x 0

x
cos x

y 2
lim lim

x cosec(x x) cosec x]δ → δ →

δ + δ  = −
δ + δ +

sin x / 2

x / 2

[sin(x x).sin x]

δ
δ×
+ δ

vFkkZr~]       2

dy cos x

dx (2 (cosec x)(sin x)

−
=

   

1

2
1

(cosec x) (cosec x cot x)
2

−
= −

vr%] ( ) ( ) ( )
1

2
d 1

cosec x cosec x cosec x cot x
dx 2

−= −

 mnkgj.k 27.3.   izFke fl¼kUr }kjk 2sec x  dk vodyt Kkr dhft,A

gy % ekuk   2y sec x=  gSA

rFkk        2y y sec (x x)+ δ = + δ gSA

rc] 2 2y sec (x x) sec xδ = + δ −

     

2 2

2 2

cos x cos (x x)

cos (x x)cos x

− + δ
=

+ δ

     2 2

sin[(x x x]sin[(x x x)]

cos (x x)cos x

+ δ + + δ −
=

+ δ

     2 2

sin(2x x)sin x

cos (x x)cos x

+ δ δ
=

+ δ

∴ 2 2

y sin(2x x)sin x

x cos (x x)cos x. x

δ + δ δ
=

δ + δ δ

vc]     2 2x 0 x 0

y sin(2x x)sin x
lim lim

x cos (x x)cos x. xδ → δ →

δ + δ δ
=

δ + δ δ
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∴ 2 2

dy sin 2x

dx cos x cos x
=

     
2

2 2

2sin x cos x
2 tan x.sec x

cos x cos x
= =

     2sec x(sec x.tan x)=

     = 2sec x  (sec x tan x)

      ns[ksa vkius fdruk lh[kk 27.1

1. fuEufyf[kr iQyuksa ds izFke fl¼kUr }kjk x ds lkis{k vodyt Kkr dhft, %

(a) cosec x (b) cot x (c) cos 2 x

(d) cot 2 x (e) 2cosec x (f) sin x

2. fuEufyf[kr iQyuksa esa ls izR;sd dk vodyt Kkr dhft, %

(a) 22sin x (b) 2cosec x (c) 2tan x

27.2 f=kdks.kferh; iQyuksa ds vodyt
vHkh vkius izFke fl¼kUr }kjk f=kdks.kferh; iQyuksa ds vodyt Kkr djuk lh[kk gS vkSj iQyu
ds iQyu dk vodyt Kkr djuk Hkh lh[kkA vc] ge bu vodytksa ds dqN vkSj mnkgj.kksa ij
fopkj djsaxsA

 mnkgj.k 27.4.   fuEufyf[kr iQyuksa ds vodyt Kkr dhft, %

(i)sin 2x (ii) tan x (iii) ( )3cosec 5x

gy % (i)  ekuk   y = sin 2 x,

     = sin t,    tgk¡  t = 2 x

∴
dy

cos t
dt

= vkSj  
dt

2
dx

=

Ja[kyk fu;e ls  
dy dy dt

dx dt dx
= ⋅  ls] gesa izkIr gksrk gS %

dy

dx
= cos t (2) = 2. cos t  =  2 cos 2 x

vr%]   
d

(sin 2x) 2cos2x
dx

=

(ii)  ekuk      y tan x=

        = tan t, tgk¡ t x=

∴     
2dy

sec t
dt

= vkSj
dt 1

dx 2 x
=
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Ja[kyk fu;e ls 
dy dy dt

dx dt dx
= ⋅  ls] gesa feyrk gS %

   
dy

dx

2 1
sec t

2 x
= ⋅

2sec x

2 x
=

vr%, ( )
2d sec x

tan x
dx 2 x

=

oSdfYid fof/ : ekuk y tan x=  gSA

∴    
2dy d

sec x x
dx dx

=
2sec x

2 x
=

(iii) ekuk   3y cosec(5x )=  gSA

∴      
3 3 3dy d

cosec(5x )cot(5x ) [5x ]
dx dx

= − ⋅

         2 3 315x cosec(5x )cot(5x )= −

vFkok 3t 5x=  izfrLFkkfir djds] vki bl iz'u dks gy dj ldrs gSaA

mnkgj.k 27.5.   fuEufyf[kr iQyuksa ds vodyt Kkr dhft, %

(i) 4y x sin 2x= (ii) 
sin x

y
1 cos x

=
+

gy % (i)   4y x sin 2x=

 ∴             
4 4dy d d

x (sin 2x) sin 2x (x )
dx dx dx

= + (xq.ku fu;e dk iz;ksx djds)

4 3x (2cos 2x) sin 2x(4x )= +

4 32x cos2x 4x sin 2x= +

32x [x cos 2x 2sin 2x]= +

(ii)     ekuk  
sin x

y
1 cos x

=
+

 gSA

∴     
( )

2

d d
(1 cos x) (sin x) sin x 1 cos x

dy dx dx

dx (1 cos x)

+ − +
=

+

( )
2

(1 cos x)(cos x) sin x sin x

(1 cos x)

+ − −
=

+

=

2 2

2

cos x cos x sin x

(1 cos x)

+ +

+
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2

cos x 1

(1 cos x)

+
=

+

1

(1 cos x)
=

+

2

1

x
2cos

2

= 21 x
sec

2 2
=

 mnkgj.k 27.6.  fuEu esa ls izR;sd iQyu dk x ds lkis{k vodyt Kkr dhft, %

(i) 2cos x (ii) 3sin x

gy % (i) ekuk      2y cos x=

        2t= , tgk¡  t = cos x

∴     
dy

2t
dt

= vkSj          
dt

sin x
dx

= −

Ja[kyk fu;e 
dy dy dt

dx dt dx
= ⋅  dk iz;ksx djds] gesa feyrk gS %

      
dy

dx
= 2 cos x. ( sin x)−

           2cos x sin x= − sin 2x= −

(ii)  ekuk         3y sin x=  gSA

∴       
3 1/ 2 3dy 1 d

(sin x) (sin x)
dx 2 dx

−= ⋅

2

3

1
3sin x cos x

2 sin x

= ⋅ ⋅

3
sin x cos x

2
=

vr%,     
3d 3

sin x sin x cos x
dx 2

  = 
 

 mnkgj.k 27.7.   
dy

dx
 Kkr dhft,] ;fn %

(i)
1 sin x

y
1 sin x

−
=

+
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gy %    (i)
1 sin x

y
1 sin x

−
=

+

∴         

1

2dy 1 1 sin x d 1 sin x

dx 2 1 sin x dx 1 sin x

−
 − − 

= ⋅   + +  

2

1 1 sin x ( cos x)(1 sin x) (1 sin x)(cos x)

2 1 sin x (1 sin x)

+ − + − −
= ⋅

− +

2

1 1 sin x 2cos x

2 1 sin x (1 sin x)

 + −
= ⋅  − + 

2

2

1 sin x 1 sin x

1 sin x (1 sin x)

+ −
= − ⋅

− +

2

1 sin x 1 sin x 1

1 sin x(1 sin x)

+ + −
= − =

++

vr%]     
dy 1

dx 1 sin x
= −

+

 mnkgj.k 27.8.   fuEufyf[kr iQyuksa ds vafdr fcUnqvksa ij vodyt Kkr dhft, %

(i) 2y sin 2x (2x 5)= + − , x
2

π
= ij

(ii) 2y cot x sec x 5= + + , x / 6= π  ij

gy % (i)    2y sin 2x (2x 5)= + −

∴             
dy d d

cos 2x (2x) 2(2x 5) (2x 5)
dx dx dx

= + − −

      2cos 2x 4(2x 5)= + −

x
2

π
= ij       

dy
2cos 4( 5)

dx
= π + π −

     2 4 20= − + π −
     4 22= π −

(ii)   2y cot x sec x 5= + +

∴             
2dy

cos ec x 2sec x(sec x tan x)
dx

= − +

     2 2cosec x 2sec x tan x= − +

x
6

π
= ij 2 2dy

cos ec 2sec tan
dx 6 6 6

π π π
= − +

     
4 1

4 2
3 3

= − + ⋅
8

4
3 3

= − +
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 mnkgj.k 27.9.   ;fn sin y = x sin (a+y) gS] rks fl¼ dhft, %

( )2sin a ydy

dx sin a

+
=

gy % ;g fn;k gS fd sin y = x sin (a+y)

vFkkZr~]    
sin y

x
sin(a y)

=
+ .....(1)

(1) ds nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa izkIr gksrk gS %

 2

sin(a y)cos y sin y cos(a y) dy
1

dxsin (a y)

 + − +
=  

+  

vFkok 2

sin(a y y) dy
1

dxsin (a y)

 + −
=  

+  

vFkok
( )2sin a ydy

dx sin a

+
=

mnkgj.k 27.10  ;fn y sin x sin x ....= + + vura  rd  gS]

rks fl¼ dhft, fd 
dy cos x

dx 2y 1
=

− gksxkA

gy % gesa fn;k gS y sin x sin x ...= + + vura  rd

vFkok  y sin x y= + vFkok 2y sin x y= +

x ds lkis{k vodfyr djus ij] gesa izkIr gksrk gS %

  
dy dy

2y cos x
dx dx

= + vFkok
dy

(2y 1) cos x
dx

− =

vr%,         
dy cos x

dx 2y 1
=

−

     ns[ksa vkius fdruk lh[kk 27.2

1. fuEufyf[kr iQyuksa esa ls izR;sd dk x ds lkis{k vodyt Kkr dhft, %

(a) y 3sin 4x= (b) y cos5x= (c)  y tan x=

(d) y sin x= (e) 2y sin x= (f) y 2 tan 2x=

(g) y cot 3x= π (h) y sec10 x= (i)  y cosec 2 x=

2. fuEufyf[kr iQyuksa esa ls izR;sd dk vodyt Kkr dhft, %

(a) 
sec x 1

f (x)
sec x 1

−
=

+
(b) 

sin x cos x
f (x)

sin x cos x

+
=

−
(c) f (x) x sin x=
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(d) ( )2f (x) 1 x cos x= +    (e) f (x) x cosec x= (f) f (x) sin 2 x cos3x=

(g) f (x) sin 3x=

3. fuEufyf[kr iQyuksa esa ls izR;sd dk x ds lkis{k vodyt Kkr dhft, %

(a) 3y sin x= (b) 2y cos x= (c) 4y tan x=

(d) 4y cot x= (e) 5y sec x= (f) 3y cos ec x=

(g) y sec x= (h)
sec x tan x

y
sec x tan x

+
=

−

4. fuEufyf[kr iQyuksa esa ls izR;sd dk vafdr fcUnq ij vodyt Kkr dhft, %

(a) y cos(2x / 2), x
3

π
= + π = (b)

1 sin x
y , x

cos x 4

+ π
= =

5. ;fn y tan x tan x tan x ...,= + + + vura  rd  gks] rks

n'kkZb;s fd 2dy
(2y 1) sec x

dx
− =  gSA

6. ;fn cos y x cos(a y)= +  gks] rks fl¼ dhft, fd 
2dy cos (a y)

dx sin a

+
= gSA

27.3 izfrykse f=kdks.kferh; iQyuksa dk izFke fl¼kUr ls vodyu

vc ge ekud izfrykse f=kdks.kferh; iQyuksa 1sin x,−  
1cos x,− 1tan x−  ds izFke fl¼kUr }kjk

vodyt Kkr djsaxsA

(i) izFke fl¼kUr }kjk] ge 1sin x−  dk x ds lkis{k vodyt Kkr djsaxs] tks fuEu }kjk iznf'kZr fd;k tkrk
gS %

(((( ))))
1

2

d 1
(sin x)

dx
1 x

−−−− ====
−−−−

ekuk 1y sin x−= gS] rks x = sin y gksxkA blfy, x x sin(y y)+ δ = + δ

tc x 0,δ →  rks y 0δ →

vc] x sin(y y) sin yδ = + δ −

∴    
sin(y y) sin y

1
x

+ δ −
=

δ
 (nksuksa i{kksa dks xδ  ls Hkkx nsus ij)

vFkok   
sin(y y) sin y y

1
y x

+ δ − δ
= ⋅

δ δ
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∴   
y 0 x 0

sin(y y) sin y y
1 lim lim

y xδ → δ →

+ δ − δ
= ⋅

δ δ [ y 0 x 0]δ → δ →Q tc

     
y 0

1 1
2 cos y y sin y

dy2 2
lim

y dxδ →

    + δ δ    
    = ⋅

δ  

( ) dy
cos y

dx
= ⋅

;k             ( ) ( )2 2

dy 1 1 1

dx cos y
1 sin y 1 x

= = =
− −

∴    
( )

( )
1

2

d 1
sin x

dx 1 x

− =
−

(ii) (((( ))))
(((( ))))

1

2

d 1
cos x

dx
1 x

−−−− = − ⋅= − ⋅= − ⋅= − ⋅
−−−−

bldh miifÙk ds fy,] mlh rjg vkxs cf<+, tSls 1sin x−  ds fy, fd;k FkkA

(iii) vc ge fn[kkrs gSa fd

(((( ))))1

2

d 1
tan x

dx 1 x

−−−− ====
++++

ekuk 1y tan x−=  gSA rc] x tan y=  gSA vr%] x x tan(y y)+ δ = + δ

tc x 0,δ →  rks  y 0δ →

vc,           x tan(y y) tan yδ = + δ −

∴
tan(y y) tan y y

1
y x

+ δ − δ
= ⋅ ⋅

δ δ

∴
y 0 x 0

tan(y y) tan y y
1 lim lim

y xδ → δ →

+ δ − δ
= ⋅

δ δ     [ y 0, x 0]δ → δ →Q tc

   
y 0

dysin(y y) sin y
lim y

cos(y y) cos y dxδ →

  + δ
= − δ ⋅  + δ  

  
( )

y 0

sin(y y)cos y cos y y sin ydy
lim

dx y cos(y y)cos yδ →

+ δ − + δ
= ⋅

δ ⋅ + δ

  
y 0

dy sin(y y y)
lim

dx y.cos(y y) cos yδ →

+ δ − 
= ⋅  δ + δ ⋅ 

 
y 0

dy sin y 1
lim

dx y cos(y y)cos yδ →

 δ
= ⋅ ⋅ δ + δ 

2

2

dy 1 dy
sec y

dx dxcos y
= ⋅ = ⋅

⇒ 2 2 2

dy 1 1 1

dx sec y 1 tan y 1 x
= = =

+ +

∴
( )1

2

d 1
tan x

dx 1 x

− =
+
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(iv) (((( ))))1

2

d 1
cot x

dx 1 x

−−−− = −= −= −= −
++++

bldh miifÙk ds fy,] mlh izdkj vkxs cf<+, tSls 1tan x−  ds fy, fd;k FkkA

(v) vc ge izFke fl¼kUr ls fl¼ djsaxs fd 
(((( ))))

1

2

d 1
(sec x)

dx
x x 1

−−−− ====
−−−−

 gSA

ekuk 1y sec x−=  gS rc]  x = sec y gS rFkk x x sec(y y)+ δ = + δ gSA

tc x 0,δ →  rks  y 0δ →

vc] ( )x sec y y sec yδ = + δ −

∴  
sec(y y) sec y y

1
y x

+ δ − δ
= ⋅

δ δ

∴             
y 0 x 0

sec(y y) sec y y
1 lim lim

y xδ → δ →

+ δ − δ
= ⋅

δ δ [ y 0, x 0]δ → δ →Q tc

  
( )y 0

1 y
2sin y y sin

dy 2 2
lim

dx y.cos ycos y yδ →

δ   + δ   
   = ⋅

δ + δ

 ( )y 0

1 ysin y y sin
dy 2 2lim

ydx cos y cos y y

2

δ →

   δ+ δ  
  = ⋅ ⋅

δ+ δ 
  

2

dy sin y dy
sec y tan y

dx dxcos y
= ⋅ = ⋅

∴          

( ) ( )2 2

dy 1 1 1

dx sec y tan y
sec y sec y 1 x x 1

= = =
− −

vr%]          
( )1

2

d 1
sec x

dx x x 1

−= =
−

(vi) (((( ))))
(((( ))))

1

2

d 1
cosec x

dx
x x 1

−−−− ====
−−−−

bldh miifÙk ds fy,] vki mlh rjg vkxs cf<+, tSls fd 1sec−
x ds fy, fd;k FkkA

 mnkgj.k 27.11.  ( )1 2sin x−
 dk izFke fl¼kUr ls vodyt Kkr dhft,A

gy % ekuk 1 2y sin x−= gSA

∴ 2x sin y=

vc, ( )2
x x sin(y y)+ δ = + δ

∴     
( ) ( )2 2x x x sin y y sin y

x x

+ δ − + δ −
=

δ δ



206

f=kdks.kferh; iQyuksa dk vodyt

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

tc x 0,δ →  rks  y 0δ →

∴     
( )

( )

2 2

x 0 y 0 x 0

y y2cos y sinx x x y2 2lim lim lim
yx x x 2 x

2

δ → δ → δ →

δ  δ+ + δ − δ = ⋅ ⋅
δ+ δ − δ

∴
dy

2x cos y
dx

= ⋅

⇒
2 4

dy 2x 2x 2x

dx cos y 1 sin y 1 x

= = =
− −

 mnkgj.k 27.12.    x ds lkis{k 1sin x−  dk MSYVk fof/ (izFke fl¼kUr) ls vodyt Kkr

dhft,A

gy % ekuk 1y sin x−=  gSA

⇒         sin y x= ..(1)

lkFk gh]            sin(y y) x x+ δ = + δ ..(2)

(1) rFkk (2) ls] gesa feyrk gS %

 sin(y y) sin y x x x+ δ − = + δ −

vFkok
( )( )x x x x x xy y

2cos y sin
2 2 x x x

+ δ − + δ +δ δ   
+ =   

+ δ +   

          
x

x x x

δ
=

+ δ +

∴      

y y
2 cos y sin

12 2

x x x x

δ δ   +   
    =

δ + δ +

vFkok

y
sin

y y 12
cos y

yx 2 x x x

2

δ 
 δ δ   ⋅ + ⋅ =  δδ + δ + 

∴ x 0 y 0 y 0

y
sin

y y 2
lim lim cos y lim

yx 2

2

δ → δ → δ →

δ 
 δ δ   ⋅ + ⋅  δδ  

x 0

1
lim

x x xδ →
=

+ δ + ( )y 0, x 0δ → δ →Q tc

vFkok         
dy 1

cos y
dx 2 x

=  ;k       
2

dy 1 1 1

dx 2 x cos y 2 x 1 x2 x 1 sin y

= = =
−−

∴    
dy 1

dx 2 x 1 x
=

−
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      ns[ksa vkius fdruk lh[kk 27.3

1. izFke fl¼kUr ls fuEu esa ls izR;sd dk vodyt Kkr dhft, %

(i) 1 2cos x− (ii)
1cos x

x

−

(iii) 1cos x−

(iv) 1 2tan x− (v)
1tan x

x

−

(vi) 1tan x−

27.4 izfrykse f=kdks.kferh; iQyuksa ds vodyt
fiNys vuqPNsn esa] geus izFke fl¼kUr }kjk izfrykse f=kdks.kferh; iQyuksa ds vodyt Kkr djuk
lh[kk FkkA vc ge mUgha izfrykse f=kdks.kferh; iQyuksa ds vodyt dk iz;ksx dj iQyuksa ds
vodyt Kkr djsaxsA

mnkgj.k 27.13.   fuEufyf[kr esa ls izR;sd dk vodyt Kkr dhft, %

(i) 1sin x− (ii)
1 2cos x−

(iii) 1 2(cosec x)−

gy % (i) ekuk       1y sin x−= gSA

∴       

( )
( )

2

dy 1 d
x

dx dx
1 x

=

−
(Ja[kyk fu;e }kjk)

1/ 21 1
x

21 x

−= ⋅
−

1

2 x 1 x
=

−

(ii)  ekuk  1 2y cos x−=  gSA

∴      
2

2 2

dy 1 d
(x )

dx dx1 (x )

−
= ⋅

− 4

1
(2x)

1 x

−
= ⋅

−

vr% ( )1 2

4

d 2x
cos x

dx 1 x

− −
=

−

(iii) ekuk  1 2y (cosec x)−=  gSA

∴      ( )1 1dy d
2(cosec x) cosec x

dx dx

− −= ⋅

1

2

1
2(cosec x)

| x | x 1

− −
= ⋅

−

1

2

2cosec x

| x | x 1

−−
=

−

∴    
( )

12
1

2

d 2 cosec x
cos x

dx | x | x 1

−
− −

=
−

mnkgj.k 27.14.  fuEufyf[kr ds vodyt Kkr dhft, %

(i)
1 cos x

tan
1 sin x

−

+
(ii) 1sin(2sin x)−
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gy % (i)        
1 cos x

y tan
1 sin x

−=
+

1
sin x

2
tan

1 cos x
2

−

π − 
 =

π + − 
 

1

2

x x
2sin cos

4 2 4 2
tan

x
2cos

4 2

−

π π   − −   
   =

π − 
 

1 x
tan tan

4 2

−  π 
= −      

x

4 2

π
= −

∴         
dy

1/ 2
dx

= −

(ii)  ekuk            1y sin(2sin x)−=   gSA

∴           
1 1dy d

cos(2sin x) (2sin x)
dx dx

− −= ⋅
1

2

2
cos (2sin x)

1 x

−= ⋅
−

∴           
1

2

dy 2
cos(2sin x)

dx 1 x

−= ⋅
−

 =  

1

2

2cos(2sin x)

1 x

−

−

mnkgj.k 27.15.   n'kkZb, fd 
1

2

2x
tan

1 x

−

−
 dk 

1

2

2x
sin

1 x

−

+
 ds lkis{k vodyt 1 gSA

gy % ekuk 
1

2

2x
y tan

1 x

−=
−

 rFkk 
1

2

2x
z sin

1 x

−=
+

 gSA

x tan= θ  ysus ij]

∴
1

2

2 tan
y tan

1 tan

− θ
=

− θ
rFkk  

1

2

2 tan
z sin

1 tan

− θ
=

+ θ

   1tan (tan 2 )−= θ rFkk 1z sin (sin 2 )−= θ

    = 2θ rFkk z = 2θ

∴
dy

2
d

=
θ

rFkk   
dz

2
d

=
θ

∴
dy dy d

dx d dz

θ
= ⋅

θ

1
2 1

2
= ⋅ = (Ja[kyk fu;e }kjk)

      ns[ksa vkius fdruk lh[kk 27.4

 fuEu esa ls izR;sd iQyu dk x ds lkis{k vodyt Kkr dhft, rFkk ifj.kke ( )1 3− dks ljyre
:i esas O;Dr dhft, %

1. (a) 1 2sin x− (b)
1 x

cos
2

−
(c)

1 1
cos

x

−

2. (a) 1tan (cosecx cot x)− − (b) 1cot (sec x tan x)− + (c)
1 cos x sin x

tan
cos x sin x

− −

+
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3. (a) 1sin(cos x)− (b) 1sec(tan x)− (c) 1 2sin (1 2x )− −

(d) 1 3cos (4x 3x)− − (e) 1 2cot 1 x x−  + + 
 

4.
1

1

tan x

1 tan x

−

−+
 dk  1tan x−  ds lkis{k vodyt Kkr dhft,A

 27.5 f}rh; dksfV (Second order) ds vodyt
ge tkurs gSa fd fdlh iQyu dk f}rh; dksfV dk vodyt mlds izFke vodyt dk vodyt
gksrk gSA bl vuqPNsn esa] ge f=kdks.kferh; rFkk izfrykse f=kdks.kferh; iQyuksa ds f}rh; dksfV ds
vodyt Kkr djsaxsA blds vUrxZr ge xq.ku] Hkkx rFkk Ja[kyk fu;e dk iz;ksx djsaxsA

vkb, dqN mnkgj.k ysa %

 mnkgj.k 27.16.   fuEu esa ls izR;sd dk f}rh; dksfV dk vodyt Kkr dhft, %

(i)sin x (ii) x cos x (iii) 1cos x−

gy% (i) ekuk y = sin x gSA

nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa feyrk gS% 
dy

cos x
dx

=

nksuksa i{kksa dks x ds lkis{k fiQj vodfyr djus ij] gesa feyrk gS %
2

2

d y d
(cos x) sin x

dxdx
= = −

∴
2

2

d y
sin x

dx
= −

(ii) ekuk y = x cos x gSA
nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa feyrk gS %

dy
x( sin x) cos x.1

dx
= − +

dy
xsin x cos x

dx
= − +

nksuksa i{kksa dks x ds lkis{k fiQj vodfyr djus ij] gesa feyrk gS %

( )
2

2

d y d
x sin x cos x

dxdx
= − + ( )x.cos x sin x sin x= − + −

       x.cos x 2sin x= − −

∴ ( )
2

2

d y
x.cos x 2sin x

dx
= − +

(iii) ekuk 1y cos x−= gSA

nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa feyrk gS %

( )
( )

1
2 2

1/ 22 2

dy 1 1
1 x

dx 1 x 1 x

−− −
= = = − −

− −
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nksuksa i{kksa dks x ds lkis{k fiQj vodfyr djus ij] gesa feyrk gS %

( ) ( )
2 3/ 2

2

2

d y 1
1 x 2x

2dx

−− 
= − ⋅ − ⋅ − 

  ( )3/ 2
2

x

1 x

= −
−

vr%]

( )
2

2 3/ 2
2

d y x

dx 1 x

−
=

−

mnkgj.k 27.17.   ;fn 1y sin x−=  gks] rks n'kkZb, fd ( )2
2 11 x y xy 0− − =  gS] tgk¡ 2y  rFkk 1y

Øe'k% x ds lkis{k f}rh; dksfV rFkk izFke dksfV] vodyt gSaA

gy % gesa fn;k gS % 1y sin x−=

nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa feyrk gS %

2

dy 1

dx 1 x

=
−

vFkok       

2

2

dy 1

dx 1 x

 
= 

  −
(nksuksa i{kksa dk oxZ djus ij)

vFkok            ( )2 2
11 x y 1− =

nksuksa i{kksa dks x ds lkis{k fiQj vodfyr djus ij] gesa feyrk gS %

( ) ( ) ( )2 2
1 1 1

d
1 x 2y y 2x y 0

dx
− ⋅ + − ⋅ =

vFkok   ( )2 2
1 2 11 x 2y y 2x y 0− ⋅ − =

vFkok             ( )2
2 11 x y x y 0− − =

      ns[ksa vkius fdruk lh[kk 27.5

1. fuEu esa ls izR;sd dk f}rh; dksfV dk vodyt Kkr dhft, %

(a) sin(cos x) (b) 2 1x tan x−

2. ;fn ( )2
11

y sin x
2

−=  gks] rks n'kkZb, fd ( )2
2 11 x y xy 1− − = gksxkA

3. ;fn  y sin(sin x)=  gks] rks fl¼ dhft, fd 
2

2

2

d y dy
tan x ycos x 0

dxdx
+ + =  gksxkA

4. ;fn  y x tan x,= +  gks] rks fl¼ dhft, fd 
2

2

2

d y
cos x 2y 2x 0

dx
− + = gksxkA
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C

A1

% + vkb;s nksgjk,¡

• (i)
d

(sin x) cos x
dx

= (ii)
d

(cos x) sin x
dx

= −

(iii)
2d

(tan x) sec x
dx

= (iv)
2d

(cot x) cosec x
dx

= −

(v)
d

(sec x) sec x tan x
dx

= (vi)
d

(cosecx) cosecx cot x
dx

= −

• ;fn u, x dk ,d vodyuh; iQyu gS] rc %

(i)
d du

(sin u) cosu
dx dx

= (ii)
d du

(cosu) sin u
dx dx

= −

(iii)
2d du

(tan u) sec u
dx dx

= (iv)
2d du

(cot u) cosec u
dx dx

= −

(v)
d du

(secu) secu tan u
dx dx

= (vi)
d du

(cosec u) cosec u cot u
dx dx

= −

• (i)
1

2

d 1
(sin x)

dx 1 x

− =
−

(ii)
1

2

d 1
(cos x)

dx 1 x

− −
=

−

(iii)
1

2

d 1
(tan x)

dx 1 x

− =
+

(iv)
1

2

d 1
(cot x)

dx 1 x

− −
=

+

(v)
1

2

d 1
(sec x)

dx | x | x 1

− =
−

(vi)
1

2

d 1
(cosec x)

dx | x | x 1

− −
=

−

• ;fn u, x dk ,d vodyuh; iQyu gS] rc %

(i)
1

2

d 1 du
(sin u)

dx dx1 u

− = ⋅
−

(ii)
1

2

d 1 du
(cos u)

dx dx1 u

− −
= ⋅

−

(iii)
1

2

d 1 du
(tan u)

dx dx1 u

− = ⋅
+

(iv)
1

2

d 1 du
(cot u)

dx dx1 u

− −
= ⋅

+

(v)
1

2

d 1 du
(sec u)

dx dx| u | u 1

− = ⋅
−

(vi)
1

2

d 1 du
(cosec u)

dx dx| u | u 1

− −
= ⋅

−

• ,d f=kdks.kferh; iQyu dk f}rh; dksfV dk vodyt mlds igyh dksfV ds vodyt dk
vodyt gksrk gSA

• http://people.hofstra.edu/stefan_waner/trig/trig3.html

• http://www.math.com/tables/derivatives/more/trig.htm

• https://www.freemathhelp.com/trig-derivatives.html

lgk;d osclkbV
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1. ;fn 3 2 x
y x tan

2
=  gS] rks 

dy

dx
 Kkr dhft,A

2. eku Kkr dhft, % 4 4d
sin x cos x

dx
+ ] x

2

π
=  rFkk 0 ijA

3. ;fn 2

23

5x
y cos (2x 1)

(1 x)

= + +
−

 gS] rks 
dy

dx
 Kkr dhft,A

4. ;fn 1 1x 1 x 1
y sec sin

x 1 x 1

− −+ −
= +

− +
 gS] rks n'kkZb, fd 

dy

dx
 = 0 gSA

5. ;fn 3 3x a cos , y a sin= θ = θ  gS] rks 
2

dy
1

dx

 
+  
 

 dk eku Kkr dhft,A

6. ;fn y x x x ....= + + +  gS] rks 
dy

dx
 Kkr dhft,A

7.
1sin x−

 dk 1 2cos 1 x− −  ds lkis{k vodyt Kkr dhft,A

8. ;fn y cos(cos x)=  gS] rks fl¼ dhft, fd 
2

2

2

d y dy
cot x y.sin x 0

dxdx
− ⋅ + =  gSA

9. ;fn 1y tan x−=  gS] rks n'kkZb, fd 2
2 1(1 x) y 2xy 0+ + = gSA

10. ;fn 1 2y (cos x)−=  gS] rks n'kkZb, fd 2
2 1(1 x )y xy 2 0− − − = gSA

ns[ksa vkius fdruk lh[kk 27.1

1. (a) cosec xcot x− (b) 2cosec x− (c) 2sin 2x−

(d) 22cosec 2x− (e) 2 22x cosec x cot x−  (f)
cos x

2 sin x

2. (a) 2sin 2x (b) 22cosec x cot x− (c) 22 tan x sec x

ns[ksa vkius fdruk lh[kk 27.2

1. (a)12cos4x (b) 5sin 5x− (c)
2sec x

2 x
(d)  

cos x

2 x

(e) 22x cos x (f) 22 2 sec 2x (g) 23 cosec 3x− π

(h)10sec10x tan10x (i) 2cosec2x cot 2x−

vkb, vH;kl djsa

mÙkjekyk
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2. (a) 2

2sec x tan x

(sec x 1)+
(b) 2

2

(sin x cos x)

−

−
(c) x cos x sin x+

(d) 22 x cos x (1 x )sin x− +

(e) cosec x (1 x cot x)− (f) 2cos2 x cos3 x 3 sin 2 x sin3 x− (g)
3cos3x

2 sin 3x

3. (a) 23sin x cos x (b) sin 2x−     (c) 3 24tan xsec x (d) 3 24cot x cosec x−

(e) 55sec x tan x (f) 33 cosec x cot x− (g) sec x tan x

2 x

(h) ( )sec x sec x tan x+

4. (a) 1 (b) 2 2+

ns[ksa vkius fdruk lh[kk 27.3

1. (i) 
4

2x

1 x

−

−
(ii)

1

22

1 cos x

xx 1 x

−− −
−

−
(iii)

1

2

1

2x (1 x)

−

−

(iv) 4

2x

1 x+
(v)

1

2 2

1 tan x

x(1 x ) x

−
−

+
(vi)  

( )
1

2

1

2x 1 x+

ns[ksa vkius fdruk lh[kk 27.4

1. (a) 4

2x

1 x−
(b) 2

1

4 x

−

−
(c) 2

1

x x 1−

2. (a) 
1

2
(b)

1

2
− (c) 1−

3. (a) 
( )1

2

cos cos x

1 x

−
−

−
(b) ( )1

2

x
sec tan x

1 x

−⋅
+

(c) 2

2

1 x

−

−
(d) 2

3

1 x

−

−
(e) 2

1

2(1 x )

−

+

4. ( )2
1

1

1 tan x−+

ns[ksa vkius fdruk lh[kk 27.5

1. (a) 2cos x cos(cos x) sin x sin(cos x)− − (b)

2
1

2 2

2x(2 x )
2 tan x

(1 x )

−+
+

+
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vkb, vH;kl djsa

1.
3 2 2 2x x x

x tan sec 3x tan
2 2 2

+    2. 0, 0               3.
5

3

5(3 x)
2sin(4x 2)

3(1 x)

−
− +

−

5. | secθ |                                          6.
1

2y 1− 7.
2

1

2 1 x−
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28

pj ?kkrkadh rFkk
y?kqx.kdh; iQyuksa dk vodyt

ge tkurs gSa fd tula[;k cjkcj c<+rh tkrh gS ijUrq dqN fLFkfr;ksa esa ?kVrh Hkh gSA izdf̀r esa dbZ vkSj
,sls {ks=k gSa ftuesa of̀¼ rFkk âkl cjkcj gksrk jgrk gSA vFkZ 'kkL=k] df̀"k rFkk O;kikj esas cgqr ls mnkgj.k
fn;s tk ldrs gSa ftuesa òf¼ rFkk deh cjkcj gksrh jgrh gSA vkb, thok.kqvksa dh of̀¼ ds mnkgj.k
ij fopkj djsaA ekuk thok.kqvksa dh orZeku l[a;k 1000000 gS rFkk 10 ?kaVs ds ckn ;g nqxquh gks tkrh
gSA ge ;g tkuuk pkgrs gSa fd fdrus le; i'pkr budh la[;k 3000000 gks tk;sxhA

bl of̀¼ dk mÙkj Øeokj ;ksx ls vFkok fdlh fuf'pr la[;k ls xq.kk djus ij izkIr ugha gks ldrkA
okLro esa xf.kr esa ,d vkSj fof/ gS ftls pj ?kkrkadh iQyu dgrs gSa rFkk ;g gesa ,slh fLFkfr;ksa esa
òf¼ vFkok deh dk vkdyu djus esa lgk;rk djrk gSA pj ?kkarkdh iQyu] y?kqx.kdh; iQyu dk
foykse gSA bl ikB esa ge bUgha iQyuksa ij fopkj&foe'kZ djsaxs rFkk muds vodyt Kkr djus ds fu;eksa
dk vè;;u djssaaxsA

  mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

• pj ?kkrkadh o y?kqx.kdh; iQyuksa dks ifjHkkf"kr djuk rFkk mudk vodyt Kkr djukA

• chth;] f=kdks.kferh;] izfrykse f=kdks.kferh;] pj ?kkarkdh o y?kqx.kdh; iQyuksa ds la;kstu
ls cus iQyuksa ds vodyt Kkr djukA

• fdUgha iQyuksa ds f}rh; dksfV ds vodyt Kkr djukA

 iwoZ Kku

uhps nh x;h ekud lhekvksa (limits) ds vuqiz;ksx %

(i)

n

n

1
lim 1 e

n→∞

 
+ = 

 
(ii) ( )

1

n

n
lim 1 n e
→∞

+ =

(iii)  
x

x

e 1
lim 1

x→∞

−
= (iv)

x

e
x

a 1
lim log a

x→∞

−
=

(v)
( )h

h 0

e 1
lim 1

h→

−
=

vodyu dh ifjHkk"kk rFkk iQyuksa ds vodyt fudkyus ds fu;eA
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28.1 pj ?kkarkdh iQyu dk vodyt

eku yhft, fd xy e=  ,d pj ?kkrkadh iQyu gS .....(i)

∴ ( )x x
y y e

+δ+ δ =   (laxr NksVh c<+r) .....(ii)

(i) rFkk (ii) ls gesa feyrk gS %

∴     x x xy e e+δδ = −

nksuksa i{kksa dks xδ  ls Hkkx nsus ds lkFk lhekar ysus ij tc x 0δ →

∴     
[ ]x

x

x 0 x 0

y e 1
lim lim e

x x

δ

δ → δ →

δ −
=

δ δ

⇒   
x xdy

e .1 e
dx

= =

vr% gesa feyrk gS (((( ))))x xd
e e

dx
==== .

dk;Zdkjh fu;e% ( ) ( )x x xd d
e e x e

dx dx
= ⋅ =

vc eku yhft, fd          ax by e .+=

∴  a(x x) by y e +δ ++ δ = [ xδ rFkk yδ  laxr c<+rs gSa ]

∴         ( )a x x b ax by e e+δ + +δ = −
ax b a xe e 1+ δ = −

 

∴        

a x

ax b
e 1y

e
x x

δ
+

 −δ  =
δ δ

 
a x

ax b e 1
a e

a x

δ
+ −

= ⋅
δ

(a ls xq.kk o Hkkx nsus ij)

lhek] tc x 0δ → , ysus ij

     

a x
ax b

x 0 x 0

y e 1
lim a e lim

x a x

δ
+

δ → δ →

δ −
= ⋅ ⋅

δ δ

vFkok ax bdy
a e 1

dx

+= ⋅ ⋅  ax bae +=      

x

x 0

e 1
lim 1

x→

 −
= 

  

dk;Zdkjh fu;e%  ( ) ( )ax b ax b ax bd d
e e ax b e a

dx dx

+ + += ⋅ + = ⋅

∴     ( )ax b ax bd
e ae

dx

+ +=

 mnkgj.k 28.1.   fuEufyf[kr esa izR;sd iQyu dk vodyt Kkr dhft, %

(i) 5xe  (ii)
axe (iii) 

3x

2e
−
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gy % (i) eku yhft, fd  5xy e= .

rks ty e= tgk¡  5 x = t

∴
tdy

e
dt

=   rFkk  
dt

5
dx

=

ge tkurs gSa fd dt dy dt

dx dt dx
= ⋅ te 5= ⋅ 5x5e=

vU; fof/ ls]    ( ) ( )5x 5x 5xd d
e e 5x e 5

dx dx
= ⋅ = ⋅  5x5e=

(ii) eku yhft, fd  axy e= ⋅

rks  ty e=   tgk¡  t = ax

∴
tdy

e
dt

=  rFkk 
dt

a
dx

=

ge tkurs gSa fd,
tdy dy dt

e a
dx dt dx

= × = ⋅

vr%  
axdy

a e
dx

= ⋅

(iii) eku yhft, fd   
3x

2y e

−

=

∴  

3
x

2
dy d 3

e x
dt dx 2

−
− = ⋅  
 

vr%    

3x

2
dy 3

e
dt 2

−
−

=

 mnkgj.k 28.2.   fuEufyf[kr esa ls izR;sd dk vodyt Kkr dhft, %

(i) xy e 2cos x= + (ii)
2x x5

y e 2sin x e 2e
3

= + − +

gy % (i)    xy e 2cos x= +

∴ ( ) ( )xdy d d
e 2 cos x

dx dx dx
= +  xe 2sin x= −

(ii)      
2x x5

y e 2sin x e 2e
3

= + − +

∴   ( )2x 2 xdy d 5
e x 2 cos x e 0

dx dx 3
= + − + ....(∴  e vpj gSA)

2x x5
2xe 2cos x e

3
= + −

 mnkgj.k 28.3.   -
dy

dx
 Kkr dhft, ;fn

(i) x cos xy e= (ii)
x1

y e
x

= (iii)

1 x

1 xy e

−

+=
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gy% (i)          x cos xy e=

∴       ( )x cos xdy d
e x cos x

dx dx
=

∴       
x cos xdy d d

e x cos x cos x (x)
dx dx dx

 = +  
[ ]x cos xe xsin x cos x= − +

(ii)
x1

y e
x

=

∴         ( )x xdy d 1 1 d
e e

dx dx x x dx

 = + 
 

(xq.ku fu;e ds mi;ksx ls)

 
x x

2

1 1
e e

xx

−
= +

x x

2 2

e e
[ 1 x] [x 1]

x x
= − + = −

(iii)          
1 x

1 xy e

−

+=

       

1 x

1 x
dy d 1 x

e
dx dx 1 x

−

+ − 
=  + 

1 x

1 x
2

1.(1 x) (1 x).1
e

(1 x)

−

+
 − + − −

=  
+  

1 x

1 x
2

2
e

(1 x)

−

+
 −

=  
+  

1 x

1 x
2

2
e

(1 x)

−

+−
=

+

 mnkgj.k 28.4.   fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(i) sin x xe sin e⋅ (ii) ( )axe cos bx c⋅ +

gy %         sin x xy e sin e= ⋅

∴       ( )sin x x x sin xdy d d
e sin e sin e e

dx dx dx
= ⋅ +

( ) ( )sin x x x x sin xd d
e cose e sin e e sin x

dx dx
= ⋅ ⋅ + ⋅

sin x x x x sin xe cose e sin e e cos x= ⋅ ⋅ + ⋅ ⋅

sin x x x xe [e cose sin e cos x]= ⋅ + ⋅

(ii)          axy e cos(bx c)= +

∴       ( )ax axdy d d
e cos(bx c) cos bx c e

dx dx dx
= ⋅ + + +

ax axd d
e [ sin(bx c)] (bx c) cos(bx c)e (ax)

dx dx
= ⋅ − + + + +

ax axe sin(bx c) b cos(bx c)e .a= − + ⋅ + +
axe [ bsin(bx c) a cos(bx c)]= − + + +

 mnkgj.k 28.5.   ;fn 
axe

y
sin(bx c)

=
+

 gks] rks 
dy

dx
 Kkr dhft, A
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gy %       

ax ax

2

d d
sin(bx c) e e [sin(bx c)]

dy dx dx

dx sin (bx c)

+ − +
=

+
ax ax

2

sin(bx c).e .a e cos(bx c).b

sin (bx c)

+ − +
=

+
ax

2

e [a sin(bx c) bcos(bx c)]

sin (bx c)

+ − +
=

+

      ns[ksa vkius D;k lh[kk 28.1

1. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a)
5xe (b) 7x 4e + (c) 2xe (d) 

7
x

2e

−

(e)
2x 2xe +

2.
dy

dx
 Kkr dhft, ;fn

(a)
x1

y e 5e
3

= − (b)
x1

y tan x 2sin x 3cos x e
2

= + + −

(c) xy 5sin x 2e= − (d) x xy e e−= +

3. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) x 1f (x) e += (b) cot xf (x) e=

(c)
2xsin xf (x) e= (d)

2xsec xf (x) e=

4. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) xf (x) (x 1)e= − (b) 2x 2f (x) e sin x=

5.
dy

dx
 Kkr dhft, ;fn

(a) 

2x

2

e
y

x 1

=
+

(b) 
2xe cos x

y
x sin x

⋅
=

28.2 y?kqxq.kdh; iQyuksa dk vodyt
ge igys y?kqx.kdh; iQyu ysrs gSa
eku yhft, fd y log x= .....(i)

∴   ( )y y log x x+ δ = + δ .....(ii)

(x rFkk y esa laxr c<+ksÙkfj;ka Øe'k% xδ rFkk yδ  gSa)
(i) rFkk (ii) ls gesa feyrk gS %

 ( )y log x x log xδ = + δ −
x x

log
x

+ δ
=
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∴
y 1 x

log 1
x x x

δ δ = + δ δ  

      
1 x x

log 1
x x x

δ = ⋅ + δ  
                        (x ls xq.kk rFkk Hkkx djus ij)

     

x

x1 x
log 1

x x

δδ = +  
nksuksa i{kksa dh lhek ysus ij] tc x 0δ → , gesa feyrk gS

    

x

x

x 0 x 0

y 1 x
lim lim log 1

x x x

δ

δ → δ →

δ δ = + δ  

 

x

x

x 0

dy 1 x
log lim 1

dx x x

δ

δ →

 
δ  = ⋅ +  

  
 

1
log e

x
=   

x

x

x 0

x
lim 1 e

x

δ

δ →

 
δ  + =    

Q

1

x
=

vr%  
d 1

(log x)
dx x

====

vc ge y?kqx.kdh; iQyu y log(ax b)= + ysrs gSaA ...(i)

∴ y y log[a(x x) b]+ δ = + δ + ...(ii)

(i) rFkk (ii) ls gesa feyrk gS

        y log[a(x x) b] log(ax b)δ = + δ + − +

a(x x) b
log

ax b

+ δ +
=

+

(ax b) a x
log

ax b

+ + δ
=

+

a x
log 1

ax b

δ 
= + + 

∴        
y 1 a x

log 1
x x ax b

δ δ 
= + δ δ + 

a ax b a x
log 1

ax b a x ax b

+ δ 
= ⋅ + + δ + 

           [
a

ax b+
ls xq.kk rFkk Hkkx djus ij]

ax b

a xa a x
log 1

ax b ax b

+

δδ 
= + + + 

nskuksa i{kksa dh lhek ysus ij] tc x 0δ → ,
ax b

a x

x 0 x 0

y a a x
lim lim log 1

x ax b ax b

+

δ

δ → δ →

δ δ 
= + δ + + 

vFkkZr        
dy a

loge
dx ax b

=
+ ( )

1

x

x 0
lim 1 x e
→

 
 

+ =  
Q
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vFkok        
dy a

dx ax b
=

+

dk;Zdkjh fu;e%

    
d 1 d

log(ax b) (ax b)
dx ax b dx

+ = +
+

   
1 a

a
ax b ax b

= × =
+ +

 mnkgj.k 28.6.   uhps fn;s x;s iQyuksa esa izR;sd dk vodyt Kkr dhft, %

(i) 5y log x= (ii) y log x= (iii) ( )3
y log x=

gy % (i)          5y log x= = 5 log x

∴        
dy 1 5

5
dx x x

= ⋅ =

(ii) y log x=  
1
2log x=   vFkok  

1
y log x

2
=

∴
dy 1 1 1

dx 2 x 2x
= ⋅ =

(iii)    ( )3
y log x=

∴   3y t ,= tgk¡ t log x=

⇒  
2dy

3t
dt

=  rFkk 
dt 1

dx x
=

gesa irk gS fd,  
2dy dy dt 1

3t
dx dt dx x

= ⋅ = ⋅

∴                
2dy 1

3(log x)
dx x

= ⋅

∴   
2dy 3

(log x)
dx x

=

 mnkgj.k 28.7.  
dy

dx
 Kkr dhft,] ;fn

(i) 3y x log x= (ii) xy e log x=

gy % (i)          3y x log x=

∴        
3 3dy d d

log x (x ) x (log x)
dx dx dx

= + (xq.ku fu;e ds mi;ksx ls)

2 3 1
3x log x x

x
= + ⋅ ( )2x 3log x 1= +

(ii)        xy e log x=

∴       
x xdy d d

e (log x) log x e
dx dx dx

= + ⋅
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x x1
e e log x

x
= ⋅ + ⋅ x 1

e log x
x

 
= + 

 

mnkgj.k 28.8.   fuEufyf[kr iQyuksa esa ls izR;sd dk vodyt Kkr dhft, %

(i)  log tan x (ii) log [cos (log x )]

gy% (i)  eku yhft, fd     y = log tan x

∴
dy 1 d

(tan x)
dx tan x dx

= ⋅

      
21

sec x
tan x

= ⋅ 2

cos x 1

sin x cos x
= ⋅ =  cosec x.sec x

(ii)  eku yhft, fd     y = log [cos (log x)]

∴  
dy 1 d

[cos(log x)]
dx cos(log x) dx

= ⋅
( )

( )1 d
sin log x log x

cos log x dx

 
= ⋅ −  

      
sin(log x) 1

cos(log x) x

−
= ⋅ 1

tan(log x)
x

= −

mnkgj.k 28.9.   ;fn y = log(sec x + tan x) gks] rks 
dy

dx
 Kkr dhft,A

gy %    y = log (sec x + tax x )

∴ ( )dy 1 d
sec x tan x

dx sec x tan x dx
= ⋅ +

+

      
21

sec x tan x sec x
sec x tan x

 = ⋅ +
 +

      [ ]1
sec x sec x tan x

sec x tan x
= ⋅ +

+

      
sec x(tan x sec x)

sec x tan x

+
=

+
= sec x

mnkgj.k 28.10.  
dy

dx
 Kkr dhft,  ;fn 

1

2 2 2

3

3 4

(4x 1)(1 x )
y

x (x 7)

− +
=

−

 gksA

gy % ;|fi vki Hkkx fu;e (xq.ku fu;e) dk lh/k mi;ksx djds Hkh vodyt Kkr dj ldrs
gSaA ijUrq ;fn vki nksuksa i{kksa dk y?kqx.kd ysxsa rks xq.kk] ;ksx esa cny tk;sxh rFkk Hkkx] ?kVk esaA blls
fof/ vklku gks tkrh gSA

1

2 2 2

3

3 4

(4x 1)(1 x )
y

x (x 7)

− +
=

−

nksuksa i{kksa dk y?kqx.kd ysus ij gesa feyrk gS
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∴

( )( )
( )

1
2 2 2

3
3

4

4x 1 1 x
log y log

x x 7

 
 − +
 =
 

− 
 

vFkok ( ) ( )2 21 3
log y log 4x 1 log 1 x 3log x log(x 7)

2 4
= − + + − − −

(log ds xq.k/ekZs dk mi;ksx djus ij)

vc nksuksa i{kksa dk vodyu djus ij]

2 2

d 1 1 3 3 1
(log y) 8x 2x

dx x 4 x 74x 1 2(1 x )

 
= ⋅ + ⋅ − − ⋅ − − +

⇒     ( )2 2

1 dy 8x x 3 3

y dx x 4 x 74x 1 1 x
⋅ = + − −

−− +

∴          2 2

dy 8x x 3 3
y

dx x 4(x 7)4x 1 1 x

 
= + − − −− + 

              

2 2

3 2 2

3 4

(4x 1) 1 x 8x x 3 3

x 4(x 7)4x 1 1 x
x (x 7)

 − +
= + − − −− + 

−

      ns[ksa vkius fdruk lh[kk 28.2

1. uhps fn;s x;s izR;sd iQyu dk vodyt Kkr dhft, %

(a) f (x) = 5 sin x – 2 log x (b) f (x) = log cos x

2.
dy

dx
 Kkr dhft, ;fn

(a) 
2xy e log x= (b) 

2xe
y

log x
=

3. fuEufyf[kr iQyuksa esa ls izR;sd dk vodyt Kkr dhft, %

(a) y = log ( sin log x ) (b) y = log tan 
x

4 2

π 
+ 

 

(c) 
a b tan x

y log
a b tan x

+ 
=  − 

(d) y = log (log x )

4.
dy

dx
 Kkr dhft, ;fn

(a) 

2 11 3

23 72 2y (1 x) (2 x) (x 5) (x 9)
−

= + − + +  (b)

3

2

5 1

24 4

x (1 2x)
y

(3 4x) (3 7x )

−
=

+ −
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28.3 dqN vkSj y?kqx.kdh; iQyuksa ds vodyt

ge tkurs gSa fd x ds lkis{k nx  dk vodyt n n 1x − gksrk gS tgk¡ n ,d fLFkjkad gSA ;fn ?kkrkad
Hkh pjkad gks] rks ;g fu;e ykxw ugha gksrkA ,slh fLFkfr esa ge iQyu dk y?kqx.kd ysrs gSa vkSj rc
mldk vodyt Kkr djrs gSaA

blfy, ;g fØ;k rHkh ykHkizn gS tcfd fn;k x;k iQyu ( )[ ] ( )g x
f x ds izdkj dk gksrk gSA

mnkgj.kr;k x xa ,x bR;kfnA

 fVIi.kh% ;gk¡ f(x) ,d vpj gks ldrk gSA

ax  dk x ds lkis{k vodyt

ekuk xy a= ,    a > 0

nksuksa i{kksa dk y?kqx.kd ysus ij] gesa feyrk gS

xlog y log a x log a= =  [ nlog m n log m]=

∴      ( )d d
log y (x loga)

dx dx
= vFkok ( )1 dy d

loga x
y dx dx

⋅ = ×

vFkok      
dy

yloga
dx

= xa log a=

vr%    
x xd

a a loga
dx

==== , a > 0

mnkgj.k 28.11.   fuEufyf[kr iQyuksa esa izR;sd dk vodyt Kkr dhft, %

(i) xy x= (ii) sin xy x=

gy % (i) xy x=

nksuksa i{kksa dk y?kqx.kd ysus ij gesa feyrk gS

 log y x log x=

nksuksa i{kksa dk vodyu djus ij gesa feyrk gS

1 dy d d
log x (x) x (log x)

y dx dx dx
⋅ = + [xq.ku fu;e ds iz;ksx ls]

1 dy 1
1 log x x

y dx x
⋅ = ⋅ + ⋅  = log x + 1

∴      
xdy

y[log x 1] x (log x 1)
dx

= + = +

(ii)        sin xy x=

nksuksa i{kksa dk y?kq ysus ij gesa feyrk gS

    log y = sin x log x

∴  
1 dy d

(sin x log x)
y dx dx

⋅ =
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vFkok  
1 dy 1

cos x.log x sin x
y dx x

⋅ = + ⋅

vFkok      
dy sin x

y cos x log x
dx x

 = + 
 

vr%      
sin xdy sin x

x cos x log x
dx x

 
= + 

 

mnkgj.k 28.12.  ;fn ( ) ( )sin xx 1y log x sin x−= +  gks] rks bldk vodyt Kkr dhft,A

gy % nksuksa i{kksa dk y?kqx.kd ysuk ykHknk;d ugha D;ksafd ge ;ksx dks xq.ku esa ugha cny ldrs
rFkk fn;s x;s ;ksx dk y?kqx.kd ugha fy;k tk ldrkA

vr% ge xu (log x)=  rFkk 1 sin xv (sin x)−=  ysrs gSa

rc y u v= +

∴
dy du dv

dx dx dx
= + ......(i)

vc    xu (log x)=

nksuksa i{kksa dk y?kqx.kd ysus ij] gesa feyrk gS
xlog u log(log x)=

∴ log u x log(log x)=
nlog m n log m =

 
Q

nksuksa i{kksa dk vodyu djus ij gesa feyrk gS

1 du 1 1
1 log(log x) x

u dx log x x
⋅ = ⋅ + ⋅

vr%
du 1

u log(log x)
dx log x

 
= + 

 

 
xdu 1

(log x) log(log x)
dx log x

 
= + 

 
.....(ii)

vkSj     1 sin xv (sin x)−=

∴            1log v sin x log(sin x)−=

nksuksa i{kksa dk vodyu djus ij

       
1d d

(log v) [sin x log(sin x)]
dx dx

−=

 
( )1

1 2

1 dv 1 1
sin x cos x log sin x

v dx sin x 1 x

−
−

= ⋅ ⋅ + ⋅
−
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vFkok    
1

12

dv 1 sin x
v cos x logsin x

dx sin x1 x

−
−

 
= + ⋅ 

− 

( ) ( )sin x
1 1

12

1 sin x
sin x cos x log sin x

sin x1 x

− −
−

 
= + 

− 
   ....(iii)

(i), (ii) rFkk (iii) ls gesa feyrk gS]

( ) ( ) ( )sin xx 1 1

12

dy 1 1 sin x
log x log log x sin x cos x logsin x

dx log x sin x1 x

− −
−

   
= + + +   

  − 

mnkgj.k 28.13.  ;fn y x yx e −=  gks] rks fl¼ dhft, fd ( )2

dy log x

dx 1 log x
=

+

gy % fn;k gS fd  y x yx e −= .....(i)

nksuksa i{kksa dk y?kqx.kd ysus ij gesa feyrk gS %
    ylog x (x y)loge= − (x y)= −

vFkok          y(1 log x) x+ =                    [ ]log e 1=Q

vFkok
x

y
1 log x

=
+ .....(ii)

nksuksa i{kksa dk vodyu djus ij

        

( )

( )2

1
1 log x 1 x

dy x

dx 1 log x

 + ⋅ −  
 =

+ ( ) ( )2 2

1 log x 1 log x

1 log x 1 log x

+ −
= =

+ +

mnkgj.k 28.14.   ;fn x 1 1e log y sin x sin y− −= +  gks] rks 
dy

dx
 Kkr dhft,A

gy % gesa fn;k x;k gS fd x 1 1e log y sin x sin y− −= +

nksuksa i{kksa dk x ds lkis{k vodyu djus ij gesa feyrk gS

x x

2 2

1 dy 1 1 dy
e e log y

y dx dx1 x 1 y

  + = + 
  − −

vFkok    

x
x

2 2

e 1 dy 1
e log y

y dx1 y 1 x

 
− = − 

 − − 

vFkok   

2 x 2

x 2 2

y 1 y 1 e 1 x log ydy

dx e 1 y y 1 x

 − − − =
 − − − 

mnkgj.k 28.15.   ;fn ( )( )( )cos x ......
cos x

y cos x
∞

=  rks 
dy

dx
 Kkr dhft,A
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gy % gesa fn;k x;k gS fd ( )( )( )
( )

cos x ......
cos x y

y cos x cos x
∞

= =

nksuksa i{kksa dk y?kqx.kd ysus ij gesa feyrk gS

   log y y log cos x= .....(i)

(i) dk vodyu djus ij gesa feyrk gS

    ( ) ( )1 dy 1 dy
y sin x log cos x

y dx cos x dx
= ⋅ − + ⋅

vFkok ( )1 dy
log cos x y tan x

y dx

 
− = − 

 

vFkok ( ) 2dy
1 y log cos x y tan x

dx
− = −  

vFkok        ( )

2dy y tan x

dx 1 y log cos x

−
=

−

      ns[ksa vkius D;k lh[kk 28.3

1. uhps fn;s x;s iQyuksa esa izR;sd dk x ds lkis{k vodyt Kkr dhft, %

(a) xy 5= (b) x xy 3 4= + (c) xy sin(5 )=

2.
dy

dx
 Kkr dhft, ;fn

(a) 2xy x= (b) log xy (cos x)= (c) sin xy (log x)=

(d) xy (tan x)= (e)
22 xy (1 x )= + (f) 

2(x sin x)y x +=

3. uhps fn;s x;s iQyuksa esa izR;sd dk vodyt Kkr dhft, %

(a) cot x xy (tan x) (cot x)= + (b)
1log x sin xy x (sin x)

−
= +

(c) tan x cos xy x (sin x)= + (d)
2x log xy (x) (log x)= +

4- ;fn ( )( )( )sin x ......
sin x

y sin x
∞

=  gks] rks n'kkZb, fd

( )

2dy y cot x

dx 1 y log sin x
=

−

5. ;fn y log x log x log x ......= + + + ∞  gks] rks n'kkZb, fd

( )
dy 1

dx x 2x 1
=

−
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 28.4 f}rh; dksfV (Second order) ds vodyt
fiNys ikB esa geus f=kdks.kferh; rFkk izfrykse f=kdks.kferh; iQyuksa ds f}rh; dksfV ds vodyt
( Second order derivatives), f=kdks.kferh; rFkk izfrykse f=kdks.kferh; iQyuksa ds lw=kksa dk mi;ksx
djds Kkr fd;s FksA buesa geus vodytksa ds fofHkUu fu;eksa (laws) ftlesa J`[kayk fu;e (chain

rule) rFkk ?kkr fu;e dk mi;ksx fd;k x;k FkkA blh izdkj ge pj?kkarkdh rFkk y?kqx.kdh; iQyuksa
ds f}rh; dksfV ds vodyt Kkr djsaxsA

mnkgj.k 28.16.  uhps fn;s iQyuksa ds f}rh; dksfV ds vodyt Kkr dhft, %

(i)
xe (ii) cos (logx)  (iii) xx

gy% (i) eku yhft, fd xy e=

x ds lkis{k nksuksa i{kksa dk vodyu djus ij gesa feyrk gS

xdy
e

dx
= .....(i)

(i) dk fiQj x ds lkis{k vodyu djus ij gesa feyrk gS
2

x x

2

d y d
(e ) e

dxdx
= =

(ii) eku yhft, fd y = cos (log x)

nksuksa i{kksa dk x ds lkis{k vodyu djus ij gesa feyrk gS

( ) ( )sin log xdy 1
sin log x

dx x x

−
= − ⋅ =

,d ckj fiQj x ds lkis{k vodyu djus ij gesa feyrk gS

( )2

2

sin log xd y d

dx xdx

 
= − 

 

vFkok        
( ) ( )

2

1
x cos log x sin log x

x

x

⋅ ⋅ −
= −

∴
( ) ( )2

2 2

sin log x cos log xd y

dx x

−
=

(iii) eku yhft, fd xy x=

nksuksa i{kksa dk y?kqx.kd ysus ij gesa feyrk gS
log y = x log x ....(i)

(i) dk x  ds lkis{k vodyu djus ij gesa feyrk gS
1 dy 1

x log x 1 log x
y dx x

⋅ = ⋅ + = +

vFkok
dy

y(1 log x)
dx

= + ....(ii)
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(ii) dk x ds lkis{k fiQj vodyu djus ij gesa feyrk gS

       [ ]
2

2

d y d
y(1 log x)

dxdx
= + =

1 dy
y (1 log x)

x dx
⋅ + + ...(iii)

y
(1 log x)y(1 log x)

x
= + + +

2y
(1 log x) y

x
= + + 21

y (1 log x)
x

 
= + + 

 

∴  ( )
2

2x

2

d y 1
x 1 log x

xdx

 = + +  

mnkgj.k 28.17.  ;fn 1a cos xy e
−

=  gS] rks n'kkZbZ;s fd ( )
2

2 2

2

d y dy
1 x x a y 0

dxdx
− − − =

gy % gesa fn;k gS 
1a cos xy e

−
= .....(i)

∴
1a cos x

2

dy a
e

dx 1 x

− −
= ⋅

− 2

ay

1 x

= −
−

        (i) dk iz;ksx djds

vFkok       

2 2 2

2

dy a y

dx 1 x

  = 
  −

∴       ( )
2

2 2 2dy
1 x a y 0

dx

  − − = 
 

.....(ii)

(ii) ds nksuksa i{kksa dk vodyu djus ij]

( ) ( )
2 2

2 2

2

dy dy d y dy
2x 2 1 x a 2y 0

dx dx dxdx

  − + − × ⋅ − ⋅ ⋅ = 
 

vFkok ( )
2

2 2

2

d y dy
1 x x a y 0

dxdx
− − − = (lc inksa dks 

dy
2

dx
⋅  ls Hkkx nsus ij)

      ns[ksa vkius fdruk lh[kk 28.4

1. fuEufyf[kr esa izR;sd dk f}rh; dksfV dk vodyt Kkr dhft, %

(a) 
4 5xx e (b) ( )5xtan e (c) 

log x

x

2. ;fn ( ) ( )y a cos log x b sin log x= +  gks] rks n'kkZb, fd

2
2

2

d y dy
x x y 0

dxdx
+ + =
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3. ;fn 
1tan xy e

−
=  rks fl¼ dhft, fd

( ) ( )
2

2

2

d y dy
1 x 2x 1 0

dxdx
+ + − =

28-5 izkpfyd iQyuksa dk vodyu

dHkh&dHkh x rFkk y nks pj bl izdkj gksrs gSa ftUgsa fdlh rhljs pj] ftls t dg ldrs
gSa] esa Li"V :i ls O;Dr djrs gSaA vFkkZr~ ;fn x = f(t) rFkk y = g(t) gksa] rks bl izdkj
ds Qyu izkpfyd&Qyu dgykrs gSa rFkk rhljk pj izkpy dgykrk gSA

izkpfyd :i esa Qyuksa dk vodyu izkIr djus ds fy,] ge Ükà[kyk fu;e dk iz;ksx
djrs gSaA

dy

dt
 = .

dy dx

dx dt

;k
dy

dx
 =

dy

dt
dx

dt

, tgk¡ 0≠
dx

dt

 mnkgj.k 28.18  tc x = a sin t, y = a cos t gS rks] 
dy

dx
 Kkr dhft,

t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS
dx

dt
 = a cos t rFkk sin= −

dy
a t

dt

ijUrq 
dy

dx
 = 

/ sin
tan

/ cos

−
= = −

dy dt a t
t

dx dt a t

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 28.19.   ;fn 22 2x at y at= =rFkk  gS rks] 
dy

dx
 Kkr dhft,A

gy gy gy gy : 
22 2x at y at= =rFkk

t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS
dx

dt
 = 4at rFkk 2

dy
a

dt
=

ijUrq 
dy

dx
 = 

/ 2 1

/ 4 2
= =

dy dt a

dx dt at t

mnkgj.k 28.20.  
dy

dx
 Kkr dhft,] ;fn ( sin )= θ − θx a  rFkk (1 cos )= + θy a  gSA

gygygygy : fn;k gS x = ( sin )θ − θa rFkk

y = (1 cos )+ θa

nksuksa dk θ ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

θ

dx

d
 = (1 cos )− θa  rFkk ( sin )

dy
a

d
= − θ

θ
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ijUrq
dy

dx
 =

/ sin
cot

2/ (1 cos )

θ − θ θ= = −
θ − θ

dy d a

dx d a

mnkgj.k 28.21.  ;fn x = a cos3t rFkk y = a sin3t gS rks 
dy

dx
 Kkr dhft,A

gygygygy : fn;k gS x = a cos3t rFkk y = a sin3t

nksuksas dk t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS
dx

dt
 =

2 23 cos (cos ) 3 cos sin
d

a t t a t t
dt

= −

rFkk
dy

dt
 =

2 23 sin (sin ) 3 sin cos
d

a t t a t t
dt

=

ijUrq
dy

dx
 =

2

2

/ 3 sin cos
tan

/ 3 cos sin
= = −

−

dy dt a t t
t

dx dt a t t

mnkgj.k 28.22.  
dy

dx
 Kkr dhft,] ;fn 

2

2

1

1

t
x a

t

−
=

+
 rFkk y = 2

2

1+

bt

t
 gSA

gygygygy : fn;k gS 
2

2

1

1

t
x a

t

−
=

+
 rFkk y = 2

2

1+

bt

t

nksuksa dk t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

dx

dt
 =

2 2

2 2 2 2

(1 ).(0 2 ) (1 )(0 2 ) 4

(1 ) (1 )

t t t t at
a

t t

 + − − − + − 
= 

+ +  

rFkk
dy

dt
 =

2 2

2 2 2 2

(1 ).(1) .(0 2 ) 2 (1 )
2

(1 ) (1 )

t t t b t
b

t t

 + − + − 
= 

+ +  

ijUrq
dy

dx
 =

2 2 2 2

2 2

/ 2 (1 ) (1 ) (1 )

/ 4 2(1 )

− + − −
= × =

−+

dy dt b t t b t

dx dt at att

        ns[ksa vkius fdruk lh[kk 28-5

dy

dx
 Kkr dhft,] tc %

1. x = 2at3 rFkk y = at4

2. x = a cos θ rFkk y = a sin θ

3. x = 4t rFkk y = 
4

t

4. x = 
2sin θb rFkk 2cos= θy a

5. cos cos 2= θ − θx  rFkk sin sin 2y = θ − θ

6. sec= θx a  rFkk tan= θy b
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7. 2

3

1
=

+

at
x

t
 rFkk 

2

2

3

1
=

+

at
y

t

8. sin 2=x t  rFkk cos 2=y t

 28-6 izkpfyd iQyuksa dk nwljh dksfV dk vodyt

;fn nks izkpfyd Qyu x = f(t) rFkk y = g(t) fn, gSa] rc

dy

dx
 =

/
( )

/
=

dy dt
h t

dx dt
 (eku yhft, ;gk¡ 0≠

dx

dt
)

vr%
2

2

d y

dx
 = ( )( ( )

d dt
h t

dt dx
×

mnkgj.k 28.23.  

2

2

d y

dx
 Kkr dhft,] ;fn x = at2 rFkk y = 2at

gygygygy : nksuksa dk t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS
dx

dt
 = 2at rFkk 2=

dy
a

dt

∴
dy

dx
 =

/ 2 1

/ 2
= =

dy dt a

dx dt at t
nksuksa dk x ds lkis{k vodyu djus ij gesa izkIr gksrk gS

2

2

d y

dx
 =

1 1   
= ×      

d d dt

dx t dt t dx

⇒
2

2

d y

dx
 = 2 3

1 1 1

2 2
− × = −

att at

mnkgj.k 28.24.  ;fn x = a sin3 θ rFkk y = b cos3 θ gS rks 
2

2

d y

dx
 Kkr dhft,A

gy gy gy gy : fn;k gS x = a sin3 θ rFkk y = b cos3 θ

nksuksa dk θ ds lkis{k vodyu djus ij gesa izkIr gksrk gS

 
θ

dx

d
 = 23 sin cosθ θa  rFkk 23 cos ( sin )= θ − θ

θ

dy
b

d

∴
dy

dx
 =

2

2

/ 3 cos sin
cot

/ 3 sin cos

θ − θ θ
= = − θ

θ θ θ

dy d b b

dx d aa

nksuksa dk x ds lkis{k vodyu djus ij] gesa izkIr gksrk gS
2

2

d y

dx
 = (cot ) (cot )

− − θ
θ = θ ×

θ

b d b d d

a dx a d dx

⇒
2

2

d y

dx
 =

2

2

1
( cosec )

3 sin cos

−
− θ ×

θ θ

b

a a
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C

A1

% + vkb;s nksgjk,¡

⇒
2

2

d y

dx
 =

4

2
cosec sec

3
θ θ

b

a

mnkgj.k 28.25.  ;fn sin=x a t  rFkk cosy b t=  gS rc 
4

π
=t  ij 

2

2

d y

dx
 dk eku Kkr

dhft,A

gy gy gy gy :  fn;k gS sin=x a t  rFkk cosy b t=

nksuksa dk t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

dx

dt
 = a cos t rFkk sin= −

dy
b t

dt

∴
dy

dx
 =

/ sin
tan

/ cos

− −
= =

dy dt b t b
t

dx dt a t a

nksuksa dk x ds lkis{k vodyu djus ij] gesa izkIr gksrk gS
2

2

d y

dx
 =

2 1
(tan ) sec

cos

− −
× = ×

b d dt b
t t

a dt dx a a t

⇒
2

2

d y

dx
 =

3

2
sec

−b
t

a

2

2 4

d y
at t

dx

  π
=  

 =
3 3

2 2 2

2 2
sec ( 2)

4

b b b

a a a

− π − −
= =

       ns[ksa vkius fdruk lh[kk 28-6

2

2

d y

dx
 Kkr dhft,] tc

1. x = 2at rFkk y = at2

2. ( sin ) (1 cos )x a t t y a t= + = −rFkk

3. 10( sin ) 12(1 cos )x y= θ − θ = − θrFkk

4. sin cos 2x a t y b t= =rFkk

5. cos 2 sin 2x a t y b t= − = −rFkk

� (i) 
x xd

(e ) e
dx

= (ii)
x xd

(a ) a loga ; a 0
dx

= >

� ;fn µ  x dk ,d vodyuh; iQyu gS] rks
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(i) 
d d

(e ) e
dx dx

µ µ µ
= ⋅ (ii)

d d
(a ) a loga ;a 0

dx dx

µ µ µ
= ⋅ ⋅ >

(iii) 
ax b ax b ax bd

(e ) e a ae
dx

+ + += ⋅ =

� (i)  
d 1

(log x)
dx x

=

(ii) ;fn µ  x dk ,d vodyuh; iQyu gS] rks 
d 1 d

(log )
dx dx

µ
µ = ⋅

µ

(iii) 
d 1 a

log(ax b) a
dx ax b ax b

+ = ⋅ =
+ +

� ;fn x = f(t) and u = g(t) rks 
/

/

dy dy dt

dx du dt
= ] tgka 0

dx

dt
≠

� ;fn 
/

( )
/

dy dy dt
h t

dx dx dt
= = gks rks 

2

2
[ ( )]

d y d dt
h t

dt dxdx
= ×

� http://www.themathpage.com/acalc/exponential.htm

� http://www.math.brown.edu/utra/explog.html

� http://www.freemathhelp.com/derivative-log-exponent.html

1. fuEufyf[kr iQyuksa esa ls izR;sd dk vodyt Kkr dhft, %

(a) x x(x ) (b) 
( )xx

x

2.
dy

dx
 Kkr dhft, ;fn

(a) x log sin xy a= (b) 
1cos xy (sin x)

−
=

(c)

2x
1

y 1
x

 = + 
 

(d)

3

4x x 4
y log e

x 4

 
−  =   + 

  

3. fuEufyf[kr iQyuksa esa ls izR;sd dk vodyt Kkr dhft, %

(a)
2x xf (x) cos x log(x)e x= (b) 1 2 sin x 2xf (x) (sin x) x e−= ⋅ ⋅

4. fuEufyf[kr esa izR;sd iQyu dk vodyt Kkr dhft, %

(a) log x sin xy (tan x) (cos x)= + (b)
tan x cos xy x (sin x)= +

lgk;d osclkbV

vkb, vH;kl djsa
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5.
dy

dx
 Kkr dhft,] ;fn

(a)  

4

2

x x 6
y

(3x 5)

+
=

+
(b) 

x x

x x

e e
y

(e e )

−

−

+
=

−

6.
dy

dx
 Kkr dhft,] ;fn

(a) x ay a x= ⋅ (b) 
2x 2xy 7 +=

7. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 2 2xy x e cos 3x= (b) 

x2 cot x
y

x
=

8. ;fn
x.......xxy x

∞

=  gks] rks fl¼ dhft, fd 
2dy y

x
dx 1 y log x

=
−

fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft,

9. cos(sin) x 10. log(log ) x
x 11. 

( 1) ( 2)

( 3) ( 4)

x x

x x

− −

− − 12. 

1
1

x
x

xx x
x

 + 
  + + 

 

dy

dx
 Kkr dhft,] tc %

13. cos log
2

 
= +  

t
x a t rFkk sin=y a t

14. (cos sin )= θ + θ θx a  rFkk (sin cos )= θ − θ θy a

15. (sin cos )= +t
x e t t  rFkk (sin cos )= −t

y e t t

16. cos 2= t
x e  rFkk sin 2= t

y e

17.
1 

= +  
x a t

t
 rFkk 

1 
= −  

y a t
t

18. ;fn ( sin )= θ − θx a  rFkk (1 cos )= + θy a ] 
3

π
θ =  ij 

dy

dx
 Kkr dhft,A

19. ;fn
2

2

1
=

+

bt
x

t
 rFkk

2

2

(1 )

1

−
=

+

a t
y

t
 gS] rks t = 2 ij 

dy

dx
 Kkr dhft,A

20. ;fn 
3 3sin cos

cos 2 cos 2

t t
x y

t t
= =rFkk , rks fl) dhft, fd cot 3= −

dy
t

dx

21. ;fn 2cos cos 2= θ − θx  rFkk 2sin sin 2= θ − θy  gS] rks fl) dhft, 
3

tan
2

θ 
=   

dy

dx

22. ;fn x = cos t rFkk y = sin t gS, rks 
2

3

π
=t  ij fl) dhft, 

1

3
=

dy

dx



236

pj ?kkrkadh rFkk y?kqx.kdh; iQyuksa dk vodyt

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

23. ;fn (cos sin )= +x a t t t  rFkk (sin cos )= −y a t t t  gS, rks 
2

2

d y

dx
 Kkr dhft,A

24. ;fn ( sin )x a= θ − θ rFkk (1 cos )= + θy a  gS] rks 
2

π
θ =  ij 

2

2

d y

dx
 Kkr dhft,A

25. ;fn sin=x a pt  rFkk cos=y b pt  gS] rks t = 0 ij 
2

2

d y

dx
 dk eku Kkr dhft,A

26. ;fn log=x t  rFkk 
1

y
t

=  gS] rks 
2

2

d y

dx
 Kkr dhft,A

27. ;fn (1 cos )= +x a t  rFkk ( sin )= +y a t t  gS] rks 
2

π
=t  ij 

2

2

d y

dx
 dk eku Kkr dhft,A

28. ;fn 2=x at  rFkk 2=y at  gS] rks 
2

2

d y

dx
 Kkr dhft,A

ns[ksa vkius fdruk lh[kk 28.1

1. (a) 5x5e (b) 7x 47e + (c) 2x2e (d)

7
x

2
7

e
2

−
− (e) ( )

2x 2x2 x 1 e ++

2. (a)
x1

e
3

(b)
2 x1

sec x 2 cos x 3 sin x e
2

+ − −

(c) x5cos x 2e− (d) x xe e−−

3. (a)

x 1e

2 x 1

+

+
(b)

2
cot x cos ec x

e
2 cot x

 −
 
  

(c)
2x sin xe [sin x 2x cos x] sin x+

(d) [ ]2x sec x 2 2e sec x 2x sec x tan x+

4. (a) xxe (b) 2x2e sin x(sin x cos x)+

5. (a)

2
2x

2 3/ 2

2x x 2
e

(x 1)

− +

+
(b)

2x 2

2

e [(2x 1)cot x x cosec x]

x

− −

ns[ksa vkius fdruk lh[kk 28.2

1. (a)
2

5cos x
x

− (b) tan x−

2. (a) 
2x 1

e 2x log x
x

 
+ 

 
(b) 

2 2x

2

2x log x 1
.e

x(log x)

−

mÙkjekyk
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3. (a)
cot(log x)

x
(b) secx

(c)
2

2 2 2

2absec x

a b tan x−
(d)

1

x log x

4. (a) 
2 11 3

23 72 2(1 x) (2 x) (x 5) (x 9)
−

+ − + +  2

1 2 2x 3

2(1 x) 3(2 x) 2(x 9)7(x 5)

 
× − + − 

+ − +−  

(b) 

3

2

5 1

24 4

x (1 2x)

(3 4x) (3 7x )

−

+ −
2

1 3 5 7x

2x 1 2x 3 4x 2(3 7x )

 
− − + 

− + −  

ns[ksa vkius fdruk lh[kk 28.3

1.  (a) x5 log5 (b) x x3 log3 4 log 4+ (c) x xcos5 5 log5

2. (a) 2x2x (1 log x)+ (b) 
log x log cos x

(cos x) tan x log x
x

 
− 

 

(c) ( ) ( )sin x sin x
log x cos x log log x

x log x

 
+ 

 

(d) ( )x x
tan x log tan x

sin x cos x

 +  

(e)
32x 2

2

x
(1 x) 2x log(1 x ) 2

1 x

 
+ + + 

+  

(f) 
22(x sin x) x sin x

x (2x cos x)log x
x

+  +
+ + 

  

3. (a) ( )( ) ( )( )cot x x2 2cosec x 1 log tan x tan x log cot x xcosec x tan x cot x− + −

(b) ( ) ( )
1sin xlog x 1 1

2

logsin x
2x log x sin x cot x sin x

1 x

−− − 
+ + 

− 

(c) ( ) [ ]cos xtan x 2tan x
x sec x log x sin x cos x cot x sin x logsin x

x

 
+ + − 

 

(d) ( ) ( ) ( ) ( )2 log xx 1 log log x
x x 1 2log x log x

x

 +
⋅ + +  

 

ns[ksa vkius fdruk lh[kk 28.4

1. (a) ( )5x 4 3 2e 25x 40x 12x+ + (b) ( ){ }5x 2 x 5x 5x25e sec e 1 2e tan e5 +

(c) 3

2 log x 3

x

−
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ns[ksa vkius fdruk lh[kk 28.5

1.
2

3

t
2. cot− θ 3. 2

1
−

t

4. −
a

b
5.

cos 2cos 2

2sin 2 sin

θ − θ

θ − θ
6. cosec θ

b

a

7. 2

2

1−

t

t
8. tan 2− t

ns[ksa vkius fdruk lh[kk 28.6

1.
1

2a
2.

4sec / 2

4

t

a
3.

43
cosec

2100

− θ

4. 2

4− b

a
5. 3cosec 2t

vkb, vH;kl djsa

1. (a) x x(x ) [x 2x log x]+ (b)
x(x) x 1 xx [x log x(log x 1)x ]− + +

2. (a) x logsin xa [logsin x x cot x]log a+

(b) ( )
1cos x 1

2

log sin x
sin x cos x cot x

1 x

−
− 

− 
 − 

(c) 

2x
1

1
x

 
+ 

 

1 1
2x log x

1x
1

x

 
  + −  

  +
  

(d) 3 3
1

4(x 4) 4(x 4)
+ −

− +

3. (a)
2x x 1

cos x log(x)e x tan x 2x 1 log x
x log x

 
⋅ − + + + + 

 

(b) 1 2 sin x 2x

2 1

2 sin x
(sin x) .x e cos x log x 2

x1 x sin x

−

−

 
+ + + 

 − 

4. (a) log x 1
(tan x) 2cosec 2 x log x log tan x

x

 
+ 

 

sin x(cos x) [ sin x tan x+ − cos x log(cos x)]+

(b) tan x 2tan x
x sec x log x

x

 
+ 

 
+ cos x(sin x) [cot x cos x sin x logsin x)]−

5. (a)

4

2

x x 6

(3x 5)

+

+

4 1 6

x 2(x 6) (3x 5)

 
+ − + + 

(b)

2x

2x 2

4e

(e 1)

−

−
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6. (a) x a 1
ea .x [a x log a]− + (b)

2x 2x
e7 (2x 2)log 7+ +

7. (a) 
2 2x 2

x e cos3x 2 3tan3x
x

 + − 
 

(b)
x2 cot x 1

log 2 2cosec2x
2xx

 
− − 

 

9. [ ]cos(sin ) sin log cos cos cotx
x x x x x− + 10. 

log log(log ) 1
(log ) x x

x
x

+ 
  

11.
( 1) ( 2) 1 1 1 1

( 3) ( 4) 1 2 3 4

x x

x x x x x x

− −  + + + − − − − − − 

12.

12 2 2

2 2 2

1 1 1 1 1
log log

1

x
x

x
x x x

x x x x
x x x x x

+   − − +   + + + + +      +      

13. tan t 14. tan θ 15. tan t 16.
log

log

y x

x y

−

17.
x

y
18. 3− 19.

4

3

a

b
20.

3sec

a

θ

θ

21.
1

a
22. 2

b

a

−
23.

1

t
24.

1

a

−

25. 3

1

2at

−
26.

1

t

−
27. –2 28.

1

t
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29

vodyt ds vuqiz;ksx

fiNys ikB esa geus fofHkUu izdkj ds iQyuksa dk vodyt Kkr djuk lh[k FkkA vc ge vodyt
ds iz;ksx ls jkf'k;ksa ds ifjorZu dh nj iQyuksa dk lfUudV eku] oØ ds fdlh fcanq ij Li'kZ js[kk
rFkk vfHkyac ds lehdj.k iQyuksa ds mfPp"B rFkk fufEu"B eku rFkk fofHkUu varjkyksa esa iQyuksa
ds o/Zeku ;k gkzleku gksus dk vè;;u djsaxsA ge jksys osQ izes; rFkk ekè;eku izes; rFkk muosQ
vuqiz;ksxksa osQ ckjs esa Hkh lh[ksaxsA

   mís';
bl ikB ds vè;;u osQ ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs %
� jkf'k;ksa ds ifjorZu dh nj Kkr djuk
� iQyuksa dk lfUudV eku Kkr djuk
� fdlh oØ (iQyu osQ vkys[k) fd fdlh fcUnq ij Li'kZ js[kk rFkk vfHkyac dks ifjHkkf"kr

djukA

� fn;s x;s izfrca/ (conditions) osQ vUrxZr ,d oØ ij Li'kZ js[kk rFkk vfHkyac osQ lehdj.k
Kkr djukA

� ,dfn"V (o/Zeku@ßkleku) iQyuksa dks ifjHkkf"kr djuk

� ,d vUrjky esa o/Zeku iQyuksa ds fy, 
dy

0
dx

>  rFkk ßkleku iQyuksa ds fy, 
dy

0
dx

< LFkkfir djuk

� vkys[k ls ,d fn;s x;s vUrjky esa ,d iQyu ds vf/dre rFkk U;wure ekuksa okys (LFkkuh;
mfPp"B rFkk LFkkuh; fufEu"B lfgr) fcUnqvksa dks ifjHkkf"kr djuk

� iQyuksa ds mfPp"B rFkk fufEu"B muds izFke vodyt rFkk f}rh; vodyt dk mi;ksx djds
Kkr djus ds fy, ,d dk;Zdkjh fu;e (working rule) LFkkfir djuk

� mfPp"B rFkk fufEu"B ij ljy iz'u gy djuk
• jksys osQ izes; rFkk ekè;eku izes; dk o.kZu djuk] rFkk
• mijksDr izes;ksa dh oS/rk (validity) dh tk¡p djuk] rFkk mUgsa fofHkUu iz'uksa dks gy djus esa

iz;ksx djukA

 iwoZ Kku
� funsZ'kkad T;kfefr dk Kku
� fdlh oØ ij Li'kZ js[kk rFkk vfHkyac dh ladYiuk
� fofHkUu iQyuksa osQ vody xq.kkadksa dh ladYiuk
� fdlh iQyu osQ fdlh fcUnq ij vodyt dk T;kferh; vFkZ
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29-1 jkf'k;ksa ds ifjorZu dh nj

eku yhft, y = f(x), x dk ,d Qyu gS rFkk eku yhft,  fd x esa ,d NksVk&lk ifjorZu
∆x gS] ,oa y esa laxr ifjorZu ∆y gSA

∴ x ds lkis{k] y dk izfr bdkbZ vkSlr ifjorZu = 
∆

∆

y

x

bl izdkj ∆x → 0, x ds lkis{k] y ds vkSlr ifjorZu dh nj dk lhekar eku gS

blfy, x ds lkis{k] y esa izfr bdkbZ ifjorZu dh nj = 
0∆ →

∆
=

∆x

y dy
Lt

x dx

vr% 
dy

dx
, x ds lkis{k y ds ifjorZu dh nj iznf'kZr djrk gSA

bl izdkj x = x
0
 ij 

dy

dx
 dk eku] vFkkZr~ 

0

0( )
x x

dy
f x

dx =

 
= ′  

0( )′f x , x = x
0
 ij x ds lkis{k y ds ifjorZu dh nj dks iznf'kZr djrk gSA

blds vfrfjDr ;fn nks jkf'k;k¡ x rFkk y, t ds lkis{k ifjofrZr gks jgh gksa vFkkZr~
y = f(t) vkSj x = g(t) gS rc Ükà[kyk fu;e ls

dy

dx
 =

/
, 0

/
≠

dy dt dx

dx dt dt

vr% x ds lkis{k y ds ifjorZu dh nj dk ifjdyu t ds lkis{k y vkSj x ds ifjorZu
dh nj dk iz;ksx djds fd;k tk ldrk gSA

 mnkgj.k 29.1.  or̀ ds {ks=Qy ds ifjorZu dh nj bldh pj f=T;k r ds lkis{k Kkr
dhft,] tc r = 3 lseh-

gygygygy : eku yhft, r f=T;k okys o`Ùk dk {ks=Qy A gS
rc A = πr2

∴ r ds lkis{k A ds ifjorZu dh nj

⇒
dA

dr
 =

2( ) 2π = π
d

r r
dr

tc r = 3 lseh-, 2 3 6= π × = π
dA

dr

vr% o`Ùk dk {ks=Qy 6π lseh-2/lseh- dh nj ls cny jgk gSA

 mnkgj.k 29.2.  ,d xqCckjk] tks lnSo xksykdkj jgrk gS] dk ifjorZu'khy O;kl 
3

(2 3)
2

+x

gSA x ds lkis{k blds vk;ru ds ifjorZu dh nj Kkr dhft,A

gygygygy : xksykdkj (o`Ùk dh f=T;k (r) = 
1

2
 (O;kl) = 

1 3 3
(2 3) (2 3)

2 2 4
× + = +x x

eku yhft, xqCckjs dk vk;ru V gSa] rc

V =

3
34 4 3

(2 3)
3 3 4

 
π = π +  

r x

⇒ V =
39

(2 3)
16

π +x
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∴ x ds lkis{k vk;ru esa ifjorZu dh nj

dV

dx
 =

2 29 27
3(2 3) 2 (2 3)

16 8
π × + × = π +x x

vr% vk;ru 2 327
(2 3) /

8
xπ + bdkbZ bdkbZ dh nj ls ifjofrZr gks jgk gSA

mnkgj.k 29.3.  ,d xqCckjk tks lnSo xksykdkj jgrk gS] ,d iEi }kjk 900 lseh3 xSl izfr
lsd.M Hkj dj Qqyk;k tkrk gSA xqCckjs dh f=T;k ds ifjorZu dh nj Kkr dhft, tc
bldh f=T;k 15 lseh- gSA

gy gy gy gy : eku yhft, xksyh; xqCckjs dh f=T;k r rFkk fdlh Hkh le; t esa bldk vk;ru V

gS] rc

V =
34

3
πr

t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

dV

dt
 =

3 34 4
.

3 3

   
π = π      

d d dr
r r

dt dr dt

=
2 24

.3 4
3

π = π
dr dr

r r
dt dt

ijUrq
dV

dt
 = 900 lseh3/lsdUM ¼fn;k gS½

blfy, 4πr2 
dr

dt
 = 900

⇒
dr

dt
 = 2 2

900 225

4
=

π πr r

tc r = 15 lseh-
dr

dt
 = 2

225 1

15
=

ππ ×

vr% xksys dh f=T;k 
1

π
les h -@ls- , dh nj ls c<+ jgh gS] tc bldh f=T;k 15 lseh-

gSA

mnkgj.k 29.4 . ,d 5 eh- yEch lh<+h nhokj ds lgkjs >qdh gSA lh<+h dk uhps dk fljk]
tehu ds vuqfn'k] nhokj ls nwj 2lseh/lsdUM dh nj ls [khapk tkrk gSA nhokj ij bldh
Å¡pkbZ fdl nj ls ?kV jgh gS tcfd lh<+h ds uhps dk fljk nhokj ls 4 eh- nwj gS\

gygygygy : eku yhft, lh<+h dk fupyk fljk nhokj ls x eh- dh nwjh ij gS rFkk fdlh le;
t ij lh<+h dh yEckbZ y ehVj gS] rc

x2 + y2 = 25                                            ...(i)

t ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

2 2+
dx dy

x y
dt dt

 = 0

⇒
dy

dt
 = −

x dx

y dt
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ijUrq
dx

dt
 = 2 eh/lsdUM ¼fn;k gS½

⇒
dy

dt
 =

2
2− × = −

x x

y y
                               ...(ii)

tc x = 4eh, (i) ls y2 = 25 – 16 ⇒ y =  3eh

lehdj.k (ii) esa x = 4eh rFkk y = 3eh j[kus ij] gesa izkIr gksrk gS
dy

dx
 =

2 4 8

3 3

× −
− =

vr% nhokj ij lh<+h dh Å¡pkbZ 
8

3
eh@lsdUM dh nj ls ?kV jgh gSA

mnkgj.k 29.5.  fdlh mRikn dh x bdkb;ksa ds foØ; ls izkIr dqy vk; R(x) =

10x2 + 13x + 24 ls iznÙk gS@nh xbZ gSA tc x = 5 gks rks lhekar vk; Kkr dhft, tgk¡ lhekUr
vk; ls gekjk rkRi;Z fdlh {k.k foØ; dh xbZ oLrqvksa ds lkis{k lEiw.kZ vk; ds ifjorZu dh nj
ls gSA

gygygygy : fn;k gS R(x) = 10x2 + 13x + 24

D;ksafd lhekar vk; fdlh {k.k foØ; dh xbZ oLrqvksa ds lkis{k vk; ifjorZu dh nj
ls gksrh gSA ge tkurs gSa fd

lhekar vk; (MR) = 20 13= +
dR

x
dx

tc x = 5, MR = 20 × 5 + 13 = 113

vr% vHkh"V lhekar vk; = ` 113

mnkgj.k 29.6.   fdlh oLrq dh x bdkb;ksa ds mRiknu esa dqy ykxr

C(x) = 3 20.007 0.003 15 4000− + +x x x  ls iznÙk gSA lhekar ykxr Kkr dhft, tc
17 bdkbZ mRikfnr dh tkrh gS] tgk¡ lhekar ykxr ls gekjk rkRi;Z fdlh Lrj ij mRiknu
ds lEiw.kZ ykxr esa rkRdkfyd ifjorZu dh nj ls gSA

gygygygy : fn;k gS C(x) = 3 20.007 0.003 15 4000− + +x x x

D;ksafd lhekar ykxr mRiknu ds fdlh Lrj ij lEiw.kZ ykxr ds ifjorZu dh nj gS]
ge izkIr djrs gSa fd

lhekar ykxr (MC) = 
dC

dx
 = 

20.007 3 0.003 2 15× − × +x x  = 
20.021 0.006 15− +x x

tc x = 17, MC = 0.021×172 – 0.006 × 17 + 15

= 6.069 – 0.102 + 15 = 20.967

vr% lhekar vk; = ` 20.967

       ns[ksa vkius fdruk lh[kk 29-1

1. fdlh oxZ dh Hkqtk 4 lseh/feuV dh nj ls ?kV jgh gSA ;fn oxZ dh Hkqtk 8 lseh gks
rks] mldk {ks=Qy fdl nj ls ?kVsxk\

2. ,d ifjorZ'khy ?ku dk fdukjk 3 lseh/lsdUM dh nj ls c<+ jgk gSA ?ku dk vk;ru
fdl nj ls c<+ jgk gS tcfd fdukjk 10 lseh yEck gSA
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3. o`Ùk ds {ks=Qy ds ifjorZu dh nj bldh f=T;k ds lkis{k Kkr dhft, tcfd f=T;k
6 lseh gSA

4. lkcqu ds ,d xksyh; cqycqys dh f=T;k 0.2 lseh/lsdUM dh nj ls c<+ jgh gSA blds
i`"Bh; {ks=Qy ds ifjorZu dh nj Kkr dhft, tcfd f=T;k 7 lseh gSA

5. ,d ?ku ds vk;ru ds ifjorZu dh nj mldh Hkqtk ds lkis{k Kkr dhft,] tcfd
Hkqtk 5 lseh gSA

29-2 lfUudVu

bl Hkkx esa] ge fpg~u dx rFkk dy dks ,d vFkZ nsaxs ftlls fpg~u 
dy

dx
 dk okLrfod vFkZ]

dy dks dx ls Hkkx nsuk tSlk gks tk,A

eku yhft, y = f(x), x dk ,d Qyu gS rFkk ∆x, x esa ,d NksVk lk ifjorZu gS ,oa
∆y, y esa ,d laxr cnyko@ifjorZu gSA rc

0∆ →

∆

∆x

y
Lt

x
 = ( )= ′

dy
f x

dx

⇒
∆

∆

y

x
 = + ε

dy

dx
, tgk¡ ε → 0 tc ∆x → 0

⇒ ∆y = ∆ + ε∆
dy

x x
dx

Q ε∆x cgqr gh lw{e jkf'k gS ftls ux.; eku ldrs gSa] blfy, gesa izkIr gksrk

gS ∆y ≈ ∆
dy

x
dx

] lfUudVr%

;g lw= ijra= pj ds lw{e ifjorZu ¼;k =qfV½ dk Lora= pj ds lw{e ifjorZu ¼;k =qfV½
ds laxr x.kuk djus esa cgqr gh mi;ksxh gSA

dqN egRoiw.kZ in
Lora=@fujis{k =qfVLora=@fujis{k =qfVLora=@fujis{k =qfVLora=@fujis{k =qfV : x esa =qfV ∆x, x esa fujis{k =qfV dgykrh gSA

vis{kkdr̀ =qfV : ;fn x esa =qfV ∆x gS rc 
∆x

x
, x esa vis{kkdr̀ =qfV dgykrh gSA

izfr'krrk =qfV : ;fn x esa ,d =qfV ∆x gS rc 100
∆

×
x

x
, x easa izfr'krrk =qfV

dgykrh gSA

 uksVuksVuksVuksV: gesa Kkr gS ∆y = .∆ + ε ∆
dy

x x
dx

Q .ε ∆x  cgqr NksVk@ux.; gS blfy, ∆y dk eq[; eku 
dy

x
dx

= ∆  tks fd y dk vodyt

dgykrk gSA

vFkkZr~ ∆y = .∆
dy

x
dx
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∴ x dk vodyt

dx = .∆ = ∆
dx

x x
dx

 }kjk fn;k tkrk gS

vr% dy =
dy

dx
dx

dx, ∆x, dy rFkk ∆y dk T;kferh; O;k[;k@vFkZ tkuus ds fy, ge oØ y = f(x) ds fudV
fcUnq P(x, y) ds {ks= ij viuk /;ku dsfUnzr djrs gSa tgk¡ oØ ij ,d Li'kZ js[kk [khap
ldrs gSaA ;fn oØ ij ,d vU; fcUnq Q(x + ∆x, y + ∆y), (∆x ≠ 0) gS] rc js[kk PQ dk

<ky 
∆

∆

y

x
 gksxk tks fd 

dy

dx
 ds lhek eku ds lfUudV gS (P ij Li'kZ js[kk dk <ky@>qdko)

blfy,] tc ∆x → 0, ∆y, dy ds yxHkx cjkcj@lfUudV gSA

mnkgj.k 29.7.   vodyu dk iz;ksx djds 25.3  dk lfUudV eku Kkr dhft,A

gy gy gy gy : eku yhft, y = x

‘x’ ds lkis{k vodyu djus ij] gesa izkIr gksrk gS

dy

dx
 =

1
2

1 1

2 2

− =x
x

x = 25 ,oa 25.3+ ∆ =x x  yhft,] rc 0.3= ∆ =dx x  tc x = 25, 25 5= =y

∆y =
1 1 1

0.3 0.3 0.03
102 2 25

dy
x x

dx x
∆ = ∆ = × = × =

⇒ ∆y = 0.03 (Q dy lfUudVr% ∆y ds cjkcj gS)
y + ∆y = 25.3+ ∆ =x x

⇒ 25.3  = 5 + 0.03 = 5.03 lfUudVr%

mnkgj.k 29.8.  vodyu dk iz;ksx djds 
1

3(127)  dk lfUudV eku Kkr dhft,A

gygygygy : y = 

1

3x  yhft,

eku yhft, x = 125 rFkk x + ∆x = 127, rc dx = ∆x = 2

tc x = 125, y = 

1

3(125) 5=

vc y =

1

3x

dy

dx
 = 2 3

1

3x

∆y = 2 3 2 3

1 1 2
2

753 3(125)

dy
x dx

dx x

 
∆ = = × =  

⇒ ∆y =
2

75
                                 (Q ∆y = dy)

vr%
1

3(127)  =
2

5 5.026
75

+ ∆ = + =y y  ¼lfUudV½
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mnkgj.k 29.9.  f(3.02) dk lfUudV eku Kkr dhft,] tgk¡ f(x) = 3x2 + 5x + 3.

gygygygy : eku yhft, x = 3 rFkk 3.02+ ∆ =x x , rc 0.02= ∆ =dx x

gesa Kkr gS f(x) =
23 5 3+ +x x

tc x = 3

⇒ f(3) = 23(3) 5(3) 3 45+ + =

vc y = f(x)

⇒ ∆y = (6 5)∆ = + ∆
dy

x x x
dx

⇒ ∆y = (6 × 3 + 5) × 0.02 = 0.46

∴ f(3.02) = f(x + ∆x) = y + ∆y = 45 + 0.46 = 45.46

vr% f(3.02) dk lfUudV eku 45.46.

mnkgj.k 29.10.  ,d xksys dh f=T;k 9 lseh ekih tkrh gS ftlesa 0-03 dh =qfV gSA blds
i`"Bh; {ks=Qy ds ifjdyu esa lfUudV =qfV Kkr dhft,A

gygygygy : eku yhft, xksys dh f=T;k r gS blds ekiu esa =qfV ∆r gSA

rc r = 9 lseh rFkk ∆r = 0.03 lseh

eku yhft, xksys dk i`"Bh; {ks=Qy S gSA rc
S = 4πr2

⇒
dS

dr
 = 4 2 8π × = πr r

9r

dS

dr =

 
   ij

 = 8 (9) 72π × = π

eku yhft, S esa ∆S =qfV gS] rc

∆S =
272 0.03 2.16

dS
r

dr
∆ = π × = π lseh

vr% i`"Bh; {ks=Qy ds ifjdyu esa lfUudV =qfV 2.16π lseh2 gSA

mnkgj.k 29.11.  x ehVj Hkqtk okys ?ku dh Hkqtk esa 2% dh o`f) ds dkj.k ls ?ku ds vk;ru
esa lfUudV ifjorZu Kkr dhft,A

gygygygy : eku yhft, x esa ifjorZu ∆x rFkk V esa laxr ifjorZu ∆V gSA

fn;k gS fd 
2

100 2
100

∆
× = ⇒ ∆ =

x x
x

x
gesa Kkr gS V = x3

⇒
dV

dx
 = 3x2

vc ∆V = ∆
dV

x
dx

⇒ ∆V =
2 2

3
100

×
x

x

⇒ ∆V =
6

100
.V

vr% vk;ru esa lfUudV ifjorZu 6% gSA
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      ns[ksa vkius fdruk lh[kk 29-2

1. vodyu dk iz;ksx djds] 36.6  dk lfUudV eku Kkr dhft,A

2. vodyu dk iz;ksx djds] 
1

3(25)  dk lfUudV eku Kkr dhft,A

3. vodyu dk iz;ksx djds] 
1

4(15)  dk lfUudV eku Kkr dhft,A

4. vodyu dk iz;ksx djds] 26  dk lfUudV eku Kkr dhft,A

5. ,d xksys dh f=T;k 7 eh ekih tkrh gS ftlesa 0.02 eh dh =qfV gSA blds vk;ru
ds ifjdyu esa lfUudV =qfV Kkr dhft,A

6. ,d ?ku ds vkdkj ds lUnwd ds vk;ru dh x.kuk esa izfr'kr =qfV Kkr dhft, ;fn
lUnwd dh Hkqtk dh eki esa 1% dh =qfV gqbZ gSA

29.3 Li'kZ js[kk rFkk vfHkyac dh <ky

ekuk ( )y f x= ,d lrr oØ gS rFkk ekuk

( )1 1P x , y  ml ij ,d fcUnq gS] rks ( )1 1P x , y

ij izo.krk PT' fuEu }kjk ifjHkkf"kr gS

( )1 1
dy

x , y
dx

 
 
 

 ij ....(i)

rFkk (i) dk eku tanθ  osQ cjkcj gSA

ge tkurs gSa fd fdlh oØ ij vfHkyac ,d ,slh
js[kk gS tks Li'kZ fcUnq ij Li'kZ js[kk ij yEcor~ gS

ge tkurs gSa fd 
2

π
α = + θ

⇒    tan tan cot
2

π α = + θ = − θ 
 

 
1

tan
= −

θ

∴ vfHkyac dh izo.krk 
1 1

dym

dx

−
= − =

 
 
 

  fcanq ( )1 1x , y ij vFkok dx

dy

 
−  
 

fcanq ( )1 1x , y  ijA

 fVIi.kh

1. fdlh oØ osQ ,d fcUnq ij Li'kZ js[kk x-v{k osQ lekUrj gS ;fn 0θ =  gS vFkkZr ml
fcUnq ij vodyt dk eku 'kwU; gSA

fp=k. 29.1

P

(x , y )11

Li'kZ js[kk

y = f(x)

vfHkyEc

T

αθ
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vFkkZr~] fcUnq ( )1 1x , y   ij dy

dx

 
 
 

0=

2. fdlh oØ ( )y f x=  osQ ,d fcUnq ij Li'kZ js[kk y-v{k osQ lekUrj gS ;fn ml fcUnq

ij dy
0

dx
=  gSA

vkb, oqQN mnkgj.k ysaA

mnkgj.k 29.12.  oØ 2 3 2x x 3xy y 6+ + + =  osQ fcUnq (1, 1) ij Li'kZ js[kk rFkk vfHkyEc osQ

lehdj.k Kkr dhft,A

gy % oØ dk lehdj.k gS %

2 3 2x x 3xy y 6+ + + = .....(i)

(i) dk vodyu x osQ lkis{k djus ij gesa feyrk gS :

2 dy dy
2x 3x 3 x y.1 2y 0

dx dx

 + + + + =  

(ii) esa x 1, y 1= =  j[kus ij gesa feyrk gS %

dy dy
2 1 3 1 3 1 2 0

dx dx

 × + × + + + =  

vFkok
dy

5 8
dx

= −  ⇒
dy 8

dx 5
= −

Li'kZ js[kk dh (1, 1) ij izo.krk 
8

5
−  gSA

vfHkyac dh izo.krk 
5

8
 gSA

mnkgj.k 29.13.   n'kkZb, fd oØ 5 31
y 3x 2x 3x

6
 = + −
   ij fLFkr fcUnqvksa x 3= ±  ij Li'kZ

js[kk,¡ lekUrj gSaA

gy % oØ dk lehdj.k gS] 
5 33x 2x 3x

y
6

+ −
= .....(i)

(i) dk vodyu x osQ lkis{k djus ij gesa feyrk gS %

( )4 215x 6x 3dy

dx 6

+ −
=

          ( ) ( )4 2

x 3

15 3 6 3 3
dy

dx 6=

 + −    = 
  ij

       [ ]1
15 9 9 54 3

6
= × × + −  [ ]3

405 17 211
6

= + =
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            ( ) ( )4 2dy 1
, x 3 15 3 6 3 3

dx 6

   = − = − + − −     
ij = 2111

vr% oØ ij fLFkr x 3= ±  ij Li'kZ js[kk,¡ lekUrj gSa D;kasfd x 3= ±  ij mudh izo.krk,¡ leku gSaA

mnkgj.k 29.14.  oØ 
3 26y px q= +  osQ fcUnq ( )2, 2−  ij Li'kZ js[kk dh izo.krk 

1

6
 gSA p rFkk

q osQ eku Kkr dhft,A

gy % oØ dk lehdj.k gS % 
3 26y px q= + ...(i)

(i) dk vodyu x osQ lkis{k djus ij gesa feyrk gS %

2 dy
18y 2px

dx
= .....(ii)

x 2, y 2,= = −  (ii) esa j[kus ij

          ( )2 dy
18 2 2p 2 4p

dx
− = ⋅ =

∴
dy p

dx 18
=  ;g 

1

6
 osQ cjkcj gS

∴   
1 p

p 3
6 18

= ⇒ =

vr% oØ dk lehdj.k cu tkrk gS % 3 26y 3x q= +

fcUnq (2, –2) oØ ij fLFkr gSA

∴       ( ) ( )3 2
6 2 3 2 q− = +

⇒      48 12 q− − = vFkok       q 60= −

∴  p = 3, rFkk q 60= − gS

    ns[ksa vkius fdruk lh[kk 29.3

1. fuEufyf[kr oØksa esa ls izR;sd ds fy, fn, x, fcUnqvksa ij Li'kZ js[kkvksa rFkk vfHkyacksa dh
izo.krk Kkr dhft,A

(i) 
3y x 2x= − , x 2=  ij (ii) 

2 2x 3y y 5+ + =  , (1, 1) ij

(iii) ( )x a sin= θ − θ , ( )y a 1 cos= − θ , 
2

π
θ =  ij

2. ;fn oØ xy px qy 2+ + =  osQ fcUnq (1, 1) ij Li'kZ js[kk dh izo.krk 2 gS] rks p rFkk q

osQ eku Kkr dhft,A

3. oØ 2 2x y 18+ =  ij og fcUnq Kkr dhft, ftu ij Li'kZ js[kk x + y = 3 osQ lekUrj gSA

4. oØ 2y x 4x 5= − +  osQ fdu fcUnqvksa ij Li'kZ js[kk] js[kk 2y x 7 0+ − =  osQ yacor gS\
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29.4 fdlh oØ ij Li'kZ js[kk rFkk vfHkyac osQ lehdj.k

ge tkurs gSa fdlh ,d fcUnq ( )1 1x , y  ls gksdj tkus okyh rFkk izo.krk m okyh js[kk dk lehdj.k

gS %  ( )1 1y y m x x− = −

fiNys ifjPNsn esa tSlk geus i<+k Fkk oØ  y = f (x) ij Li'kZ js[kk dh izo.krk] fcUnq ( )1 1x , y  ij]

dy

dx

 
 
 

( )1 1x , y  ij }kjk fn;k tkrk gS rFkk vfHkyac dh izo.krk ( )1 1x , y ij 
dx

dy

 
− 
 

 gSA

∴  y = f (x) osQ fcUnq ( )1 1x , y ij Li'kZ js[kk dk lehdj.k gS %

( )
[ ]1 1

x ,y
1 1

dy
y y x x

dx
=
 − − 
 

rFkk y = f (x) osQ fcUnq ( )1 1x , y  ij vfHkyac dk lehdj.k gS %

( )
1 1

x ,y
1 1

1
y y x x

dy

dx

=

 
 −

 − −   
  
 

fVIi.kh

(i) ,d oØ ij ,d Li'kZ js[kk x-v{k osQ lekUrj gS ;fn 
( )x ,y

1 1

dy
0

dx

  = 
  ij

 gS rFkk Li'kZ

js[kk dk lehdj.k 1y y=  gSA

(ii) ;fn 
( )x ,y

1 1

dy

dx

  → ∞ 
  ij

 rks ( )1 1
x , y ij Li'kZ js[kk y-v{k osQ lekUrj gS rFkk mldk

lehdj.k 1x x=  gSA

vkb, oqQN mnkgj.k ysdj bls Li"V djsaA

mnkgj.k 29.15.  oÙ̀k 2 2x y 25+ =  ij fLFkr fcUnq (4, 3)  ij Li'kZ js[kk rFkk vfHkyac osQ

lehdj.k Kkr dhft,A

gy % oÙ̀k dk lehdj.k gS 2 2x y 25+ = ...(i)

(i) dk x osQ lkis{k vodyu djus ij gesa feyrk gS %

           
dy

2x 2y 0
dx

+ =

⇒            
dy x

dx y

−
=
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∴         
( )4,3

dy 4

dx 3

  = − 
  ij

oÙ̀k osQ fcUnq (4, 3)  ij Li'kZ js[kk dk lehdj.k gS %

( )4
y 3 x 4

3
− = − −

4
y 3 (x 4)

3
− = − −

vFkok             ( ) ( )4 x 4 3 y 3 0− + − = vFkok         4x 3y 25+ =

 rFkk vfHkyac dh izo.krk        

( )4,3

1 3

dy 4

dx

−
= =
 
 
 

∴ oÙ̀k osQ fcUnq (4, 3) ij vfHkyac dk lehdj.k gS

( )3
y 3 x 4

4
− = −

vFkok          4y 12 3x 12− = −

⇒      3x 4y=

∴ oÙ̀k ij fLFkr fcUnq (4,3) ij Li'kZ js[kk dk lehdj.k 4x + 3y = 25 gS rFkk oÙ̀k ij fLFkr fcUnq
(4,3) ij vfHkyac dk lehdj.k 3x = 4y gSA

mnkgj.k 29.16.  oØ 2 216x 9y 144+ =  ij fLFkr fcUnq ( )1 1x , y  ij] tgk¡ 1y 0>  rFkk

1x 2=  gS] Li'kZ js[kk rFkk vfHkyac osQ lehdj.k Kkr dhft,A

gy % oØ dk lehdj.k gS % 2 216x 9y 144+ = ...(i)

(i) dks x osQ lkis{k vodyu djus ij gesa izkIr gksrk gS %

dy
32x 18y 0

dx
+ =

vFkok     
dy 16x

dx 9y
= −

D;ksafd 1x 2=  gS rFkk fcanq ( )1 1x , y  oØ ij fLFkr gS

∴     ( ) ( )2 216 2 9 y 144+ =

⇒
2 80

y
9

= ⇒  
4

y 5
3

= ±

pw¡fd    1y 0> ⇒ 1
4

y 5
3

=

vr%] oØ osQ fcUnq 
4

2, 5
3

 
 
 

 ij Li'kZ js[kk dk lehdj.k gS %
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[ ]
4 5

2,
3

4 16x
y 5 x 2

3 9y  
  
 

 
− = − − 

  ij

vFkok ( )4 16 2 3
y 5 x 2

3 9 4 5

×
− = − ⋅ − vFkok ( )4 8

y 5 x 2 0
3 3 5

− + − =

vFkok 3 5  ( )4
y 5 3 5 8 x 2 0

3
− ⋅ + − =

  3 5y 20 8x 16 0− + − = vFkok  3 5y 8x 36+ =

rFkk] oØ osQ fcUnq 
4

2, 5
3

 
 
 

 ij vfHkyac dk lehdj.k gS %

[ ]
4

2, 5
3

4 9y
y 5 x 2

3 16x  
 
 

 − = − 
  ij

vFkok ( )4 9 2 5
y 5 x 2

3 16 3
− = × −

vFkok ( )4 3 5
y 5 x 2

3 8
− = −

vFkok ( )3 8(y) 32 5 9 5 x 2× − = −

     24y 32 5 9 5 x 18 5− = −

vFkok    9 5 x 24y 14 5 0− + =

mnkgj.k 29.17.  oØ 
2 2x y

1
9 16

− =  ij mu fcUnqvksa dks Kkr dhft, tgk¡ Li'kZ js[kk x-v{k osQ

lekUrj gSA

gy % oØ dk lehdj.k gS % 
2 2x y

1
9 16

− = ...(i)

(i) dk x osQ lkis{k vodyu djus ij gesa feyrk gS %

2x 2y dy
0

9 16 dx
− ⋅ =

or   
dy 16x

dx 9y
=

Li'kZ js[kk dk x-v{k osQ lekUrj gksus ij 
dy

0
dx

=

⇒
16x

0
9y

= ⇒ x = 0
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(i) eas x = 0  j[kus ij] gesa feyrk gS % 2y 16= −  vFkkZr~ y 4i= ±

vr% oØ ij ,sls dksbZ okLrfod fcUnq ugha gSa tgk¡ 
2 2x y

1
9 16

− = ij Li'kZ js[kk x-v{k osQ lekUrj gSA

mnkgj.k 29.18.  mu lHkh js[kkvksa] ftudh izo.krk – 4 gS] osQ lehdj.k Kkr dhft, tks oØ

1
y

x 1
=

−
 ij Li'kZ js[kk,¡ gSaA

gy %
1

y
x 1

=
−

.....(i)

∴         2

dy 1

dx (x 1)
= −

−

;g – 4 osQ cjkcj fn;k gSA

∴  2

1
4

(x 1)

−
= −

−

⇒   ( )2 1
x 1

4
− =

⇒
1 3 1

x 1 x ,
2 2 2

= ± ⇒ =

(i) eas 1
x

2
=  j[kus ij gesa feyrk gS %

1 1
y 2

1 1
1

2 2

= = = −
− −

  tc 
3

x , y 2
2

= =

∴ fcUnq gaS % 
3 1

, 2 , , 2
2 2

   −   
   

∴ Li'kZ js[kkvksa osQ lehdj.k gSa %

(a)
3

y 2 4 x
2

 − = − − 
 

⇒ y 2 4x 6− = − + vFkok        4x y 8+ =

(b)
1

y 2 4 x
2

 + = − − 
 

⇒ y 2 4x 2+ = − + vFkok        4x y 0+ =

mnkgj.k 29.19.  oØ 
3y x= osQ fcUnq (2 , 8 ) ij vfHkyac dk lehdj.k Kkr dhft,A

gy % 3y x= 2dy
3x

dx
⇒ =
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∴
x 2

dy
12

dx =

  = 
  ij

∴ vfHkyac dh izo.krk gS 
1

12
= −

∴ vfHkyac dk lehdj.k gS %

( )1
y 8 x 2

12
− = − −

vFkok 12(y 8) (x 2) 0− + − = vFkok        x 12y 98+ =

       ns[ksa vkius fdruk lh[kk 29.4

1. vafdr fcUnqvksa ij Li'kZ js[kk rFkk vfHkyac osQ lehdj.k Kkr dhft, %

(i) 4 3 2y x 6x 13x 10x 5= − + − + , (0, 5) ij (ii) 2y x= , ( )1, 1  ij

(iii) 3y x 3x 2= − +  mu fcUnqvksa ij tgk¡ x-funsZ'kkad 3 gSA

2. nh?kZoÙ̀k 
2 2

2 2

x y
1

a b
+ =  osQ fcUnq ( )1 1x , y ij Li'kZ js[kk dk lehdj.k Kkr dhft,A

3. vfrijoy; 
2 2

2 2

x y
1

a b
− =  osQ fcUnq ( )0 0x , y  ij Li'kZ js[kk dk lehdj.k Kkr dhft,A

4. oØ 3y x 2x 6= + +  osQ mu vfHkyacksa osQ lehdj.k Kkr dhft, tks js[kk x 14y 4 0+ + =

osQ lekUrj gSA

5. fl¼ dhft, fd oØ 2x y=  rFkk xy k=  yacor izfrPNsn djrs gSa ;fn 28k 1=

29.5 jksys dk izes;
vkb,] vc ge ,d ,sls egRoiw.kZ izes; osQ fo"k; esa i<+sa ftlls ;g irk yxrk gS fd y = f ( x) osQ
vkys[k ij nks fcUnqvksa a rFkk b, ftlosQ y-funsZ'kkad f (a) rFkk f (b) cjkcj gS] osQ chp de ls de ,d
fcUnq c ,slk vo'; gksxk fd fcUnq [c, f (c)]ij Li'kZ js[kk x-v{k osQ lekUrj gks (ns[ksa fp=k 29.2)

y

o a c b

f(c)

x

(a)

o a
b

x

y

(b)

fp=k. 29.2
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29.5.1 jksys osQ izes; dk xf.krh; lw=k.k

ekuk f ,d okLrfod iQyu gS tks can vUrjky [a, b] esa bl izdkj ifjHkkf"kr gS fd

(i) can vUrjky [a, b] esa iQyu f lrr gS

(ii) [kqys vUrjky ]a, b[ esa iQyu f vodyuh; gS

(iii) f (a) = f (b),

rks [kqys vUrjky ]a, b[ esa de ls de ,d fcUnq c ,slk vo'; fLFkr gksxk tgk¡ f '(c) 0= gksAsf

 fVIi.kh

(i) dFku de ls de ,d fcUnq dk vFkZ gS fd c ]a, b]∈  esa c osQ ,d ls vf/d eku Hkh

gks ldrs gSa rkfd ( )f ' c 0= gSA

(ii) izfrca/ fd f, [a, b] ij lrr gS vfuok;Z gS rFkk blesa dksbZ <hy ugha nh tk ldrhA

(iii) izfrca/ fd f, ]a, b[ ij vodyuh; gS Hkh vfuok;Z gS rFkk blesa f<ykbZ ugha nh tk ldrhA

mnkgj.kkFkZ f (x) | x |, x [ 1,1]= ∈ −  vUrjky  [−1,1] ij lrr gS rFkk ]–1, 1[ ij vodyuh; gS
rFkk jksys dk izes; blosQ fy, oS/ gSA

vkb, oqQN mnkgj.k ysa

mnkgj.k 29.20.   iQyu f (x) x(x 1)(x 2), x [0, 2]= − − ∈  osQ fy, jksys osQ izes; dk lR;kiu

dhft,A

gy % f (x) x(x 1)(x 2)= − − 3 2x 3x 2x= − +

(i) f (x) ,d cgqin iQyu gSA vr% [0, 2] esa lrr gS

(ii) f (x) vUrjky ]0, 2[ ij vodyuh; gS

(iii) f (0) = 0 rFkk  f (2) = 0

∴       f (0) f (2)=

jksys osQ izes; dh lHkh 'krs± lUrq"V gks tkrh gSa

lkFk gh] 2f '(x) 3x 6x 2= − +

f '(c) 0∴ =  ls] 23c 6c 2 0− + = ⇒
6 36 24

c
6

± −
=

⇒
1

c 1
3

= ±

ge ns[krs gSa fd c osQ nksuksa eku varjky ]0, 2[ esa gSaA

mnkgj.k 29.21.  iQyu f (x) sin x sin 2x= − , [ ]x 0,∈ π  osQ fy, jksys osQ izes; dh vuqiz;ksT;rk

(applicability) dh tkap dhft,A
gy % f (x) sin x sin 2x= − ...(i)

(i) lkbu iQyu gS tks vUrjky [ ]0, π  esa lrr gS rFkk [ ]0, π  esa vodyuh; gS A
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lkFk gh ( )f 0 0=  rFkk ( )f 0π =

⇒ ( ) ( )f f 0 0π = =

∴ jksys osQ izes; osQ lHkh izfrca/ lUrq"V gksrs gSaA

vc 2f '(c) 2 2 cos c 1 cos c 0 = − − =
 

;k     24 cos c cos c 2 0− − =

∴       
1 1 32

cos c
8

± +
=

1 33

8

±
= ⋅

pw¡fd 33 6<  gS]

∴
7

cos c 0.875
8

< =

tks ;g n'kkZrh gS fd c, 0 ls π osQ chp esa gSA

       ns[ksa vkius fdruk lh[kk 29.5

fuEu iQyuksa osQ fy, jksys osQ izes; dk lR;kiu dhft, %

(i)
3 2x 5x

f (x) 2x
3 3

= − + , x [0, 3]∈ (ii) 2f (x) x 1= −  [–1, 1]  ij

(iii) f (x) sin x cos x 1= + − , 0,
2

π 
  

ij (iv) ( ) ( )2f (x) x 1 x 2= − − ] [ 1, 2]− ij

29.6 ykxjkt dk ekè;eku izes;
;g izes; jksys osQ izes; dk lq/jk gqvk :i gS ftlesa ;g vko';d ugha fd Li'kZ js[kk x-v{k osQ
lekUrj gksA bl izes; dk dFku gS fd Li'kZ js[kk oØ osQ vUr fcUnqvksa dks feykus okyh js[kk osQ lekUrj
gSA nwljs 'kCnksa esa ;g izes; dgrk gS fd oØ osQ vkys[k ij lnk ,d fcUnq dk vfLrRo gS tgk¡ Li'kZ
js[kk oØ osQ vUr fcUnqvksa dks feykus okyh js[kk osQ lekUrj gSA

29.6.1 ykxjakt izes; dk xf.krh; lw=k.k

ekuk f ,d okLrfod ewY; iQyu gS tks ,d cUn vUrjky [a, b] ij bl izdkj ifjHkkf"kr gS fd

(a) f vUrjky [a, b]  ij lrr gS

(b) f, [a, b[ ij vodyuh; gS

(c) f (b) ≠  f (a)

rks [kqys vUrjky ]a, b[ esa ,d fcUnq bl izdkj gS fd

f (b) f (a)
f '(c)

b a

−
=

−

 fVIi.kh

 tc f (b) = f (a) gks] rks f '(c) = 0 gSA rc ;g izes; jksys dk izes; cu tkrk gSA
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vkb, oqQN mnkgj.k ysaA

mnkgj.k 29.22.  iQyu f (x) (x 3)(x 6)(x 9)= − − −  dks vUrjky [3, 5] osQ fy, ykxjkat osQ
ekè;eku izes; dks lR;kfir dhft,A

gy %  f (x) (x 3)(x 6)(x 9)= − − − 2(x 3)(x 15x 54)= − − +

vFkok  3 2f (x) x 18x 99x 162= − + − ...(i)

(i) ,d cgqin iQyu gS blfy, fn, x, vUrjky esa lrr rFkk vodyuh; gS

;gk¡ f (3) 0, f (5) (2)(–1)( 4) 8= = − =

∴ f (3) f (5)≠

blfy, ekè;eku izes; osQ lHkh izfrca/ larq"V gksrs gSaA

∴
f (5) f (3) 8 0

f '(c) 4
5 3 2

− −
= = =

−

vc       2f '(x) 3x 36x 99= − +

∴     
23c 36c 99 4− + = vFkok 23c 36c 95 0− + =

∴       
36 1296 1140 36 12.5

c
6 6

± − ±
= ≈  = 8.08 ;k 3.9

∴      c 3.9 (3, 5)= ∈

∴ ykxjkat dk ekè;eku izes; lR;kfir gqvkA

mnkgj.k 29.23.  ijoy; ( )2
y x 4= − ij og fcUnq Kkr dhft, tgk¡ Li'kZ js[kk fcUnqvksa ( )4, 0

rFkk ( )5,1  dks feykus okyh thok osQ lekUrj gSA

gy % oØ osQ fdlh fcUnq ij mldh Li'kZ js[kk dh izo.krk ml fcUnq ij ( )f '(x)  ds eku osQ
cjkcj gksrk gS

( )f '(x) 2 x 4= −

( )4, 0  rFkk ( )5,1 dks tksM+us okyh thok dh izo.krk gS

1 0
1

5 4

−
=

−
2 1

2 1

y y
m

x x

 −
= − 

Q

∴ ekè;eku izes; osQ vuqlkj

( )2 x 4 1− = vFkok       ( ) 1
x 4

2
− =

⇒      
9

x
2

=

tks 4 rFkk 5 osQ chp fLFkr gS
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vc ( )2
y x 4= −

tc
2

9 9 1
x , y 4

2 2 4

 = = − = 
 

∴ okafNr fcUnq 
9 1

,
2 4

 
 
 

gSA

       ns[ksa vkius fdruk lh[kk 29.6

1. fuEu iQyuksa esa ls izR;sd osQ fy, ekè;eku izes; dh tk¡p dhft, %

(i) 2f (x) 3x 4= − , [2, 3]  ij (ii) f (x) log x= , [1, 2]  ij

(iii)
1

f (x) x
x

= + ,  [1, 3]  ij (iv) 3 2f (x) x 2x x 3= − − + [0,1]ij

2. ijoy;] ( )2
y x 3= + ij og ,d fcUnq Kkr dhft, tgk¡ Li'kZ js[kk] fcUnqvksa ( )3, 0  rFkk

( )4,1−  dks feykus okyh thok osQ lekUrj gSA

29.7 o/Zeku rFkk ßkleku iQyu
vki ,d o/Zeku vFkok ßkleku iQyu dh lkekU; izo`fr;ksa (trends) dks igys gh ns[k pqdss gSaA ;gk¡
ge iQyuksa ds o/Zeku vFkok ßkleku gksus ds izfrc/ksa dks Kkr djus dk iz;kl djsaxsA

eku yhft, fd ,d iQyu ( )f x  ,d cUn vUrjky [a,b] ij ifjHkkf"kr gSA

eku yhft, fd [ ]1 2x , x a, b∈  gSA rc iQyu ( )f x  fn;s x;s vUrjky esa o/Zeku iQyu dgykrk gS]

;fn ( ) ( )2 1f x f x≥  tc Hkh 2 1x x>  gksA bls fujUrj o/Zeku dgk tkrk gS] tc lHkh 2 1x x> ]

[ ]1 2x , x a, b∈  ds fy, ( ) ( )2 1f x f x> gksA

fp=k 29.3 esa] tc x,
2

π
−  ls 

2

π
 rd c<+rk gS] rks sin x, 1− ls 1+  rd c<+rk gSA

y

f(x) = 1

f(x) = –1f(x) = –1

O

f(x) = sin x

–π π x
x2 =

2

2
x1 =

π
2

π

π

fp=k 29.3
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fVIi.kh% ,d vUrjky esa ,d iQyu o/Zeku gksxk] ;fn f (x + h)> f (x) gks] tc izR;sd x

vUrjky esa gS rFkk h /ukRed gSA
,d iQyu] tks ,d cUn vUrjky [a,b] essa ifjHkkf"kr gS] ml vUrjky esa ßkleku gksxk] ;fn

( ) ( )2 1f x f x≤  gks] tc 2 1x x> , [ ]1 2x , x a,b∈ gks] mls fujUrj ßkleku dgk tkrk gS] ;fn

lHkh 2 1x x> , [ ]1 2x , x a,b∈  ds fy, ( ) ( )1 2f x f x> gksA

fp=k 29.4 esa] tc x,0 ls π  rd c<+rk gS] rks cos x,1ls –1 rd de gksrk gSA
y

f(x) = cos x

x  = 2 π

x  = 01
O

f(x) = –1

2π
x

fp=k 29.4

fVIi.kh% ,d iQyu fn;s gq, vUrjky esa âkleku gksrk gS] ;fn fn;s x;s vUrjky esa izR;sd x

ds fy, vkSj h 0>  ds fy, ( ) ( )f x h f x+ <  gksA

29.8 ,dfn"V iQyu

eku yhft, fd 1 2x , x  nks fcUnq ,sls gSa fd iQyu ( )f x  ds ifjHkkf"kr vUrjky esa 1 2x x<  gSA
rc iQyu ,dfn"V dgykrk gS] ;fn og ;k rks o/Zeku gks vkSj ;k âkleku gksA

iQyu ( )f x  fujUrj o/Zeku dgykrk gS] tc lHkh 2 1x x> ds fy, (tks fn;s x;s vUrjky esa gS)]

( ) ( )2 1f x f x≥  gks rFkk fujUrj âkleku dgykrk gS] ;fn ( ) ( )1 2f x f x≥

mnkgj.k 29.24.   fl¼ dhft, fd izR;sd x R∈  ds fy,] ( )f x 4x 7= +  ,d ,dfn"V iQyu gSA

gy % R esa x ds nks ekuksa 1x  vkSj 2x ij fopkj dhft, rkfd 2 1x x> gksA (1)

(1) ds nksuksa i{kksa dks 4 ls xq.kk djus ij gesa feyrk gS % 2 14x 4x> (2)

(2) ds nksuksa i{kksa esa 7 tksM+us ij] gesa feyrk gS %

2 14x 7 4x 7+ > +

vFkkZr~ ( ) ( )2 1f x f x>

vr%] ge ns[krs gSa fd ( ) ( )2 1f x f x>  gS] tc Hkh 2 1x x> gSA

vr%] fn;k x;k iQyu ( )f x 4x 7= +  ,d ,dfn"V iQyu (fujUrj o/Zeku) gSA
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mnkgj.k 29.25.  n'kkZb;s fd  ( ) 2f x x=

lHkh x 0<  ds fy, ,d fujUrj ßkleku iQyu gSA

gy % x ds dksbZ nks eku 1 2x , x  ,sls yhft, fd

2 1x x>  gks  1 2x , x 0< .......(i),

è;ku nhft, fd fdlh vlfedk dks ,d ½.kkRed la[;k ls xq.kk djus ij vlfedk mYV tkrh gSA

(i) dks 2x  ls xq.kk djus ij] gesa feyrk gS %

2 2 1 2x x x x⋅ < ⋅

vFkok 2
2 1 2x x x< ......(ii),

(i) dks 1x  ls xq.kk djus ij gesa feyrk gS %

1 2 1 1x x x x⋅ < ⋅

vFkok 2
1 2 1x x x< .....(iii),

(ii) rFkk (iii) ls] gesa feyrk gS %
2 2
2 1 2 1x x x x< <

vFkok 2 2
2 1x x<

vFkok ( ) ( )2 1f x f x< .....(iv)

vr% (i) rFkk (iv) ls gesa izkIr gqvk fd

2 1x x> ds fy,] ( ) ( )2 1f x f x<  gSA

vr%] fn;k x;k iQyu lHkh x 0< ds fy,] fujUrj âkleku gSA

  ns[ksa vkius fdruk lh[kk 29.7

1. (a) fl¼ dhft, fd x R∈  ds izR;sd eku ds fy,] iQyu ( )f x 3x 4= + ,d ,dfn"V
o/Zeku iQyu gSA

(b) fl¼ dhft, fd x R∈  ds izR;sd eku ds fy, iQyu ( )f x 7 2x= −  ,d ,dfn"V
âkleku iQyu gSA

(c) fl¼ dhft, fd x ds lHkh okLrfod ekuksa ds fy,] iQyu ( )f x ax b= + fujUrj

oèkZeku iQyu gS] tcfd a, b vpj gS rFkk a b> gSA

2. (a) fl¼ dhft, fd iQyu ( ) 2f x x=  lHkh okLrfod x 0>  ds fy, ,d fn"V o/Zeku
iQyu gSA

(b) fl¼ dhft, fd iQyu ( ) 2f x x 4= − , x 2>  ds fy, ,dfn"V o/Zeku gS rFkk

2 x 2− < <  ds fy, ,dfn"V ßkleku iQyu gS tc x R∈ gSA
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izes; 1% ;fn eqDr vUrjky ]a,b[ esa] iQyu ( )f x  o/Zeku gks] rc izR;sd [ ]x a, b∈  ds fy,

ml fcUnq ij iQyu dk vodyt ( )f ' x /ukRed gksrk gSA

miifÙk % eku yhft, fd (x, y) ;k  [x, f (x)] oØ ( )y f x=  ij ,d fcUnq gSA

,d /ukRed xδ  ds fy, ge fy[k ldrs gSa % x x x+ δ >

vc iQyu ( )f x  ,d o/Zeku iQyu gSA

∴ ( ) ( )f x x f x+ δ >

;k ( ) ( )f x x f x 0+ δ − >

;k
( ) ( )f x x f x

0
x

+ δ −
>

δ
[ ]x 0δ >Q

ekuk xδ  ,d vfr NksVh la[;k gSA lhek ysus ij] tc x 0δ → gS] gesa feyrk gS %

( ) ( )lim f x x f x
x 0 0

x

+ δ −
δ → >

δ

;k ( )f ' x 0>

vr%] ;fn ( )y f x=  ,d fcUnq ij ,d o/Zeku iQyu gS] rks ( )f ' x  ml fcUnq ij /ukRed gksxkA

izes; 2: ,d eqDr vUrjky ]a, b[ esa] ;fn iQyu ( )f x  âkleku gS] rks izR;sd [ ]x a,b∈  ds

fy, ml fcUnq ij iQyu dk vodyt ( )f ' x  ½.kkRed gksxkA

miifr % eku yhft, fd oØ ( )y f x=  ij ( )x, y  ;k ( )x, f x   dksbZ fcUnq gSA

,d /ukRed xδ  ds fy,] gesa feyrk gS % x x x+ δ >

pw¡fd iQyu âkleku gS] blfy, ( ) ( )f x x f x+ δ < ( x 0δ > )

;k ( ) ( )f x x f x 0+ δ − <

xδ  ls Hkkx nsus ij] gesa feyrk gS %
( ) ( )f x x f x

0
x

+ δ −
<

δ
, x 0δ >

∴
( ) ( )

x 0

f x x f x
lim 0

xδ →

+ δ −
<

δ
vFkkZr~ ( )f ' x 0<

bl izdkj] ;fn ( )y f x=  ,d fcUnq ij ßkleku iQyu gS] rks ml fcUnq ij ( )f ' x  ½.kkRed gksxkA

fVIi.kh% ;fn ,d can vUrjky [ ]a, b  esa] ( )f x  ,d vodyuh; iQyu gS] rks ( )f x

(1) [a,b] ij o/Zeku gS] ;fn [kqys (eqDr) vUrjky ]a,b[ esaa ( )f ' x 0> gSA

(ii) [a,b] ij ßkleku gS] ;fn [kqys (eqDr) vUrjky ]a,b[ esaa  ( )f ' x 0< gSA
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29.9 fdlh iQyu dh ,dfn"Vrk rFkk vodyt ds fpUg esa lEcU/
fp=k 29.5 esa fn[kk, x;s oØ ds iQyu ij fopkj dhft,A

y

Q

R

P

S

T

V

A O B C D E F G
x

dy

dx
> 0

dy

dx
< 0

dy

dx
= 0

dy

dx
= 0

fp=k 29.5

fdlh iQyu dh o/Zeku ;k âkleku izd`fr (,dfn"Vrk) rFkk vodyt ds fpUg esa lEcU/ ds
vè;;u dks ge oØ ds fp=k 29.5 dh Hkkafr fofHkUu Hkkxksa (i) P ls R rd] (ii) R ls T rd] (iii) T

ls V rd foHkkftr dj ysrs gSaA

(i) ge ns[krs gSa fd P ls R rd oØ ds izR;sd vuqorhZ fcUnq ds fy,] dksfV (y-funsZ'kkad) c<+rh
tkrh gS vkSj mldk x-funsZ'kkad Hkh c<+rk gSA

;fn ( )1 1x , y  dk vuqorhZ fcUnq ( )2 2x , y  gS] rc 2 1x x> ls 2 1y y>  ;k ( ) ( )2 1f x f x>

feyrk gSA lkFk gh P ls R rd izR;sd fcUnq ij Li'kZ js[kk /ukRed x-v{k ds lkFk U;wu dks.k
cukrh gS] vkSj blh fy, oØ ds ,sls lHkh fcUnqvksa (R ds vfrfjDr) ij Li'kZ js[kk dh izo.krk
/ukRed gksxhA fcUnq R ij] tgk¡ dksfV (y-funsZ'kkad) dk eku vf/dre gS] Li'kZ js[kk x-v{k
ds lekUrj gS] vkSj mlds ifj.kkeLo:i R ij Li'kZ js[kk dh izo.krk 'kwU; gSA oØ ds bl Hkkx
ds fy, ge fu"d"kZ fudkyrs gSa fd

(a) iQyu P ls R rd fujUrj o/Zeku gSA

(b) (R ds vfrfjDr) izR;sd fcUnq ij Li'kZ js[kk x-v{k dh /ukRed fn'kk ds lkFk U;wu
dks.k cukrh gSA

(c) oØ ds izR;sd fcUnq] ftl ij y o/Zeku gS] ij Li'kZ js[kk dh izo.krk /ukRed gS] vFkkZr
dy

0
dx

>  gSA

(d) tc y dk eku vf/dre gS] vFkkZr~ fcUnq R ij Li'kZ js[kk dh izo.krk  
dy

0
dx

= A

(ii) oØ ds Hkkx R ls T rd ds chp izR;sd fcUnq ij dksfV (y-funsZ'kakd) de gksrh tkrh gS] ;|fi

bldk x funsZ'kkad c<rk tkrk gSA bl izdkj 2 1x x> ls gesa 2 1y y<  ;k ( ) ( )2 1f x f x< feyrk gSA

lkFk gh oØ ij R ds vuqorhZ izR;sd fcUnq ij Li'kZ js[kk x-v{k dh /ukRed fn'kk ds lkFk
vf/d dks.k cukrh gSA blds ifj.kkeLo:i izR;sd mu fcUnqvksa ds fy, ftudk y-funsZ'kkad
de gks jgk gS] Li'kZ js[kk dh izo.krk ½.kkRed gSA fcUnq T ij dksfV dk eku U;wure gS vkSj
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Li'kZ js[kk x-v{k ds lekUrj gSA blds ifj.kkeLo:i T ij Li'kZ js[kk dh izo.krk 'kwU; gSA

mijksDr ls ge ;g fu"d"kZ fudkyrs gSa fd]

(a) R ls T rd iQyu fujarj âkleku gSA

(b) T ds vfrfjDr izR;sd fcUnq ij Li'kZ js[kk x-v{k dh /ukRed fn'kk ds lkFk vf/d
dks.k cukrh gSA

(c) oØ ds izR;sd fcUnq] ftu ij y-âkleku gS] Li'kZ js[kk dh izo.krk ½.kkRed gS] vFkkZr~
dy

0
dx

< gSA

(d) fcUnq T  ij tgk¡ dksfV dk eku U;wure gS] Li'kZ js[kk dh izo.krk vFkkZr 
dy

0
dx

=  gSA

(iii) iqu% oØ ij T ls V rd ds izR;sd fcUnq ij y-funsZ'kkad fujarj c<+rk gSA T ls V rd oØ
ds izR;sd fcUnq ij Li'kZ js[kk x-v{k dh /ukRed fn'kk ds lkFk U;wu dks.k cukrh gS] ftlds
iQyuLo:i oØ ds bl izdkj ds izR;sd fcUnq ij Li'kZ js[kk dh izo.krk /ukRed gksrh gSA

fu"d"kZ ;g gS fd T vkSj V ds vfrfjDr izR;sd fcUnq ij 
dy

0
dx

> gSA

lkFk gh] T vkSj V ij 
dy

0
dx

=  rFkk fcUnq R,T vkSj V ds ,d vksj 
dy

0
dx

<  gS vkSj nwljh

vksj 
dy

0
dx

>  gS rFkk R,T vkSj V ij 
dy

0
dx

= A

mnkgj.k 29.26.    x ds fdu ekuksa ds fy,] iQyu ( ) 2f x x 6x 8= − +  o/Zeku gS rFkk fduds

fy, ßkleku gSA

gy % ( ) 2f x x 6x 8= − +

          ( )f ' x 2x 6= −

( )f x  ds o/Zeku iQyu gksus ds fy,, ( )f ' x 0> gksxkA

vFkkZr~ 2x 6 0− > vFkok ( )2 x 3 0− >

vFkok x 3 0− > vFkok x 3>

vr%  x>3 ds fy, iQyu o/Zeku gSA

( )f x  ds ßkleku gksus ds fy,

( )f ' x 0<

vFkkZr~ 2x 6 0− < vFkok x 3 0− <
vFkok x 3<

vr%] x 3<  ds fy, iQyu ßkleku gSA

mnkgj.k 29.27.    og vUrjky Kkr dhft, ftlesa iQyu ( ) 3 2f x 2x 3x 12x 6= − − +  o/Zeku
gS vFkok ßkleku gSA

gy %    ( ) 3 2f x 2x 3x 12x 6= − − +
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  ( ) 2f ' x 6x 6x 12= − −

 ( )26 x x 2= − −  ( ) ( )6 x 2 x 1= − +

( )f x  ds o/Zeku gksus ds fy,]

( )f ' x 0>

vFkkZr~ ( ) ( )6 x 2 x 1 0− + > vFkok ( ) ( )x 2 x 1 0− + >

D;ksafd nks xq.ku[kaMksa dk xq.kuiQy /ukRed gS] blfy, ;k rks nksuksa /ukRed gS vFkok nksuksa ½.kkRed
gSaA
;k rks x 2 0− >  rFkk x 1 0+ >   vFkok x 2 0− <  rFkk x 1 0+ <

vFkkZr~ x 2>  rFkk x 1> − vFkok x 2<  rFkk x 1< −

⇒ x 2>  rFkk x 1> − vFkok x 1< −  rFkk x 2<

x > 2 vFkok x <–1

vr%] o/Zeku iQyu ds fy,  x > 2 vFkok  x <–1.

vc] ( )f x  ds ßkleku gksus ds fy,] ( )f ' x 0< gksxkA

⇒ 6 (x–2) (x+1)<0 vFkok    (x–2) (x+1)<0

nks xq.ku[kaM+kas dk xq.kuiQy ½.kkRed gSA blfy, ,d /ukRed rFkk nwljk ½.kkRed gksxkA

;k rks x 2 0− > rFkk x 1 0+ < vFkok x 2 0− <  rFkk x 1 0+ >

⇒  x 2>   rFkk x 1< − ⇒ x 2<  rFkk x 1> −

,slk dksbZ x lEHko ugha gS blls feyrk gS 1 x 2− < <

∴ iQyu 1 x 2− < <  esa ßkleku gSA

mnkgj.k 29.28.  iQyu ( )
2

x
f x

x 1
=

+
 ds fy, og vUrjky Kkr dhft, ftlesa iQyu o/Zeku

vFkok ßkleku gS A

gy %  ( )
( ) ( )

( )

2 2

2
2

dx d
x 1 x x 1

dx dxf ' x

x 1

+ − ⋅ +
=

+

( ) ( )

( )

2

2
2

x 1 x 2x

x 1

+ − ⋅
=

+ ( )
2

2
2

1 x

x 1

−
=

+

∴     
( ) ( )

( )2
2

1 x 1 x
f ' x

x 1

− +
=

+
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D;ksafd ( )2
2x 1+  lHkh x ds fy, /ukRed gSA blfy, ;fn –1 x 0< <  gS rks ( )1 x−  rFkk

( )1 x+  nksuksa /ukRed gaS ftlls ( )f ' x 0>  gSA

;fn 0 x 1< <  gS rks] ( )1 x−  rFkk ( )1 x+  nksuksa /ukRed gksaxs ftlls ( )f ' x 0> gksxkA

;fn x 1< −  gS rks] ( )1 x−  /ukRed rFkk ( )1 x+  ½.kkRed gksxk ftlls ( )f ' x 0< gksxkA

;fn x 1>  gS rks] ( )1 x−  ½.kkRed rFkk ( )1 x+ /ukRed gksxk ftlls ( )f ' x 0< gksxkA

vr%] ge fu"d"kZ fudkyrs gSa fd

– 1 < x < 0 rFkk 0 < x < 1 ds fy,

vFkok –1 < x < 1 ds fy, iQyu o/Zeku gS

rFkk  x < – 1 vFkok  x > 1 ds fy, iQyu ßkleku gSA

fVIi.kh% os fcUnq tgk¡ f ' (x) = 0 gS Økafrd fcUnq (critical points) dgykrs gSaA ;gk¡ Økafrd fcUnq
x 1, x 1= − =  gaSA

mnkgj.k 29.29.   n'kkZb, fd %

(a) ( )f x cos x=  vUrjky 0 x≤ ≤ πesa ßkleku iQyu gSA

(b) ( )f x x cos x= −  lHkh x ds fy, o/Zeku iQyu gSA

gy % (a) ( )f x cos x=

( )f ' x sin x= −

( )f x  ßkleku gS] ;fn ( )f ' x 0< gSA

vFkok  sin x 0− <
vFkkZr sin x 0>

sin x izFke rFkk f}rh; prqZFkkZ'kksa esa /ukRed gksrk gSA

∴ sin x; 0 x≤ ≤ π esa /ukRed gSA

∴ f (x); 0 x≤ ≤ π esa ßkleku gSA

(b) ( )f x x cos x= −

( )f ' x 1 sin x= +

sin x dk U;wure eku –1 gS rFkk vf/dre eku 1 gSA
⇒ 1 sin x 1− ≤ ≤ vFkok 1 1 1 sin x 1 1− ≤ + ≤ +
vFkok 0 1 sin x 2≤ + ≤

vFkok ( )0 f ' x 2≤ ≤

⇒ ( )f ' x 0≥

⇒  ( )f x x cos x= − , x ds lHkh ekuksa ds fy, o/Zeku gSA
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   ns[ksa vkius fdruk lh[kk 29.8

og vUrjky Kkr dhft, ftlesa fuEufyf[kr iQyu o/Zeku vFkok ßkleku gSa %

1. (a) ( ) 2f x x 7x 10= − + (b) ( ) 2f x 3x 15x 10= − +

2. (a) ( ) 3 2f x x 6x 36x 7= − − + (b) ( ) 3 2f x x 9x 24x 12= − + +

3. (a) 2y 3x 12x 8= − − + (b) ( ) 2 3f x 1 12x 9x 2x= − − −

4. (a) 
x 2

y , x 1
x 1

−
= ≠ −

+
 (b)

2x
y , x 1

x 1
= ≠

−
(c)

x 2
y , x 0

2 x
= + ≠

5. (a) fl¼ dhft, fd iQyu log sin x  vUrjky ,
2

π π  
 esa âkleku gS

(b) fl¼ dhft, fd iQyu cos x vUrjky [ ], 2π π  esa o/Zeku gSA

(c) os vUrjky Kkr dhft, ftuesa iQyu cos 2x , 0 x
4

π + ≤ ≤ π 
 

 âkleku vFkok

  o/Zeku gSA

iQyu ds vkys[k ls og fcUnq Kkr dhft, tgk¡ Li'kZ js[kk,¡ x-v{k ds lekUrj gSaA

29.10 ,d iQyu ds mfPp"B ,oa fufEu"B eku
geus ,d lrr iQyu dk vkys[k ns[kk gSA ;g ,dkUrjr% c<+rk rFkk ?kVrk gSA ;fn fdlh lrr iQyu
dk eku ,d fo'ks"k fcUnq rd c<+s vkSj fiQj de gksuk vkjEHk gks tk,] rks og iQyu dk mfPp"B
fcUnq dgykrk gS rFkk ml fcUnq ij mldk laxr eku ml iQyu dk vf/dre (mfPp"B) eku
dgykrk gSA lkFk gh] ,slh voLFkk vkrh gS tc og fiQj ?kVus ls c<+uk vkjEHk djrk gSA ;fn fdlh
lrr iQyu dk eku fdlh fo'ks"k fcUnq rd de gksrk tk;s vkSj fiQj c<+uk vkjEHk gks tk,] rks og
fcUnq iQyu dk fufEu"B fcUnq dgykrk gS rFkk ml fcUnq ij laxr eku iQyu dk U;wure (fufEu"B)
eku dgykrk gSA

y

vf/dre
B

vf/dre
D

vf/dre
F

E

U;wure
C

U;wure
A

U;wure

–3π –2π –π π0 2π 3π

f(x) = sin x

fp=k 29.6

fp=k 29.6 n'kkZrk gS fd ,d iQyu ds ,d ls vf/d mfPp"B vFkok fufEu"B eku gks ldrs gSaA vr%
lrr iQyu ds fy,] gesa mfPp"B (fufEu"B)eku ,d vUrjky esa feyrs gaS rFkk ;s eku ml iQyu
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ds fujis{k mfPp"B (fufEWu"B)eku ugha gksrsA blh dkj.k ls ge dHkh&dHkh mUgsa LFkkuh; mfPp"B
vFkok LFkkuh; fufEu"B eku dgrs gSaA

,d iQyu ( )f x  dk fcUnq x a=  ij mfPp"B (vFkok LFkkuh; mfPp"B) eku rc gksrk gS tc b

ds i;kZIr dkiQh NksVs /ukRed ekuksa ds fy,] ( ) ( )f a f a b≥ ±  gks] tgk¡ a – b < a < a + b gSA

(nsf[k, fp=k 29.7)A

,d iQyu dk mfPp"B (vFkok LFkkuh; mfPp"B) eku og gS tks fufnZ"V fcUnq ds nksuksa vksj rqjUr
vklUu izfros'kh fcUnqvksa ij iQyu ds lHkh ekuksa esa lcls vf/d gksA

y

O a–b a a+b
x

A

f(x)

f(a)

      

y

O a–b a a+b
x

A f(x)

f(a)

fp=k 29.7 fp=k 29.8

,d iQyu ( )f x  dk ,d fcUnq x a=  ij fufEu"B (vFkok LFkkuh; fufEu"B) eku rc gksrk gS tc

b ds lHkh i;kZIr dkiQh NksVs /ukRed ekuksa ds fy, ( ) ( )f a f a b≥ ± gksa] tgk¡ a b a a b− < < + gSA

fp=k 29.8 esa] iQyu f (x) dk x a=  ij LFkkuh; fufEu"B eku gSA

,d iQyu dk fufEu"B (vFkok LFkkuh; fufEu"B) eku og gS tks fufnZ"V fcUnq ds nksuksa vksj] rqjUr
vklUu izfros'kh fcUnqvksa] ij iQyu ds lHkh ekuksa esa lcls de gksA

fVIi.kh% fcUnq x R∈  dk izfros'k [kqys vUrjky  ]x– [∈  ls ifjHkkf"kr gksrk gS] tgk¡ 0∈> gSA

29.11 mfPp"B vFkok fufEu"B ds fy, izfrca/
ge tkurs gSa fd tc iQyu o/Zeku gS] rks mldk vodyt /ukRed gksrk gS rFkk tc iQyu
ßkleku gS] rks vodyt ½.kkRed gksrk gSA ge bl ifj.kke dk iz;ksx dj fdlh iQyu dk mfPp"B
vFkok fufEu"B gksus ds fy, izfrca/ Kkr djsaxsA fp=k 29.6 dks nsf[k,A fcUnq B,D rFkk F mfPp"B ds
fcUnq gS rFkk fcUnq A,C,E fufEu"B ds fcUnq gaSA

B ds ckb± vksj] iQyu o/Zeku gSA vr% ( )f ' x 0>  gSA ysfdu B dh nk;ha vksj iQyu ßkleku gSA
vr% ( )f ' x 0<  ;g rHkh laHko gS] tc  f '(x) chp esa dgha 'kwU; gks tk,A ge bls fuEu izdkj
ls fy[k ldrs gSa %

,d iQyu ( )f x  dk ,d fcUnq ij mfPp"B eku gS] ;fn (i) f '(x) = 0 rFkk (ii) f '(x) ml fcUnq

ij tgk¡  f '(x) = 0 ds izfros'k (neighbourhood) esa /ukRed ls ½.kkRed gksrk gS (tc fcUnq
ck;sa ls nk;ha vksj fy, tkrs gSa)
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vc] fcUnq C ds ck;ha vksj (fp=k 29.6) iQyu ( )f x  ßkleku gSSA blfy, f '(x) < 0 gS rFkk C ds nk;ha

vksj iQyu o/Zeku gS vkSj blhfy, f '(x) > 0 gSA ,d ckj fiQj] /ukRed eku gksus ls igys

( )f ' x 0= gksxkA ge bls fuEu izdkj ls fy[krs gSa %

,d iQyu ( )f x  dk ,d fcUnq ij fufEu"B eku gS] ;fn ( ) ( )i f ' x 0= rFkk (ii) ( )f ' x ml fcUnq]

tgk¡ ( )f ' x 0=  gS] ds izfros'k esa ½.kkRed ls /ukRed gksrk gSA

gesa ;g è;ku j[kuk pkfg, fd mfPp"B ;k fufEu"B ds fy, ( )f ' x 0=

,d vko';d izfrca/ gS] ijUrq i;kZIr ughaA ge ,slk ,d iQyu Kkr dj ldrs gS tks o/Zeku gS]

fiQj vpj rFkk fiQj o/Zeku gSA bl fLFkfr esa] ( )f ' x  viuk fpUg ugha cnyrk A vr% og eku tgk¡

( )f ' x 0= gS mfPp"B vFkok fufEu"B fcaUnq ugha gSA ,sls  fcUnq dks ufr ifjorZu fcUnq (Point of

Inflexion) dgrs gSaA

mnkgj.kr;k] iQyu ( ) 3f x x=  ds fy,] x 0=  ,d ufr ifjorZu fcUnq gS D;ksafd tc x ] 0 ls

gksdj tkrk gS] rks ( ) 2f ' x 3x=  viuk fpUg ugha cnyrkA D;ksafd ( )f ' x fcUnq 0 ds nksuksa vksj /
ukRed gS] D;ksafd Li'kZ js[kk,¡ x-v{k ds lkFk U;wu dks.k cukrh gaS (nsf[k, fp=k 29.9)A vr%

( ) 3f x x=  dk x 0=  ij ,d ufr ifjorZu fcUnq gSA

os fcUnq] tgk¡ ( )f ' x 0=  gks LrC/ fcUnq (stationary points) dgykrs gSa] D;ksafd ogk¡ iQyu dh

ifjorZu nj 'kwU; gSA vr%] mfPp"B rFkk fufEu"B fcUnq LrC/ fcUnq gSaA

fVIi.kh%

LrC/ fcUnq] tgk¡ iQyu LFkkuh; mfPp"B vFkok LFkkuh; fufEu"B eku ikrk gS] pje eku Hkh
dgykrs gSa rFkk nksuksa LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B eku iQyu f (x) ds pje eku Hkh
dgykrs gSaA vr% ,d iQyu fcUnq x = a ij pje eku ikrk gS] ;fn f (a) ;k rks LFkkuh; mfPp"B
gks ;k LFkkuh; fufEu"B gksA

29.12 mfPp"B rFkk fufEu"B Kkr djus dh fof/
fdlh iQyu ds mfPp"B rFkk fufEu"B Kkr djus dh fof/ uhpss nh x;h gS %

(i) ( )f ' x  Kkr dhft,

(ii) ( )f ' x 0=  eku dj LrC/ fcUnq Kkr dhft,

(iii) LrC/ fcUnqvksa ds izfros'k esa ( )f ' x  dk fpUg nsf[k,A ;fn ;g /ukRed ls ½.kkRed esa

cnyrk gS] rks ml fcUnq ij ( )f x  dk mfPp"B eku gS vkSj ;fn ( )f ' x  dk fpUg ½.kkRed

ls /ukRed esa cnyrk gS] rks ml fcUnq ij ( )f x  dk fufEu"B eku gSA

(iv) ;fn ( )f ' x  dk fpUg fdlh fcUnq ds lkehI; esa ugha cnyrk rks mls ufr ifjorZu fcUnq dgrs

gSA
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mnkgj.k 29.30.   iQyu ( ) 3 2f x x 3x 9x= − − ds mfPp"B (LFkkuh; mfPp"B) rFkk fufEu"B

(LFkkuh; fufEu"B) fcUnq Kkr dhft,A

gy % ;gk¡ ( ) 3 2f x x 3x 9x= − −

 ( ) 2f ' x 3x 6x 9= − −

pj.k I : vc ( )f ' x 0= , 23x 6x 9 0− − =

 ⇒      2x 2x 3 0− − =

 ⇒              ( ) ( )x 3 x 1 0− + =

 ⇒         x 3, 1= −

∴  LrC/ fcUnq gaS %        x 3, x 1= = −

pj.k II : x 3=  ij x 3<  ds fy, ( )f ' x 0< gS

rFkk x 3>  ds fy, ( )f ' x 0>

∴  f '(x),  3 ds izfros'k esa viuk fpUg ½.kkRed ls /ukRed esa cnyrk gSA

∴ x 3=  ij ( )f x  dk fufEu"B eku gSA

pj.k III :  x = –1 ij]

x 1< −  ds fy, ( )f ' x 0> gSA

rFkk x 1> −  ds fy, ( )f ' x 0< gSA

∴  ( )f ' x , 1−  ds izfros'k esa viuk fpUg /ukRed ls ½.kkRed esa cnyrk gSA vr% x 1= −  ij

( )f x  dk mfPp"B eku gSA

∴ x 1= −  vkSj x 3=  ls gesaa Øe'k% mfPp"B rFkk fufEu"B ds fcanq izkIr gksrs gSaA

vc mfPp"B eku (fufEu"B eku) Kkr djus ds fy, gesa izkIr gS%

iQyu dk mfPp"B eku  ( ) ( ) ( ) ( )3 2
f 1 1 3 1 9 1= − = − − − − −

  1 3 9 5= − − + =

rFkk fufEu"B eku  ( ) ( ) ( )23f 3 3 3 3 9 3 27= = − − = −

∴LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B ds fcanq Øe'k% ( )1,5− vkSj ( )3, 27− gSaA

mnkgj.k 29.31.  iQyu ( ) 2f x x 4x= −  ds LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B fcUnq Kkr
dhft,A

gy % ( ) 2f x x 4x= −

∴ ( ) ( )f ' x 2x 4 2 x 2= − = −

f ' (x)=0 ls gesa feyrk gS] 2 (x – 2) = 0, vFkkZr~ x 2=  A vc gesa tkap djuh gS fd x 2= LFkkuh;
mfPp"B fcUnq gS ;k LFkkuh; fufEu"B fcUnq gS ;k buesa ls dksbZ ugh gSA
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vkb, x 1.9=  tks fd 2 ds ck;ha vksj gS rFkk x 2.1=  tks 2 ds nk;ha vksj gS ysa] rFkk ( )f ' x dk eku

bu ij Kkr djasaA
( ) ( )f ' 1.9 2 1.9 2 0= − <
( ) ( )f ' 2.1 2 2.1 2 0= − >

tc ge 2 dh vksj cka;h vksj ls igq¡prs gSa] rks ( )f ' x 0<  gS rFkk tc ge 2 dh vksj nka;h vksj
ls igq¡prs gSa] rks ( )f ' x 0>  gSA vr% x = 2 ij ,d LFkkuh; fufEu"B gSA

ge f (x) ds fpUg ds fo"k; esa viuh [kkst dks ,d rkfydk] tks uhps nh xbZ gS] esa ns jgs gSaA

f' (x) dk fpUg

fcUnq x = 2

2 ds ck;ha vksj    2 ds nk;ha vksj
( )f ' x 0<       ( )f ' x 0>

LFkkuh; fufEu"B

mnkgj.k 29.32.   iQyu ( ) 3 2f x 2x 3x 12x 8= − − +  ds lHkh LFkkuh; mfPp"B RkFkk LFkkuh;

fufEu"B Kkr dhft,A

gy %  ( ) 3 2f x 2x 3x 12x 8= − − +

∴ ( ) 2f ' x 6x 6x 12= − − ( )26 x x 2= − −

∴ ( ) ( ) ( )f ' x 6 x 1 x 2= + −

vc  f '(x)=0 dks x ds fy, gy djus ij] ge ikrs gSa %

6 (x+1) (x–2) = 0

⇒       x 1, 2= −

vr%]        x = –1,2 ij f '(x) 0=

vc ge tk¡p djsaxs fd D;k ;s fcUnq LFkkuh; mfPp"B fcUnq gSa ;k LFkkuh; fufEu"B fcUnq gSa ;k buesa
ls dksbZ ugha gaSA

fcUnq x = –1 dks yhft,A

vkb, ge x 1.1= − ysa tks –1 ds ck;ha vksj gS rFkk x = –0.9 ysa tks –1 ds nk;ha vksj gS rFkk f' (x)

dk eku bu fcanqvksa ij Kkr djsaA

( ) ( )( )f ' 1.1 6 1.1 1 1.1 2− = − + − − , tks fd /ukRed gS] vFkkZr~ f '(x)>0 gSA

( ) ( )( )f ' 0.9 6 0.9 1 0.9 2− = − + − − , tks fd ½.kkRed gS] vFkkZr~ f '(x)<0 gSA

vr%] x = –1 ij ,d LFkkuh; mfPp"B gSA

vkb, vc x = 2 ysaA
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vc] ge x = 1.9 ysrs gSa tks x = 2 ds ck;ha vksj gS rFkk x = 2.1 ysrs gSa tks x = 2 ds nk;ha vksj gS rFkk
bu fcUnqvksa ij f' (x) ds eku Kkr djrs gSaaA

   ( ) ( )( )f ' 1.9 6 1.9 1 1.9 2= + −

    = 6×(/ukRed la[;k)×(½.kkRed la[;k) = ,d ½.kkRed la[;k

vFkkZr~ f '(1.9) < 0 gSA

lkFk gh f '(2.1) = 6(2.1+1)(2.12), tks fd /ukRed gSA

vFkkZr~ f'(2.1)>0 gSA

f (x) > 0′ f (x) < 0′ 

x = 2

f (x) = 0′ 

pw¡fd f '(x) < 0  gS tc ge 2 dh vksj ck,¡ ls tkrs gSa

rFkk f ' (x) >0 gS tc ge 2s dh vksj nk¡;s ls tkrs gSa

∴ x = 2 ,d LFkkuh; fufEu"B fcUnq gS

vr%] f(x) dk x = –1 ij LFkkuh; mfPp"B fcUnq gS rFkk f(x) dk mfPp"B eku = 2–3 + 12 + 8 = 15

gSA f(x) dk x = 2 ij LFkkuh; fufEu"B fcUnq gS rFkk f(x) dk fufEu"B eku  = 2 (8) –3(4) –12 (2) +8

= –12 gSA

f '(x) dk fpUg

fcUnq x = –1 fcUnq x = 2

–1 dss ck;ha vksj –1 ds nk;ha vksj 2 ds ck;ha vksj 2 ds nk;ha vksj

/ukRed ½.kkRed   ½.kkRed /ukRed

LFkkuh; mfPp"B LFkkuh; fufEu"B

mnkgj.k 29.33.   fuEufy[kr iQyu dk LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B] ;fn dksbZ gS]
Kkr dhft, %

( )
2

x
f x

1 x
=

+

gy % ( )
2

x
f x

1 x
=

+

rc ( )
( ) ( )

( )

2

2
2

1 x 1 2x x
f ' x

1 x

+ −
=

+ ( )
2

2
2

1 x

1 x

−
=

+

LFkkuh; mfPp"B fcUnq vFkok LFkkuh; fufEu"B fcUnq Kkr djus ds fy, f '(x) = 0 jf[k,A

vFkkZr~] ( )
2

2
2

1 x
0

1 x

−
=

+
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⇒ 21 x 0− =

vFkkZr~             ( ) ( )1 x 1 x 0+ − = vFkkZr~       x = 1,–1 gSA

eku x = 1 yhft,A
x ds 1 ls FkksM+s NksVs eku ysus ij rFkk 1 ls FkksM+s cM+s eku ysus ij] f'(x) dk eku /ukRed ls ½.kkRed
esa cnyrk gSA vr% x = 1 ij ,d LFkkuh; mfPp"B fcUnq gS rFkk ;gk¡ LFkkuh; mfPp"B eku

( )2

1 1 1

1 1 21 1
= = =

++

 A

vc eku x = –1 yhft,A
f'(x) viuk fpUg ½.kkRed ls /ukRed esa cnyrk gS] tc x, –1 ls gksdj tkrk gSA vr% x 1= −

ij iQyu dk ,d LFkkuh; fufEu"B fcUnq gS] bl izdkj LFkkuh; fufEu"B eku 
1

2
= −

mnkgj.k 29.34.    iQyu f (x) sin x cos x,0 x
2

π
= + < <  ds fy, LFkkuh; mfPp"B rFkk LFkkuh;

fufEu"B] ;fn dksbZ gS] Kkr dhft,A

gy % gesa fn;k gS %    f (x) sin x cos x= +

∴   f '(x) cos x sin x= −

ZLFkkuh; mfPp"B@fufEu"B ds fy,] f '(x) = 0 gksxkA
∴ cos x sin x 0− =

vFkkZr~ tan x 1= ⇒ x
4

π
=  , 0 x

2

π
< <  esa

x
4

π
=  ij]

x
4

π
<  ds fy, cos x sin x>

∴   ( )f ' x cos x sin x 0= − >

x
4

π
>  ds fy, cos x sin x 0− <

∴ ( )f ' x cos x sin x 0= − <

vr% 
4

π
 ds izfros'k esa f'(x) viuk fpUg /ukRed ls ½.kkRed esa cnyrk gS A

∴ x
4

π
=  ,d LFkkuh; mfPp"B dk fcUnq gSA

mfPp"B eku  f
4

π =  
 

1 1
2

2 2
= + =

vr%] LFkkuh; mfPp"B fcUnq , 2
4

π 
 
 

 gSA
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    ns[ksa vkius fdruk lh[kk 29.9

fuEufyf[kr iQyuksa ds fy, LFkkuh; mfPp"B fcUnq rFkk LFkkuh; fufEu"B fcUnq Kkr dhft,A mu
fcUnqvksa ij mfPp"B rFkk fufEu"B Hkh Kkr dhft,

1.
2x 8x 12− + 2.

3 2x 6x 9x 15− + +

3.
3 22x 21x 36x 20− + − 4.

4 2x 62x 120x 9− + +

5. ( )( )2
x 1 x 2− − 6. 2

x 1

x x 2

−

+ +

29.13 iQyu dk mfPp"B rFkk fufEu"B Kkr djus ds fy, f}rh;
      vodyt dk mi;ksx

vc ge ml iQyu] ftlds f}rh; vodyt dk vfLrRo gS] ds fy,] LFkkuh; mfPp"B vkSj fufEu"B
Kkr djus dh ,d nwljh fof/ crk;asxsA blds fofHkUu pj.k bl izdkj gSa %

(i) eku yhft, fd fn;k x;k iQyu f(x) }kjk O;Dr fd;k tkrk gSA

(ii) f '(x) Kkr dhft, rFkk mls 'kwU; ds cjkcj jf[k,A

(iii) f '(x) = 0 dks gy dhft,A eku yhft, fd bldk ,d okLrfod ewy x = a gSA

(iv) bldk f}rh; vodyt f "(x) Kkr dhft,A pj.k (iii) esa izkIr x ds izR;sd eku a ds fy,
( )f " a  dk eku Kkr dhft,A

rc ;fn f "(a) < 0 gS] rks x = a ,d LFkkuh; mfPp"B fcUnq gS]

f "(a)>0 gS] rks x = a ,d LFkkuh; fufEu"B fcUnq gS]

f "(a) = 0 gS] rks ge 'a' ds ck;ha vksj rFkk nk;ha vksj ds fcUnqvksa ij f'(x) ds fpUg
dk mi;ksx djrs gSa rFkk ifj.kke ij igq¡prs gSaA

mnkgj.k 29.35.   iQyu 3 22x 21x 36x 20− + −  ds fy, LFkkuh; mfPp"B rFkk LFkkuh; fufEu"B

Kkr dhft, A

gy % eku yhft, fd   ( ) 3 2f x 2x 21x 36x 20= − + −  gSA

rc]   ( ) 2f ' x 6x 42x 36= − +

( )26 x 7x 6= − + ( ) ( )6 x 1 x 6= − −

LFkkuh; mfPp"B vFkok fufEu"B ds fy,]

( )f ' x 0=

vFkok     ( ) ( )6 x 1 x 6 0− − = ⇒ x = 1, 6

vc]       ( ) ( )d
f " x f ' x

dx
=
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( )2d
6 x 7x 6

dx
 = − +  

12x 42= −

6(2x 7)= −

x =1 ds fy,]  f " (1) =6 (2.1 – 7)= – 30 < 0

vr% x = 1 ,d LFkkuh; mfPp"B fcUnq gSA bl ij iQyu dk eku

 3 2f (1) 2(1) 21(1) 36(1) 20 3= − + − = −  gSA vr% LFkkuh; mfPp"B eku 3−  gSA

x = 6 ds fy,]

f " (6)=6 (2.6 –7)=30 > 0

vr% x = 6 ,d LFkkuh; fufEu"B fcUnq gSA

rFkk 3 2f (6) 2(6) 21(6) 36(6) 20 128= − + − = −  gS] tks iQyu dk LFkkuh; fufEu"B eku gSA

mnkgj.k 25.36.  (a) vUrjky [–3,–1] esa iQyu 32x 24x 107− +  dk mfPp"B eku Kkr dhft,

(b) mijksDr iQyu dk vUrjky [1,3] esa fufEu"B eku Kkr dhft,A

gy% (a) ekuk  ( ) 3f x 2x 24x 107= − +

∴ ( ) 2f ' x 6x 24= −

LFkkuh; mfPp"B vFkok fufEu"B ds fy,

( )f ' x 0=

vFkkZr      26x 24 0− = ⇒ x 2, 2= −

dsoy (–2) vUrjky (–3,–1) esa gSA vr% ge iQyu dk mfPp"B dsoy x = –2 ij Kkr djsaxsA

vc  ( )f " x 12x=

∴  ( )f " 2 24 0− = − <

tks crkrk gS fd x = –2 ij iQyu dk mfPp"B eku gS

∴ okafNr mfPp"B eku  ( ) ( )3
2 2 24 2 107= − − − +

      =139

(b) f "(x) =12 x

∴ f" (2) = 24 > 0, [Q  dsoy 2 vUrjky [1,3] esa gSa]

tks crkrk gS fd iQyu f(x) dk fufEu"B eku x = 2 ij gS

∴ okafNr fufEu"B eku             32(2) 24(2) 107= − +

=75
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mnkgj.k 29.37.  iQyu ( )f x cos 4x; 0 x
2

π
= < <  ds fy, LFkkuh; mfPp"B rFkk fufEu"B ;fn

dksbZ gS] Kkr dhft, A

gy % ( )f x cos 4x=

∴ ( )f ' x 4sin 4x= −

vc ( )f ' x 0= ⇒ 4sin 4x 0− =

vFkok sin 4x 0= vFkok          4x 0, , 2= π π

vFkok         x 0, ,
4 2

π π
=

D;ksafd 0 x
2

π
< < , vr%  dsoy ,d gh eku 

4

π
 laHko gSA

vc    ( )f " x 16cos 4x= −

 x
4

π
= ij]   ( )f " x 16cos= − π ( )16 1 16 0= − − = >

∴   x
4

π
=  ij] f (x) fufEu"B gS

U;wure eku    f cos 1
4

π  = π = − 
 

mnkgj.k 29.38.  iQyu ( ) ( )f x sin x 1 cos x= +  ds vUrjky [0, π] esa

mfPp"B rFkk fufEu"B eku Kkr dhft,A

gy % gesa fn;k x;k gS ( ) ( )f x sin x 1 cos x= +

( ) ( ) ( )f ' x cos x 1 cos x sin x sin x= + + −

          2 2cos x cos x sin x= + −

         ( )2 2 2cos x cos x 1 cos x 2cos x cos x 1= + − − = + −

LrC/ fcUnqvksa ds fy,]            ( )f ' x 0=

∴        22cos x cos x 1 0+ − =

∴        
1 1 8 1 3 1

cos x 1,
4 4 2

− ± + − ±
= = = −

 ∴ x ,
3

π
= π

vc,         ( )f 0 0=

      
3 1 3 3

f sin 1 cos 1
3 3 3 2 2 4

π π π     = + = + =    
    

rFkk         ( )f 0π =
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∴  f (x) dk  fcUnq x
3

π
=  ij mfPp"B eku   

3 3

4
  gS rFkk fcUnqvksa x = 0 rFkk x .= π  ij fufEu"B

eku 0 gS

    ns[ksa vkius fdruk lh[kk 29.10

f}rh; vodyt ds mi;ksx ls fuEufyf[kr esa ls izR;sd iQyu dk LFkkuh; mfPp"B rFkk LFkkuh;
fufEu"B eku Kkr dhft,A

1.
3 22x 3x 36x 10+ − + 2.

3 2x 12x 5− + −

3. ( ) ( )2
x 1 x 2− + 4.

5 4 3x 5x 5x 1− + −

5. ( )sin x 1 cos x , 0 x
2

π
+ < < 6. sin x cos x, 0 x

2

π
+ < <

7. sin 2x x, x
2 2

−π π
− ≤ ≤

29.14 mfPp"B rFkk fufEu"B dk O;kogkfjd leL;kvksa esa vuqiz;ksx
iQyuksa ds mfPp"B rFkk fufEu"B eku Kkr djus dh leL;kvksa ds gy djus esa vodyt dk mi;ksx
,d 'kfDr'kkyh gfFk;kj gSA bl izdkj dh leL;kvksa dks gy djus ds fy, ge fuEufyf[kr pj.kksa
dk mi;ksx djrs gSaA

(i) vkadM+ksa esa fn;s x;s pjkadksa ds :i esa iQyu dks cuk,¡A

(ii) nh xbZ 'krksZ dh lgk;rk ls iQyu dks ,d gh pj esa O;Dr dhft,A

(iii) igys fd;s x;s iz'uksa dh Hkkafr mfPp"B rFkk fufEu"B dh 'krs± yxk;saA

mnkgj.k 29.39.  og nks /ukRed okLrfod la[;k,a Kkr dhft, ftudk ;ksx 70 rFkk xq.kuiQy

vf/dre gS

gy % ekuk ,d la[;k x gSA D;ksafd mudk ;ksx 70 gS] blfy, nwljh la[;k 70–x gSA

eku yhft, mudk xq.kuiQy f(x) gSA

∴ 2f (x) x(70 x) 70x x= − = −

gesa f(x) dks vf/dre cukuk gSA

vr% ge f '(x) Kkr dj mls 'kwU; ds cjkcj j[ksaxs

f '(x) = 70 –2x

vf/dre xq.kuiQy ds fy,] f' (x) = 0

vFkok         70 –2x = 0  vFkok x = 35

vc f " (x) = –2 tks ½.kkRed gSA vr% f(x) dk eku vf/dre gS tc x = 35

nwljh la[;k gS 70 –x = 70 –35 = 35

vr% okafNr la[;k,a 35, 35 gSaA
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mnkgj.k 29.40.  n'kkZb, fd fn;s x, {ks=kiQy ds vk;rksa esa ls oxZ dk ifjeki U;wure gksrk gSA

gy % ekuk vk;r dh yEckbZ rFkk pkSM+kbZ Øe'k% x rFkk y gSaA

mldk {ks=kiQy = xy

D;ksafd mldk {ks=kiQy A fn;k gS] vr% A = xy

vFkkZr]
A

y
x

= ... (i)

vc] vk;r dk ifjeki P = 2(x + y)

vFkkZr  
A

P 2 x
x

 = + 
 

∴ 2

dP A
2 1

dx x

 
= − 

 
...(ii)

U;wure P ds fy,]       
dP

0
dx

=

⇒ 2

A
2 1 0

x

 
− = 

 

⇒ 2A x= vFkok  A x=

vc,  

2

2 3

d P 4A

dx x
= ,  tks /ukRed gS

vr% ifjeki U;wure gS tc A x= , 
A

y
x

=
2x

x
x

= = ( )2A x=Q

vr% ifjeki U;wure gksxk tc vk;r oxZ gksxkA

mnkgj.k 29.41.  oxkZdkj vk/kj okyk ,d [kqyk cDlk fn;s x;s 2a  {ks=kiQy okyh 'khV ls cuk;k

tkuk gSA n'kkZb, fd cDls dk vf/dre vk;ru 
3a

6 3
 gSA

gy % ekuk oxkZdkj vk/kj dh Hkqtk x gS rFkk mldh Å¡pkbZ y gS

vr% cDls dk dqy i`"Bh; {ks=kiQy 2x 4xy= +

⇒    2 2x 4xy a+ = ⇒     
2 2a x

y
4x

−
=

cDls dk vk;ru V 

2 2
2 2 a x

x y x
4x

 −
= =   

 

vFkok       ( )2 31
V a x x

4
= − ...(i)

∴    ( )2 2dV 1
a 3x

dx 4
= −
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 mfPp"B@fufEu"B ds fy,]  
dV

0
dx

=

∴  ( )2 21
a 3x 0

4
− =

;k      

2
2 a a

x x
3 3

= ⇒ = ...(ii)

(i) rFkk (ii) ls gesa feyrk gS]

vk;ru 
( )3

3 3a1 a a

4 3 3 3 6 3

 
 = − =
  
 

..(iii)

fiQj     ( )
2

2 2

2

d V d 1 3
a 3x x

dx 4 2dx
= − = −

D;ksafd x cDls dh Hkqtk gS] vr% /ukRed gS

∴
2

2

d V
0

dx
<

∴ vk;ru vf/dre gSA

vr% cDls dk vf/dre vk;ru 
3a

6 3
=

mnkgj.k 29.42.   n'kkZb, fd ,d o`Ùk ds vUrZxr ftrus Hkh vk;r cuk;s tk ldrs gSa] muesa oxZ

dk {ks=kiQy vf/dre gksrk gSA

gy % ekuk ABCD ,d vk;r gS tks ,d òÙk] ftldh f=kT;k r gS] ds vUrZxr cuk;k x;k gS] rks O;kl

AC = 2r

rc 2 2 2AB BC AC+ = vFkok     ( )22 2 2x y 2r 4r+ = = ......(i)

vc vk;r dk {ks=kiQy A = xy

∴   2 2A x 4r x= −

∴
( ) 2 2

2 2

x 2xdA
4r x 1

dx 2 4r x

−
= + − ⋅

−

2 2

2 2

4r 2x

4r x

−
=

−

vf/dre {ks=kiQy ds fy,] 
dA

0
dx

=

   

2 2

2 2

4r 2x
0 x 2r

4r x

−
= ⇒ =

−
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vc     

( ) ( ) ( )

( )

2 2 2 2

2 2 2

2 2 2

2x
4r x 4x 4r 2x

d A 2 4r x

dx 4r x

−
− − − −

−=
−

  

( ) ( )

( )

2 2 2 2

3
2 2 2

4x 4r x x 4r 2x

4r x

− − + −
=

−

            

( )

( )

2
2

2 3
at x 2r 2 2

4 2 2r 0d A

dx
2r

=

− + 
= 

  ... (Putting x 2r= )

    

3

3

8 2r
4 0

2 2r

−
= = − <

vr% A vf/dre gS tc x 2r=

vc (i) ls] 2 2y 4r 2r 2 r= − =

∴ x y=

vr% ABCD ,d oxZ gksxkA

mnkgj.k 29.43.  n'kkZb, fd ,d fn;s x;s vk;ru okys cUn yEc o`rh; csyu] ftldk i`"Bh;

{ks=kiQy U;wure gS] dh mQ¡pkbZ mlds O;kl ds cjkcj gSA

gy % ekuk csyu dk vk;ru V, f=kT;k r rFkk mQ¡pkbZ h gS

∴ 2V r h= π

⇒ 2

V
h

r
=

π
... (i)

vc i`"Bh; {ks=kiQy 2S 2 rh 2 r= π + π

   
2 2

2

V 2V
2 r. 2 r 2 r

rr
= π + π = + π

π

vc 2

dS 2V
4 r

dr r

−
= + π

U;wure i`"Bh; {ks=kiQy ds fy,]  
dS

0
dr

=

∴  2

2V
4 r 0

r

−
+ π =

⇒      3V 2 r= π
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(i) rFkk (ii) ls]      

3

2

2 r
h 2r

r

π
= =

π
..(ii)

iqu%  

2

2 3

d S 4V
4 8 4

dr r
= + π = π + π ... [(ii) dk mi;ksx djus ij]

        12 0= π >

∴ S U;wure gS tc h = 2r

mnkgj.k 29.44.  n'kkZb, fd can yEc o`Ùkh; csyu] ftldk i`"Bh; {ks=kiQy fn;k x;k gS] dk

vk;ru vfèkdre gksxk ;fn mldh mQ¡pkbZ mldss O;kl ds cjkcj gksA

gy % eku yhft, fd S rFkk V can ml yEc o`Ùkh; csyu ds i`"Bh; {ks=kiQy rFkk vk;ru gSa ftlds
vk/kj dh f=kT;k r rFkk mQ¡pkbZ h gSA

rks 2S 2 rh 2 r= π + π .....(i)

(;gk¡ i`"Bh; {ks=kiQy vpj gS rFkk fn;k x;k gS)
2V r h= π

∴

2
2 S 2 r

V r
2 r

 − π
= π  

π  

2r
S 2 r

2
 = − π
 

    
3Sr

V r
2

= − π

   ( )2dV S
3r

dr 2
= − π

mfPp"B@fufEu"B ds fy,,  
dV

0
dr

=

vFkkZr]      ( )2S
3r 0

2
− π =

vFkok]         2S 6 r= π

(i) ls gesa feyrk gS]          2 26 r 2 rh 2 rπ = π + π

⇒   24 r 2 rhπ = π

⇒        2r h= ...(ii)

rFkk]    

2
2

2

d V d S
3 r

dr 2dr

 = − π  
6 r,= − π        

d S
0

dr 2

   =  
  

Q

   = ,d ½.kkRed la[;k

vr% yEc o`Ùkh; csyu dk vk;ru vf/dre gksxk ;fn mldh mQ¡pkbZ mldh f=kT;k dh nqxquh gks]
vFkkZr h = 2r
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mnkgj.k 29.45.   48 lseh Hkqtk okyh oxkZdkj /krq dh pknj ds dksuksa esa ls cjkcj oxkZdkj VqdM+s

dkVs x, gSa vkSj 'ks"k Hkqtkvksa dks bl izdkj eksM+k x;k gS fd ,d [kqyk cDlk cu tk,A dkVs x;s
oxZ dh Hkqtk Kkr dhft, rkfd cDls dk vk;ru vf/dre gksA

gy % eku yhft, fd dkVs x, oxZ dh Hkqtk x lseh gSA vr% cuus okys cDls dh Hkqtk 48–2x lseh
rFkk mQ¡pkbZ x lseh gksxh

v c  v c  v c  v c   x  > 0, 48–2x > 0, vFkkZr x < 24

x dk eku 0 vkSj 24 ds chp gksxk

vFkkZr 0 x 24< <

vc cDls dk vk;ru V

( ) ( )48 2x 48 2x x= − −

vFkkZr        ( )2
V 48 2x x= − ⋅

∴     ( ) ( ) ( )2dV
48 2x 2 48 2x 2 x

dx
= − + − −

( ) ( )48 2x 48 6x= − −

mfPp"B rFkk fufEu"B ds fy,] 
dV

0
dx

=

vFkkZr     ( ) ( )48 2x 48 6x 0− − =

vr% ;k rks x 24=  ;k x = 8

Q 0 < x < 24   vr% x = 8

vc
2

2

d V
24x 384

dx
= −

    

2

2
x 8

d V
192 384 192 0

dx =

 
= − = − < 

 

vr% x = 8 ds fy, vk;ru vf/dre gSA

vr% dkVs x;s oxZ dh Hkqtk 8 lseh gksxhA

mnkgj.k 29.46.    x oLrq,a izfrfnu cspus okyh ,d iQeZ dk ykHk P (#- esa) bl izdkj fn;k x;k

gS %   ( )P(x) 150 – x x 1625= −

oLrqvksa dh la[;k Kkr dhft, tks iQeZ dks vf/dre ykHk ds fy,  cukuh pkfg,¡A

gy % ;g fn;k x;k gS fd iQeZ izfrfnu x oLrq,¡ cukrh gS rFkk csprh gSA vf/dre ykHk ds fy,

( )P ' x 0=  vFkkZr~ 
dP

0
dx

=
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⇒ ( )d
150 x x 1625 0

dx
− − =  

⇒     150–2x = 0

⇒  x 75=

vc ( ) ( )d
P ' x P " x 2

dx
= = − , ,d ½.kkRed la[;k

vr% x = 75 ds fy, P (x) vf/dre gSA vr% vf/dre ykHk ds fy, iQeZ dks izfrfnu 75 oLrq,a
cukuh pkfg,aA

vc] vf/dre ykHk ( )P 75=

( )150 75 75 1625= − −

= (75×75–1625) :

=  (5625–1625) :

=  4000 :

mnkgj.k 29.47.    r lseh f=kT;k okys xksys ds vUrZxr cus vf/dre vk;ru okys csyu dk vk;ru

Kkr dhft,A

gy % ekuk vUnj cus csyu dh mQ¡pkbZ h rFkk vk/kj dh f=kT;k R gSA

rc 2V R h= π ...(i)

∆ OCB ls gesa feyrk gS
2

2 2h
r R

2

 = + 
 

... ( )2 2 2OB OC BC= +Q

∴
2

2 2 h
R r

4
= − ...(ii)

vc  

2 3
2 2h h

V r h r h
4 4

 
= π − = π − π  

 

∴
2

2dV 3 h
r

dh 4

π
= π −

vf/dre rFkk U;wure ds fy,]

dV
0

dh
=

∴
2

2 3 h
r 0

4

π
π − =

⇒   
2

2 4r
h

3
= ⇒

2r
h

3
=
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vc
2

2

d V 3 h

2dh

π
= −

∴            

2

2

d V 2r 3 2r
h

3 2 3dh

π× 
= = −  × 

ij

        3 r 0= − π <

∴ V vf/dre gksxk tc  
2r

h
3

=

(ii) esa 2r
h

3
=  j[kus ij] gesa feyrk gS

   
2 2

2 2 4r 2r
R r

4 3 3
= − =

×

∴     
2

R r
3

=

csyu dk vf/dre vk;ru   2R h= π

        

3
22 2r 4 r

r
3 3 3 3

π = π⋅ = 
 

    ns[ksa vkius fdruk lh[kk 29.11

1. os la[;k,a Kkr dhft, ftudk ;ksx 15 gS rFkk ,d ds oxZ rFkk nwljs ds ?ku dk xq.kuiQy
vfèkdre gksA

2. os nks /ukRed la[;k,a Kkr dhft, ftudk ;ksx 15 gS rFkk ftuds oxksZ dk ;ksx U;wure gSA

3. fl¼ dhft, fd fn;s x, ifjeki ds vk;rksa esa ls oxZ dk {ks=kiQy vf/dre gksxkA

4. fl¼ dhft, fd fn;s x, d.kZ okys ledks.k f=kHkqt dk ifjeki vf/dre gksxk ;fn og
f=kHkqt lef}ckgq gksA

5. ,d f[kM+dh vk;rkdkj gS] ftlds mij ,d v¼Zo`r gSA ;fn f[kM+dh dk ifjeki 30 ehVj
gks rks] mldh foek,¡ Kkr dhft,] rkfd vf/dre laHko izdk'k dh ek=kk vUnj tk ldsA

6. ,d 100 ?ku lseh vk;ru okys cUn yEc o`rh; csyu dh f=kT;k Kkr dhft, ftldk dqy
i`"Bh; {ks=kiQy U;wure gSA

7. ,d ,slk yEc o`rh; csyu cukuk gS fd mldh f=kT;k rFkk mQ¡pkbZ dk ;ksx 6 ehVj gks ,sls
csyu dk vf/dre vk;ru Kkr dhft,A

8. fl¼ dhft, fd ,d mPpre vk;ru okyk csyu] ftls ,d yEc o`Ùkh; 'kadq ds vUrxZr
cuk;k tk lds] dh (csyu dh) m¡QpkbZ 'kadq dh mQ¡pkbZ dk ,d frgkbZ gksxhA

9. ,d nh xbZ /kfjrk (vk;ru) dk 'kaDokdkj VSaV cukuk gSA 'kadq dh mQ¡pkbZ vkSj vk/kj dh
f=kT;k dk vuqikr Kkr dhft;s] ;fn VSaUV cukus ds fy, dSuol dh ek=kk U;wure gksA
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10. ,d fuekZrk dks 16 π ?kuehVj vk;ru ds csyukdkj ik=k dh vko';drk gSA mldh foek,¡ Kkr
dhft, ftlds i`"B cukus esa U;wure ek=kk esa inkFkZ (/krq) mi;ksx gksA

11. ,d pyfp=k gky dk izca/d fVdV dh dher 55  :i;s ls de djus ij fopkj dj jgk
gS] rkfd vf/d xzkgd vk,¡A fofHkUu ckrksa dh tk¡p ds i'pkr mlus fu'p; fd;k fd
izfrfnu vkSlr xzkgdksa dh la[;k 'q' fuEufyf[kr iQyu }kjk nh tkrh gS %

q 500 100x= +

tcfd x, fVdV dh ?kVk;h gqbZ jkf'k gSA fVdV dk og ewY; Kkr dhft, fd vf/dre jktLo
izkIr gksA

� y = f(x), x dk ,d iQyu gSA

x ds lkis{k] y esa izfr bdkbZ ifjorZu dh nj

dy

dx
, x ds lkis{k y esa ifjorZu dh nj fu:fir djrk gSA

;fn y = f(t) rFkk x = g(t)

vr% 
/

, 0
/

dy dy dt dx

dx dx dt dt
= ≠

� ∆y = .
dy

x x
dx

∆ + ε ∆

Q ε.∆x dh cgqr gh NksVh jkf'k gS bls ux.; eku ldrs gSa] blfy,

,
dy

y x
dx

∆ = ⋅ ∆  lfUudVr%

� oØ y f (x)=  osQ fcUnq ( )1 1x , y ij Li'kZ js[kk dk lehdj.k gS %

[ ]( ) { }1 1x ,y
1 1

y y f '(x) x x− = −ij

� oØ y f (x)=  osQ fcUnq ( )1 1x , y  ij vfHkyac dk lehdj.k gS

( ) ( )
( )1 1

x ,y
1 1

1
y y x x

f ' x

 −
− = − 

  ij

� oØ y f (x)=  osQ fdlh ,d fcUnq ( )1 1x , y  ij Li'kZ js[kk dk lehdj.k tks x-v{k osQ

lekUrj gS 1y y=  gS rFkk tks y-v{k osQ lekUrj gS 1x x= gSA

� o/Zeku iQyu% ,d iQyu f(x) dks ,d cUn vUrjky [a,b] esa o/Zeku iQyu dgk tkrk gS

;fn ( ) ( )2 1f x f x≥  gks tc 2 1x x> gksA

C

A1

% + vkb;s nksgjk,¡
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� ßkleku iQyu % ,d iQyu f(x) dks ,d cUn vUrjky [a,b] esa âkleku iQyu dgk tkrk

gS ;fn ( ) ( )2 1f x f x≤ gks tc 2 1x x> gksA

� f(x) ,d [kqys vUrjky ]a,b[ esa o/Zeku iQyu gksxk ;fn lHkh x [a, b]∈ ds fy, f '(x) > 0

� f(x) ,d [kqys vUrjky ]a,b[ âkleku iQyu gksxk ;fn lHkh ds fy, x [a, b]∈  f '(x) < 0

� ,dfn"V iQyu %

(i) ,d iQyu dks ,dfn"V (o/Zeku) dgrs gSa ;fn ;g fn;s gq, vUrjky esa fujUrj
c<+rk gSA

(ii) ,d iQyu dks ,dfn"V (ßkleku) dgrs gSa ;fn fn;s gq, vUrjky esa og fujUrj
?kVrk gSA

;fn ,d iQyu ,d vUrjky esa o/Zeku rFkk ßkleku gS] rks og ,dfn"V iQyu ugha gks
ldrkA

� ,d vUrjky esa ,d iQyu f(x) ds fcUnq x = a ds izfros'k esa

(i) ;fn fcUnq 'a' ds ckb± vksj f'(x) > 0 rFkk  fcUnq x=a ds nkb± vksj f'(x) < 0 gks rks] fcUnq
x = a ij f(x) dk ,d LFkkuh; mfPp"B gksxkA

(ii) ;fn fcUnq 'a' ds ckb± vksj f'(x) < 0, rFkk fcUnq x = a ds nkb± vksj f'(x) > 0 gks rks
x = a ij f(x) dk ,d LFkkuh; fufEu"B gksxkA

� ;fn x = a ij f(x) dk LFkkuh; mfPp"B vFkok LFkkuh; fufEu"B gS rFkk f(x) vodyuh; gS]
rc f'(a) = 0

(i) tc x fcUnq a ds vklikl ls tkrk gS rFkk f'(x) /ukRed ls ½.kkRed fpUg cnyrk
gS] rks f(x) dk x=a ij LFkkuh; mfPp"B gksrk gSA

(ii) tc x fcUnq a ds vkl&ikl ls tkrk gS rFkk f(x) ½.kkRed ls /UkkRed fpUg cnyrk
gS] rks f(x) dk x = a ij LFkkuh; fufEu"B gksrk gSA

� f}rh; vodyt tkap (Test)

(i) ;fn f '(a) = 0 rFkk f "(a) < 0; rks f (x) dk x = a ij LFkkuh; mfPp"B gksrk gSA

(ii) ;fn f '(a) = 0 rFkk  f "(a) >0;  rks f (x) dk x = a ij LFkkuh; fufEu"B gksrk gSA

(iii) ;fn f '(a) = 0 rFkk f " (a) = 0; rks x = a ij mfPp"B vFkok fufEu"B Kkr djus ds fy,
f '(x) ds fpUg ifjorZu dh tk¡p djrs gSa tc  x, 'a' ds vkl&ikl ls gksdj tkrk gSA

� http://mathworld.wolfram.com/PartialDerivative.html

� http://en.wikipedia.org/wiki/Partial_derivative

� http://en.wikipedia.org/wiki/Integral

� https://www.youtube.com/watch?v=f0pMPjnfars

� https://www.youtube.com/watch?v=ySFtitDsCIs

lgk;d osclkbV
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vkb, vH;kl djsa

1. ,d oxZ dh Hkqtk 0.2 lseh/lsdUM dh nj ls c<+ jgh gSA oxZ ds ifjeki dh o`f) dh
nj Kkr dhft,A

2. ,d o`Ùk dh f=T;k 0.7 lseh/lsdUM dh nj ls c<+ jgh gSA bldh ifjf/k dh o`f) dh
nj D;k gS\

3. ,d vkneh 4.5 fdeh/?kUVk dh nj@pky ls 120 eh Å¡ps Vkoj ds ikn dh vksj vk jgk
gSA Vkoj ds 'kh"kZ ij igq¡pus dh mldh D;k nj gS] tcfd og Vkoj ls 50 eh nwj gS\

4. ,d ikbi ls jsr 12 lseh3/lsdUM dh nj ls fxj jgk gSA fxjrh jsr tehu ij ,d
,slk 'kadq cukrh gS ftldh Å¡pkbZ lnSo vk/kkj dh f=T;k dk NBk Hkkx gSA jsr ls
cus 'kadq dh Å¡pkbZ fdl nj ls c<+ jgh gS tcfd Å¡pkbZ 4 lseh gS\

5. 2eh Å¡pkbZ dk ,d vkneh 5eh Å¡ps fctyh ds [kaHks ls 6eh/feuV dh leku pky ls
pyrk gSA mldh Nk;k dh yEckbZ dh o`f) nj Kkr dhft,A

6. ,d d.k] oØ y = x3 + 2 ds vuqfn'k ?kwerk gSA oØ ij mu fcUnqvksa dks Kkr dhft,
tcfd x-funsZ'kkad dh rqqyuk esa y-funsZ'kkad 8 xquh rhozrk ls ifjofrZr gks jgk gSA

7. ,d fLFkj >hy esa ,d iRFkj Mkyk tkrk gS vkSj rjaxs o`Ùk esa 3.5 lseh/lsdUM dh xfr
ls pyrh gSa tc o`Ùkkdkj rjax dh f=T;k 7.5 lseh gS rks ml {k.k] f?kjk gqvk {ks=Qy
fdruh rsth ls c<+ jgk gS\

8. ,d iRFkj fLFkj rkykc esa Mkyk tkrk gS rFkk og ,d dsUnzh; o`Ùk Ükà[kyk cukrk gSA
nj Kkr dhft, tc muesa ls ,d dk O;kl 12 lseh gks ;g ekudj fd izkjEHk esa
dsUnz ij rjax dh nj 3 lseh/lsdUM gSA

9. oØ y2 = 8x ij og fcUnq Kkr dhft,] ftlds fy, x-funsZ'kkad rFkk y-funsZ'kkad ds
ifjorZu dh nj leku gSA

10. ,d d.k oØ y = 
32

1
3

x +  ds vuqxr xfr dj jgk gSA oØ ij mu fcUnqvksa dks Kkr

dhft, tcfd x-funsZ'kkad dh rqyuk esa y-funsZ'kkad 2 xquk rhozrk ls cny jgk gSA

11. fdlh mRikn dh x bdkb;ksa ds foØ; ls izkIr dqy vk; R(x) = 3x2 + 36x + 5

¼#i;ksa essa½ ls iznÙk gSA lhekar vk; Kkr dhft, tcfd 5 bdkb;ksa dk mRiknu cspk
x;k gSA

12. ,d oLrq dh x bdkb;ksa ds mRiknu ls lEcU/k dqy ykxr ¼#i;ksa esa½

C(x) = 3 20.005 0.02 30 5000− + +x x x

ls iznÙk gSA lhekar ykxr Kkr dhft, tcfd 3 bdkbZ;ksa dk mRiknu fd;k x;k gSA

vodyksa dk iz;ksx djds fuEufyf[kr dk lfUudV eku Kkr dhft, (13 – 19)

13. 25.02 14. 49.5
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15. (i) 401 (ii) 0.24

16. (i) 0.0037 (ii)

1

3(26)

17. (i)

1

3(66) (ii)

1

4(82)

18. (i)

1

5(32.15) (ii)

1

5(31.9)

19. (i) 2

1

(2.002)
(ii)

1

25.1

20. f(3.02) dk lfUudV eku Kkr dhft,] tgk¡ f(x) = 3x2 + 15x + 5

21. Hkqtk esa 3% o`f) ds dkj.k Hkqtk x ds ?ku ds vk;ru esa lfUudV ifjorZu Kkr dhft,A

22. x ehVj Hkqtk okys ?ku dh Hkqtk esa 1% gzkl ds dkj.k ?ku ds i`"B {ks=Qy esa gksus
okys lfUudV ifjorZu Kkr dhft,A

23. x ehVj Hkqtk okys ?ku dh Hkqtk esa 1% o`f) ds dkj.k ?ku ds vk;ru esa gksus okyk
lfUudV ifjorZu Kkr dhft,A

24. f(5.001) dk lfUudV eku Kkr dhft,] tgk¡

f(x) = x3 – 7x2 + 15

25. fuEu esa ls izR;sd oØ ij fLFkr bafxr fcUnqvksa ij Li'kZ js[kk rFkk vfHkyac dh izo.krk Kkr
dhft, %

(i) y x= ,  x = 9 ij (ii) 3y x x= + , x = 2 ij

(iii) x a( sin ), y a(1 cos )= θ − θ = + θ , 
2

π
θ =  ij

(iv) 2y 2x cos x= + , x = 0 ij (v)   xy 6= , (1,6) ij

26. oØ 3x a cos= θ , 3y a sin= θ  osQ fcanq 
4

π
θ =  ij Li'kZ js[kk rFkk vfHkyac osQ

lehdj.k Kkr dhft,A

27. oØ 
2 2x y

1
9 16

− =  ij og fcUnq Kkr dhft, tgk¡ Li'kZ js[kk y-v{k osQ lekUrj gSA

28. oØ 2y x 2x 5= − +  ij Li'kZ js[kk dk lehdj.k Kkr dhft, tks

(i) 2x y 7 0+ + =  osQ lekUrj gSA (ii) js[kk 5(y 3x) 12− =  ij yEcor~ gSA

29. n'kkZb, fd oØ 3y 7x 11= +  osQ fcUnqvksa x = 2 rFkk x 2= −  ij Li'kZ js[kk,¡ lekUrj gSaA
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30. oØ 2 3ay x=  osQ fcUnq ( )2 3am , am ij vfHkyac dk lehdj.k Kkr dhft,A

31. n'kkZb, fd lHkh x R∈  ds fy, 2f (x) x=  u rks o/Zeku iQyu gS vkSj u gh ßkl eku

iQyuA fuEufyf[kr iQyuksa ( )2 5−  ds fy, og vUrjky Kkr dhft, tgk¡ iQyu o/Zeku
vFkok ßkleku gS %

32. 3 22x 3x 12x 6− − +

33.
x 4

, x 0
4 x

+ ≠

34. 4 2x 2x−

35. sin x cos x,0 x 2− ≤ ≤ π

fuEufyf[kr iQyuksa ds fy, LFkkuh; mfPp"B vFkok fufEu"B Kkr dhft, %

36. (a) 3 2x 6x 9x 7− + + (b) 32x 24x 107− +

(c) 3 2x 4x 3x 2+ − + (d) 4 2x 62x 120x 9− + +

37. (a) 2

1

x 2+
(b) ( )( )

x

x 1 x 4− −
,1 x 4< <

(c) x 1 x− , x 1<

38. (a)
1

sin x cos 2x
2

+ , 0 x
2

π
≤ ≤ (b) sin 2x ,0 x 2≤ ≤ π

(c) x 2sin x− + ,0 x 2≤ ≤ π

39. vUrjky [0,5] esa x ds fdl eku ds fy, oØ 3 2x 6x 9x 4− + +  ij Li'kZ js[kk dh izo.krk
vf/dre gSA og fcUnq Hkh Kkr dhft,A

40. oØ 3 2x 3x 2x 27− + + −  ds ,d fcUnq ij Li'kZ js[kk dh izo.krk vf/dre gSA og fcUnq
Hkh Kkr dhft,

41. ,d can yEc o`Ùkh; csyukdkj ik=k cukuk gS ftldk lEiw.kZ i`"Bh; {ks=kiQy 24 π oxZehVj
gksA ik=k dk vk;ru vf/dre gksus ds fy, mldh foek,¡ Kkr dhft,A

42. ,d gksVy dkWEiysDl ftlesa 400 dejs gSa] ds 300 dejs] 360 :i;s izfrfnu ds fdjk, ij
p<+s gSaA izcU/u dh [kkstchu ls irk pyrk gS fd ;fn fdjk;k x :i;s de dj fn;k tk,]

rks fdjk;s ij p<+s gq, dejs 
5

q x 300,0 x 80
4

= + ≤ ≤  }kjk iznf'kZr gksrs gSaA

og fdjk;k Kkr dhft,] fd jktLo vf/dre gksA vf/dre jktLo Hkh Kkr dhft,A
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ns[ksa vkius fdruk lh[kk 29-1

1. 64 lseh2/feuV 2. 900 lseh3/lsdUM

3. 12π lseh2/lseh 4. 11.2π lseh2/lsdUM

5. 75 lseh3/lseh

ns[ksa vkius fdruk lh[kk 29-2

1. 6.05 2. 2.926

3. 1.96875 4. 5.1

5. 3.92π eh3 6. 3%

ns[ksa vkius fdruk lh[kk 29.3

1. (i) 10, 
1

10
−  (ii)

2

5
−  , 

5

2
 (iii) 1, 1−

2. p 5, q 4= = −    3.  ( 3, 3 ), ( 3, 3 )− − 4.  ( 3, 2 )

ns[ksa vkius fdruk lh[kk 29.4

Li'kZ js[kk vfHkyac

1. (i) y 10x 5+ = x 10y 50 0− + =

(ii) 2x y 1− = x 2y 3 0+ − =

(iii)24x y 52− = x 24y 483+ =

2.
1 1

2 2

xx yy
1

a b
+ = 3.

0 0
2 2

xx yy
1

a b
− =

4. x 14y 254 0, x 14y 86 0+ − = + + =

ns[ksa vkius fdruk lh[kk 29.6

2.
1 43

,
196 14

− 
 
 

ns[ksa vkius fdruk lh[kk 29.8

1. o/Zeku âkleku

(a)
7

x
2

>  ds fy,
7

x
2

< ds fy,

mÙkjekyk
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(b)
5

x
2

>  ds fy,
5

x
2

<  ds fy,

2. (a) x > 6 ds fy, – 2< x < 6 ds fy,

(b) x 4>  vFkok x 2< ds fy,  vUrjky ]2,4[ esa

3. (a)  x< –2 ds fy,  x> –2 ds fy,

(b) vUrjky 1 x 2− < < −  esa x 1> −  vFkok x 2< −  ds fy,

4. (a)  lnk

(b) x 2> vUrjky 0 x 2< <

(c) x 2>  vFkok x 2< − vUrjky 2 x 2− < <

5. (c)
3 7

x
8 8

π π
≤ ≤

3
0 x

8

π
≤ ≤

fcUnq tgk¡ Li'kZ js[kk,¡ x–ds lekUrj gSa 
3

x
8

π
=  rFkk 

7
x

8

π
=

ns[ksa vkius fdruk lh[kk 29.9

LFkkuh; fufEu"B LFkkuh; mfPp"B

1. x = 4 ij – 4 —

2. x = 3 ij 15 x = 1 ij 19

3. x = 6 ij – 128 x = 1ij – 3

4. x = – 6 ij – 1647, x 5=  ij – 316 x = 1ij  68

5. x = 0 ij – 4 x = – 2 ij 0.

6. x = – 1 ij 1− x = 3 ij 
1

7

ns[ksa vkius fdruk lh[kk 29.10

LFkkuh; fufEu"B LFkkuh; mfPp"B

1. x = 2 ij –34 x = –3 ij 91

2. x = 0 ij  –5 x = 8 ij 251

3. x = 0 ij &4  x = –2 ij 0

4. x = 3ij &28 x = 1 ij 0

x = 0 ij u mfPp"B u fufEu"B
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5. µ x
3

π
=  ij 

3 3

4

6. µ x
4

π
=  ij 2

7. x
6

π
= −  ij 

3

2 6

− π
+ x

6

π
=  ij 

3

2 6

π
−

ns[ksa vkius fdruk lh[kk 29.11

1. la[;k, gSa % 6]9 2. nks Hkkx gSa % 7.5, 5.5

5. nksukas foek,¡ gSa
30 30

,
4 4π + π +

 eh

6. f=kT;k 

1

350 =  π 
 lseh] mQ¡pkbZ 

1

350
2
 =  π 

 lseh

7. vf/dre vk;ru =32 eh3

9. h 2r= 10. r = 2 eh]  h = 4 eh

11. 3000 #

vkb, vH;kl djsa

1. 0.8 lseh/lsdUM 2. 1.4π lseh/lsdUM

3.
45

26
fdeh/?kUVk 4.

1

48π
 lseh/lsdUM

5. 4 ehVj/feuV 6. (4, 11), 
31

4,
3

− 
−  

7. 52.5π lseh2/lsdUM 8. 36π lseh3/lsdUM

9. (2, 4) 10.
5 1

1, , 1,
3 3

   
−      

11. ` 66 12. ` 30.015

13. 5.002 14. 7.0357

15. (i) 20.025 (ii) 0.49 16. (i) 0.0608 (ii) 2.963

17. (i) 4.0417 (ii) 3.0093 18. (i) 2.001875 (ii) 1.99875
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19. (i) 0.2495 (ii) 0.1996 20. 77.66

21. 0.09x3 eh3 ;k 9% 22. 0.12x2 eh2

23. 0.03x3 eh3 ;k 3% 24. –34.995

25. (i) 
1

, 6
6

− (ii)
1

13,
13

− (iii)1, 1− (iv) 0, ifjHkkf"kr ugha (v) 
1

6,
6

−

26. ( )2 2 x y a; x y 0+ = + = 27. ( ) ( )3, 0 , 3, 0−

28. (i) 2x y 5 0+ − = (ii)12x 36y 155+ =

30. ( )2 22x 3my am 2 3m 0+ − + =

o/Zeku âkleku

32. x > 2 vFkok x< –1 ij vUrjky –1 < x < 2 esa

33. x > 4  vFkok x < – 4 vUrjky ]–4,4[ esa

34. x > 1 vFkok – 1 < x < 0 esa x < –1 vFkok  0 < x < 1 esa

35-
3

0 x
4

π
≤ ≤ vFkok 

7
x 2

4

π
≤ ≤ π esa

3 7
x .

4 4

π π
≤ ≤  esa

LFkkuh; mfPp"B LFkkuh; fufEu"B

36. (a) x = 1 ij 11 x = 3 ij 7

(b) x = −2 ij 139 x = 2 ij 75

(c) x =  −3 ij 20
1

x
3

=  ij 
40

27

(d) x = 1 ij 68 x = 5 ij  −316  rFkk x = – 6 ij – 1647

37. (a) x = 0 ij 
1

2

(b) x = 2 ij  –1  −

(c)
2

x
3

=  ij 
2

3 3
 −

38. (a) x
6

π
=  ij 

3

4
x

2

π
=  ij 

1

2

(b)
5

x
4

π
=  rFkk x

4

π
=  ij 1

3
x

4

π
=  ij –1
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(c) x
3

π
=  ij 3

4

−π
+

5
x

3

π
=  ij 

5
3

3

− π
−

39. vf/dre izo.krk  x = 5 ij 24; fcUnq (5, 24)

40. vf/dre izo.krk x = 1 ij 5; fcUnq (1,–23)

41. vk/kkj dh f=kT;k = 2 eh] csyu dh mQ¡pkbZ = 4 ehVj

42. ?kVk gqvk fdjk;k% 300 # vf/dre jktLo = 112500 #
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30

lekdyu

fiNys ikB esa] vkius ,d iQyu ds vodyt dh ladYiuk dk vè;;u fd;kA vkius fofHkUu
fLFkfr;ksa esa vodyt ds vuqiz;ksx Hkh lh[ksA

vc bldk foijhr iz'u yhft, tgk¡ ewy iQyu Kkr djuk gS] tcfd bldk vodyt (iQyu ds
:i esa) fn;k x;k gSA bl foijhr izfØ;k dks lekdyu dk uke fn;k x;k gSA bl ikB esa ge
lekdyu dh ladYiuk bldh fofHkUu fof/;ksa rFkk rduhdksa dk vè;;u djsxsaA

     mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %
� lekdyu dks vodyu dh izfrykse fØ;k crkuk

�
nx , sin x, cos x, 2 2 x1

sec x, cosec x, sec x tan x, cosec x cot x, , e
x

 vkfn ljy iQyuksa

ds lekdyu Kkr djuk

� fuEufyf[kr ifj.kkeksa ds dFku nsuk %

(i)   ( ) ( )[ ] ( ) ( )f x g x dx f x dx g x dx± = ±∫ ∫ ∫

(ii)   ( )[ ] ( )kf x dx k f x dx± = ±∫ ∫
� chth;] f=kdks.kferh;] izfrykse f=kdks.kferh; rFkk pj?kkrkadh; (exponential) iQyuksa ds

lekdyu Kkr djukA

� izfrLFkkiu }kjk lekdyu Kkr djukA

� fuEufyf[kr izdkj ds lekdyksa ds eku Kkr djuk %

2 2 2 2 2 2

dx dx dx
, , ,

x a a x x a± − ±
∫ ∫ ∫ 22 2

dx dx
, ,

ax bx ca x + +−
∫ ∫

( )
22

dx px q dx
,

ax bx cax bx c

+

+ ++ +
∫ ∫ , 

( )
2

px q dx

ax bx c

+

+ +
∫

� ifj.kke 
( )
( )

( )
f ' x

n f x C
f x

= +∫ l  dk O;qRiUu djuk rFkk bldk mi;ksx djukA
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� [kaM'k% lekdyu fof/ dks crkuk rFkk bldk mi;ksx djukA
� fuEufyf[kr izdkj ds lekdyksa ds eku Kkr djuk %

2 2x a dx,±∫  2 2a x dx,−∫  axe sin bx dx,∫  axe cos bx dx∫ ,

( ) 2px q ax bx c dx+ + +∫ , 1sin x dx−∫ , 1cos x dx−∫ ,

n msin x cos x dx∫ , 
dx

a b sin x+∫ , 
dx

a b cos x+∫

� ifj.kke ( ) ( )[ ] ( )x xe f x f ' x dx e f x c+ = +∫  dks O;qRiUu djuk rFkk bldk mi;ksx djuk

� vkaf'kd fHkUu ds mi;ksx ls ifjes; O;atdksa ds lekdy Kkr djukA

iwoZ Kku

� fofHkUu iQyuksa dk vodyu

� lery T;kfefr dk ewy Kku

� chth; O;atd dk xq.ku[k.Mu

� izfrykse f=kdks.kferh; iQyuksa dk Kku

30.1 lekdyu

lekdyu dk 'kkfCnd vFkZ gS ladyuA mnkgj.kkFkZ uhps fn, x;s fp=k esa {ks=k ALBM ds {ks=kiQy
Kkr djus ds fo"k; ij fopkj dhft, (fp=k 30.1)

A

B

ML

fp=k 30.1

bl {ks=kiQy dks Kkr djus ds fy, ,d iz;ksxkRed fof/ dk iz;ksx fd;k tk ldrk gS] ijUrq og
fof/ lnSo mi;qDr ugha dgh tk ldrhA blfy, ge bl izdkj dh leL;kvksa dks gy djus ds
fy, lekdyu (vFkkZr ladyu) dh lgk;rk ysrs gSaA blds fy, ge mijksDr fp=k dks NksVs&NksVs
vk;rkdkj {ks=kksa esa ckaV ysrs gSaA (fp=k 30.2) nsf[k,A

A

B

ML Q1 Q2 Q3

P1
P2

P3

R1 R2 Rn

   fp=k 30.2
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bu vk;rkdkj {ks=kksa dk {ks=kiQy rc rd Kkr ugha fd;k tk ldrk tc rd fd mudh pkSM+kbZ U;wUre
(vFkkZr → 0) u gks tk,A

vkfdZfeMht us 2000 o"kZ iwoZ blh rduhd dk mi;ksx {ks=kiQy] vk;ru] vkfn Kkr djus esa fd;k
FkkA U;wVu (1642&1727) rFkk fycuht+ (1646&1716) ds uke izk;% vk/qfud vody o
lekdy xf.kr (dyu) ds tUenkrk ds :i esa fy, tkrs gSaA

iQyuksa ds lekdyu ds v?/;u dks lekdy xf.kr dgrs gSaA bl fo"k; ds vusdksa vuqiz;ksx
T;kfefr] ;kaf=kdh] izkd`frd foKku rFkk vU; fo"k;ksa esa ik, tkrs gSaA

bl ikB esa ge cgqinh; f=kdks.kferh; pj?kkrkadh;] y/qx.kdh; rFkk ifjes; iQyuksa dk lekdy
djuk lh[ksaxsa ftlesa lekdyu dh fofHkUu rduhdksa dk mi;ksx fd;k tk,xkA

30.2 lekdyu] vodyu dh foijhr fØ;k ds :i esa

fuEufyf[kr mnkgj.kksa ij fopkj dhft, %

(i) ( )2d
x 2x

dx
= (ii) ( )

d
sin x cos x

dx
= (iii) ( )x xd

e e
dx

=

vkb;s vc mi;qZDr mnkgj.kksa dks ,d vU; :i esa ysaA

(i) 2x  dk vodyu djus ij iQyu 2x izkIr gksrk gSA
2x⇒ dks 2x  dk izfrvodyt dgrs gSaA

(ii) sin x dk vodyu djus ij cos x izkIr gksrk gSA

sin x⇒ dks cos x dk izfrvodyt dgrs gSaA

(iii) blh izdkj xe , iQyu xe dk izfrvodyt dgykrk gSA

lkekU;r% izfrvodyt /kkj.kk dks ,d lafØ;k ds :i esa O;Dr fd;k tkrk gSA bl lafØ;k dks
lekdyu dh lafØ;k dgrs gSaA

ge fy[krs gSa %

1. 2x dk lekdyu 2x  gSA
2. cos x dk lekdyu sin x gSA

3.
xe  dk lekdyu xe gSA

lekdyu lafØ;k dks izrhd ∫ ds }kjk fu:fir fd;k tkrk gSA

bl izdkj %

1.  22 x d x x=∫ 2. cos x d x sin x=∫  3.  x xe d x e=∫
;kn jf[k, fd x ds lkis{k lekdyu lafØ;k ds fu:i.k esa izrhd ∫ ds lkFk izrhd dx Hkh fy[kk

tkrk gSA lekdfyr fd;s tkus okys iQyu dks ∫  rFkk dx  ds chp esa j[kk tkrk gSA

ifjHkk"kk % ;fn ( )[ ] ( )
d

f x f ' x
dx

=  rks f (x), f ' (x) dk lekdy dgykrk gS rFkk ge bls

fy[krs gSa %
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f '(x)dx f (x)=∫
;gk¡ lekdfyr fd;s tkus okyk iQyu ( )f ' x  lekdY; dgykrk gSA

lekdyu dk fLFkjkad %

;fn     2y x=  rks 
dy

2x
dx

=

∴
22xdx x=∫

vc ( )2d
x 2

dx
+ vFkok ( )2d

x c
dx

+  tcfd c dksbZ okLrfod fLFkjkad gS] ij fopkj dhft,

buesa ls izR;sd 2x ds cjkcj gSA blfy, ge ns[krs gSa fd 2x dk lekdy vf}rh; ugha gSA

2x dx∫ ds fofHkUu ekuksa esa fLFkjkad dk vUrj gksrk gSA bl izdkj 22 x d x x c= +∫ tgk¡ c

lekdyu dk fLFkjkad dgykrk gSA

blh izdkj x xe d x e c= +∫ rFkk cos x d x sin x c= +∫
lkekU;r% ( )f '(x) d x f x c= +∫  fLFkjkad c dk eku dksbZ Hkh gks ldrk gSA

ge ns[krs gSa fd%
,d lekdy dk vodyu lekdY; ds leku gksrk gSA

fVIi.kh%  f (x) dx∫ , f (y) dy∫  , f (z) dz∫  gksrs gSa ijUrq f (z) dx∫ ugha gksrkA

30.3 ljy iQyuksa dk lekdyu

lekdy tkap

1.
n 1

n x
x dx c

n 1

+
= +

+∫ Q  

n 1
nd x

c x
dx n 1

+ 
+ = 

+ 

tcfd n ,d fLFkjkad gS rFkk n 1≠ −

2. sin x dx cos x c= − +∫ Q ( )
d

cos x c sin x
dx

− + =

3. cos x dx sin x c= +∫ Q ( )
d

sin x c cos x
dx

+ =

4. 2sec x dx tan x c= +∫ Q ( ) 2d
tan x c sec x

dx
+ =

5. 2cosec x dx cot x c= − +∫ Q ( ) 2d
cot x c cosec x

dx
− + =

6. sec x tan x dx sec x c= +∫ Q ( )
d

sec x c sec x tan x
dx

+ =

7. cosec x cot x dx cosec x c= − +∫ Q ( )
d

cosec x c cosec x cot x
dx

− + =

8.
1

2

1
dx sin x c

1 x

−= +
−

∫ Q  ( )1

2

d 1
sin x c

dx 1 x

− + =
−
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9.
1

2

1
dx tan x c

1 x

−= +
+∫  Q  ( )1

2

d 1
tan x c

dx 1 x

− + =
+

10.
1

2

1
dx sec x c

x x 1

−= +
−

∫ Q  ( )1

2

d 1
sec x c

dx x x 1

− + =
−

11. x xe dx e c= +∫ Q  ( )x xd
e c e

dx
+ =

12.

x
x a

a dx c
log a

= +∫ Q  

x
xd a

c a
dx log a

 
+ = 

 

13.
1

dx log x c
x

= +∫ Q  ( )d
log x c

dx
+

1

x
=  if x > 0

 è;ku nhft,

1. nx  dk lekdy Kkr djus ds fy, x ds ?kkarkd esa ,d tksM+ks rFkk ifj.kke dks ubZ ?kkarkd
ls Hkkx djks vkSj fLFkjkad c tek djksA

2. ( )
1

dx
f x∫  dks izk;% 

( )
dx

f x∫  fy[kk tkrk gSA

ns[ksa vkius fdruk lh[kk 30.1

1.

5

2x dx∫  ds dksbZ ikap fofHkUu eku fyf[k,A

2. fuEufyf[kr esa ls izR;sd dk vfuf'pr lekdy fyf[k, %

(a) 5x  (b) cos x (c) 0

3. eku Kkr dhft, %

(a) 6x dx∫ (b) 7x dx−∫ (c) 
1

dx
x∫ (d) ( ) xx3 5 dx

−
∫

(e) 
3 x dx∫ (f) 9x dx−∫ (g) 

1
dx

x
∫ (h) 

9 8x dx−∫
4. eku Kkr dhft, %

(a) 2

cos
d

sin

θ
θ

θ∫ (b) 2

sin
d

cos

θ
θ

θ∫

(c) 

2 2

2

cos sin
d

cos

θ + θ
θ

θ∫ (d) 2

1
d

sin
θ

θ∫

30.4 lekdyksa ds xq.k/eZ
;fn fdlh iQyu dks nks ;k nks ls vf/d iQyuksa ds ;ksx ds :i esa fy[kk tk lds rks ,sls iQyu
dk lekdy blds lHkh ?kVdksa ds lekdyksa dk ;ksx gksrk gSA

tSls ;fn 7 3f (x) x x= +  gks rks
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       ( ) [ ]7 3f x dx x x dx= +∫ ∫
7 3x dx x dx= +∫ ∫

8 4x x
c

8 4
= + +

blfy, lkekU;r% nks iQyuksa ds ;ksx dk lekdy muds vyx&vyx lekdyksa ds ;ksx ds cjkcj
gksrk gSA

vFkkZr ( ) ( )[ ] ( ) ( )f x g x dx f x dx g x dx+ = +∫ ∫ ∫

blh izdkj ;fn fn;k x;k iQyu ( ) 7 2f x x x= −  gks rks ge fy[k ldrs gSa fd

       ( ) ( )7 2f x dx x x dx= −∫ ∫ 7 2x dx x dx= −∫ ∫  
8 3x x

c
8 3

= − +

nks iQyuksa ds vUrj dk lekdy mu nksuksa ds vyx&vyx lekdyksa ds vUrj ds cjkcj gksrk gSA

vFkkZr ( ) ( )[ ] ( ) ( )f x g x dx f x dx g x dx− = −∫ ∫ ∫
;fn ,d iQyu f(x) fdlh fLFkjkad (k) rFkk fdlh vU; iQyu ( )g x    dk xq.kuiQy gSA vFkkZr

f (x) kg (x)= , rc ge ( )f x dk lekdyu bl izdkj djrs gSa

( ) ( )f x dx kg x dx=∫ ∫  ( )k g x dx= ∫

mnkgj.k 30.1.   eku Kkr dhft, %

(i)  x4 dx∫ (ii) ( ) ( )x x
2 3 dx

−
∫

gy % (i)     

x
x 4

4 dx c
log 4

= +∫

(ii) ( ) ( )
x

x x
x

2
2 3 dx dx

3

− =∫ ∫  

x
2

dx
3

 =  
 ∫

x
2

3
c

2
log

3

 
 
 = +
 
 
 

è;ku nhft, (ii) esa ;g dguk Bhd ugha gS fd

    x x x x2 3 dx 2 dx 3 dx− −=∫ ∫ ∫

D;ksafd            

x

x x
x x

2

2 3 3
2 dx 3 dx c c

2log 2 log 3
log

3

−
−

 
    = + ≠ + 
    
 

∫ ∫

nks iQyuksa ds xq.ku dk lekdy lnSo mu iQyuksa ds vyx&vyx lekdyksa ds xq.kuiQy ds leku
ugha gksrkA ge iQyuksa ds xq.kuiQy ds lekdy ij vxys ikB esa fopkj djsxsaA
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mnkgj.k 30.2. eku Kkr dhft, %

(i)
n

dx

cos x
∫ ,  tcfd n = 0 vkSj n = 2 (ii)

2 2

2

sin cos
d

sin

θ + θ
− θ

θ∫

gy % (i) tc n = 0,            n o

dx dx

cos x cos x
=∫ ∫  

dx
dx

1
= =∫ ∫

vc dx∫  dks 0x dx∫  fy[kk tk ldrk gSA

∴     0dx x dx=∫ ∫  
0 1x

c x c
0 1

+
= + = +

+

tc  n = 2,

    n 2

dx dx

cos x cos x
=∫ ∫  2sec x dx= ∫ tan x c= +

(ii)

2 2

2

sin cos
d

sin

θ + θ
− θ

θ∫ 2

1
d

sin

−
= θ

θ∫  2cosec d= − θ θ∫ cot c= θ +

mnkgj.k 30.3. eku Kkr dhft, %

(i) ( )sin x cos x dx+∫ (ii) 

2

3

x 1
dx

x

+
∫

(iii)
1 x

dx
x

−
∫ (iv) 2 2

1 1
dx

1 x 1 x

 
− 

+ −
∫

gy % (i) ( )sin x cos x dx sin x dx cos x dx cos x sin x c+ = + = − + +∫ ∫ ∫

(ii)     

2 2

3 3 3

x 1 x 1
dx dx

x x x

 +
= + 

 
∫ ∫ 3

1 1
dx dx

x x
= +∫ ∫

  
3 1x

log x c
3 1

− +
= + +

− +
 

2

1
log x c

2x
= − +

(iii)        
1 x 1 x

dx dx
x x x

−  = − 
 ∫ ∫  

( )1 1

2 2x x dx
−

= −∫  
3 / 22

2 x x c
3

= − +

(iv)   2 22 2

1 1 dx dx
dx

1 x 1 x1 x 1 x

 
− = − 

+ + − −
∫ ∫ ∫  

1 1tan x sin x c− −= − +

mnkgj.k 30.4. eku Kkr dhft, %

(i) 1 sin 2 d− θ θ∫ (ii)
x

2

3
4e dx

x x 1

 
− 

 −
∫

(iii) ( )2
tan x cot x dx+∫ (iv)

6

2

x 1
dx

x 1

 −
 

− 
∫
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gy % (i) 2 21 sin 2 cos sin 2 sin cos− θ = θ + θ − θ θ
2 2sin cos 1 θ + θ = Q  ( )2

cos sin= θ − θ  ( )cos sin= ± θ − θ

(fpUg dk p;u θ  ds eku ij fuHkZj djrk gSA)

(a) ;fn  1 sin 2 cos sin− θ = θ − θ  rc ( )1 sin 2 d cos sin d− θ θ = θ − θ θ∫ ∫
       cos d sin d= θ θ − θ θ∫ ∫  sin cos c= θ + θ +

(b) ;fn ( )1 sin 2 d cos sin d− θ θ = − θ + θ θ∫ ∫
        cos d sin d= − θ θ + θ θ∫ ∫  sin cos c= − θ − θ +

(ii)
x x

2 2

3 3
4e dx 4e dx dx

x x 1 x x 1

 
− = − 

 − −
∫ ∫ ∫

    
x

2

dx
4 e dx 3

x x 1
= −

−
∫ ∫  

x 14e 3 sec x c−= − +

(iii) ( ) ( )2 2 2tan x cot x dx tan x cot x 2 tan x cot x dx+ = + +∫ ∫

                          ( )2 2tan x cot x 2 dx= + +∫  ( )2 2tan x 1 cot x 1 dx= + + +∫

                          ( )2 2sec x cosec x dx= +∫  2 2sec x dx cosec x dx= +∫ ∫
                          tan x cot x c= − +

(iv)

6
4 2

2 2

x 1 2
dx x x 1 dx

x 1 x 1

 −  = − + −   
 + + 

∫ ∫  [dividing 6x 1−  by 2x 1+ ]

4 2
2

dx
x dx x dx dx 2

x 1
= − + −

+∫ ∫ ∫ ∫

5 3
1x x

x 2 tan x c
5 3

−= − + − +

mnkgj.k 30.5. eku Kkr dhft, %

(i)
3

1
x dx

x

 + 
 ∫ (ii) 

5x 4x

3x

4e 9e 3
dx

e

 − −
 
 
∫

gy % (i)  

3
3 / 2

3 / 2

1 1 1 1
x dx x 3x 3 x dx

xx x x

   + = + + +   
   ∫ ∫

3 / 2
3 / 2

1 dx
x dx 3 x dx 3 dx

x x
= + + +∫ ∫ ∫ ∫
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5 / 2 3 / 2 1 / 2

5 3 1
22 2

x x x 2
3 3 c

x
= + + − +

    

5 3 1 1

2 2 2 2
2

x 2x 6x 2x c
5

−
= + + − +

(ii)

5x 4x

3x

4e 9e 3
dx

e

 − −
 
 
∫  

5x 4x

3x 3x 3x

4e 9e 3dx
dx dx

e e e
= − −∫ ∫ ∫

      2x x 3x4 e dx 9 e dx 3 e dx−= − −∫ ∫ ∫
     2x x 3x2e 9e e c−= − + +

      ns[ksa vkius fdruk lh[kk 30.2

1. eku Kkr dhft, %

(a) 
1

x dx
2

 + 
 ∫ (b) 

2

2

x
dx

1 x

−

+∫ (c) 
9 1

10x x dx
x

 − + 
 ∫

(d) 
2 4 6

6

5 3x 6x 7x 8x
dx

x

 + − − −
 
 
∫ (e) 

4

2

x
dx

1 x+∫ (f) 

2
2

x dx
x

 + 
 ∫

2. eku Kkr dhft, %

(a) 
dx

1 cos 2x+∫  (b) 2tan xdx∫ (c) 2

2 cos x
dx

sin x
∫

(d) 
dx

1 cos 2x−∫ (e) 2

sin x
dx

cos x
∫ (f) ( )cosec x cot x cosec x dx−∫

3. eku Kkr dhft, %

(a) 1 cos 2x dx+∫   (b) 1 cos 2x dx−∫   (c)  
1

dx
1 cos 2x−∫

4. eku Kkr dhft, %

x 2 dx+∫

 30.5 lekdyu dh rduhdsa (Techniques of Integration)

30.5.1 izfrLFkkiu }kjk lekdyu

bl fof/ esa ge ( )f x dx∫  dks fdlh nwljs pjkad esa] :ikUrj dj nsrs gSa ftlls fd ifj.kkeh

iQyu fiNys vuqPNsn esa nh xbZ fof/;ksa }kjk lekdfyr fd;k tk ldsA

lcls igys ge ( )f ax b+ , a 0≠  dh rjg ds iQyuksa dk lekdy Kkr djsxsa tcfd ( )f x ,d

ekud iQyu gSA
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 mnkgj.k 30.6. eku Kkr dhft, %

( )sin ax b dx+∫
gy % ( )sin ax b dx+∫
eku yhft, ax b t+ = .

rc
dt

a
dx

= ;k
dt

dx
a

=

∴     ( )
dt

sin ax b dx sin t
a

+ =∫ ∫ (;gka lekdyu xq.kd dks dt fy[kk tk,xk)

1
sin t dt

a
= ∫  ( )

1
cos t c

a
= − +  

( )cos ax b
c

a

+
= − +

 mnkgj.k 30.7. eku Kkr dhft, %

(i) ( )n
ax b dx+∫ , tcfd n 1≠ − (ii) ( )

1
dx

ax b+∫

gy % (i) ( )n
ax b dx+∫ , tcfd n 1≠ −

eku yhft, ax b t+ = ⇒
dt

a
dx

=  ;k dt
dx

a
=

∴          ( )n n1
ax b dx t dt

a
+ =∫ ∫  ( )

n 11 t
c

a n 1

+
= ⋅ +

+

( )n 1
ax b1

c
a n 1

++
= ⋅ +

+
tcfd n 1≠ −

(ii) ( )
1

dx
ax b+∫

eku yhft, ax b t+ =

⇒           
1

dx dt
a

=

∴    ( )
1 1 dt

dx
ax b a t

= ⋅
+∫ ∫  

1
log t c

a
= +  

1
log ax b c

a
= + +

 mnkgj.k 30.8.    eku Kkr dhft, %

5x 7e dx+∫
gy %  5x 7e dx+∫
eku yhft, 5x 7 t+ =
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⇒      
dt

dx
5

=

∴       
5x 7 t1

e dx e dt
5

+ =∫ ∫  
t1

e c
5

= +  
5x 71

e c
5

+= +

blh izdkj ax b ax b1
e dx e c

a

+ ++ ++ ++ += += += += +∫∫∫∫
è;ku nhft,%

( )n
ax b dx+∫

( )n 1
ax b1

c, n 1
a n 1

++
= + ≠ −

+

( )
1

dx
ax b+∫

1
log ax b c

a
= + +

( )sin ax b dx+∫ ( )
1

cos ax b c
a

= − + +

( )cos ax b dx+∫ ( )
1

sin ax b c
a

= + +

( )2sec ax b dx+∫ ( )
1

tan ax b c
a

= + +

( )2cosec ax b dx+∫ ( )
1

cot ax b c
a

= − + +

( ) ( )sec ax b tan ax b dx+ +∫ ( )
1

sec ax b c
a

= + +

( ) ( )cosec ax b cot ax b dx+ +∫ ( )
1

cosec ax b c
a

= − + +

mnkgj.k 30.9. eku Kkr dhft, %

(i) 2sin x dx∫ (ii) 3sin x dx∫     (iii) 3cos x dx∫    (iv)  sin 3x sin 2x dx∫
gy % iQyu dks x ds xq.kt ds lkbu vkSj dkslkbu ds :i esa fy[kus ds fy,] ;gka ge f=kdks.kfeÙkh;

loZlfedkvksa dk mi;ksx djrs gSaA

(i)    
2 1 cos 2x

sin x dx dx
2

−
=∫ ∫

2 1 cos 2x
sin x

2

− =  
Q

( )
1

1 cos 2x dx
2

= −∫  
1 1

1dx cos 2x dx
2 2

= −∫ ∫
1 1 sin 2x 1 1

x c sin 2x c
2 2 2 2 4

= − + = − +

(ii)      
3 3 sin x sin 3x

sin x dx dx
4

−
=∫ ∫  

3sin 3x 3 sin x 4 sin x = − Q

( )
1

3 sin x sin 3x dx
4

= −∫  
1 cos 3x

3 cos x c
4 3

 = − + +  
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(iii)     
3 cos 3x 3 cos x

cos x dx dx
4

+
=∫ ∫  

3cos 3x 4 cos x 3 cos x = − Q

( )
1

cos 3x 3 cos x dx
4

= +∫
1 sin 3x

3 sin x c
4 3

 = + +  

(iv)
1

sin 3x sin 2x dx 2 sin 3x sin 2x dx
2

=∫ ∫
   ( ) ( )[ ]2 sin A sin B cos A B cos A B= − − +Q

      ( )
1

cos x cos 5x dx
2

= −∫  
1 sin 5x

sin x c
2 5

 = − +  

    ns[ksa vkius fdruk lh[kk 30.3

1. eku Kkr dhft, %

(a) ( )sin 4 5x dx−∫ (b) ( )2sec 2 3x dx+∫

(c) sec x dx
4

π + 
 ∫ (d) ( )cos 4x 5 dx+∫

(e) ( ) ( )sec 3x 5 tan 3x 5 dx+ +∫ (f) ( ) ( )cosec 2 5x cot 2 5x dx+ +∫
2. eku Kkr dhft, %

(a) ( )4

dx

3 4x−
∫ (b) ( )4

x 1 dx+∫    (c)  ( )10
4 7x dx−∫

(d) ( )3
4x 5 dx−∫ (e)

1
dx

3x 5−∫ (f) 
1

dx
5 9x−∫

(g) ( )2
2x 1 dx+∫ (h)

1
dx

x 1+∫
3. eku Kkr dhft, %

(a) 2x 1e dx+∫ (b)  3 8xe dx−∫ (c) ( )7 4x

1
dx

e +∫

4. eku Kkr dhft, %

(a) 2cos x dx∫ (b) 3 3sin x cos x dx∫
(c) sin 4x cos 3x dx∫ (d) cos 4x cos 2x dx∫

30.5.2  
(((( ))))

(((( ))))
f ' x

f x
 dh rjg ds iQyuksa dk lekdyu

( )
( )

f ' x
dx

f x∫  dk eku Kkr djus ds fy, ge f (x) = t j[k ysrs gSa] rc f ' (x) dx = dt

∴     
( )
( )

f ' x dt
dx

f x t
=∫ ∫
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log t c= +  ( )log f x c= +

,slk iQyu ftldk va'k] gj dk vody gks] mldk lekdy gj dk y?kqxq.kd gksrk gSA

 mnkgj.k 30.10. eku Kkr dhft, %

(i) 2

2x
dx

x 1+∫ (ii) ( )
dx

2 x 3 x+∫

gy %  (i) ;gka va'k 2x  gj (
2x 1+ ) dk vody gS

∴ mijksDr fu;e dk mi;ksx djus ij gesa izkIr gksrk gS %

2
2

2x
dx log x 1 c

x 1
= + +

+∫

(ii) ( )3 x+ dk vody 
1

2 x
 gS

  ( )
dx

log 3 x c
2 x 3 x

= + +
+∫

 mnkgj.k 30.11. eku Kkr dhft, %

(i)

x x

x x

e e
dx

e e

−

−

+

−∫ (ii)

2x

2x

e 1
dx

e 1

−

+∫

gy : (i) x xe e−− dk vody x xe e−+ gS

∴
x x

x x
x x

e e
dx log e e c

e e

−
−

−

+
= − +

−∫

nwljh fof/ % ekuk x xe e t.−− =  rc ( )x xe e dx dt−+ =

∴    

x x

x x

e e dt
dx

te e

−

−

+
=

−∫ ∫  log t c= +  
x xlog e e c−= − +

(ii)

2x

2x

e 1
dx

e 1

−

+∫

;gk¡ 2xe 1− (va'k)] 2xe 1+ (gj) dk vody ugha gS ijUrq ;fn ge va'k vkSj gj nksuksa dks
xe− ls xq.kk dj nsa rks fn;k x;k iQyu cu tkrk gS

x x

x x

e e
dx

e e

−

−

−

+∫

∴
2x x x

2x x x

e 1 e e
dx

e 1 e e

−

−
− −

=
+ +∫ ∫

        
x xlog e e c−= + + (Qva'k x xe e−−  gj x xe e−+  dk vody gS)
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      ns[ksa vkius fdruk lh[kk 30.4

1 eku Kkr dhft, %

(a) 2

x
dx

3x 2−∫ (b) 2

2x 1
dx

x x 1

+

+ +∫  (c) 2

2x 9
dx

x 9x 30

+

+ +∫

(d)  

2

3

x 1
dx

x 3x 3

+

+ +∫ (e) 2

2x 1
dx

x x 5

+

+ −∫ (f) ( )
dx

x 5 x+∫

(g) ( )
dx

x 8 log x+∫

2. eku Kkr dhft, %

(a) 

x

x

e
dx

2 be+∫ (b) x x

dx

e e−−∫

30.5.3 izfrLFkkiu }kjk lekdyu ds dqN vkSj mnkgj.k

mnkgj.k 30.12. eku Kkr dhft, %

(i) tan x dx∫ (ii) sec x dx∫

gy% (i)    
sin x dx

tan x dx
cos x

=∫ ∫  
sin x dx

cos x

−
= −∫

eku yhft,   cos x t.= rc              sin x dx dt− =

∴        
dt

tan x dx
t

= −∫ ∫  log t c= − +  log cos x c= − +

1
log c

cos x
= +  log sec x c= +

blh izdkj cot x dx log | sin x | c= +∫
(ii) sec x dx∫
sec x  dk lekdyu ,sls gh ugha fd;k tk ldrk D;ksafd sec x  Lo;a fdlh iQyu dk vody ugha

gSA tcfd iQyuksa 2sec x  rFkk sec x tan x ds fy, ,slk ugha gSA

vc sec x dx∫  dks ge fy[k ldrs gSa

= 
( )
( )

sec x tan x
sec x dx

sec x tan x

+

+∫  

2(sec x sec x tan x)
dx

sec x tan x

+
=

+∫

eku yhft, sec x tan x t.+ = rc 2(sec x tan x sec x)dx dt+ =

∴
dt

sec x dx
t

=∫ ∫  log t c= + log sec x tan x c= + +
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mnkgj.k 30.13.  eku Kkr dhft, %

2 2

1
dx

a x−∫

gy % eku yhft,   x a sin= θ ⇒ dx a cos d= θ θ

∴   2 2 2 2 2

1 a cos
dx d

a x a a sin

θ
= θ

− − θ∫ ∫

2

1 cos
d

a 1 sin

θ
= θ

− θ∫  
1 1

d
a cos

= θ
θ∫

1
sec d

a
= θ θ∫

1
log sec tan c

a
= θ + θ +  

1 1 sin
log c

a cos

+ θ
= +

θ

2

2

x
1

a1
log c

a x
1

a

+

= +

−
 2 2

a x1
log c

a a x

+
= +

−

1 a x
log c

a a x

+
= +

−
 

1

2
1 a xlog c
a a x

+ = +
 
 −

1 a x
log c

2a a x

+
= +

−

mnkgj.k 30.14.   eku Kkr dhft, % 2 2

1
dx

x a−∫

gy % eku yhft, fd x a sec= θ ⇒  dx a sec tan d= θ θ θ

∴ 2 2 2 2 2

1 a sec tan d
dx

x a a sec a

θ θ θ
=

− θ −∫ ∫

2

1 s ec tan
d

a tan

θ θ
= θ

θ∫ ( )2 2tan sec 1θ = θ −

1 sec
d

a tan

θ
= θ

θ∫  
1 1

d
a sin

= θ
θ∫  

1
cosec d

a
= θ θ∫

1
log cosec cot c

a
= θ − θ +

1 1 cos
log c

a sin

− θ
= +

θ

2

2

a
1

x1
log c

a a
1

x

−

= +

−
 2 2

x a1
log c

a x a

−
= +

−

1 x a
log c

a x a

−
= +

+
 

1 x a
log c

2a x a

−
= +

+
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mnkgj.k 30.15.    eku Kkr dhft, % 2 2

1
dx

a x+∫

gy%  eku yhft, fd   x a tan= θ  ⇒ 2dx a sec d= θ θ

∴ ( )
2

2 2 2 2

1 a sec
dx d

a x a 1 tan

θ
= θ

+ + θ
∫ ∫

1
d

a
= θ∫

1
c

a
= θ +

x
tan

a

 = θ


 ⇒
1 x

tan
a

− = θ 


11 x
tan c

a a

−= +

 mnkgj.k 30.16   eku Kkr dhft, %    2 2

1
dx

a x−
∫

gy % eku yhft, fd x a sin= θ

⇒           dx a cos d= θ θ

∴  2 2 2 2 2

1 a cos
dx d

a x a a sin

θ
= θ

− − θ
∫ ∫

a cos
d

a cos

θ
= θ

θ∫ d= θ∫

c= θ +  
1 x

sin c
a

−= +

mnkgj.k 30.17.    eku Kkr dhft, % 2 2

1
dx

x a−
∫

gy % eku yhft, fd x a sec= θ   ⇒     dx a sec tan d= θ θ θ

∴ 2 2 2

1 a sec tan
d

x a a sec 1

θ θ
= θ

− θ −
∫ ∫

sec d= θ θ∫ log sec tan c= θ + θ +

2 2x 1
log x a c

a a
= + − +

2 2log x x a c= + − +

 mnkgj.k 30.18   eku Kkr dhft, %  
2 2

1
dx

a x+
∫

gy % eku yhft, fd      x a tan= θ

⇒   2dx a sec d= θ θ
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∴
2 2

1
dx

a x
=

+
∫  sec d= θ θ∫ (tSlk fd mnkgj.k 11.17 esa)

log sec tan c= θ + θ +  2 21 x
log a x c

a a
= + + +

  
2 2log a x x c= + + +

 uksV% mnkgj.k la[;k 11-12 ls 11-18 ds ifj.kkeksa dks lw=k ds :i esa ;kn jf[k,

mnkgj.k 30.19. eku Kkr dhft, %   

2

4

x 1
dx

x 1

+

+∫

gy % D;ksafd 2x  iQyu ( )4x 1+  dk vody ugha gS blfy, ge fn, x, lekdy dks fy[k ldrs gSa

2

2
2

1
1

x dx
1

x
x

+

+
∫

ge eku ysrs gSa fd        
1

x t
x

− = .

∴         2

1
1 dx dt

x

 + = 
 

rFkk         
2 2

2

1
x 2 t

x
− + = ⇒

2 2
2

1
x t 2

x
+ = +

∴       
2

2
2

2

1
1

dtx dx
1 t 2x

x

+
=

++
∫ ∫  

( ) ( )22

dt

t 2

=
+

∫

   
11 t

tan c
2 2

−= + 1

1
x

1 xtan c
2 2

−

 − 
= + 

 
 

mnkgj.k 30.20.      eku Kkr dhft, % 
2

4

x 1
dx

x 1

−

+∫

gy %                
2 2

4
2

2

1
1

x 1 xdx dx
1x 1 x

x

−
−

=
+ +

∫ ∫

eku yhft, fd 1
x t

x
+ = .



312

lekdyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

rc 2

1
1 dx dt

x

 − = 
 

rFkk 2 2
2

1
x 2 t

x
+ + =

⇒        
2 2

2

1
x t 2

x
+ = −

∴

2

2
2

2

1
1

dtx dx
1 t 2x

x

−
=

−+
∫ ∫  ( ) ( )22

dt

t 2

=
−

∫

1 t 2
log c

2 2 t 2

−
= +

+
 

1
x 2

1 xlog c
12 2 x 2
x

+ −
= +

+ +

mnkgj.k 30.21. eku Kkr dhft, % 
2

4

x
dx

x 1+∫
gy % ge fn, x, lekdy dks gy djus ds fy,] bls mnkgj.k 11.19 rFkk mnkgj.k 11.20 esa fn;s
x;s lekdy ds :i esa ifjofrZr djsaxsA

       

2 2 2

4 4 4

x 1 x 1 x 1
dx dx

2x 1 x 1 x 1

 + −
= + 

+ + + 
∫ ∫

  

2 2

4 4

1 x 1 1 x 1
dx dx

2 2x 1 x 1

+ −
= +

+ +∫ ∫    mnkgj.k 11.19 rFkk 11.20 ls

  
1

1 1
x x 2

1 1 1x xtan log c
12 2 2 2 x 2
x

−

  − + −  
= + +  

  + +
  

mnkgj.k 30.22.     eku Kkr dhft, % 
4

1
dx

x 1+∫

gy % ge fn, x, lekdy dks fuEufyf[kr :i esa fy[k ldrs gSa

( ) ( )2 2

4

x 1 x 11
dx

2 x 1

+ − −

+∫
2 2

4 4

1 x 1 1 x 1
dx dx

2 2x 1 x 1

+ −
= −

+ +∫ ∫ mnkgj.k 11.21 ls

1

1 1
x x 2

1 1 1x xtan log c
12 2 2 2 2 x 2
x

−

  − + −  
= − +  

  + +
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mnkgj.k 30.23. eku Kkr dhft, % (a) 2

1
dx

x x 1− +∫ (b)

2

4 2

x 1
dx

x x 1

−

+ +∫

gy % (a)
2

2

1 1
dx dx

1 1x x 1 x x 1
4 4

=
− + − + − +

∫ ∫ 2

1
dx

1 3
x

2 4

=
 − + 
 

∫

22

1
dx

1 3
x

2 2

=
  − +   

   

∫
 

1

1
x

1 2tan c
3 3

2 2

−

 
− 

= + 
 
 
 

(b)
2 2

4 2
2

2

1
1

x 1 xdx dx
1x x 1 x 1

x

−
−

=
+ + + +

∫ ∫

eku yhft, fd
1

x t.
x

+ =   ⇒ 2

1
1 dx dt

x

 − = 
 

rFkk 2 2
2

1
x 2 t

x
+ + =

⇒
2 2

2

1
x 1 t 1

x
+ + = −

∴

2

2
2

2

1
1

dtx dx
1 t 1x 1

x

−
=

−+ +
∫ ∫  

1 t 1
log c

2 t 1

−
= +

+

1
x 1

1 xlog c
12

x 1
x

+ −
= +

+ +

mnkgj.k 30.24. eku Kkr dhft, % tan x dx∫
gy % eku yhft, fd  2tan x t= ⇒ 2sec x dx 2t dt=

⇒      2

2t
dx dt

sec x
=  4

2t
dt

1 t
=

+

∴      4

2t
tan xdx t dt

1 t

 =  
 +∫ ∫  

2

4

2t
dt

1 t
=

+∫
2 2

4 4

t 1 t 1
dt

t 1 t 1

 + −
= + 

+ + 
∫

2 2

4 4

t 1 t 1
dt dt

t 1 t 1

+ −
= +

+ +∫ ∫

blds ckn mnkgj.k 30.19 rFkk 30.20 dh Hkkafr gy dhft,A

mnkgj.k 30.25. eku Kkr dhft, % cot x dx∫

gy % eku yhft, fd     
2cot x t=   ⇒ 2cosec x dx 2t dt− =
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⇒     2

2t
dx dt

cosec x

−
=  4

2t
dt

t 1
= −

+

∴   4

2t
cot x dx t dt

t 1

 = −  
 +∫ ∫  

2

4

2t
dt

t 1
= −

+∫
2 2

4 4

t 1 t 1
dt

t 1 t 1

 + −
= − + 

+ + 
∫

blds ckn mnkgj.k 30.19 rFkk 30.20 dh Hkkafr gy dhft,A

mnkgj.k 30.26.      eku Kkr dhft, %  ( )tan x cot x dx+∫
gy % eku yhft, fd  sin x cos x t− =  ⇒ ( )cos x sin x dx dt+ =

rFkk 21 2 sin x cos x t− = ⇒    21 t 2 sin x cos x− =

⇒   
21 t

sin x cos x
2

−
=

vc\     ( ) sin x cos x
tan x cot x dx

cos x sin x

 
+ = + 

 ∫ ∫

∴          
2

sin x cos x dt
dx

cos x sin x 1 t

2

+
=

−
∫ ∫

 2

dt
2

1 t
=

−
∫

   [ ]12 sin sin x cos x c−= − +

(mnkgj.k 30.16 ds ifj.kke dk mi;ksx djus ij)

mnkgj.k 30.27.    eku Kkr dhft, %

(a) 2

dx

8 3x x+ −
∫ (b) ( )

dx

x 1 2x−∫

gy %  (a)   

( )2 2

dx dx

8 3x x 8 x 3x

=
+ − − −

∫ ∫  

2

dx

9 9
8 x 3x

4 4

=
 − − + + 
 

∫

2 2

dx

41 3
x

2 2

=
   − −  

  

∫
 

1

3
x

2
sin c

41

2

−

  −   = + 
 
  

1 2x 3
sin c

41

− − = + 
 

(b)   ( ) 2

dx dx

x 1 2x x 2x
=

− −
∫ ∫

2

1 dx

2 x
x

2

=

−
∫
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2

1 dx

2 1 x 1
x

16 2 16

=
 − − +  

∫
 

2 2

1 dx

2 1 1
x

4 4

=
   − −   
   

∫

1

1
x

1 4
sin c

12

4

−

  −    = + 
      

( )11
sin 4x 1 c

2

−= − +

    ns[ksa vkius fdruk lh[kk 30.5

1. eku Kkr dhft, %

(a)

2

2

x
dx

x 9−∫ (b)

x

2x

e
dx

e 1+∫ (c) 4

x
dx

1 x+∫

(d) 2

dx

16 9x−
∫ (e) 2

dx

1 3sin x+∫ (f) 2

dx

3 2x x− −
∫

(g) 2

dx

3x 6x 21+ +∫ (h) 2

dx

5 4x x− −
∫ (i) 2

dx

x 3x 12−
∫

(j) 4 4

d

sin cos

θ

θ + θ∫ (k)

x

2x

e dx

1 e+
∫ (l)

1 x
dx

1 x

+

−∫

(m) 2

dx

2ax x−
∫ (n)

2

6

3x
dx

9 16x−
∫ (o)

( )
2

x 1
dx

x 1

+

+
∫

(p)
2

dx

9 4x+
∫ (q)

2

sin
d

4 cos 1

θ
θ

θ −
∫ (r)

2

2

sec x
dx

tan x 4−
∫

(s) ( )2

1
dx

x 2 1+ +
∫ (t) 2

1
dx

16x 25+
∫

30.6 [kaM'k% lekdyu (Integration by Parts)

vodyu esa vkius lh[kk gS fd

( ) ( ) ( )
d d d

fg f g g f
dx dx dx

= +

;k ( ) ( ) ( )
d d d

f g fg g f
dx dx dx

= − (1)

vki ;g Hkh tkurs gSa fd ( )
d

fg dx fg
dx

=∫
(1) dk lekdyu djus ij gesa izkIr gqvk]
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  ( ) ( ) ( )
d d d

f g dx fg dx g f dx
dx dx dx

= −∫ ∫ ∫

 ( )
d

fg g f dx
dx

= − ∫ (2)

;fn ge ysa          ( ) ( ) ( )
d

f u x ; g v x ,
dx

= =

rc (2) cu tkrk gS] ( ) ( )u x v x dx∫

 ( ) ( ) ( )( ) ( )
d

u x v x dx u x v x dx dx
dx

 = ⋅ −   ∫ ∫ ∫

[= × − ∫iFz ke iQyu nwlj s iQyu dk lekdy izFke iQyu dk vodyu

] dx× nlw j s iQyu dk lekdyu

(A) (B)

;gka nks iQyuksa ds xq.ku esa egRoiw.kZ Hkkx gS fd izFke vkSj f}rh; iQyu dk pquko dSls fd;k tk,
D;ksafd buesa ls dksbZ Hkh izFke vFkok f}rh; iQyu fy;k tk ldrk gSA

blds fy, mijksDr ifj.kke dk Hkkx B bldk lwpd gksxkA izFke iQyu ,slk gksuk pkfg, fd vkxs
vodyuksa ds mijkUr ;k rks og vxys in y?kqrj ;k fLFkj in esa ifjofrZr gks tk,A

2 2 xx sin x, x cos x, x e  tSls iQyuksa ds lekdyuksa esa]

(i) chth; iQyu dks izFke iQyu fy;k tkuk pkfg,A

(ii) ;fn dksbZ chth; iQyu ugha gS rks izFke iQyu bl izdkj fy;k tk, fd mlls mijksDr dh
Hkkafr 'B' esa xq.kuiQy dks ljy cuk;k tk ldsA izFke iQyu dk pquko djus ds fy, ojh;rk
ds uhps fn, x, Øe dk mi;ksx fd;k tk ldrk gS %

(i) izfrykse iQyu

(ii) y?kqx.kdh; iQyu

(iii) f=kdks.kferh; iQyu

(iv) pj?kkarkdh iQyu

fuEufyf[kr mnkgj.k izFke iQyu ds pquko dh vo/kj.kk dk vH;kl djk;saxsaA

izFke iQyu nwljk iQyu

1. x cos x dx∫ x (D;ksafd ;g chth; gS) cosx

2. 2 xx e dx∫ 2x  (D;ksafd ;g chth; gS) xe

3. 2x log x dx∫ log x
2x

4.

( )2

log x
dx

1 x+
∫ log x ( )2

1

1 x+

5. 1x sin x dx−∫
1sin x−

x
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6. log x dx∫ log x 1

(tc y?kqx.kdh; ;k izfrykse
f=kdks.kferh; iQyu vdsys gksa
rks '1' dks nwljk iQyu fy;k
tkrk gSA)

7. 1sin x dx− 1sin x− 1

 mnkgj.k 30.28. eku Kkr dhft, %

2x sin x dx∫
gy % chth; iQyu 2x  dks izFke iQyu rFkk 'sin x' dks nwljk iQyu ysus ij gesa izkIr gqvk

      
2x sin x dx

I II
∫ ( )2 2d

x sin x x sin x dx dx
dx

 = −   ∫ ∫ ∫

    ( )2x cos x 2 x cos x dx= − − −∫
    2x cos x 2 x cos x dx= − + ∫ (1)

rFkk x cos x dx x sin x cos x c= + +∫ (2)

(2) dk eku (1) esa j[kus ij gesa izkIr gqvk]

     [ ]2 2x sin x dx x cos x 2 x sin x cos x c= − + + +∫
    2x cos x 2x sin x 2 cos x c= − + + +

 mnkgj.k 30.29.   2x log x dx∫  dk eku Kkr dhft, %

gy % ojh;rk ds Øe ds vuqlkj ge log x dks izFke iQyu ysrs gSaA

∴        
2log x x dx

I II

∫      
3 3x 1 x

log x dx
3 x 3

= − ⋅∫  
3 2x x

log x dx
3 3

= − ∫

3 3x 1 x
log x c

3 3 3

 
= − + 

 

3 3x x
log x c

3 9
= − +

mnkgj.k 30.30.   1sin x dx−∫ dk eku Kkr dhft, %

gy % 1sin x dx−∫ 1sin x 1 dx−= ⋅ ⋅∫
1

2

x
x sin x dx

1 x

−= −
−

∫

eku yhft, fd            21 x t− =

⇒           2x dx dt− =
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⇒   
1

x dx dt
2

−
=

∴
2

x 1 dt
dx

2 t1 x
= −

−
∫ ∫  t C= − + 21 x C= − − +

∴    1 1 2sin x dx x sin x 1 x c− −= + − +∫

      ns[ksa vkius fdruk lh[kk 30.6

eku Kkr dhft, %

1. (a)  x sin x dx∫ (b) ( )21 x cos 2x dx+∫ (c) x sin 2x dx∫

2. (a) 2x tan x dx∫ (b) 2 2x sin x dx∫
3. (a) 3x log 2x dx∫ (b) ( )21 x log x dx− (c) ( )2

log x dx∫

4. (a) n

log x
dx

x
∫ (b)

( )log log x
dx

x∫

5. (a) 2 3xx e dx∫ (b) 4xx e dx∫
6. ( )2

x log x dx∫
7. (a) 1sec x dx−∫ (b) 1x cot x dx−∫

30.7 (((( )))) (((( ))))[[[[ ]]]]xe f x f ' x dx++++∫∫∫∫ ds :i ds lekdy

( ) ( )[ ]xe f x f ' x dx+∫  esa f (x) dk vodyt f '(x) gSA

lekdyu ds ,sls izdkjksa esa [kaM'k% fof/ }kjk lekdyu djus ij ( )[ ]xe f x c+  gy izkIr gksrk

gSA

mnkgj.k ds fy, [ ]xe tan x log sec x dx+∫  ij fopkj dhft,A (1)

eku yhft, fd ( )f x log sec x= ,

rc ( )
sec x tan x

f ' x tan x
sec x

= =

vr% (1) dks iqu% bl izdkj fy[kk tk ldrk gSA

( ) ( )[ ] ( )[ ]x x xe f ' x f x dx e f x C e log sec x C+ = + = +∫
vU;Fkk ge bls fuEufyf[kr izdkj Hkh gy dj ldrs gSa

[ ]x x xe tan x log sec x dx e tan x dx e log sec x dx

I II

+ = +∫ ∫ ∫



xf.kr 319

lekdyu

ekWM~;wy - VIII

dyu

fVIi.kh

x x xe log sec x e log sec x dx e log sec x dx= − +∫ ∫
xe log sec x c= +

mnkgj.k 30.31.   fuEufyf[kr esa ls izR;sd dk eku Kkr dhft, %

(a) x
2

1 1
e dx

x x

 − 
 ∫ (b) x 1 x log x

e dx
x

+ 
 
 ∫

(c)
( )

x

2

x e
dx

x 1+
∫ (d) x 1 sin x

e dx
1 cos x

+ 
 + ∫

gy %

(a)
x x

2

1 1 1 d 1
e dx e dx

x x dx xx

    − = +        ∫ ∫ x 1
e

x

 =  
 

(b)
x x1 x log x 1

e dx e log x dx
x x

+   = +   
   ∫ ∫ ( )x d

e log x log x dx
dx

 + 
 ∫

( ) ( )( )xe f x f ' x dx= +∫
xe log x C= +

(c)              ( ) ( )

x
x

2 2

x e x 1 1
dx e dx

x 1 x 1

+ −
=

+ +
∫ ∫

( )
x

2

1 1
e dx

x 1 x 1

 
= − 

 + + 
∫

( )
x 1 d 1

e dx
x 1 dx x 1

  
= +  + +  
∫ x 1

e c
x 1

 = + 
+ 

(d)      x x

2

x x
1 2 sin cos

1 sin x 2 2e dx e dx
x1 cos x

2 cos
2

 + +  =   +   
 

∫ ∫

     
x 21 x x

e sec tan dx
2 2 2

 = +  ∫

     
x x d x

e tan tan dx
2 x 2

  = +     ∫  
x x

e tan c
2

= +

mnkgj.k 30.32.    fuEufyf[kr esa ls izR;sd dk eku Kkr dhft, %

(a) 3sec x dx∫ (b) xe sin x dx∫
gy % (a) 3sec x dx∫
eku yhft, fd 2I sec x sec x dx= ⋅∫

               sec x tan x sec x tan x tan x dx= ⋅ − ⋅∫
∴ ( )3I sec x tan x sec x sec x dx= − −∫ ( )2 2tan x sec x 1= −∵

;k 3I sec x tan x sec x dx sec x dx= − +∫ ∫
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;k            2I sec x tan x sec x dx= + ∫
;k 1I sec x tan x log sec x tan x c= + + +

;k [ ]1
I sec x tan x log sec x tan x c

2
= + + +

(b) xe sin x dx∫
eku yhft, fd xI e sin x dx= ∫

   ( ) ( )x xe cos x e cos x dx= − − −∫ x xe cos x e cos x dx= − + ∫
  ( )x x xe cos x e sin x e sin x dx= − + − ∫

∴   x xI e cos x e sin x I= − + −

;k x x2I e cos x e sin x= − +

;k   ( )
xe

I sin x cos x c
2

= − +

mnkgj.k 30.33. eku Kkr dhft, %

2 2a x dx−∫

gy %  eku yhft, fd 2 2 2 2I a x dx a x .1 dx= − = −∫ ∫
1 dks nwljk iQyu ysdj [kaM'k fof/ }kjk lekdyu djus ij

( ) ( )2 2

2 2

1
I a x x 2x x dx

2 a x
= − − − ⋅

−
∫

  

2
2 2

2 2

x
x a x dx

a x
= − +

−
∫

 
( )2 2 2

2 2

2 2

a a x
x a x dx

a x

− −
= − +

−
∫

  
2 2 2 2 2

2 2

1
x a x a dx a x dx

a x
= − + − −

−
∫ ∫

∴
2 2 2 1 x

I x a x a sin I
a

−  = − + − 
 

;k
2 2 2 1 x

2I x a x a sin
a

−  = − +  
 

;k
2 2 2 11 x

I x a x a sin c
2 a

−  = − + +    
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blh izdkj
2 2 2

2 2 2 2x x a a
x a dx log x x a c

2 2

−
− = − + − +∫

∴
2 2 2

2 2 2 2x a x a
a x dx log x a x c

2 2

+
+ = + + + +∫

uksV% mnkgj.k la[;k 30-33 ds ifj.kkeksa dks lw=k ds :i eas ;kn jf[k,A

mnkgj.k 30.34. eku Kkr dhft, %

(a) 216x 25 dx+∫ (b) 216 x dx−∫    (c) 21 x 2x dx+ −∫
gy %

(a)

2
2 2 225 5

16x 25 dx 4 x dx 4 x dx
16 4

 + = + = +  
 ∫ ∫ ∫

( )2 2x a dx+∫  ds lw=k dk mi;ksx djus ij] gesa izkIr gksrk gS %

       
2 2 2x 25 25 25

16x 25 dx x log x x c
2 16 32 16

 
+ = + + + + + 

 
∫

2 2x 25
16x 25 log 4x 16x 25 c

8 8
= + + + + +

(b) ( )2 2a x dx−∫  ds lw=k dk mi;ksx djus ij] gesa izkIr gksrk gS %

   ( )22 216 x dx 4 x dx− = −∫ ∫

    
2 1x 16 x

16 x sin c
2 2 4

−= − + +

(c) 2 21 x
1 x 2x dx 2 x dx

2 2
+ − = + −∫ ∫

 
21 x 1 1

2 x dx
2 2 16 16

  = − − + +    ∫

2 2
3 1

2 x dx
4 4

   = − −   
   ∫

2
1

1 1
x x

9 1 94 42 x sin c
32 16 4 16 2

4

−

 − −  = − − + +  ×  
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  ns[ksa vkius fdruk lh[kk 30.7

eku Kkr dhft, %

1. (a) [ ]xe sec x 1 tan x dx+∫ (b) [ ]xe sec x log sec x tan x dx+ +∫

2. (a)
x

2

x 1
e dx

x

−
∫ (b) x 1

2

1
e sin x dx

1 x

− 
− 

 −
∫

3.
( )

( )
x

3

x 1
e dx

x 1

−

+
∫ 4. ( )

x

2

xe
dx

x 1+
∫

5.
x sin x

dx
1 cos x

+

+∫ 6. xe sin 2x dx∫

30.8 vkaf'kd fHkUuksa dk mi;ksx djds lekdyu djuk

vHkh rd vki lekdyu dh fofHkUu fof/;ka lh[k pqds gSaA

ijUrq fiQj Hkh 
2

4x 5

x x 6

+

+ −
 dh rjg dh fLFkfr gks ldrh gS tcfd izfrLFkkiu ;k [kaM'k% fof/

vf/d lgk;d ugha gSA ,slh fLFkfr esa ge ,d nwljh rduhd ftls vkaf'kd fHkUuksa ds mi;ksx ls
lekdyu dh rduhd dgk tkrk gS] dh lgk;rk ysrs gSaA

fdlh Hkh mfpr ifjes; fHkUu 
( )
( )

p x

q x
 dks ,slh ifjes; fHkUuksa ds ;ksx ds :i esa O;Dr fd;k tk

ldrk gS] ftuesa ls izR;sd dk gj q (x) dk ,d ljy xq.ku[kaM gksA bl izdkj dh izR;sd fHkUu dks
vkaf'kd fHkUu dgrs gSa rFkk bl izfØ;k dks fo;kstu ;k nh xbZ fHkUu dks vkaf'kd fHkUuksa eas foHkDr
djuk dgrs gSaA

mnkgj.k ds fy,] ( ) ( ) 2

3 5 8x 7 8x 7

x 2 x 1 x 2 x 1 x x 2

+ +
+ = =

+ − + − + −

;gk¡ 
3

x 2+
 rFkk 

5

x 1−
, 2

8x 7

x x 2

+

+ −
 dh vkaf'kd fHkUu dgykrh gSaA

;fn 
( )
( )

f x

g x
 ,d mfpr fHkUu gS] rFkk g(x) dk okLrfod xq.ku[kaM+ksa esa foHkDr fd;k tk ldrk gS]

rc

(a) izR;sd vukorhZ jSf[kd xq.ku[kaM (ax + b) ds laxr ,d 
A

ax b+
 ds :i okyh vkaf'kd fHkUu

gksrh gSA

(b) ( )2
ax b+  ds fy, nks vkaf'kd fHkUuksa dk ;ksx fy;k tkrk gSA

( )2

A B

ax b ax b
+

+ +
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( )3
ax b+  ds fy, rhu vkaf'kd fHkUu gksrh gSaA

( ) ( )2 3

A B C

ax b ax b ax b
+ +

+ + +  vkfn

(c) fdlh vxq.ku[kaMh; f}?kkr O;atd 2ax bx c+ +  ds fy, ,d vkaf'kd fHkUu 2

Ax B

ax bx c

+

+ +
gksrh gSA

blfy, ;fn fdlh mfpr fHkUu 
( )
( )

f x

g x
 esa g (x) dk okLrfod xq.ku[kaMksa eas foHkDr fd;k tk ldrk

gks] rks 
( )
( )

f x

g x
 dks fuEufyf[kr :i esa fy[kk tk ldrk gS%

gj ds xq.ku[kaM laxr vkaf'kd fHkUu

( ) ( )ax b x d+ +
A B

ax b cx d
+

+ +

( )2
ax b+ ( ) ( )2

A B

ax b ax b
+

+ +

( )3
ax b+ ( ) ( )2 3

A B C

ax b ax b ax b
+ +

+ + +

2ax bx c+ + 2

Ax B

ax bx c

+

+ +

( )22ax bx c+ + ( )2 22

Ax B Cx D

ax bx c ax bx c

+ +
+

+ + + +

tcfd A,B,C rFkk D LosPN vpj gSA

mnkgj.k 30.35.    
2

2x 5
dx

x x 2

+

− −∫  dk eku Kkr dhft, %

gy %           ( ) ( )2

2x 5 2x 5

x 2 x 1x x 2

+ +
=

− +− −

eku yhft, fd   ( ) ( )
2x 5 A B

x 2 x 1 x 2 x 1

+
= +

− + − + (1)

gesa izkIr gksrk gS %
     ( ) ( )2x 5 A x 1 B x 2+ = + + −

x = 2 j[kus ij gesa izkIr gksrk gS % 9 = 3A ;k A = 3

x 1= − j[kus ij gesa izkIr gksrk gS % 3 3B= − ;k B 1= −

bu ekuksa dks (1) esa j[kus ij gesa feyrk gS %
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( ) ( )
2x 5 3 1

x 2 x 1 x 2 x 1

+
= −

− + − +

⇒ 2

2x 5 3 1
dx dx dx

x 2 x 1x x 2

+
= −

− +− −∫ ∫ ∫
   3 log x 2 log x 1 c= − − + +

mnkgj.k 30.36.    

3

2

x x 1
dx

x 1

+ +

−∫ dk eku Kkr dhft, %

gy %   eku yhft, fd     
3

2

x x 1
I dx

x 1

+ +
=

−∫

vc ( ) ( )

3

2 2

x x 1 2x 1 2x 1
x x

x 1 x 1x 1 x 1

+ + + +
= + = +

+ −− −

∴ ( ) ( )
2x 1

I x dx
x 1 x 1

 +
= + + − 
∫ (1)

eku yhft, fd  
( ) ( )

2x 1 A B

x 1 x 1 x 1 x 1

+
= +

+ − + −
(2)

⇒ ( ) ( )2x 1 A x 1 B x 1+ = − + +

x = 1 j[kus ij gesa izkIr gksrk gS %
3

B
2

=

x 1= −  j[kus ij gesa izkIr gksrk gS %
1

A
2

=

A vkSj B ds bu ekuksa dks (2) esa j[kus ij rFkk lekdyu djus ij gesa izkIr gksrk gS %

    ( ) ( )2

2x 1 1 1 3 1
dx dx dx

2 x 1 2 x 1x 1

+
= +

+ −−
∫ ∫ ∫

     
1 3

log x 1 log x 1
2 2

= + + − (3)

(1) vkSj (3) ls gesa izkIr gksrk gS %

2x 1 3
I log x 1 log x 1 C

2 2 2
= + + + − +

mnkgj.k 30.37. eku Kkr dhft, %

( ) ( )2

8
dx

x 2 x 4+ +
∫

gy % eku yhft,  fd
( ) ( ) 22

8 A Bx C

x 2 x 4x 2 x 4

+
= +

+ ++ +
 (∵ 2x 4+ vfo;ksT; gS)

nksuksa i{kksa dks ( )x 2+ ( )2x 4+  ls xq.kk djus ij gesa izkIr gksrk gS %
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( ) ( ) ( )28 A x 4 Bx C x 2= + + + +

x dh ?kkrkadks ds laxr xq.kkdksa dh nksuksa i{kksa esa rqyuk djus ij gesa izkIr gksrk gS %

0 A B

0 2B C A 1, B 1, C 2

8 4A 2C

= + 


= + ⇒ = = − =
= + 

∴
( ) ( ) 22

8 1 x 2
dx dx dx

x 2 x 4x 2 x 4

−
= −

+ −+ +
∫ ∫ ∫

  2 4

1 1 2x dx
dx dx 2

x 2 2 x 4 x 4
= − +

+ + +∫ ∫ ∫

  
2 11 1 x

log x 2 log x 4 2 tan C
2 2 2

−= + − + + ⋅ +

  
2 11 x

log x 2 log x 4 tan C
2 2

−= + − + + +

mnkgj.k 30.38. eku Kkr dhft, %

2

2 sin 2 cos
d

4 cos 4 sin

θ − θ
θ

− θ − θ∫

gy % eku yhft, fd 2

2 sin 2 cos
I d

4 cos 4 sin

θ − θ
= θ

− θ − θ∫

   
( )

2

4 sin 1 cos d

3 sin 4 sin

θ − θ θ
=

+ θ − θ∫

eku yhft, fd sin t,θ = rc cos d dtθ θ =

∴
2

4t 1
I dt

3 t 4t

−
=

+ −∫

eku yhft, fd 2

4t 1 A B

t 3 t 13 t 4t

−
= +

− −− −

rc ( ) ( )4t 1 A t 1 B t 3− = − + −

 t 1=  j[kus ij 
3

B
2

= −

 t 3=  j[kus ij 
11

A
2

=

∴   
11 1 3 dt

I dt
2 t 3 2 t 1

 = − 
− − ∫ ∫  

11 3
log t 3 log t 1 c

2 2
= − − − +

    
11 3

log sin 3 log sin 1 c
2 2

= θ − − θ − +
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  ns[ksa vkius fdruk lh[kk 30.8

fuEufyf[kr ds eku Kkr dhft, %

1. (a) 24x 5 dx−∫ (b) 2x 3x dx+∫ (c) 23 2x 2x dx− −

2. (a)
( ) ( )

x 1
dx

x 2 x 3

+

− −∫ (b)  
2

x
dx

x 16−∫

3. (a)
3

2

x
dx

x 4−∫ (b)
( ) ( )

2

2

2x x 1
dx

x 1 x 2

+ +

− +
∫

4. ( )

2

3

x x 1
dx

x 1

+ +

−
∫

5. (a)
sin x

dx
sin 4x∫ (b)

( )
1 cos x

dx
cos x 1 cos x

−

+∫

• lekdyu] vodyu dh izfrykse fØ;k gS
• vfuf'pr lekdyksa ds dqN ekud :i %

(a) 
nx dx∫

n 1x
c

n 1

+
= +
+

( )n 1≠−

(b) 
1

dx
x∫ log | x | c= +

(c) sin x dx∫ cos x c=− +

(d) cos x dx∫ sin x c= +

(e)  
2sec x dx∫ tan x c= +

(f) 
2cosec x dx∫ cot x c= − +

(g) sec x tan x dx∫ sec x c= +

(h) cos ec x cot x dx∫ cos ecx c= − +

(i) 
2

1
dx

1 x−
∫ 1sin x c−= +

(j) 
2

1
dx

1 x+
∫ 1tan x c−= +

(k) 
2

1
dx

x x 1−
∫ 1sec x c−= +

C

A1

% + vkb;s nksgjk,¡
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(l) xe dx∫ xe c= +

(m) 
xa dx∫ ( )

xa
c a 0and a 1

log a
= + > ≠

• vfuf'pr lekdyksa ds xq.k/eZ %

(a) ( ) ( )f x g x dx±  ∫ ( ) ( )f x dx g x dx= ±∫ ∫
(b) ( )kf x dx∫ ( )k f x dx= ∫

• (i) ( )n
ax b dx+∫

( ) ( )
n 1

ax b1
c, n 1

a n 1

++
= + ≠ −

+

(ii) 
1

dx
ax b+∫

1
log ax b c

a
= + +

(iii) ( )sin ax b dx+∫ ( )1
cos ax b c

a

−
= + +

(iv) ( )cos ax b dx+∫ ( )1
sin ax b c

a
= + +

(v) ( )2sec ax b dx+∫ ( )1
tan ax b c

a
= + +

(vi) ( )2cosec ax b dx+∫ ( )1
cot ax b c

a
= − + +

(vii) ( ) ( )sec ax b tan ax b dx+ +∫ ( )1
sec ax b c

a
= + +

(viii) ( ) ( )cosec ax b cot ax b dx+ +∫ ( )1
cosec ax b c

a
= − + +

(ix)   
ax be dx+

∫
ax b1

e c
a

+= +

 (x)    
( )
( )

f ' x
dx

f x∫ ( )log f x c= +

• (i) tan x dx∫ log cos x c= − +  log sec x c= +

(ii) cot x dx∫ log sin x c= +

(iii) sec x dx∫ log sec x tan x c= + +

(iv) cosec x dx∫  log cosec x cot x c= − +

• (i)  2 2

1 1 a x
dx log c

2a a xa x

+
= +

−−
∫ (ii)  2 2

1 1 x a
dx log c

2a x ax a

−
= +

+−
∫

(iii)  
1

2 2

1 1 x
dx tan c

a ax a

−= +
+

∫ (iv)  
1

2 2

1 x
dx sin c

aa x

−= +
−

∫
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(v)  
2 2

2 2

1
dx log x x a c

x a

= + − +
−

∫

(vi)  
2 2

2 2

dx
log x x a c

x a

= + + +
+

∫

• nks iQyuksa ds xq.kuiQy dk lekdy

= I iQyu × II iQyu dk lekdy −

[ ]I II dx×∫  iQyu dk vodyu   iQyu dk lekdy

• ( ) ( ) ( )x xe f x f ' x dx e f x c+ = +  ∫

•
2 2 2 2 2 11 x

a x dx x a x a sin c
2 a

−  − = − + +  
  

∫

2 2 2
2 2 2 2x x a a

x a dx log x x a c
2 2

−
− = − + − +∫

2 2 2
2 2 2 2x a x a

a x dx log x a x c
2 2

+
+ = + + + +∫

• ifjes; fHkUu fuEufyf[kr nks izdkj dh gksrh gS%

(i) mfpr fHkUu tcfd va'k esa pjkad dh ?kkrφ  gj esa pjkad dh ?kkr ls de gksrh gSA

(ii) vuqfpr fHkUu tcfd va'k esa pjkad dh ?kkr ≥ gj esa pjkad dh ?kkr ds cjkcj ;k
mlls vf/d gksrh gSA

• ,d mfpr fHkUu 
( )
( )

f x

g x
 esa ;fn g(x) dks okLrfod xq.ku[kaMksa esa foHkDr fd;k tk ldrk

gks] rks 
( )
( )

f x

g x
dks fuEufyf[kr :i ls fy[kk tk ldrk gS%

gj ds xq.ku[kaM laxr vkaf'kd fHkUu

( )( )ax b cx d+ +
A B

ax b cx d
+

+ +

( )2
ax b+ ( )2

A B

ax b ax b
+

+ +

( )3
ax b+ ( ) ( )2 3

A B C

ax b ax b ax b
+ +

+ + +

2ax bx c+ + 2

Ax B

ax bx c

+

+ +

( )2
2ax bx c+ + ( )2 2

2

Ax B Cx D

ax bx c ax bx c

+ +
+

+ + + +

tcfd A, B, C, D LosPN vpj gSaA
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• http://www.bbc.co.uk/education/asguru/maths/12methods/04integration/

index.shtml

• http://en.wiktionary.org/wiki/integration

• http://www.sosmath.com/calculus/integration/byparts/byparts....

fuEufyf[kr iQyuksa ds x ds lkis{k lekdyu dhft, %

1.

3 3

2 2

sin x cos x

sin x cos x

+
2. 1 sin 2x+

3. 2 2

cos 2x

cos x sin x
4. ( )2

tan x cot x−

5. 2 2

4 1

1 x 1 x

−
+ −

6.
22sin x

1 cos 2x+

7.
22cos x

1 cos 2x−
8.

2
x x

sin cos
2 2

 + 
 

9.

2
x x

cos sin
2 2

 − 
 

10. ( )cos 7x − π

11. ( )sin 3x 4+ 12. ( )2sec 2x b+

13. dx

sin x cos x−∫ 14.

( )2 1

1
dx

1 x tan x−+
∫

15.
cos ecx

dx
x

log tan
2

 
 
 

∫ 16.
cot x

dx
3 4log sin x+∫

17.
dx

sin 2x log tan x∫ 18.

x

x

e 1
dx

e 1

+

−
∫

19.  
4sec x tan x dx∫ 20.

x xe sin e dx∫

21.
2

x dx

2x 3+
∫ 22.

2sec x
dx

tan x
∫

23. 225 9x dx−∫ 24. 22ax x dx−∫

lgk;d osclkbV

vkb, vH;kl djsa
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25. 23x 4 dx+∫ 26. 21 9x dx+∫

27.

2

2 2

x dx

x a−
∫ 28. 2 2

dx

sin x 4cos x+
∫

29.
dx

2 cos x+∫ 30. 2

dx

x 6x 13− +
∫

31. 2

dx

1 3sin x+
∫ 32.

2

2 2

x
dx

x a−
∫

33. 4

dx

x 9 x+
∫ 34.  

sin x
dx

sin 3x∫

35. 2

dx

1 4cos x−
∫ 36.  ( )2sec ax b dx+∫

37. ( )
dx

x 2 log x+∫ 38.

5

6

x
dx

1 x+
∫

39.
cos x sin x

dx
sin x cos x

−

+∫ 40.
cot x

dx
logsin x∫

41.
2sec x

dx
a b tan x+∫ 42.

sin x
dx

1 cos x+∫

43. 2cos x dx∫ 44. 3sin x dx∫

45. sin 5x sin 3x dx∫ 46. 2 3sin x cos x dx∫

47. 4sin x dx∫ 48.
1

dx
1 sin x+∫

49. 3tan x dx∫ 50.
cos x sin x

dx
1 sin 2x

−

+∫

51.
2cosec x

dx
1 cot x+∫ 52. 2

1 x cos 2x
dx

x sin 2x 2x

+ +

+ +∫

53.
sec cosec d

log tan

θ θ θ

θ∫ 54.
cot d

log sin

θ θ

θ∫

55. 2

dx

1 4x+∫ 56.
1 tan

d
1 tan

− θ
θ

+ θ∫

57.

1

x
2

1
e dx

x

−

∫ 58. 2 2 2 2

sin x cos x dx

a sin x b cos x+∫



xf.kr 331

lekdyu

ekWM~;wy - VIII

dyu

fVIi.kh

mÙkjekyk

59.
dx

sin x cos x+∫ 60.
x 1

2

1
e cos x dx

1 x

− 
− 

 −
∫

61.
x

2

sin x cos x
e dx

cos x

+ 
 
 ∫ 62. 1 1 cos x

tan dx
1 cos x

− −

+∫

63.
1 1 x

cos 2 cot dx
1 x

−  −
  

+  
∫ 64.

( )

1

3
2 2

sin x
dx

1 x

−

−
∫

65. x log x dx∫ 66. ( ) ( )x xe 1 x log xe dx+∫

67. ( )2

log x
dx

1 x+
∫ 68. x 2e sin x dx∫

69. ( )cos log x dx∫ 70. ( )log x 1 dx+∫

71.
( ) ( )

2

2

x 1
dx

x 1 x 3

+

− +
∫ 72. 2

sin cos
d

cos cos 2

θ θ
θ

θ − θ −∫

73.
( )5

dx

x x 1+
∫ 74.

( ) ( )
2

2 2

x 1
dx

x 2 2x 1

+

+ +
∫

75.
( ) ( )

log x
dx

x 1 log x 2 log x+ +∫ 76. x

dx

1 e−∫

ns[ksa vkius fdruk lh[kk 30.1

1.

7 7 7 7 7

2 2 2 2 2
2 2 2 2 2

x 1, x 2, x 3, x 4, x 5
7 7 7 7 7

+ + + + +

2. (a)
6x

c
6

+ (b) sin x c+ (c) 0

3. (a)
7x

c
7

+ (b) 6

1
c

6x
+ (c) log x c+

(d)

x
3

5
c

3
log

5

 
 
  +
 
 
 

(e)

4

3
3

x c
4

+ (f) 8

1
c

8x

−
+

(g) 2 x c+ (h)
1

99x c+
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4. (a) cosec + c− θ (b) sec cθ +

(c) tan cθ + (d) cot c− θ +

ns[ksa vkius fdruk lh[kk 30.2

1. (a)
2x 1

x c
2 2

+ +    (b) 1x tan x c−− + +

(c)

3

10 2
2

x x 2 x c
3

− + +   (d) 5 4 3

1 3 2 7
8x c

xx 4x 3x
− − + + − +

(e)
3

1x
x tan x c

3

−− − +       (f)
2x

4x 4 log x c
2

+ + +

2. (a)
1

tan x c
2

+ (b) tan x x c− +

(c) 2 cosec x c− + (d)
1

cot x c
2

− +

(e) sec x c− + (f) cot x cosec x + c− +

3. (a) 2 sin x c+ (b) 2 cos x c− +

(c)
1

cot x c
2

− +

4. (a) ( )
3

2
2

x 2 c
3

+ +

ns[ksa vkius fdruk lh[kk 30.3

1. (a) ( )
1

cos 4 5x c
5

− + (b) ( )
1

tan 2 3x c
3

+ +

(c) log sec x tan x c
4 4

π π   + + + +     

(d) ( )
1

sin 4x 5 c
4

+ +

(e) ( )
1

sec 3x 5 c
3

+ + (f) ( )
1

cosec 3 5x c
5

− + +

2. (a) ( )3

1
c

12 3 4x
+

− (b) ( )51
x 1 c

5
+ +

(c) ( )111
4 7x c

77
− − + (d) ( )41

4x 5 c
16

− +

(e)
1

log 3x 5 c
3

− + (f)
2

5 9x c
9

− − +
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(g) ( )31
2x 1 c

6
+ + (h) log x 1 c+ +

3. (a)
2x 11

e c
2

+ + (b)
3 8x1

e c
8

−− +

(c) ( )7 4x

1
c

4e +
− +

4. (a)
1 sin 2x

x c
2 2

 + + 
 

 (b)
1 3 1

cos 2x cos 6x c
32 2 6

 − + + 
 

(c)
1 cos 7x

cos x c
2 7

 − − +  
(d)

1 sin 6x sin 2x
c

2 6 2

 + +  

ns[ksa vkius fdruk lh[kk 30.4

1. (a)
21

log 3x 2 c
6

− + (b)
2log x x 1 c+ + +

(c)
2log x 9x 30 c+ + + (d)

31
log x 3x 3 c

3
+ + +

(e)
2log x x 5 c+ − + (f) 2 log 5 x c+ +

(g) log 8 log x c+ +

2. (a)
x1

log a be c
b

+ + (b) ( )1 xtan e c− +

ns[ksa vkius fdruk lh[kk 30.5

1. (a)
3 x 3

x log c
2 x 3

−
+ +

+
(b) ( )1 xtan e c− +

(c) ( )1 21
tan x c

2

− + (d)
11 3x

sin c
3 4

−   + 
 

(e) ( )11
tan 2 tan x c

2

− + (f)
1 x 1

sin c
2

− +  + 
 

(g)
11 x 1

tan c
3 6 6

− +  + 
 

(h)
1 x 2

sin c
3

− +  + 
 

(i)
11 x

sec c
22 3

− + (j)

2
11 tan 1

tan c
2 2 tan

−  θ −
+ 

θ 

(k)
x 2xlog e 1 e c+ + + (l) 1 2sin x 1 x c− − − +

(m)
1 x a

sin c
a

− −  + 
 

(n)
1 31 4

sin x c
4 3

−   + 
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(o)
2 2x 1 log x x 1 c+ + + + + (p) 

21 2x 9 4x
log c

2 2

+ +
+

(q)
21

log 2 cos 4 cos 1 c
2

− θ + θ − +

(r)
2log tan x tan x 4 c+ − +

(s)
1 x 2

tan c
1

− + + 
 

(t)

2
21 5

log x x c
4 4

 + + + 
 

ns[ksa vkius fdruk lh[kk 30.6

1. (a) x cos x sin x c− + +

(b) ( )21 x cos 2x sin 2x
1 x sin 2x c

2 2 4
+ + − +

(c)
x cos 2x 1 sin 2x

c
2 2 2

−
+ +

2. (a) x tan x log sec x x c− − +

(b)
3 21 1 1 1

x x sin 2x x cos 2x sin 2x c
6 4 4 8

− − + +

3. (a)
4 4x log 2x x

c
4 16

− + (b)

3 3x x
x log x x c

3 9

 
− − + +  

 

(c) ( )2
x log x 2x log x 2x c− + +

4. (a)
( )

1 n 1 n

2

x x
log x c

1 n 1 n

− −
− +

− −
(b) ( )log x. log log x 1 c− +  

5. (a)

2
3x x 2x 2

e c
3 9 27

 
− + + 

  
(b)

4x 4xe e
x c

4 16
− +

6. ( )
2

2x 1
log x log x c

2 2

 − + +  

7. (a)
1 2x sec x log x x 1 c− − + − +

 (b)
2

1 1x x 1
cot x cot x c

2 2 2

− −+ + +
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ns[ksa vkius fdruk lh[kk 30.7

1. (a) xe sec x c+ (b)  xe log sec x tan x c+ +

2. (a)
x1

e c
x

+ (b) x 1e sin x c− +

3. ( )

x

2

e
c

1 x
+

+
4.

xe
c

1 x
+

+

5.
x

x tan c
2

+ 6. ( )x1
e sin 2x 2cos 2x c

5
− +

ns[ksa vkius fdruk lh[kk 30.8

1. (a)
2 25 5 5

x x log x x c
4 4 4

− − + − +

(b)
( ) 2 22x 3 9 3

x 3x log x x 3x c
4 8 2

+  + − + + + + 
 

(c) ( ) 2 11 7 2x 1
2x 1 3 2x 2x sin c

4 4 2 7

− + 
+ − − + + 

 

2. (a) 4log | x 3 | 3log | x 2 | c− − − +

(b)
1

log | x 4 | log | x 4 | c
2

− + + +

3. (a) [ ]
2x

2 log | x 2 | log | x 2 | c
2

− − + + +

(b) ( )
( )

11 7 4
log | x 1| log x 2 c

9 9 3 x 1
− + + − +

−

4. ( ) ( )2

3 3
log | x 1| c

x 1 2 x 1
− − − +

− −

5. (a)
1 1

log 1 sin x 1 sin x
8 8

− − +

1 1
log 1 2sinx log 1 2 sin x c

4 2 4 2
− − + + +

(b)
x

log sec x tan x 2 tan c
2

+ − +

vkb, vH;kl djsa
1. sec x cosec x c− + 2. sin x cos x c− +
3. cot x tan x c− − + 4. tan x cot x 4x c− − +



336

lekdyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

5. 1 14 tan x sin x c− −− + 6. tan x x c− +

7. cot x x c− − + 8. x cos x c− +

9. x cos x c+ + 10.
( )sin 7x

c
7

− π
+

11.
( )cos 3x 4

c
3

− +
+ 12.

( )tan 2x b
c

2

+
+

13.
1

log cos ec x cot x c
4 42

π π   − − − +   
   

14.
1log tan x c− + 15.

x
log log tan c

2
+

16.
1

log 3 4log sin x c
4

+ + 17.
1

log log tan x c
2

+

18.
x x

2 22 log e e c

−

− + 19.
41

sec x c
4

+

20. xcos e c− + 21.
22x 3

c
2

+
+

22. 2 tan x c+

23. ( )2 11 25 3
x 25 9x sin x c

6 6 5

−  − + + 
 

24. ( ) 2 2 11 1 x a
x a 2ax x a sin c

2 2 a

− − − − + + 
 

25.

2 2x 3x 4 2 3x x 4
log c

2 23

+ + +
+ +

26.
2

2x 9x 1 1
log 3x 1 9x c

2 6

+
+ + + +

27.
2 2 2 2 21 1

x x a a log x x a c
2 2

 − + + − +  

28.
11 tan x

tan c
2 2

−  + 
 

29.

1

x
tan

2 2
tan c

3 3

−

  
  
   +

 
  

30.
11 x 3

tan c
2 2

− − + 
 

31. ( )11
tan 2 tan x c

2

− +
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32.
a x a

x log C
2 x a

−
+ +

+
33.

4

4

1 9 x 3
log c

12 9 x 3

+ −
+

+ +

34.
1 3 tan x

log c
2 3 3 tan x

+
+

− 35.
1 tan x 2

log c
2 2 tan x 2

−
+

+

36. ( )1
tan ax b c

a
+ + 37. ( )log 2 log x c+ +

38. ( )61
log 1 x c

6
+ + 39. log sin x cos x c+ +

40. ( )log log sin x C+ 41.
1

log a b tan x c
b

+ +

42. log 1 cos x c− + + 43.
1 sin 2x 1

x c
2 2 2

+ +

44.
3cos x

cos x c
3

− + + 45.
1 sin 2x 1 sin 8x

c
2 2 2 8

− +

46.
5

31 sin x
sin x c

3 5
− + 47. [ ]1

12x 8sin 2x sin 4x c
32

− + +

48. tan x sec x c− + 49.
2tan x

log cos x c
2

+ +

50.
1

c
cos x sin x

−
+

+
51.

1
log c

1 cot x
+

+

52.
21

log x sin 2x 2x c
2

+ + + 53. log tan cθ +

54.  log logsin cθ + 55.
11

tan 2x
2

−

56. log cos sin cθ + θ + 57.
1

xe c
−

+

58. ( )
2 2 2 2

2 2

1
log a sin x b cos x c

2 a b
+ +

−

59.
1

log sec x tan x c
4 42

π π   − + − +   
   

60. x 1e cos x c− + 61. xe sec x c+

62.
21

x c
4

+ 63.
21

x c
2

− +
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64.

1
2

2

x sin x 1
log 1 x c

21 x

−
+ − +

−
65.

3

2
2 2

x log x c
3 3

 − + 
 

66. ( )x xxe log xe 1 c − +   67.
1

log x log x log x 1 c
1 x

− + − + +
+

68. ( )
x

x1 e
e 2sin 2x cos 2x c

2 10
− + + 69. ( ) ( )x

cos log x sin log x c
2

+ +  

 70. x log x 1 x log x 1 c+ − + + +

71. ( )
3 1 5

log x 1 log x 3 c
8 2 x 1 8

− − + + +
−

72.
2 1

log cos 2 log cos 1 c
3 3

− θ − − θ + +     73.    

5

5

1 x
log c

5 x 1
+

+

74. ( )1 11 x
tan tan 2x c

3 2 2

− −  
+ +  

  
    75.

( )2
2 log x

log c
1 log x

+
+

+

76.

x

x

e
log c

1 e
+

−
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31

fuf'pr lekdyu

geus fiNys ikB esa izfrvodyt vFkkZr~ iQyu ds lekdyu dh ppkZ dh gSA

okLro esa] lekdyu 'kCn dk vFkZ gS% ifj.kkeksa ds  dqN izdkj ds ladyu (;ksx) vFkok la;kstuA
vc iz'u mBrk gS fd ge xf.kr  dh bl 'kk[kk dks D;ksa i<+rs gSa\ okLro esa] lekdyu og gS
ftldh lgk;rk ls oØksa }kjk ifjc¼ {ks=kiQyksa dks Kkr fd;k tkrk gS] tc bldh fuf'pr lhek,¡
Kkr gSA vkxs ge ns[ksaxs fd bl 'kk[kk dk vuqiz;ksx] lkaf[;dh] HkkSfrdh] tho foKku] okf.kT; rFkk
vU; fo"k;ksa ds fofHkUu iz'uksa esa Hkh fd;k tkrk gSA

bl ikB esa] ge fuf'pr lekdy dh T;kferh; ifjHkk"kk nsaxs rFkk bldh O;k[;k djasxs] mi;qDr xq.kksaa
ds iz;ksx }kjk fuf'pr lekdyksa dk eku Kkr djsaxs rFkk ,d ifjc¼ {ks=k dk {ks=kiQy Kkr djus esa
fuf'pr lekdyksa dk iz;ksx djsaxsA

   mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs %

� ;ksx dh lhek ds :i esa fuf'pr lekdy dks ifjHkkf"kr djuk rFkk bldh T;kferh; O;k[;k
djuk

� mQij nh xbZ ifjHkk"kk dks iz;ksx djrs gq,] fn, x, fuf'pr lekdy dk eku Kkr djuk

� lekdy xf.kr dh ewyHkwr izes; dk dFku nsuk

� fuf'pr lekdyksa dk eku Kkr djus ds fy,] fuEufyf[kr xq.kksa ds dFku nsuk rFkk mudk
iz;ksx djuk%

(i)
( ) ( )

b a

a b

f x dx f x dx= −∫ ∫ (ii)
( ) ( ) ( )

c b c

a a b

f x dx f x dx f x dx= +∫ ∫ ∫

(iii)
( ) ( ) ( )

2a a a

0 0 0

f x dx f x dx f 2a x dx= + −∫ ∫ ∫

(iv)
( ) ( )

b b

a a

f x dx f a b x dx= + −∫ ∫
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(v)
( ) ( )

a a

0 0

f x dx f a x dx= −∫ ∫

(vi) ( ) ( )
2a a

0 0

f x dx 2 f x dx=∫ ∫  ;fn ( ) ( )f 2a x f x− =

            0=  ;fn ( ) ( )f 2a x f x− = −

(vii) ( ) ( )
a a

a 0

f x dx 2 f x dx

−

=∫ ∫ , ;fn 'f', x dk ,d le iQyu gS

= 0, ;fn f, x dk ,d fo"ke iQyu gS

� ifjc¼ {ks=k dk {ks=kiQy Kkr djus esa] fuf'pr lekdyksa dk iz;ksx djukA

iwoZ Kku

� lekdyu dk Kku

� ifjc¼ {ks=k dk {ks=kiQy

31.1 ;ksx dh lhek ds :i esa fuf'pr lekdy

bl vuqPNsn esa] ge ,sls {ks=k dk {ks=kiQy fudkyus dh ppkZ djsaxs] ftldh lhek dh tkudkjh gesa
ugha gS (fp=k 31.1 nsf[k,)

          

fp=k 31.1 fp=k 31.2

vkb,] ge vius è;ku dks ,sls {ks=kksa ds {ks=kiQy Kkr djus rd gh lhfer djsa] tgka lhek] ftldh
tkudkjh gesa ugha gS] x-v{k ds dsoy ,d i{k esa (tSlk fp=k 31.2 esa) gSA ;g blfy, gS] D;ksafd
ge vk'kk djrs gSa fd ;g laHko gS fd fdlh {ks=k dks mlh dh rjg ds NksVs&NksVs mi{ks=kksa esa ck¡V
dj buds {ks=kiQy Kkr djds] vUr esa bUgsa tksM+k tk,] rks iwjk {ks=kiQy Kkr gks tk,xk (fp=k 31.1

nsf[k,)A vc] ekuk cUn varjky [a, b] esa] ,d lrr iQyu f (x)  ifjHkkf"kr gSA

vHkh ;g eku dj pysa fd f (x) }kjk fy, x, lHkh eku ½.ksrj gSa] ftlls fd iQyu dk vkys[k
x-v{k ds mQij dh oØ gS (fp=k 31.3 nsf[k,)A
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Y

O a b
X

fp=k 31.3

bl oØ] x-v{k rFkk dksfV;ksa x = a vkSj x = b ds chp ds {ks=k] ij vFkkZr~ (fp=k 31.3 esa) Nk;kafdr
{ks=kA vc iz'u gS Nk;kafdr {ks=k dk {ks=kiQy Kkr fd;k tk,A

bl iz'u dks gy djus ds fy,] ge rhu fof'k"V fLFkfr;ksa] vk;rkdkj {ks=k] f=kHkqtkdkj {ks=k rFkk
leyach; {ks=k ij fopkj djrs gSaA

bu {ks=kksa dk {ks=kiQy = vk/kj × vkSlr mQ¡pkbZ

O;kid :i esa] varjky [a, b] ij fdlh iQyu f (x) ds fy,]

ifjc¼ {ks=k (fp=k 31.3 esa Nk;kafdr {ks=k) dk {ks=kiQy = vk/kj × vkSlr Å¡pkbZ

izk¡r vUrjky [a, b] dh yEckbZ vk/kj gS] fdlh fcUnq x ij f (x) dk eku ml fcUnq dh mQ¡pkbZ gSA
vr% vUrjky [a,b]  esa f  }kjk fy, x, ekuksa dk vkSlr gh vkSlr mQ¡pkbZ gksrh gS(bls Kkr djuk
bruk vklku ugha gS] D;ksafd mQ¡pkbZ ,dleku :i ls ugha cnyrh) gekjh leL;k gS fd varjky
[a,b]  esa f dk vkSlr eku dSls Kkr djsaA

;fn varjky [a,b]  esa f ds ekuksa dh la[;k ifjfer gks] rks ge vklkuh ls vkSlr eku fuEu lw=k }kjk
Kkr dj ysrs gSa %

varjky [a,b] esa f dk vkSlr eku 
[ ]a, b f

=
esa ds ekuksa dk ;kxs
ekuksa dh l[a ;k

ijUrq gekjs iz'u esa] vUrjky [a, b] esa f  }kjk fy, x, ekuksa dh la[;k vifjfer gSA ,slh fLFkfr esaa
vkSlr dSls Kkr fd;k tk,\ mijksDr lw=k gekjh lgk;rk ugha djrkA vr%] gesa f  ds vkSlr eku
dk vkdyu djus ds fy,] fuEu fof/ dk vkJ; ysuk iM+rk gS %

izFke vkdyu% dsoy a ij f  dk eku yhft,A a ij f dk eku f (a) gSA ge bl eku] vFkkZr~ f (a),

dks vUrjky [a,b] esa f  dk ,d jiQ (rough) vkSlr eku vkadrs gSaA

varjky [a, b]  esa f dk vkSlr eku (izFke vkdyu) = f (a) (i)

f}rh; vkdyu % [a, b]  dks nks cjkcj Hkkxksa] vFkkZr~ mivarjkyksa esa ck¡fV,A ;fn izR;sd mivarjky

dh yEckbZ h gS] rks h
b a

2
=

−
 gSA mivarjkyksa ds ck;sa fljksa ds fcUnqvksa ij f ds ekuksa dks yhft,A

;s eku f (a) rFkk f (a + h) gSa (fp=k 31.4)A
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Y

f(a) f(a + h)

(a + h) bO
X

fp=k 31.4

[a, b] esa f dk vkSlr bu nksuksa ekuksa dk vkSlr yhft,A

[a, b] esa f dk vkSlr eku (f}rh; vkdyu)

( ) ( )f a f a h b a
, h

2 2

+ + −
= = (ii)

vk'kk dh tkrh gS fd ;g vkdyu] izFke vkdyu ls vPNk gSA blh izdkj vkxs c<+rs gq,] varjky

[a,b] dks h yEckbZ ds n mivarjkyksa esa ck¡fV, (fp=k 31.5), 
b a

h
n

−
= A

y

f 
(a

)

f 
(a

 +
 h

)

f 
(a

 +
 2

h
)

f 
(a

 +
 (

n
 –

 1
)h

)

a a + h a + 2h a + (n – 1)h b
x

O

fp=k 31.5

n mivarjkyksa ds ck,a fljs ds fcUnqvksa ij f ds eku yhft,A ;s eku ( )f a ] f (a + h),......,

f [a + (n−1) h] gSaA [ ]a, b  esa f ds bu n ekuksa dk vkSlr yhft,A

[a, b] esa f dk vkSlr eku (n oka vkdyu)

( ) ( ) ( )[ ]f a f a h .......... f a n 1 h
,

n

+ + + + + −
=     

b a
h

n

−
= (iii)

n ds cM+s ekuksa ds fy, vk'kk dh tkrh gS fd (iii) vf/d vPNk vkdyu gS] tks ge [a, b] esa f

ds vkSlr eku ds fy, <wa<+rs gSaA

bl izdkj] [a, b] esa f ds vkSlr eku ds fy,] vkdyuksa dk ge fuEu vuqØe ikrs gSa %
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f (a)

( ) ( )[ ]1
f a f a h ,

2
+ +

b a
h

2

−
=

( ) ( ) ( )[ ]1
f a f a h f a 2h ,

3
+ + + +

b a
h

3

−
=

.........

.........

( ) ( ) ( )[ ]{ }1
f a f a h ........ f a n 1 h ,

n
+ + + + + −

b a
h

n

−
=

tSls&tSls ge bl vuqØe ds vuqfn'k vkxs c<+rs gSa] oSls&oSls ge vius ifj.kke vFkkZr~ [a, b] esa f

}kjk fy;s x;s vkSlr eku ds fudV vkSj vf/d fudV igqaprs tk jgs gSa] A vr% ;g rdZlaxr gS
fd bu vkdyuksa dh lhek dks [a, b] esa f dk vkSlr eku le>k tk,A nwljs 'kCnksa esa]

[a, b] esa] f dk vkSlr eku

( ) ( ) ( ) ( )[ ]{ }
n

1
lim f a f a h f a 2h ...... f a n 1 h ,

n→∞
= + + + + + + + −

tcfd
b a

h
n

−
= (iv)

( ) ( ) ( )[ ]{ }
h 0
lim h f a f a h .... f a n 1 h ,
→

= + + + + + −

;g fl¼ fd;k tk ldrk gS fd cUn varjky [a, b] ij lHkh lrr iQyuksa ds fy, bl lhek dk
vfLrRo gksrk gSA

vc gekjs ikl fp=k 31.3 esa Nk;kafdr Hkkx dk {ks=kiQy Kkr djus dk lw=k gSA vk/kj (b–a) gS vkSj
vkSlr mQ¡pkbZ (iv) ls izkIr gSA oØ f (x), x- v{k] dksfV;ksa x = a rFkk x = b }kjk ifjc¼ {ks=kiQy

( ) ( ) ( ) ( ) ( )[ ]{ }
n

1
b a lim f a f a h f a 2h ...... f a n 1 h ,

n→∞
= − + + + + + + + −

tcfd  
b a

h
n

−
= (v)

(v) ds nk,¡ i{k ds O;tad dks ge ,d fuf'pr lekdy dh ifjHkk"kk ds :i esa ysrss gSaA bl

lekdy dks ( )
b

a

f x dx∫  }kjk O;Dr fd;k tkrk gS vkSj bl izdkj i<+k tkrk gS % ^a ls b rd ( )f x

dk lekdy*A  ladsr ( )
b

a

f x dx∫  esa la[;kvksa a rFkk b dks Øe'k% lekdyu dh fuEu lhek o

mPp lhek dgrs gSa] rFkk ( )f x dks lekdY; dgrs gSaA

fVIi.kh%  [a, b] esa f ds vkSlr ekuksa ds vkdyuksa dks izkIr djus ds fy,] geus mivarjkyksa ds
ck,¡ i{kksa ds fljs ds fcUnqvksa dks fy;k gSA ck,¡ i{kksa ds fljksa ds fcUnqvksa dks gh D;ksa fy;k\ D;ksa
ugha mivarjky ds nk,¡ i{k fljs ds fcUnqvksa dks fy;k\

ge mivarjky ds nk,¡ i{k ds fljs ds fcUnqvksa dks Hkh ys ldrs gSaA rc lw=k gesa bl izdkj dk
feysxkA
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( ) ( ) ( ) ( ) ( ){ }
b

n
a

1
f x dx b a lim f a h f a 2h ...... f b ,

n→∞
= − + + + + +∫

tcfd  
b a

h
n

−
=

( ) ( ) ( )[ ]
h 0
lim h f a h f a 2h ...... f b
→

= + + + + + (vi)

mnkgj.k 31.1.

2

1

x dx∫  dks ;ksx dh lhek ds :i esa Kkr dhft,A

gy % ifjHkk"kk ls]

 ( ) ( ) ( ) ( ) ( ){ }[ ]
b

n
a

1
f x dx b a lim f a f a h ........ f a n 1 h ,

n→∞
= − + + + + + −∫

tcfd 
b a

h
n

−
=

;gk¡] a = 1, b = 2, f (x) = x  vkSj 
1

h
n

= A

∴     ( )
2

n
1

1 1 n 1
x dx lim f 1 f 1 ........ f 1

n n n→∞

−    = + + + + +        ∫

    
n

1 1 2 n 1
lim 1 1 1 ........ 1

n n n n→∞

−      = + + + + + +            

    
n n

1 1 2 n 1
lim 1 1 ...... 1 ........

n n n n→∞

 − = + + + + + + +  
   

���������������

ckj

    ( ){ }
n

1 1
lim n 1 2 ...... n 1

n n→∞

 = + + + + −  

    
( )

n

n 1 .n1
lim n

n n.2→∞

− 
= + 

 
( )

( )n 1 .n
1 2 3 .... n 1

2

− 
+ + + + − = 

 
∵

    
n

1 3n 1
lim

n 2→∞

− =   
 

n

3 1 3
lim

2 2n 2→∞

 = − =  

mnkgj.k 31.2.

2
x

0

e dx∫ dks ;ksx dh lhek ds :i esa Kkr dhft,A

gy % ifjHkk"kk ls]

( ) ( ) ( ) ( ) ( ){ }[ ]
b

h 0
a

f x dx lim h f a f a h f a 2h ..... f a n 1 h
→

= + + + + + + + −∫ ,
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tcfd      
b a

h
n

−
=

;gk¡ ( ) xa 0, b 2, f x e= = =  rFkk
2 0 2

h
n n

−
= = A

∴    ( ) ( ) ( ) ( )[ ]
2

x

h 0
0

e dx lim h f 0 f h f 2h ....... f n 1 h
→

= + + + + −∫

    
( )n 1 h0 h 2h

h 0
lim h e e e ....... e −

→
 = + + + +
 

   

( )nh

0
hh 0

e 1
lim h e

e 1→

  −  =   −    

n
2 n 1 r 1

a ar ar ....... ar a
r 1

−  −
+ + + + =   

−  
D;kfsa d

   

nh 2

h hh 0 h 0

e 1 h e 1
lim h lim

he 1 e 1

h

→ →

   − −
= =   

 − −   
    

( nh 2=∵ )

  
2 2

hh 0

e 1 e 1
lim

1e 1

h

→

− −
= =

−
2e 1= −

h

h 0

e 1
lim 1

h→

 −
= 

 
∵

mnkgj.k 31.1 rFkk 31.2 esa] ge ns[krs gSa fd fuf'pr lekdy dk eku ;ksx dh lhek ds :i esa
fudkyuk dkiQh dfBu gSA bl dfBukbZ ds lek/ku ds fy,] gekjs ikl lekdyu xf.kr dh ewyHkwr
izes; gS ftldk dFku gS %

izes; 1 : ;fn [a,b] esa f lrr gS rFkk [a,b] esa f dk ,d izfr vodyt F gS]

rks ( ) ( ) ( )
b

a

f x dx F b F a= −∫ ......(1)

lkekU;r%] vUrj ( ) ( )F b F a−  dks ( )[ ]b

a
F x  }kjk O;Dr fd;k tkrk gS] ftlls (1) dks bl izdkj

fy[kk tk ldrk gS %

( ) ( ) ]
b

b

a
a

f x dx F x=∫ ;k ( )[ ]b

a
F x

nwljs 'kCnksa esa] ;g izes; gesa crkrh gS fd

( )
b

a

f x dx =∫  (mPp lhek b ij izfrvodyt dk eku) −

(mlh izfrvodyt dk fuEu lhek a ij eku)
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mnkgj.k 31.3. fuEu ds eku Kkr dhft, %

(a) 
2

0

cos x dx

π

∫ (b) 

2
2x

0

e dx∫

gy % (a) ge tkurs gSa fd cos x dx sin x c= +∫

∴        [ ]
2

2
0

0

cos x dx sin x

π
π

=∫  sin sin 0 1 0 1
2

π
= − = − =

(b)          

22 2x
2x

00

e
e dx ,

2

 
=  
 

∫ x xe dx e =
  ∫Q

4e 1

2

 −
=  
 

izes; 2 % ;fn [a,b] esa f rFkk g nks lrr iQyu gSa rFkk c vpj gS] rks

(i) ( ) ( )
b b

a a

c f x dx c f x dx=∫ ∫

(ii) ( ) ( )[ ] ( ) ( )
b b b

a a a

f x g x dx f x dx g x dx+ = +∫ ∫ ∫

(iii) ( ) ( )[ ] ( ) ( )
b b b

a a a

f x g x dx f x dx g x dx− = −∫ ∫ ∫

mnkgj.k 31.4. ( )
2

2

0

4x 5x 7 dx− +∫  dk eku Kkr dhft,A

gy %  ( )
2 2 2 2

2 2

0 0 0 0

4x 5x 7 dx 4x dx 5x dx 7 dx− + = − +∫ ∫ ∫ ∫

2 2 2
2

0 0 0

4 x dx 5 xdx 7 1 dx= − +∫ ∫ ∫

[ ]
2 23 2

2
0

0 0

x x
4. 5 7 x

3 2

   
= − +   

   

( )
8 4

4. 5 7 2
3 2

   = − +   
   

32
10 14

3
= − +  

44

3
=
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  ns[ksa vkius fdruk lh[kk 31.1

1. ( )
5

0

x 1 dx+∫ dks ;ksx dh lhek ysdj Kkr dhft,A

2.

1
x

1

e dx

−
∫  dks ;ksx dh lhek ysdj Kkr dhft,A

3. (a)  
4

0

sin x dx

π

∫  dk eku Kkr dhft,A (b) ( )
2

0

sin x cos x dx

π

+∫  dk eku Kkr dhft,A

(c)  

1

2
0

1
dx

1 x+∫  dk eku Kkr dhft,A (d) ( )
2

3 2

1

4x 5x 6x 9 dx− + +∫  Kkr dhft,A

31.2 izfrLFkkiu }kjk fuf'pr lekdy dk eku Kkr djuk

fuf'pr lekdy dk eku Kkr djus ds fy,] eq[; ckr gS lacaf/r vfuf'pr lekdy Kkr djukA

iwoZ ikBksa esa] vfuf'pr lekdy Kkr djus ds fy,] geus cgqr lh fof/;ksa dh ppkZ dh gSA vfuf'pr
lekdy Kkr djus dh fof/;ksa esa ,d egRoiw.kZ fof/ izfrLFkkiu fof/ gSA tc ge fuEu fuf'pr
lekdyksa tSls lekdyksa dk eku Kkr djus ds fy, izfrLFkkiu fof/ dk iz;ksx djrs gSa %

3

2
2

x
dx

1 x+∫ ,  
2

2
0

sin x
dx,

1 cos x

π

+∫

rks fuEufyf[kr pj.kksa dk ikyu djrs gSa%s

(i) fn, gq, lekdy dks ,d leqfpr izfrLFkkiu }kjk ,d Kkr :i esa cny fy;k tk, rFkk
lekdyu ;ksX; cuk fy;k tk,A lekdy dks u, pj ds inksa esa fyf[k,A

(ii) u, pj ds lkis{k u, lekdY; dk lekdyu dhft,A

(iii) rnuqlkj lhekvksa dks cnyk tk, rFkk mPp vkSj fuEu lhekvksa ij ekuksa dk vUrj Kkr dhft,A

fVIi.kh% ;fn ge lhek dks u, pj ds lkis{k ugha cnyrs] rks lekdyu ds i'pkr u, pj ds
fy, iqu% izfrLFkkiu dhft, rFkk ewy pj esa mÙkj fyf[k,A lekdy dh nh gqbZ lhekvksa ls vc
mÙkj Kkr dj yhft,A

mnkgj.k 31.5. eku Kkr dhft, %

(a)
2

2
0

sin x
dx

1 cos x

π

+∫ (b) 
2

4 4
0

sin 2
d

sin cos

π

θ
θ

θ + θ∫    (c)
2

0

dx

5 4 cos x

π

+∫

gy % (a) ekuk cos x t=  gSA
rc]     sin x dx dt= −
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tc x 0, t 1= =  rFkk x , t 0
2

π
= =  gS] tc x, 0 ls 

2

π
 rd fopj.k djrk gS] rks t esa laxr fopj.k

1 ls 0 rd gksrk gSA

∴ [ ]
02 01

12 2
0 1

sin x 1
dx dt tan t

1 cos x 1 t

π

−= − = −
+ +∫ ∫

1 1tan 0 tan 1− − = − −   0
4

π = − −  
 

4

π
=

(b)  
( )

2 2

4 4 22 2 2 2
0 0

sin 2 sin 2
I d d

sin cos sin cos 2 sin cos

π π

θ θ
= θ = θ

θ + θ θ + θ − θ θ
∫ ∫

2

2 2
0

sin 2
d

1 2 sin cos

π

θ
= θ

− θ θ∫

( )
2

2 2
0

sin 2 d

1 2 sin 1 sin

π

θ θ
=

− θ − θ
∫

ekuk 2sin tθ =  gSA

rc] 2 sin cos d dtθ θ θ =

vFkkZr~ sin 2 d dtθ θ =

tc 0, t 0θ = = rFkk tc , t 1
2

π
θ = =

tSls&tSls θ ,  0 ls 
2

π
 rd fopj.k djrk gS oSls&oSls u, pj 't' dk laxr fopj.k 0 ls 1 rd gksrk gSA

∴ ( )

1

0

1
I dt

1 2t 1 t
=

− −∫  

1

2
0

1
dt

2t 2t 1
=

− +∫

        

1

2
0

1 1
dt

1 12
t t

4 4

=
− + +

∫
 

1

2 2
0

1 1
dt

2 1 1
t

2 2

=
   − +   
   

∫

1

1

0

1
t

1 1 2. tan
1 12

2 2

−

  −  
=   

  
  

( )1 1tan 1 tan 1− − = − − 

4 4

π π = − − 
  2

π
=
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(c) ge tkurs gSa fd   

2

2

x
1 tan

2cos x
x

1 tan
2

−
=

+

∴          
2

0

1
dx

5 4 cos x

π

+∫

( )

2

2
0

2 x

2

1
dx

x
4 1 tan

2
5

1 tan

π

 
 
 

=
  −     +

+

∫

2 x
2

2
2 x

0 2

sec
dx

9 tan

π
 
 
 

 
 
 

=
+∫ (1)

ekuk 
x

tan t
2

=

rc]    
2 x

sec dx 2dt
2

=  gS] tc x 0= ,   t 0=  rFkk tc x
2

π
= , t 1=

∴   

12

2
0 0

1 1
dx 2 dt

5 4 cos x 9 t

π

=
+ +∫ ∫ .....[(1) ls]

     

1
1

0

2 t
tan

3 3

− =   
 

12 1
tan

3 3

− =   

31.3 fuf'pr lekdyksa ds dqN xq.k

lhekvksa a rFkk b ds eè; f(x) dk fuf'pr lekdy igys gh fuEu :i esa ifjHkkf"kr fd;k tk
pqdk gS %

( ) ( ) ( )
b

a

f x dx F b F a ,= −∫ tgk¡  ( )[ ] ( )
d

F x f x ,
dx

=  tgk¡

a rFkk b Øe'k% lekdyu dh fuEu rFkk mPp lhek,¡ gSaA vc ge ,sls fuf'pr lekdyksa ds dqN
egRoiw.kZ rFkk mi;ksxh xq.kksa ds dFku uhps ns jgs gSa %

(i) ( ) ( )
b b

a a

f x dx f t dt=∫ ∫ (ii)  ( ) ( )
b a

a b

f x dx f x dx= −∫ ∫

(iii)  ( ) ( ) ( )
b c b

a a c

f x dx f x dx f x dx,= +∫ ∫ ∫ tgk¡  a < c < b gSA

(iv)  ( ) ( )
b b

a a

f x dx f a b x dx= + −∫ ∫
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(v) ( ) ( ) ( )
2a a a

0 0 0

f x dx f x dx f 2a x dx= + −∫ ∫ ∫

(vi)  ( ) ( )
a a

0 0

f x dx f a x dx= −∫ ∫

(vii)  
( )

( ) ( )

( ) ( ) ( )

2a
a

0
0

0, f 2a x f x

f x dx
2 f x dx, f 2a x f x

− = −


= 
− =



∫
∫

;fn

;fn

(viii)   ( )

( )

( ) ( )

a
a

a
0

0, f x , x

f x dx
2 f x dx, f x , x

−




= 



∫
∫

dk ,d fo"ke iQyu gS

dk ,d le iQyu gS

;fn

;fn

cgqr ls fuf'pr lekdy] tks vU;Fkk cgqr dfBu gksrs gSa] mijksDr xq.kksa }kjk vklkuh ls Kkr fd,
tk ldrs gSaA

fuEu mnkgj.kksa esa fuf'pr lekdy dk eku Kkr djus esa] bu xq.kksa ds iz;ksx dks Li"V fd;k
x;k gS

mnkgj.k 31.6. n'kkZb, fd

(a)
2

0

log | tan x | dx 0

π

=∫ (b)
0

x
dx

1 sin x

π

= π
+∫

gy % ekuk
2

0

I log | tan x | dx

π

= ∫ ....(i)

xq.k       ( ) ( )
a a

0 0

f x dx f a x dx= −∫ ∫  dk iz;ksx djrs gq,] gesa izkIr gksrk gS %

        
2

0

I log tan x dx
2

π

π  = −  
  ∫  ( )

2

0

log cot x dx

π

= ∫

( )
2

1

0

log tan x dx

π

−= ∫  
2

0

log tan x dx

π

= −∫ I= −

[(i) dk iz;ksx djus ij]

∴       2I 0=
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vFkkZr~]        I = 0 ;k
2

0

log | tan x | dx 0

π

=∫

(b)
0

x
dx

1 sin x

π

+∫

ekuk
0

x
I dx

1 sin x

π

=
+∫ (i)

∴ ( )
0

x
I dx

1 sin x

π
π −

=
+ π −∫ ( ) ( )

a a

0 0

f x dx f a x dx
 

= − 
  
∫ ∫Q

   
0

x
dx

1 sin x

π
π −

=
+∫ (ii)

(i) rFkk (ii) dks tksM+us ij]

    
0 0

x x 1
2I dx dx

1 sin x 1 sin x

π π
+ π −

= = π
+ +∫ ∫

;k     2
0

1 sin x
2I dx

1 sin x

π
−

= π
−∫ ( )2

0

sec x tan x sec x dx

π

= π −∫

[ ]0tan x sec x
π= π −  ( ) ( )[ ]tan sec tan 0 sec 0= π π − π − −

( ) ( )[ ]0 1 0 1= π − − − −  2= π

∴       I = π

mnkgj.k 31.7.   eku Kkr dhft, %

(a)
2

0

sin x
dx

sin x cos x

π

+∫ (b) 
2

0

sin x cos x
dx

1 sin x cos x

π

−

+∫

gy % (a) ekuk        
2

0

sin x
I dx

sin x cos x

π

=
+∫ (i)

lkFk gh]    
2

0

sin x
2

I dx

sin x cos x
2 2

π π − 
 =

π π   − + −   
   

∫

   (xq.k ( ) ( )
a a

0 0

f x dx f a x dx= −∫ ∫  dk iz;ksx djus ij)
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   = 
2

0

cos x
dx

cos x sin x

π

+∫ (ii)

(i) vkSj (ii) dks tkM+us ij] gesa izkIr gksrk gS %

2

0

sin x cos x
2I dx

sin x cos x

π

+
=

+∫  
2

0

1.dx

π

= ∫ [ ]2
0

x
2

π
π

= =

∴ I
4

π
=

vFkkZr~]
2

0

sin x
dx

4sin x cos x

π

π
=

+∫

(b) eku yhft,
2

0

sin x cos x
I dx

1 sin x cos x

π

−
=

+∫ (i)

rc]
2

0

sin x cos x
2 2

I dx

1 sin x cos x
2 2

π π π   − − −   
   =

π π   + − −   
   

∫      ...... ( ) ( )
a a

0 0

f x dx f a x dx
 

= − 
  
∫ ∫Q

2

0

cos x sin x
dx

1 cos x sin x

π

−
=

+∫ (ii)

(i) rFkk (ii) dks tksM+us ij] gesa feyrk gS %

    
2 2

0 0

sin x cos x cos x sin x
2I dx

1 sin x cos x 1 sin x cos x

π π

− −
= +

+ +∫ ∫

2

0

sin x cos x cos x sin x
dx

1 sin x cos x

π

− + −
=

+∫  = 0

∴          I = 0

mnkgj.k 31.8. eku Kkr dhft, %

(a)

2a x

2
a

xe
dx

1 x− +∫ (b)

3

3

x 1 dx

−

+∫

gy % (a)  ;gk¡  ( )
2x

2

xe
f x

1 x
=

+
  gSA
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∴  ( )
2x

2

xe
f x

1 x
− = −

+
( )f x= −

∴  ( )f x , x dk ,d fo"ke iQyu gSA

∴   

2a x

2
a

xe
dx 0

1 x−

=
+∫

(b) 

3

3

x 1 dx

−

+∫

x 1, x 1
x 1

x 1, x 1

+ ≥ −
+ = 

− − < −

;fn

;fn

∴    

3 1 3

3 3 1

x 1 dx x 1 dx x 1 dx

−

− − −

+ = + + +∫ ∫ ∫ [xq.k (iii) dk iz;ksx djds]

( ) ( )
1 3

3 1

x 1 dx x 1 dx

−

− −

= − − + +∫ ∫

1 32 2

3 1

x x
x x

2 2

−

− −

   −
= − + +   
   

1 9 9 1
1 3 3 1 10

2 2 2 2
= − + + − + + − + =

mnkgj.k 31.9. ( )
2

0

log sin x dx

π

∫ dk eku Kkr dhft,A

gy % ekuk ( )
2

0

I log sin x dx

π

= ∫ .....(i)

lkFk gh]
2

0

I log sin x dx
2

π

π  = −    ∫ [xq.k (iv) dk iz;ksx djds]

   ( )
2

0

log cos x dx

π

= ∫ .....(ii)

(i) vkSj (ii) dks tksM+us ij] gesa izkIr gksrk gS %

( ) ( )[ ]
2

0

2I log sin x log cos x dx

π

= +∫ ( )
2

0

log sin x cos x dx

π

= ∫
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2

0

sin 2x
log dx

2

π

 =  
 ∫ ( ) ( )

2 2

0 0

log sin 2x dx log 2 dx

π π

= −∫ ∫

    ( )
2

0

log sin 2x dx log 2
2

π

π
= −∫ (iii)

iqu%] ekuk] ( )
2

1

0

I log sin 2x dx

π

= ∫  gSA

2x = t jf[k,] ftlls  
1

dx dt
2

=

tc x = 0, t = 0 rFkk tc x , t
2

π
= = π

∴ ( )1

0

1
I log sin t dt

2

π

= ∫

   ( )
2

0

1
.2 log sin t dt

2

π

= ∫ , [xq.k (vi) dk iz;ksx djds]

    ( )
2

0

1
.2 log sin x dt

2

π

= ∫ [xq.k (i) dk iz;ksx djds]

∴ 1I I=  gS [(i) lss] .....(iv)

(iii) esa bl eku dks j[kus ij] gesa izkIr gksrk gS %

2I I log 2
2

π
= − ⇒   I log 2

2

π
= −

vr%] ( )
2

0

log sin x dx log 2
2

π

π
= −∫

   ns[ksa vkius fdruk lh[kk 31.2

fuEufyf[kr lekdyksa ds eku Kkr dhft, %

1.

1
2x

0

xe dx∫ 2. 
2

0

dx

5 4 sin x

π

+∫ 3.

1

2
0

2x 3
dx

5x 1

+

+∫
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4.

5

5

x 2 dx

−

+∫ 5.

2

0

x 2 xdx−∫ 6. 
2

0

sin x
dx

cos x sin x

π

+∫

7.
2

0

log cos x dx

π

∫ 8. 

4a 3 x

2
a

x e
dx

1 x− +∫ 9.
2

0

sin 2x log tan x dx

π

∫

 10.
2

0

cos x
dx

1 sin x cos x

π

+ +∫

31.4  lekdyu ds vuqiz;ksx

ekuk vUrjky [a, b]  esa nks lrr iQyu f rFkk g ,sls gSa fd izR;sd [ ]x a, b∈  ds fy,] ( ) ( )f x g x≥

vFkkZr~ oØ ( )y f x=  vUrjky [a,b] esa oØ y = g(x) dk uhps ls izfrPNsnu ugha djrk gSA vc iz'u

;g gS fd mQij ls ( )y f x= ] uhps ls y g(x)=  rFkk nksuksa vksj x a=  vkSj x b=  ls ifjc¼

(f?kjs) {ks=kiQy dks dSls Kkr djsaA iqu%] D;k gksrk gS tc Åijh oØ y f (x)=  uhps okys oØ
y g(x)=  dks ;k rks ckb± i{k lhek x a=  ;k nkb± i{k lhek x b=  vFkok nksuksa ij dkVrk gS\

31.4.1 oØ] x- v{k rFkk dksfV;ksa }kjk ifjc¼ (f?kjk) {ks=kiQy

eku yhft, oØ f (x), AB gS rFkk CA vkSj DB Øe'k%

x a= vkSj x b=  ij nks dksfV;ka gSaA iqu% eku yhft, fd
y f (x)=  varjky a x b≤ ≤  esa x dk ,d o/Zeku
iQyu gSA

ekuk ( )P x, y  oØ ij dksbZ fcUnq gS rFkk

( )Q x x, y y+ δ + δ  bl ij ,d fudVorhZ fcUnq gSA

budh dksfV;ksa PM rFkk QN dks [khafp,A

;gk¡ ge ns[krs gSa fd tSls&tSls x cnyrk gS] oSls&oSls
{ks=kiQy (ACMP) Hkh cnyrk gSA

ekuk A= {ks=kiQy (ACMP) gSA

rc] {ks=kiQy (ACNQ) A A= + δ

{ks=kiQy (PMNQ) = {ks=kiQy (ACNQ)–{ks=kiQy (ACMP)

A A A A= + δ − = δ

vk;r PRQS dks iwjk dhft,A rc {ks=kiQy (PMNQ) vk;rksa PMNR rFkk SMNQ ds {ks=kiQy ds
eè; esa fLFkr gSA vFkkZr~

Aδ ] y xδ  rFkk ( )y y x+ δ δ  ds eè; esa fLFkr gSA

fp=k 31.6

A P

S Q

B

R

y

O C M N D
X
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⇒
A

, y
x

δ

δ
rFkk  y y+ δ ds eè; esa fLFkr gSA

lhekar dh fLFkfr esa] tc Q P, x 0→ δ →  rFkk y 0δ →  gSA

∴
x 0

A
lim

xδ →

δ

δ
, y rFkk ( )

y 0
lim y y

δ →
+ δ  ds eè; esa fLFkr gSA

∴
dA

y
dx

=

x = a  ls  x = b rd] nksuksa i{kksa dk x ds lkis{k lekdyu djus ij gesa izkIr gksrk gS %

[ ]
b b

b
a

a a

dA
y dx dx A

dx
= ⋅ =∫ ∫

       = ({ks=kiQy tc x b= ) – ({ks=kiQy tc x a= )

        = {ks=kiQy (ACDB) – 0 = {ks=kiQy (ACDB)

vr%    {ks=kiQy (ACDB) ( )
b

a

f x dx= ∫

oØ y = f (x), x-v{k rFkk dksfV;ksa x = a vkSj x = b }kjk ifjc¼ {ks=kiQy

( )
b

a

f x dx∫ ;k
b

a

y dx∫   gS]

tgk¡ ( )y f x= ,d larr ,dekuh iQyu gS rFkk vrajky a x b≤ ≤  esa y  fpUg ugha cnyrkA

mnkgj.k 31.10. oØ y = x, x-v{k rFkk js[kkvksa x = 0 vkSj x = 2 }kjk ifjc¼ {ks=kiQy Kkr dhft,A

gy % fn;k gqvk oØ y x=  gSA
∴ oØ y = x, x-v{k rFkk dksfV;ksa x = 0 vkSj x = 2 }kjk ifjc¼ vHkh"V {ks=kiQy (tSlk fd fp=k
12.7 esa fn[kk;k x;k gS)

2

0

x dx= ∫  

22

0

x

2

 
=  
 

2 0 2= − =  oxZ bdkbZ

mnkgj.k 31.11. o`Ùk 2 2 2x y a+ =  rFkk x-v{k }kjk

izFke prqFkk±'k esa f?kjs Hkkx dk {ks=kiQy Kkr

dhft,A

gy % fn;k gqvk oØ 2 2 2x y a+ = ,d o`Ùk gS] ftldk dsUnz (0,0) rFkk f=kT;k a  gSA vr% gesa o`Ùk

2 2 2x y a+ = ] x-v{k rFkk dksfV;ksa x 0=  vkSj x a=  }kjk f?kjs Hkkx dk {ks=kiQy Kkr djuk gSA

      vHkh"V {ks=kiQy 
a

0

y dx= ∫

fp=k 31.7

y
y = x

O

x = 0 x = 2

x
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a
2 2

0

a x dx= −∫        (Q izFke prqFkk±'k esa y /ukRed gS)

a2
2 2 1

0

x a x
a x sin

2 2 a

−  = − +  
  

2 2
1 1a a

0 sin 1 0 sin 0
2 2

− −= + − −

2a
.

2 2

π
=

1 1sin 1 , sin 0 0
2

− −π = = 
 
Q

2a

4

π
=  oxZ bdkbZ

    ns[ksa vkius fdruk lh[kk 31.3

1. oØ 2y x , x= −v{k rFkk js[kkvksa x 0= vkSj x 2=  }kjk ifjc¼ {ks=kiQy Kkr dhft,A

2. oØ y 3x, x= − v{k rFkk js[kkvksa x 0= vkSj x 3= }kjk ifjc¼ {ks=kiQy Kkr dhft,A

31.4.2 oØ x = f (y), y-v{k rFkk js[kkvksa y = c, y = d }kjk ifjc¼ {ks=kiQy Kkr djuk

ekuk AB oØ ( )x f y=  gS rFkk CA  vkSj DB

Øe'k% y = c vkSj y = d ij Hkqt gSaA

ekuk ( )P x, y  oØ ij dksbZ fcUnq gS rFkk

( )Q x x, y y )+ δ + δ bl ij ,d fudVorhZ fcUnq

gSA PM rFkk QN, y-v{k ij Øe'k% P rFkk Q ls
yEc [khafp,A tc y cnyrk gS] rks {ks=kiQy (ACMP)

Hkh cnyrk gS rFkk Li"Vr% ;g y dk ,d iQyu
gSA ekuk A, {ks=kiQy (ACMP) dks O;Dr djrk gS
rc {ks=kiQy (ACNQ), A A+ δ gksxkA

∴   {ks=kiQy (PMNQ) = {ks=kiQy (ACNQ) –{ks=kiQy (ACMP)

A A A A= + δ − = δ

vk;r PRQS dks iwjk dhft,A rc {ks=kiQy (PMNQ), {ks=kiQy (PMNS) rFkk {ks=kiQy RMNQ ds
eè; fLFkr gS] vFkkZr~

Aδ , x yδ rFkk ( )x x y+ δ δ  ds eè; fLFkr gksxkA

⇒
A

y

δ

δ , x rFkk x + xδ   ds eè; fLFkr gksxkA

lhekar fLFkfr esa] tc Q P, x 0→ δ →  rks y 0δ →  gSA

fp=k 31.8

fp=k 31.9

y
(0, a)

x  + y  = a22 2

x′ x
(a, 0)

(0, 0)

O

y′

Dy

N

M

C
A

R

Q(x + x, y + y)δδ

P(x, y)

S

B

xo
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∴
y 0

A
lim

yδ →

δ

δ , x rFkk ( )
x 0
lim x x

δ →
+ δ  ds eè; fLFkr gksxhA

⇒
dA

x
dy

=

lhekvksa c ls d rd ds lkis{k nksuksa i{kksa dk lekdyu djus ij] gesa izkIr gksrk gS %

  

d d

c c

dA
x dy dy

dy
= ⋅∫ ∫

   = [ ]dcA

   = ({ks=kiQy tc y d= )&({ks=kiQy tc y c= )
   =  {ks=kiQy (ACDB) − 0

   =  {ks=kiQy (ACDB)

vr%] {ks=kiQy      (ACDB) ( )
d d

c c

x dy f y dy= =∫ ∫

oØ ( )x f y , y= −v{k rFkk js[kkvksa y c=  vkSj y d=  }kjk ifjc¼ {ks=kiQy

d

c

x dy∫  ;k ( )
d

c

f y dy∫  gS

tgk¡ ( )x f y= ,d lrr ,dekuh iQyu gS vkSj

varjky c y d≤ ≤ esa x dk fpUg ugha cnyrkA

mnkgj.k 31.12. oØ x y , y= −v{k rFkk

js[kkvksa y = 0 vkSj y = 3 }kjk ifjc¼ {ks=kiQy Kkr
dhft,A

gy % fn;k gqvk oØ x y=  gSA

∴ oØ] y-v{k rFkk js[kkvksa y 0, y 3= =  }kjk
ifjc¼ vHkh"V {ks=kiQy

3

0

x dy= ∫  

3

0

y dy= ∫  

32

0

y

2

 
=  
 

9
0

2
= −  

9

2
=   oxZ bdkbZ

mnkgj.k 12.13.     o`Ùk 2 2 2x y a+ = rFkk y-v{k }kjk izFke prqFkk±'k esa f?kjk {ks=kiQy Kkr dhft;sA

gy % fn;k gqvk oØ o`Ùk 2 2 2x y a+ =  gS] ftldk dsUnz (0]0) rFkk f=kT;k a gSA vr% gesa o`Ùk
2 2 2x y a+ = , y-v{k rFkk Hkqtksa y = 0 vkSj y = 1 }kjk f?kjk {ks=kiQy Kkr djuk gSA

fp=k 31.10

y y = x

y = 3

y = 0
x

y′

x′ o
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vHkh"V {ks=kiQy 

a

0

x dy= ∫
a

2 2

0

a y dy= −∫

(Q izFke prqFkkZa'k esa x /ukRed gksrk gS)
a2

2 2 1

0

y a y
a y sin

2 2 a

−  = − +  
  

2 2
1 1a a

0 sin 1 0 sin 0
2 2

− −= + − −

2a

4

π
=  oxZ bdkbZ

1 1sin 0 0, sin 1
2

− − π = = 
 
Q

fVIi.kh% ;g {ks=kiQy ogh gS] tks mnkgj.k 31.11 esa gSA bldk dkj.k gS fd oØ v{kksa ds lkis{k
lefer gSaA ,sls iz'uksa esa ;fn gels oØ dk {ks=kiQy iwNk x;k gS] rks fcuk fdlh #dkoV ds] ge
nksuksa esa ls fdlh ,d fof/ ls Kkr dj ldrs gSaA

mnkgj.k 12.14.   o`Ùk 2 2 2x y a+ =  dk iwjk {ks=kiQy Kkr dhft,A

gy % oØ dk lehdj.k 2 2 2x y a+ =  gSA o`Ùk nksuksa v{kksa ds lkis{k lefer gSA vr% o`Ùk dk

{ks=kiQy o`Ùk ds izFke prqFkkZa'k dss {ks=kiQy dk pkj xquk gSA vFkkZr~]

o`Ùk dk {ks=kiQy 4 OAB= ×  dk {ks=kiQy

2a
4

4

π
= ×  (mnkgj.kksa 12.11 rFkk 12.13 ls)

2a= π  oxZ bdkb;k¡

mnkgj.k 12.15.    nh?kZo`Ùk 
2 2

2 2

x y
1

a b
+ =  dk iwjk {ks=kiQy Kkr dhft,A

gy % nh?kZo`Ùk dk lehdj.k 
2 2

2 2

x y
1

a b
+ =  gSA

nh?kZo`Ùk] nksuksa v{kksa ds lkis{k  lefer gSA

vr% nh?kZo`Ùk dk iwjk {ks=kiQy izFke prqFkk±'k esa f?kjs {ks=kiQy dk

pkj xquk gSA vFkkZr~ nh?kZo`Ùk dk iwjk {ks=kiQy ( )4 OAB= ×  dk

{ks=kiQy] izFke prqFkk±'k esa

2 2

2 2

y x
1

b a
= −    ;k  2 2b

y a x
a

= −

vc {ks=kiQy (OAB) ds fy, x, 0 ls  a rd ifjofrZr gksrk gSA

fp=k 31.11

fp=k 31.12

fp=k 31.13

x′

y

(0, a)

x
(a, 0)

o

y′

y

B

x
O AA′

B′

y

B

x
O AA′

B′
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∴  (OAB) dk {ks=kiQy

a

0

y dx= ∫  

a
2 2

0

b
a x dx

a
= −∫

a2
2 2 1

0

b x a x
a x sin

a 2 2 a

−  = − +  
  

2 2
1 1b a a

0 sin 1 0 sin 0
a 2 2

− − 
= + − − 

 
 

ab

4

π
=

nh?kZo`Ùk dk iwjk {ks=kiQy
ab

4
4

π
= × ab= π  oxZ bdkbZ

31.4.3  nks oØksa ds chp dk {ks=kiQy

ekuk varjky [a,b] ij nks iQyu ( )f x  rFkk

( )g x  lrr vk Sj ½.ksrj gS aA ,slk gS fd

( ) ( )f x g x≥  [ ]x a, b∀ ∈  vF k k Z r ~

[ ]x a, b∈ ds fy, oØ ( )y f x=  oØ ( )y g x=

dks uhps ls ugha dkVrkA ge ( )y f x=  }kjk mQij

( )y g x= }kjk uhps rFkk nksuksa i{kksa esa x a= vkSj

x b=  }kjk ifjc¼ {ks=kiQy Kkr djuk pkgrs gSaA

A = [y = f(x) ds uhps {ks=kiQy] −  [y = g(x) ds uhps {ks=kiQy]         .....(1)

vc] oØ ( )y f x= , x-v{k rFkk dksfV;ksa x a=  vkSj x b=  }kjk ifjc¼ {ks=kiQy dh ifjHkk"kk dk

iz;ksx  djrs gq,] gesa izkIr gS %

( )y f x=  ds uhps dk {ks=kiQy ( )
b

a

f x dx= ∫   ...(2)

blh izdkj] ( )y g x=  ds uhps dk {ks=kiQy ( )
b

a

g x dx= ∫ ...(3)

(2) vkSj (3) lehdj.kksa dk iz;ksx (1) esa djrs gq, gesa izkIr gS]

        ( ) ( )
b b

a a

A f x dx g x dx= −∫ ∫ ( ) ( )[ ]
b

a

f x g x dx= −∫     ...(4)

D;k gksrk gS tc g ds eku ½.kkRed Hkh gkas\ ( )f x vkSj ( )g x  tc rd x-v{k ds mQij u gks tk,¡

,slk LFkkukarj.k djds bl lw=k dks foLr`r fd;k tk ldrk gSA blds fy, ekuk [a, b]  ij ( )g x dk

U;wure eku −m gS (fp=k 31.15 nsf[k,)A

fp=k 31.14

y
y = f (x)

y = g (x)

x = a x = bO
x
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y

O

x = a

y = f (x)

x = b

y = g(x)

x

{ks=kiQy
          

y y = f (x) + m

{ks=kiQy

O

x = a
y = g(x) + m x = b

x

fp=k 31.15 fp=k 31.16

pwafd ( )g x m≥ − ⇒ ( )g x m 0+ ≥

vc iQyu ( )g x m+  rFkk ( )f x m+ , [a, b] ij ½.ksrj gS (fp=k 31.16 nsf[k,)A varKkZu ls

;g Li"V gS fd f?kjs Hkkx dk {ks=kiQy LFkkukarj.k }kjk vifjofrZr jgrk gSA vr% f vkSj g ds eè;

dk {ks=kiQy A ogh {ks=kiQy gS tks ( )f x m+  rFkk ( )g x m+  ds eè; gSA bl izdkj

A = [ f(x) + m ds uhps {ks=kiQy] −  [g(x) + m ds uhps {ks=kiQy] ....(5)

vc] oØ y = f (x), x-v{k rFkk dksfV;ksa x = a vkSj x = b  }kjk ifjc¼ {ks=kiQy dh ifjHkk"kk dk iz;ksx
djds gesa izkIr gS %

( )y f x m= +  ds uhps dk {ks=kiQy ( )[ ]
b

a

f x m dx= +∫ ....(6)

rFkk ( )y g x m= +  ds uhps dk {ks=kiQy ( )[ ]
b

a

g x m dx= +∫ ....(7)

lehdj.kksa (5)] (6) rFkk (7) }kjk

( )[ ] ( )[ ]
b b

a a

A f x m dx g x m dx= + − +∫ ∫

      ( ) ( )[ ]
b

a

f x g x dx= −∫

;g ogh gS tks (4) gSA bl izdkj]

;fn ( )f x rFkk ( )g x  varjky [a,b] ij lrr iQyu gSa rFkk ( ) ( )f x g x≥ ] [ ]x a, b∀ ∈  rks

( )y f x=  }kjk mQij ls ( )y g x=  }kjk uhps ls x a=  }kjk ck,¡ ls rFkk x b=  }kjk nk,¡ ls ifjc¼

{ks=kiQy

( ) ( )[ ]
b

a

f x g x dx= −∫

{ks=kiQy{ks=kiQy
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mnkgj.k 31.16. oØ 2y x= rFkk y x 6= +  ds }kjk f?kjs Hkkx dk {ks=kiQy Kkr dhft;sA

gy % ge tkurs gSa fd 2y x=  ijoy; dk lehdj.k gS tks

y-v{k ds lkis{k lefer gS vkSj ewy fcUnq 'kh"kZ gSA y x 6= +

ljy js[kk dk lehdj.k gS (nssf[k, fp=k 31.17) A

{ks=k dk vkys[k n'kkZrk gS fd uhps dh lhek 2y x=  gS rFkk

mQij dh lhek y x 6= +  gSA ;g nksuksa oØ nks fcUnqvksa A

rFkk B ij dkVrs gSaA bu nksuksa lehdj.kksa dks gy djus ij
gesa izkIr gSA

     2x x 6= + ⇒

 2x x 6 0− − =

⇒    ( ) ( )x 3 x 2 0− + = ⇒ x 3, 2= −

tc  x = 3, y = 9 rFkk tc x = −2, y = 4 gSA

;gk¡ ( ) ( ) 2f x x 6, g x x , a 2, b 3= + = = − =

vHkh"V {ks=kiQy ( )
3 2

2
x 6 x dx

−
 = + − ∫

32 3

2

x x
6x

2 3
−

 
= + − 
 

27 22

2 3

 = − − 
 

 
125

6
=  oxZ bdkbZ

mnkgj.k 31.17.   oØksa 2y 4x= rFkk y = x ls ifjc¼ {ks=kiQy Kkr dhft,A

gy % ge tkurs gSa fd 2y 4x= ijoy; dk lehdj.k gS] tks x-v{k ds lkis{k lefer gS vkSj
'kh"kZ ewy fcUnq gSA y = x ewy fcUnq ls tkus okyh js[kk dk lehdj.k gS (fp=k 31.18 nsf[k,)A {ks=k

dk vkys[k n'kkZrk gS fd uhps dh lhek y x=  gS vkSj mQij dh lhek 2y 4x=  gSA ;s nksuksa oØ
fcUnqvksa O rFkk A ij dkVrs gSaA bu nksuksa lehdj.kksa dks gy djus ij gesa izkIr gksrk gS %

2y
y 0

4
− =

⇒        ( )y y 4 0− =

⇒          y 0, 4=

tc y = 0, x = 0 rFkk tc y = 4, x = 4 gSA

;gka ( ) ( ) ( )
1

2f x 4x , g x x, a 0, b 4= = = =

vr%] vHkh"V {ks=kiQy
( )14

2

0

2x x dx= −∫

y 
= x

 +
 6 y = x2

O 1 2
x

8

7

6

5

4

3

2

1

y

fp=k 31.17

fp=k 31.18

y
y = x

y  = 4x2

x
O

A
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43 2
2

0

4 x
x

3 2

 
 = −
  

32
8

3
= −  

8

3
=  oxZ bdkbZ

mnkgj.k 31.18.   ijoy;ksa 2x 4ay=  rFkk 2y 4ax=  ds mHk;fu"B Hkkx dk {ks=kiQy Kkr dhft,A

gy % ge tkurs gSa fd 2x 4ay=  rFkk 2y 4ax=  ijoy; ds lehdj.k gS tks Øe'k% x-v{k
rFkk y-v{k ds lkis{k lefer gS vkSj nksuksa ds 'kh"kZ ewyfcUnq ij gaS (fp=k 31.19 nsf[k,)A

{ks=k dk Ldsp n'kkZrk gS fd uhps dh lhek 2x 4ay=  gS rFkk mQij dh lhek 2y 4ax=  gS ;s nksuksa
oØ nks fcUnqvksa O rFkk A ij feyrs gSaA bu lehdj.kksa dks gy djus ij gesa izkIr gksrk gS %

    

4

2

x
4ax

16a
=

⇒ ( )3 3x x 64a 0− =

⇒          x 0, 4a=

tc x 0, y 0= =  rFkk x 4a, y 4a= =  gSA

vr%] nksuksa ijoy; fcUnqvksa (0,0) rFkk (4a, 4a) ij dkVrs gSaA

;gk¡ ( ) ( )
2x

f x 4ax , g x , a 0
4a

= = =  rFkk b 4a=

vr%] vHkh"V {ks=kiQy]

4a 2

0

x
4ax dx

4a

 
= − 

 
∫  

4a3

32

0

2.2 ax x

3 12a

 
 

= −  
2 232a 16a

3 3
= −  

216
a

3
=  oxZ bdkbZ

  ns[ksa vkius fdruk lh[kk 31.4

1. o`Ùk 2 2x y 9+ =  dk {ks=kiQy Kkr dhft,A

2. nh?kZo`r 
2 2x y

1
4 9

+ =  dk {ks=kiQy Kkr dhft,A

3. nh?kZo`r 
2 2x y

1
25 16

+ =  dk {ks=kiQy Kkr dhft,A

4. oØksa 2y 4ax=  rFkk 
2x

y
4a

=  }kjk ifjc¼ {ks=kiQy Kkr dhft;sA

5. oØksa 2y 4x=  rFkk 2x 4y=  }kjk ifjc¼ {ks=kiQy Kkr dhft;sA

6. oØksa 2y x=  rFkk y x 2= +  }kjk f?kjs {ks=k dk {ks=kiQy Kkr dhft;sA

fp=k 31.19

y

x  = 4ay2

y  = 4ax2

(4a, 4a)

A

O
x
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vkb, vH;kl djsa

� ;fn [a,b] esa f  lrr iQyu gS vkSj f dk izfrvodyt [a,b] esa F gS] rc

( ) ( ) ( )
b

a

f x dx F b F a= −∫

� ;fn [a,b] esa f vkSj g lrr iQyu gS rFkk c ,d vpj gS] rc

(i) ( ) ( )
b b

a a

c f x dx c f x dx=∫ ∫

(ii) ( ) ( )[ ] ( ) ( )
b b b

a a a

f x g x dx f x dx g x dx+ = +∫ ∫ ∫

(iii) ( ) ( )[ ] ( ) ( )
b b b

a a a

f x g x dx f x dx g x dx− = −∫ ∫ ∫

� oØ y = f (x), x-v{k rFkk dksfV;ksa x = a vkSj x = b }kjk ifjc¼ {ks=k gksrk gS

 ( )
b

a

f x dx∫ ;k  

b

a

y dx∫

� tcfd ( )y f x=  ,d lrr ,dekuh iQyu gS rFkk varjky a x b≤ ≤  esa y fpUg ugha
cnyrk gSA

� ;fn ( )f x  rFkk ( )g x  varjky [a,b] esa lrr iQyu gS vkSj ( ) ( )f x g x≥ [ ]x a, b ,∀ ∈

rc y f (x)= }kjk mij dh vksj ifjc¼ uhps dh vksj y g(x)=  }kjk ifjc¼] ck;ha vksj x =

a rFkk nk;ha vksj x b=  }kjk ifjc¼ {ks=k dk {ks=kiQy

( ) ( )[ ]
b

a

f x g x dx−∫

� http://mathworld.wolfram.com/DefiniteIntegral.html

� http://www.mathsisfun.com/calculus/integration-definite.html

� https://www.youtube.com/watch?v=ysvFgARjjBM

fuEufyf[kr lekdyksa (1 ls 6 rd) ds eku ;ksx dh lhek ls Kkr dhft, %

1.

b

a

x dx∫ 2.

b
2

a

x dx∫ 3.  ( )
2

2

0

x 1 dx+∫

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV
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fuEufyf[kr lekdyksa (4 ls 22 rd) ds eku Kkr dhft, %

4.

2
2 2

0

a x dx−∫ 5.  
2

0

sin 2x dx

π

∫ 6.

2

4

cot x dx

π

π
∫

7.
2

2

0

cos x dx

π

∫ 8.

1
1

0

sin x dx−∫ 9.

1

2
0

1
dx

1 x−
∫

10.

4

2
3

1
dx

x 4−∫ 11.
0

1
d

5 3 cos

π

θ
+ θ∫ 12.

4
3

0

2 tan x dx

π

∫

13.  
2

3

0

sin x dx

π

∫ 14.

2

0

x x 2dx+∫ 15.
2

5

0

sin cos d

π

θ θ θ∫

16.
0

x log sin x dx

π

∫ 17. ( )
0

log 1 cos x dx

π

+∫ 18. 2
0

x sin x
dx

1 cos x

π

+∫

19.  
2 2

0

sin x
dx

sin x cos x

π

+∫ 20. ( )
4

0

log 1 tan x dx

π

+∫

21. oozQ x = y2, y-v{k rFkk js[kkvksa y = 0 vkSj y = 2 }kjk ifjc¼ {ks=kiQy Kkr dhft,A

22. oozQksa y = x2 rFkk y = x osQ }kjk f?kjs {ks=k dk {ks=kiQy Kkr dhft,A

23. oozQ y2 = 4x rFkk ljy js[kk x = 3 }kjk ifjc¼ {ks=kiQy Kkr dhft,A

24. ,d ,sls f=kHkqtkdkj {ks=k dk {ks=kiQy Kkr dhft, ftlosQ 'kh"kks± osQ funsZ'kkad (1, 0), (2, 2) ,oa
(3, 1) gSA

25. nh?kZòÙk 
2 2x y

1
9 4

+ =  rFkk ljy js[kk 
x y

1
3 2

+ =  }kjk f?kjs NksVs {ks=k dk {ks=kiQy Kkr dhft,A

26. ijoy; y = x2 rFkk oozQ y = |x| }kjk f?kjs {ks=k dk {ks=kiQy Kkr dhft,A

ns[ksa vkius fdruk lh[kk 31.1

1.
35

2
2.

1
e

e
−

 3. (a)
2 1

2

−
(b) 2 (c) 

4

π
(d) 

64

3

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 31.2

1.
e 1

2

−
2. 

12 1
tan

3 3

−
3. 

11 3
log 6 tan 5

5 5

−+

4. 29 5. 
24 2

15
6. 

4

π
7.  log 2

2

π
−

8. 0 9. 0 10.  
1

log 2
2 2

π −  

ns[ksa vkius fdruk lh[kk 31.3

1.
8

3
 oxZ bdkbZ 2. 

27

2
oxZ bdkbZ

ns[ksa vkius fdruk lh[kk 31.4

1. 9π  oxZ bdkbZ 2. 6π  oxZ bdkbZ 3. 20π  oxZ bdkbZ

4.
216

a
3

oxZ bdkbZ 5. 
16

3
oxZ bdkbZ 6. 

9

2
 oxZ bdkbZ

vkb, vH;kl djsa

1.
2 2b a

2

−
2.

3 3b a

3

−
3.

14

3

4.
2a

4

π
5. 1 6. 

1
log 2

2

7.
4

π
8. 1

2

π
− 9. 

2

π

10.
1 5

log
4 3

11.
4

π
12. 1 log 2−

13.
2

3
14. ( )16

2 2
15

+ 15. 
64

231

16.
2

log 2
2

π
− 17. log 2−π 18.

2

4

π

19. ( )1
log 1 2

2
+ 20. log 2

8

π
21.

8

3
 oxZ bdkbZ

22.
1

6
 oxZ bdkbZ 23. 8 3 oxZ bdkbZ 24.

2

3
 oxZ bdkbZ

25.
2

( 2)
3

π −  oxZ bdkbZ 26.
1

3
 oxZ bdkbZ
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32

vody lehdj.k

vodyu rFkk lekdyu dh ladYiuk i<+ ysus ds ckn gekjs lkeus iz'u gS fd mudk iz;ksx dgkaa
fd;k tk,A

okLro esa ;s os lk/u gSa tks lgh&lgh izkjfEHkd pky] iz{ksi dks.k] vko';d iz.kksn rFkk vkUrfj{k
izekspu esa vU; lEcaf/r fof'k"Vrkvksa dks Kkr djus esa gekjh lgk;rk djrs gSaA

dsoy  ;gha ugha] cfYd HkkSfrdh rFkk tho foKku esa dqN iz'uksa esa gesa ,sls lEcU/ feyrs gSa tks
vodyt ls lEc¼ gksrs gSaA

,d ,slk lEcU/ 2ds
4.9 t

dt
=  gks ldrk gS tgka s nwjh gS] t le; gS] vr%] 

ds

dt
] le; t ij osx

(nwjh ds ifjorZu dh nj) fu:fir djrk gSA

,sls lehdj.kksa dks] ftuds in vodyt lEc¼ gksrs gSa] vody lehdj.k dgrs gSaA bl ikB esa
ge] ,sls lehdj.kksa ds gy rFkk mu ds iz;ksx i<+saxsA

   mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

� vody lehdj.k] bldh dksfV rFkk ?kkr dks ifjHkkf"kr dj lduk

� vody lehdj.k dh dksfV rFkk ?kkr Kkr dj lduk

� nh xbZ fLFkfr ls vody lehdj.k cuk lduk

� mnkgj.k }kjk vody lehdj.k ds O;kid gy rFkk fof'k"V gy ds vFkZ dh O;k[;k dj
lduk

� fuEu izdkj ds vody lehdj.kksa dks gy dj lduk

(i) 
dy

f ( )
dx

= x (ii) 
dy

f ( ) g( )
dx

= x y

(iii) ( )
dy f( )

dx g

x, y

x, y
= (iv) ( ) ( )dy

P y Q
dx

+ =x x

� fn, gq, lhek izfrcU/ksa ds fy,] fn, gq, vody lehdj.k ds fof'k"V gy Kkr djuk
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iwoZ Kku
� chth; iQyuksa] ifjes; iQyuksa rFkk f=kdks.kferh; iQyuksa dk lekdyu

32.1 vody lehdj.k
tSlk fd Hkwfedk esa o.kZu fd;k x;k gS fd HkkSfrdh] tho foKku rFkk lekt'kkL=k ds iz'uksa dks
xf.krh; inksa esa tc lw=k.k fd;k tkrk gS rks ,sls lehdj.k curs gSa tks vodyt lEc¼ gksrs gSaA
,sls lehdj.kksa dks vody lehdj.k dgrs gSaA mnkgj.kkFkZ]

(i)
dy

cos x
dx

= (ii) 

2

2

d y
y 0

dx
+ = (iii) xdx ydy 0+ =

(iv) 

2 32
2

2

d y dy
x 0

dxdx

   + =   
  

(vi)

2
dy dy

y 1
dx dx

 = + +  
 

32.2 vody lehdj.k dh dksfV (Øe) rFkk ?kkr
dksfV % vody lehdj.k dh dksfV ml lehsdj.k esa vkus okys lcls cM+s vodyt dh dksfV gksrh gSA

?kkr % ;g vody lehdj.k esa lcls cM+h dksfV okys vodyt dh ?kkr gksrh gSA

mnkgj.kkFkZ]

vody lehdj.k Øe (dksfV) ?kkr

(i)
dy

sin x
dx

=  ,d ,d

(ii)

2
2dy

3y 5x
dx

  + = 
 

,d nks

(iii)

2 42
2

2

d s ds
t 0

dtdt

   + =   
  

nks nks

(iv)

3

3

d v 2 dv
0

r drdr
+ = rhu ,d

(v)

2 54 3
3

4 3

d y d y
x sin x

dx dx

   
+ =   

   

pkj nks

mnkgj.k 32.1.  fuEu vody lehdj.k dh dksfV rFkk ?kkr Kkr dhft, %

22

2

d y dy
1 0

dxdx

  + + =  
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gy % fn;k gS]
22

2

d y dy
1 0

dxdx

  + + =  
   

i.e.

22

2

d y dy
1 0.

dxdx

 + + = 
 

vr% vody lehdj.k dk Øe nks gS rFkk ?kkr ,d gSaA

fVIi.kh% vody lehdj.k dh ?kkr rHkh ifjHkkf"kr gksrh gS ;fn og lehdj.k vodytksa osQ
lanHkZ esa ,d cgqin lehdj.k gSA

32.3 jSf[kd rFkk vjSf[kd vody lehdj.k
,sls vody lehdj.k dks ftl esa vkfJr pj rFkk ml ds lHkh vodyt dh ?kkr ,d gS vkSj
mudk ijLij xq.kk Hkh ugha gS] jSf[kd vody lehdj.k dgrs gSaA tks vody lehdj.k jSf[kd ugha
gSa os vjSf[kd lehdj.k dgykrs gSaA

mnkgj.kkFkZ] vody lehdj.k

2

2

d y
y 0

dx
+ =  rFkk  

3
2 3

3

d y dy
cos x x y 0

dxdx
+ + =  jSf[kd gSaA

vody lehdj.k 
2

dy y
log x

dx x

  + = 
 

 vjSf[kd gS D;ksafd 
dy

dx
 dh ?kkr nks gSA

iqu%] vody lehdj.k 
2

2

d y
y 4

dx
− = x  jSf[kd ugha gSa D;ksafd vkfJr pj  y rFkk blds vodyt

2

2

d y

dx
 dk ijLij xq.kk gSA

32.4 vody lehdj.k cukuk
ewy fcUnq ls tkus okyh lHkh ljy js[kkvksa ds ifjokj ij fopkj dhft, (fp=k 32.1)

js[kkvksa ds ifjokj dks
y = mx .....(1)

ls iznf'kZr fd;k tk ldrk gSA

nskuksa i{kksa dk vodyu djus ij gesa izkIr gksrk gS %

dy
m

dx
= .....(2)

(1) rFkk (2) ls gesa] izkIr gqvk

dy
y

dx
= x .....(3)

fp=k 32.1

x′

y′

x

y

y 
x

= –
y 

x
=

 –
2

y 
x

= y 
x

=
 2

O
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vr% y x= m rFkk 
dy

dx
=y x  ,d gh ifjokj dks iznf'kZr djrs gSaA

Li"Vr%] lehdj.k (3) ,d vody lehdj.k gSA

dk;Zdkjh fu;e% ,d lehdj.k ftlesa nks pj x rFkk y gSa rFkk dqN LoSfPNd vpj tSls a,b,c

bR;kfn gSa] ds laxr vody lehdj.k cukukA

(i) lehdj.k dks mruh ckj vodfyr djsa ftruh la[;k LoSfPNd vpjksa dh ml esa gSA

(ii) bu lehdj.kksa ls LoSfPNd vpjksa dk foyksiu djsaA

fVIi.kh% ;fn lehdj.k esa n LoSfPNd vpj gSa rks gesa ,d n dksfV dk vody lehdj.k izkIr
gksxkA

mnkgj.k 32.2.  oØksa ds dqy dks iznf'kZr djus okys lehdj.k 2y ax .bx= +  dk vody lehdj.k
cukb;sA

gy % 2y ax bx= + ......(1)

nksuksa i{kksa dks vodfyr djus ij

dy
2 ax b

dx
= + ......(2)

(2) dks iqu% vodfyr djus ij]

2

2

d y
2 a

dx
= ......(3)

⇒      
2

2

1 d y
a

2 dx
= ......(4)

(lehdj.k esa nks LoSfPNd vpj gSa] vr% geus] bl lehdj.k dks nks ckj vodfyr fd;k gS vkSj
vc 'a' vkSj 'b' dk foyksiu djuk gS)

'a' dk eku lehdj.k (2) esa j[kus ij] gesa izkIr gksrk gS %
2

2

dy d y
x b

dx dx
= +

⇒  

2

2

dy d y
b x

dx dx
= −

'a' vkSj 'b' ds eku lehdj.k (1) esa j[kus ij]
2 2

2
2 2

1 d y dy d y
y x x x

2 dxdx dx

   
= + −   

   

;k
2 2 2

2
2 2

x d y dy d y
y x x

2 dxdx dx
= + −
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;k
2 2

2

dy x d y
y x

dx 2 dx
= −

;k
2 2

2

x d y dy
x y 0

2 dxdx
− + =

tks vHkh"V vody lehdj.k gSA

mnkgj.k 32.3.   oØksa ds dqy dks iznf'kZr djus okys lehdj.k y a cos(x b)= +  dk vody

lehdj.k cukb;sA

gy %  y = a cos (x +b) .....(1)

nksuksa i{kksa dks vodfyr djus ij] gesa izkIr gksrk gS %

dy
a sin(x b)

dx
= − + ....(2)

iqu% vodfyr djus ij] gesa izkIr gksrk gS %

( )
2

2

d y
a cos x b

dx
= − + ....(3)

(1) vkSj (3) ls]
2

2

d y
y

dx
= −

vFkkZr~   

2

2

d y
y 0

dx
+ =  izkIr gqvkA

;gh vHkh"V vody lehdj.k gSA

mnkgj.k 32.4.     mu lHkh o`Ùkksa dk] tks ewy fcUnq ls gksdj tkrs gSa rFkk ftuds dsUnz x-v{k ij

gSa] vody lehdj.k Kkr dhft,A

gy % D;ksafd o`Ùkksa ds dsUnz x-v{k ij gaS] vr% bl dsUnz dk funsZ'kkad (a, 0) gksxkA
D;ksafd òÙk ewy fcUnq ls gksdj tkrs gSa] vr% f=kT;k a gSA

rc lehdj.k ( )2 2 2x a y a− + =  gksxkA (1)

laxr vody lehdj.k Kkr djus ds fy,] ge lehdj.k (1) dks vodfyr djrs gSa vkSj gesa fuEu
izkIr gksrk gS %

( )
dy

2 x a 2y 0
dx

− + =

vFkok     
dy

x a y 0
dx

− + =

vFkok    
dy

a y x
dx

= +

lehdj.k (1) esa 'a' dk eku j[kus ij gesa izkIr gksrk gS %
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2 2
2dy dy

x y x y y x
dx dx

   − − + = +   
   

vFkok             

2 2
2 2dy dy dy

y y x y 2xy
dx dx dx

   + = + +   
   

vFkok        
2 2 dy

y x 2xy
dx

= +

;gh vHkh"V vody lehdj.k gSA

fVIi.kh% ;fn lehdj.k esa ,d LoSfPNd vpj gS] rks laxr vody lehdj.k izFke Øe dk
gS rFkk ;fn lehdj.k esa nks LoSfPNd vpj gSa rks laxr vody lehdj.k dk Øe nks gSA

    ns[ksa vkius fdruk lh[kk 32.1

1. vody lehdj.k dy
y x 1

dx
= +  dh dksfV rFkk ?kkr Kkr dhft,A

2. fuEufyf[kr izR;sd vody lehdj.k dh dksfV rFkk ?kkr fyf[k;s %

(a)

4 2

2

ds d s
3s 0

dt dt

  + = 
 

(b)   

2 32

2

d s ds
3 4 0

dtdt

   + + =   
  

3. crkb, fd fuEufyf[kr vody lehdj.k jSf[kd gS vFkok vjSf[kd %

(a) ( ) ( )2 2xy x dx y x y dy 0− + − =  (b) dx dy 0+ =

(c)
dy

cos x
dx

= (d)
2dy

sin y 0
dx

+ =

4. 'a' rFkk 'b' dk foyksiu djds ( ) ( )2 2 2x a y b r− + − =  dk laxr vody lehdj.k
cukb,A

5. (a) ( )2 2 2y m a x= −  dk laxr vody lehd.k cukb,A

(b) 2 2 2y 2ay x a− + =  dk laxr vody lehdj.k cukb,] tcfd a LoSfPNd vpj

gSA

(c) oØksa ds ifjokj 2x 3xy Ae Be−= +  ds laxr vody lehdj.k cukb, tgka A  rFkk
B LoSfPNd vpj gSaA

(d) mu lHkh ljy js[kkvksa dk vody lehdj.k cukb, tks (3, 2) ls gksdj tkrh gSaA

(e) mu lHkh o`Ùkksa dk vody lehdj.k cukb, tks ewy fcUnq ls gksdj tkrs gSa rFkk ftuds
dsUnz y-v{k fLFkr ij gSaA



xf.kr 373

vody lehdj.k

ekWM~;wy - VIII

dyu

fVIi.kh

32.5 O;kid rFkk fof'k"V gy
vody lehdj.k dk gy izfrykse izfØ;k gSA ;gk¡ ge ,slk lehdj.k izkIr djus dk iz;Ru djrs
gSa] ftldk vodyu djus ij rFkk vpjksa dk foyksiu djus ij geas nh xbZ vody lehdj.k izkIr
gksA bl izdkj izkIr lehdj.k dks vk| ;k vody lehdj.k dk gy djrs gSaA

fVIi.kh

1. ;fn ge vk| dks vodfyr djrs gSa rks gesa vody lehdj.k izkIr gksrk gSA ;fn ge
vody lehdj.k dk lekdyu djrs gSa rks gesa vk| izkIr gksrk gSA

2. vody lehdj.k dk gy vody lehdj.k dks lUrq"V djrk gSA

mnkgj.k 32.5.   n'kkZb, fd 1 2y C sin x C cos x= +  vody lehdj.k 
2

2

d y
y 0

dx
+ =  dk gy

gS tgka 1C  rFkk 2C  LoSfPNd vpj gSA

gy % 1 2y C sin x C cos x= + .....(1)

(1) dks vodfyr djus ij gesa izkIr gksrk gS %

1 2
dy

C cos x C sin x
dx

= − .....(2)

iqu% vodfyr djus ij gesa

2

1 22

d y
C sin x C cos x

dx
= − −

fn;s x;s vody lehdj.k esa 
2

2

d y

dx
 rFkk y dk eku izfrLFkkiu djus ij gesa izkIr gksrk gS %

2

1 2 1 22

d y
y C sin x C cos x ( C sin x C cos x)

dx
+ = + + − −

⇒
2

2

d y
y 0

dx
+ =

lekdyu esa LoSfPNd vpjksa dk egRoiw.kZ LFkku gSA vpjksa ds fHkUu ekuksa ds fy, vody lehdj.k
ds fHkUu gy gesa izkIr gksrs gSaA ftl gy esa vody lehdj.k dh dksfV ds leku LoSfPNd vpj
jgrs gSa mls O;kid gy dgrs gSaA

;fn ge vpjksa dks fof'k"V eku nsrs gSa] rks gy fof'k"V gy dgykrk gSA

fVIi.kh% O;kid gy esa LoSfPNd vpjksa dh la[;k vody lehdj.k dh dksfV ds cjkcj
gksrh gSA

mnkgj.k 32.6.    n'kkZb, fd 
a

y cx
c

= +  (tgka c vpj gS) vody lehdj.k 
dy dx

y x a
dx dy

= +

dk ,d gy gSA
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gy % fn;k gS 
a

y cx
c

= + .....(1)

(1) dk vodyu djus ij izkIr gksrk gS

dy
c

dx
= ⇒

dx 1

dy c
=

vody lehdj.k ds nk,¡ i{k esa 
dy

dx
 rFkk 

dx

dy
 dk eku j[kus ij gesa izkIr gksrk gS

    ( )
1 a

x c a cx y
c c

 + = + = 
 

vFkkZr~ nk;k¡ i{k = ck;k¡ i{k

vr%  fn, x, vody lehdj.k dk 
a

y cx
c

= + ,d gy gSA

mnkgj.k 32.7.   ;fn vody lehdj.k 
dy

6x 0
dx

− =  dk O;kid gy 2y 3x c= +  gS rks fof'k"V

gy Kkr dhft, tc y 3=  rc x 2=  gksA

gy % vody lehdj.k dk O;kid gy 2y 3x c= +  gS]

vc bl lehdj.k esa y 3, x 2= =  j[kus ij gesa izkIr gksrk gS

3 12 c= +  vFkok c 9= −

c dk eku O;kid gy esa j[kus ij gesa izkIr gksrk gS%

2y 3x 9= −

;gh vHkh"V fof'k"V gy gSA

32.6 vody lehdj.k dks gy djus dh fof/;k¡

32.6.1 tc pjksa dks i`Fkd fd;k tk lds

(i)
dy

f (x)
dx

==== izdkj ds vody lehdj.k

dy
f (x)

dx
=  vFkok  dy = f (x) dx izdkj ds vody lehdj.k ij fopkj djsaA

nksuksa i{kksa dk lekdyu djus ij gesa izkIr gqvk

( )dy f x dx=∫ ∫
;k   ( )y f x dx c= +∫
tgka c LoSfPNd vpj gSA ;gh fn, x, vody lehdj.k dk O;kid gy gSA
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fVIi.kh% O;kid gy esa c dk fy[kuk vko';d gS] vU;Fkk ;g fof'k"V gy cu tk;sxkA

mnkgj.k 32.8.  ( ) 2dy
x 2 x 4x 5

dx
+ = + −  dks gy dhft,A

gy % fn;k x;k vody lehdj.k gS % ( ) 2dy
x 2 x 4x 5

dx
+ = + −

;k
2dy x 4x 5

dx x 2

+ −
=

+
;k

2dy x 4x 4 4 5

dx x 2

+ + − −
=

+

;k
( )2

x 2dy 9

dx x 2 x 2

+
= −

+ +
;k

dy 9
x 2

dx x 2
= + −

+

;k
9

dy x 2 dx
x 2

 = + − 
+ 

.....(1)

(1) ds nksuksa i{kksa dks lekdfyr djus ij gesa izkIr gksrk gS %

9
dy x 2 dx

x 2

 = + − 
+ ∫ ∫

;k
2x

y 2x 9 log | x 2 | c
2

= + − + +  tgk¡ c LoSfPNd vpj gSA

;gh vHkh"V O;kid gy gSA

mnkgj.k 32.9.   
3dy

2x x
dx

= −  dks gy dhft,] fn;k gS fd tc x 0=  rks y 1=

gy % fn;k x;k vody lehdj.k gS % 3dy
2x x

dx
= −

;k ( )3dy 2x x dx= − ...(1)

(1) ds nksuksa i{kksa dk lekdyu djus ij gesa izkIr gksrk gS %

( )3dy 2x x dx= −∫ ∫ ;k     
4 2x x

y 2. c
4 2

= − +

;k    
4 2x x

y c
2 2

= − +  izkIr gksrk gS .....(2)

D;ksafd y 1=  rFkk x 0=

∴ ;fn ge bu ekuksa dks (2) esa j[ksa rks gesa izkIr gksrk gS %

1 0 0 c= − + ⇒ c = 1

iqu% c ds ekuksa dks (2) esa j[kus ij gesa izkIr gksrk gS %

( )4 21
y x x 1

2
= − +

;k ( )2 21
y x x 1 1

2
= − +   tks vHkh"V fof'k"V gy gSA
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(ii) 
dy

f (x) g(y)
dx

= ⋅= ⋅= ⋅= ⋅  ds izdkj ds vody lehdj.k

dy
f (x) g(y)

dx
= ⋅  ;k 

dy
f (x) dx

g(y)
=  ds izdkj ds vody lehdj.k ij fopkj djsaA..(1)

lehdj.k (1) esa x rFkk y ds in ijLij vyx gks tkrs gSaA vr% ,sls lehdj.k pj i`FkDdh
vody lehdj.k dgykrs gSaA

,sls vody lehdj.k dks gy djus ds fy, ge nksuksa rjiQ dk lekdyu djrs gSa rFkk ,d rjiQ
LoSfPNd vpj tksM nsrs gSaA

vkb, ge dqN vkSj mnkgj.k ysaA

mnkgj.k 32.10.   vody lehdj.k ( ) ( )2 21 x dy 1 y dx+ = +  dks gy dhft,A

gy % fn;k x;k vody lehdj.k gS]  ( ) ( )2 21 x dy 1 y dx+ = +  ftldks fuEu izdkj ls

fy[kk tk ldrk gS %

2 2

dy dx

1 y 1 x
=

+ + ---(;gk¡ pjksa dks i`Fkd dj fn;k tkrk gS)      (1)

(1) ds nksuksa i{kksa dks lekdfyr djus ij gesa izkIr gksrk gS%

2 2

dy dx

1 y 1 x
=

+ +∫ ∫

;k 1 1tan y tan x c− −= +  tgk¡ c, LoSfPNd vpj gSA ;gh vHkh"V gy gSA

mnkgj.k 32.11.  2

dy 2x

dx 3y 1
=

+  dk fof'k"V gy Kkr dhft, ftlds fy, ( )y 0 3=  vFkkZr tc

x 0, y 3= =

gy % fn;k gqvk vody lehdj.k fuEu gS %

2

dy 2x

dx 3y 1
=

+

;k      ( )23y 1 dy 2x dx+ = (1)

;fn (1) ds nksuksa i{kksa dks lekdfyr djsa rks gesa fuEu izkIr gksrk gS %

( )23y 1 dy 2x dx c+ = +∫ ∫ ,

3 2y y x c+ = + tgk¡ c , LoSfPNd vpj gSA    (2)

;g fn;k x;k gS fd ( )y 0 3=

y 3= tc x 0, (2)=  esa j[kus ij gesa izkIr gksrk gS %

        27 3 c+ =
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∴     c = 30

vr% vHkh"V fof'k"V gy gS

        3 2y y x 30+ = +

32.6.2 le?kkrh; vody lehdj.k

fuEu vody lehdj.kksa ij fopkj djsa %

(i)
2 2 dy dy

y x xy
dx dx

+ = (ii) ( )3 3 2x y dx 3xy dy 0+ − =  (iii)

3 2

2

dy x xy

dx y x

+
=

lehdj.k (i) esa] ge ns[krs gSa fd izR;sd in dh ?kkr 2 gSA  [ tSls 2y dh ?kkr 2 gS] 2x  dh ?kkr

2 gS rFkk xy dh ?kkr 1+1=2 gS]

lehdj.k (ii) esa] izR;sd in dh ?kkr 3 gSA

lehdj.k (iii) esa] izR;sd in dh ?kkr 3 gSA

,sls lehdj.kksa dks le?kkrh; lehdj.k dgk tkrk gSA

fVIi.kh% le?kkrh; lehdj.k esa vpj ugha gksrsA

mnkgj.k ds fy,] vody lehdj.k ( ) ( )2 3x 3yx dx x x dy 0+ − + =  le?kkrh; lehdj.k

ugha gSa D;ksafd izR;sd in dh ?kkr leku ugha gSA 2x  dh ?kkr 2 gS] 3xy dh ?kkr 2 gS] 3x  dh
3 gS] x dh 1 gSA

32.6.3  le?kkrh; vody lehdj.k ds gy

,sls lehdj.k ds gy ds fy,
(i) ,d pj y dks vx ;k pj x dks vy eku yhft, tgk¡ v Hkh ,d pj gSA

(ii) vody lehdj.k esa y = vx (;k x = vy) fyf[k,A vkSj bl izdkj ls izkIr vody lehdj.k
i`FkDdh vody lehdj.k gks tk;sxkA

(iii) bl lehdj.k dks vc oSls gh gy djsas tSls fd vkius igys gy fd;k gSA

mnkgj.k 32.12. ( )2 2 2x 3xy y dx x dy 0+ + − =  dks gy dhft,A

gy % fn;k x;k vody lehdj.k gS %

( )2 2 2x 3xy y dx x dy 0+ + − =

;k
2 2

2

dy x 3xy y

dx x

+ +
= .....(1)

;g nks ?kkr dk le?kkrh; lehdj.k gSA y vx=  fy[kus ij ge izkIr djrs gSa %

dy dv
v x

dx dx
= +

∴(1) ls]
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( )22

2

x 3x.vx vxdv
v x

dx x

+ +
+ = ;k  

2
2

2

dv 1 3v v
v x x

dx x

 + +
+ =  

 

;k   
2dv

v x 1 3v v
dx

+ = + + ;k       
2dv

x 1 3v v v
dx

= + + −

;k  
2dv

x v 2v 1
dx

= + + ;k   2

dv dx

xv 2v 1
=

+ +

;k    ( )2

dv dx

xv 1
=

+ .....(2)

(2) ds nksuksa i{kksa dk lekdyu djus ij gesa  izkIr gksrk gS %

1
c log x

v 1

−
+ =

+
 tgk¡ c , LoSfPNd vpj gSA

blesa v  dk eku j[kus ij gesa izkIr gksrk gS %

x
log x c

y x
+ =

+  tgk¡ c , LoSfPNd vpj gSA

tks fn, gq, vody lehsdj.k dk vHkh"V gy gSA

fVIi.kh% ;fn le?kkrh; lehdj.k dks 
dx P(x, y)

dy Q(x, y)
=  ds :i esa fy[kk tk, rks x = vy

izfrLFkfir djds gy Kkr fd;k tkrk gS

32.6.4  
dy

Py Q
dx

+ =+ =+ =+ =  ds izdkj ds vody lehdj.k] tgk¡ P rFkk Q, dsoy x ds

iQyu gSaA

lehdj.k
dy

Py Q
dx

+ = .....(1)

ij fopkj djsa tgka P rFkk Q,x ds iQyu gSaA ;g dksfV ,d dk jSf[kd lehdj.k gSA

lehdj.k (1) dks gy djus ds fy, ge (1) ds nksuksa i{kksa dks Pdx
e∫  ( ftls lekdyu xq.kd

dgk tkrk gS) ls xq.kk djrs gSaA bl izdkj gesa fuEu izkIr gksrk gS

Pdx Pdx Pdxdy
e Py e Qe

dx
∫ ∫ ∫+ =

;k    ( )Pdx Pdxd
ye Qe

dx
∫ ∫= .....(2)

( )Pdx Pdx Pdxd dy
ye e Py.e

dx dx

 ∫ ∫ ∫= +  
Q

lekdyu djus ij] gesa izkIr gksrk gS
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Pdx Pdx
ye Qe dx c∫ ∫= +∫ .....(3)

;k           
Pdx Pdx

y e Qe dx c
−  ∫ ∫= +  ∫

 fVIi.kh 1

∫ Pdx
e  dks lehdj.k dk lekdyu xq.kd dgrs gSa vkSj la{ksi esa bls I.F. fy[kk tkrk gSA

 fVIi.kh 2

(i) ge us ns[kk fd jSf[kd vody lehdj.k (1) dk ck;k¡ i{k ( )Pdxd
ye

dx
∫  cu tkrk

gS tc ge bls Pdx
e∫  ls xq.kk djrs gSaA

(ii) jSf[kd vody lehdj.k 
dy

Py Q
dx

+ =  dk gy ( )Pdx Pdx
ye Q e dx c∫ ∫= +∫  gS

tgka P rFkk Q dsoy x ds iQyu gSA

(iii) ;fn 
dy

dx
dk xq.kkad 1 ugha gS rks lehdj.k dks bl ls Hkkx nsdj xq.kkad 1 cuk ysuk pkfg,A

(iv) dqN lehdj.k ,sls ik, tkrs gSa] tgka y dk O;ogkj] LorU=k pj dh rjg vkSj x vkfJr
pj dh rjg] gksrk gSA

dx
Px Q

dy
+ =  jSf[kd vody lehdj.k gS tgka P rFkk Q dsoy y ds iQyu gSaA

bl fLFkfr esa]  Pdy
I.F. e∫=

vkSj gy ( ) ( )x I.F. Q. I.F. dy c= +∫  gSA

mnkgj.k 32.13.  
xdy y

e
dx x

−+ =  dks gy dhft,A

gy % ;gka x1
P , Q e

x

−= =  [ nsf[k;s fd P rFkk Q nksuksa x ds iQyu gSaA ]

lekdyu xq.kd
1

dxPdx log xxe e e x
∫∫ = = = ( )x 0>

vr% fn, gq, lehdj.k dk gy gS%

xyx xe dx c−= +∫  tcfd c LoSfPNd vpj gSA

;k x xxy xe e dx c− −= − + +∫ ;k x xxy xe e c− −= − − +

;k ( )xxy e x 1 c−= − + + ;k
xx 1 c

y e
x x

−+ = − + 
 

uksV % gy esa x > 0 gSA
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mnkgj.k 32.14.  
2dy

sin x y cos x 2 sin x cos x
dx

+ =  dks gy dhft,A

gy % fn;k gS 2dy
sin x y cos x 2 sin x cos x

dx
+ =

;k
dy

y cot x 2 sin x cos x
dx

+ = .....(1)

;gka P cot x, Q 2 sin x cos x= =

   Pdx cot xdx log sin xI.F. e e e sin x∫ ∫= = = =

vr% fn, gq, lehdj.k dk gy gS%

2y sin x 2 sin x cos x dx c= +∫ , tgk¡ fd c LoSfPNd vpj gSA

;k 32
y sin x sin x c

3
= +

tks vody lehdj.k dk vHkh"V gy gSA

mnkgj.k 32.15.  ( )2 1dx
1 y tan y x

dy

−+ = −  dks gy dhft,A

gy % fn;k x;k vody lehdj.k gS %

( )2 1dx
1 y tan y x

dy

−+ = −

;k
1

2 2

dx tan y x

dy 1 y 1 y

−
= −

+ +

;k
1

2 2

dx x tan y

dy 1 y 1 y

−
+ =

+ +
....(1)

ftl dk :i dx
Px Q

dy
+ =  gS] tgka P rFkk Q,y ds iQyu gSaA

1
dy

12Pdy tan y1 yI.F. e e e
−+

∫
∫= = =

vr% fn, gq, lehdj.k dk gy gS%

     
11 1tan y tan

2

(tan y)
x.e e y.dy c

1 y

−− −
= +

+∫

eku yhft, 1t tan y−=  blfy, 
2

1
dt dy

1 y
=

+

∴        ( )1tan y te x e .tdt c
−

= +∫  tcfd c LoSfPNd vpj gSA
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;k ( )1tan y t te x te e c
−

= − +∫
;k ( )1tan y t te x te e c

−
= − +

;k ( )1 1 1tan y 1 tan y tan ye x tan y e e c
− − −−= − + ( 1t tan y−=  j[kus ij)

;k    
11 tan yx tan y 1 ce

−− −= − +

  ns[ksa vkius fdruk lh[kk 32.2

1. (i) D;k y sin x= ] 
2

2

d y
y 0

dx
+ =  dk ,d gy gS\

(ii) D;k 3y x= ] vody lehdj.k 
dy

x 4y 0
dx

− =  dk ,d gy gS\

2. lehdj.k 
dy

3x
dx

=  ds dqN gy uhps fn, x;s gSaA crkb, fd muesa dkSu ls fof'k"V gy

rFkk dkSu ls O;kid gy gS\

(i) 22y 3x= (ii)      
23

y x 2
2

= +

(iii) 22y 3x C= + (iv)    
23

y x 3
2

= +

3. crkb, fd D;k fuEufyf[kr vody lehdj.k le?kkrh; gSa vFkok ugha\

(i)

2

2

dy x

dx 1 y
=

+
(ii)  ( ) ( )2 23xy y dx x xy dy 0+ + + =

(iii) ( ) 2dy
x 2 x 4x 9

dx
+ = + − (iv)   ( ) ( )3 2 3 3x yx dy y x dx 0− + + =

4. (a) n'kkZb, fd 
2

2

d y
4y 0

dx
+ =  dk ,d gy y = a sin 2x gSA

(b) lR;kfir dhft, fd 
3

3

d y
6

dx
=  dk ,d gy 3 2y x ax c= + +  gSA

5.
2dy

sec x
dx

=  dk O;kid gy] y tan x c= +  gSA fof'k"V gy Kkr dhft, tc

(a) x , y 1
4

π
= =   (b) 

2
x , y 0

3

π
= =

6. fuEu vody lehdj.kksa dks gy dhft, %

(a) ( )5 1 3dy
x tan x

dx

−= (b) 
3 2 xdy

sin x cos x xe
dx

= +

(c) ( )2 dy
1 x x

dx
+ = (d) 

2dy
x sin 3x

dx
= +
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7.
x dy

e 4
dx

=  dk fof'k"V gy Kkr dhft, tc fn;k gS fd y 3=  tc x 0=

8. fuEufyf[kr vody lehdj.kksa dks gy dhft, %

(a) ( )2 2 2 2dy
x yx y xy 0

dx
− + + = (b)

dy
xy x y 1

dx
= + + +

(c) 2 2sec x tan y dx sec y tan x dy 0+ = (d)
x y y 2dy

e e x
dx

− −= +

9. fuEufyf[kr vody lehdj.kksa dks gy dhft, %

(a) ( )2 2x y dx 2xy dy 0+ − = (b)
2dy y

x y
dx x

+ =

(c)
2 2dy x y y

dx x

− +
= (d)

dy y y
sin

dx x x

 = +  
 

10.
dy

y sec x tan x
dx

+ =  dks gy dhft, A

11. fuEufyf[kr vody lehdj.kksa dks gy dhft, %

(a) ( )2 1dy
1 x y tan x

dx

−+ + = (b) 
2 dy

cos x y tan x
dx

+ =

(c)
dy

x log x y 2 log x
dx

+ = , x > 1

12. fuEufyf[kr vody lehdj.kksa dks gy dhft, %

(a) ( )
dy

x y 1 1
dx

+ + =

[ladsr: 
dx

x y 1
dy

= + +  ;k  
dx

x y 1
dy

− = +  dk :i  
dx

Px Q
dy

+ =  gS ]

(b) ( )2 dy
x 2y y

dx
+ = , y > 0 [ladsr: 

2dx
y x 2y

dy
= +  ;k  

dx x
2y

dy y
− = ]

32.7 vody lehdj.k ls lacf/r dqN vU; mnkgj.k

mnkgj.k 32.16.  lR;kfir dhft, fd ( )
2

2 2
2

d y dy
1 x m y 0

dxdx
− − − = dk gy 1m sin xy e

−
= gSA

gy % fn;k x;k gS fd
1m sin xy e

−
= .....(1)

x ds lkis{k (1) dk vodyu djus ij gesa izkIr gksrk gS
1m sin x

2 2

dy me my

dx 1 x 1 x

−

= =
− −

;k          
2 dy

1 x my
dx

− =
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nksuksa i{kksa esa oxZ djus ij] ( )
2

2 2dy
1 x m y

dx

2 − = 
 

nksuksa i{kksa dk vodyu djus ij]

( )
2 2

2 2
2

dy dy d y dy
2x 2 1 x . 2m y

dx dx dxdx

 − + − = 
 

;k ( )
2

2 2
2

dy d y
x 1 x m y

dx dx
− + − =  ;k ( )

2
2 2

2

d y dy
1 x x m y 0

dxdx
− − − =

vr%] fn;k gqvk lEcU/ 
1m sin xy e

−
=

( )
2

2 2
2

d y dy
1 x x m y 0

dxdx
− − − =  dk gy gSA

mnkgj.k 32.17.  ( ) ( )y yx dx x xy dy 0− + + =  }kjk iznf'kZr oØ dk lehdj.k Kkr dhft,a

tks fcUnq (1,1) ls gksdj tkrk gSA

gy % fn;k gqvk vody lehdj.k gS %

( ) ( )y yx dx x xy dy 0− + + =

;k ( ) ( )x xy dy yx y dx+ = −

;k ( ) ( )x 1 y dy y x 1 dx+ = −

;k
( )1 y x 1

dy dx
y x

+ −
= .....(1)

(1) ds nskuksa i{kksa dk lekdyu djus ij]

1 y x 1
dy dx

y x

+ −   =   
  

∫ ∫

;k
1 1

1 dy 1 dx
y x

   + = −  
  

∫ ∫ .....(2)

;k      log y y x log x c+ = − +

pwafd oØ (1, 1) fcUnq ls gksdj tkrk gS] blfy,

lehdj.k (2) esa x = 1, y = 1 j[kus ij]

1 = 1 + c ;k c = 0

vr% vHkh"V oØ dk lehdj.k gS

log y y x log x+ = −  ;k ( )log xy x y= −

mnkgj.k 32.18.   

2x 4x

x x

dy 3e 3e

dx e e−

+
=

+
 dks gy dhft,A

gy% fn;k gS fd
2x 4x

x x

dy 3e 3e

dx e e−

+
=

+
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;k
( )3x x x

x x

3e e edy

dx e e

−

−

+
=

+
;k 3xdy

3e
dx

=

;k 3xdy 3e dx= .....(1)

(1) ds nksuksa i{kksa dk lekdyu djus ij]

3xy 3e dx c= +∫ ,  tgk¡ fd c ,d LoSfPNd vpj gSA

;k
3xe

y 3 c
3

= + ;k 3xy e c= +

tks lehdj.k dk vHkh"V gy gSA

  ns[ksa vkius fdruk lh[kk 32.3

1. (a) ;fn 1y tan x−=  gks] rks fl¼ dhft, fd ( )
2

2
2

d y dy
1 x 2x 0

dxdx
+ + =

(b) ;fn xy e sin x= gks] rks fl¼ dhft, fd 
2

2

d y dy
2 2y 0

dxdx
− + =

2. (a)
dy

xy x y 1
dx

= + + +   }kjk iznf'kZr oØ] tks fcUnq (2, 0) ls gksdj tkrk gS] dk

lehdj.k Kkr dhft,A

(b)
cos xdy

y cot x 5e
dx

+ = }kjk iznf'kZr oØ] tks fcUnq , 2
2

π 
 
 

 ls gksdj tkrk gS] dk

lehdj.k Kkr dhft,A

3.

3x 5x

x x

dy 4e 4e

dx e e−

+
=

+
 dks gy dhft,A

4. (a) y 2dx xdy e sec y dy−+ =  dks gy dhft,A

(b) ( )2 1dy
1 x 4x 3 cot x

dx

−+ − =  dks gy dhft,A

(c) ( ) ( ) ( )21 y xy dy 1 x 1 y dx+ = − −  dks gy dhft,A

� vody lehdj.k ,slk lehdj.k gksrk gS ftl esa LorU=k pj] vkfJr pj rFkk LorU=k pj
ds lkis{k vkfJr pj ds fHkUu fHkUu vodyt lEc¼ gksrs gSaA

� vody lehdj.k dh dksVh ml lehdj.k esa vkus okys vf/dre vodyt dh dksfV gksrh gSA

� ,d vody lehdj.k dh ?kkr ml lehdj.k esa vf/dre dksfV okys vodyt dh ?kkr
gksrh gSA

C

A1

% + vkb;s nksgjk,¡
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� vody lehdj.k dh ?kkr rHkh ifjHkkf"kr gksrh gS ;fn og lehdj.k vodytksa ds lanHkZ
esa ,d cgqin lehdj.k gSA

� ftl vody lehdj.k esa vkfJr pj rFkk blds vodyt dh ?kkr dsoy ,d (1) ikbZ
tk, rFkk mudk ijLij xq.kk u gks] ,sls vody lehdj.k dks jSf[kd vody lehdj.k
dgrs gSaA

� jSf[kd vody lehdj.k izFke ?kkr dk gksrk gSA

� vody lehdj.k dk O;kid gy ,slk gy gksrk gS ftl esa LoSfPNd vpjksa dh la[;k
vody lehdj.k ds dksfV ds cjkcj gksrh gSA

� O;kid gy] fof'k"V gy rc cu tkrk gS tc fd fn, gq, izfrcU/ksa dks lUrq"V djus okys
LoSfPNd vpjksa ds fof'k"V eku fu/kZfjr gks tkrs gSaA

� ( )
dy

f x
dx

=  ds izdkj ds vody lehdj.k dk gy izkIr djus ds fy,] mlds nksuks i{kksa

dks x ds lkis{k lekdfyr djrs gSaA

� ( )
dy

f x g (y)
dx

=  ds izdkj ds vody lehdj.k dk gy pjksa dks i`Fkd dj ds vkSj nksuksa

i{kksa dk lekdyu djds izkIr fd;k tkrk gSA

� vody lehdj.k M  (x, y) dx + N (x, y ) dy = 0 dks le?kkrh; dgk tkrk gS ;fn
M (x, y) rFkk N (x, y) le?kkrh; gSA

� le?kkrh; vody lehdj.k dk gy y vx= vFkok x vy=  izfrLFkkfir djds rc pjksa dks
i`Fkd djds] fudkyk tkrk gSA

� izFke dksfV ds jSf[kd lehdj.k 
dy

Py Q
dx

+ = dk gy

( )Pdx Pdx
ye Q e dx c∫ ∫= +∫  gS  tcfd c ,d LoSfPNd vpj gSA

� O;atd Pdx
e∫  dks vody lehdj.k dk lekdyu xq.kd dgrs gSaA la{ksi esa bls I.F.. fy[kk

tkrk gSA

� https://www.youtube.com/watch?v=LloXYtsHyK4

� https://www.youtube.com/watch?v=arYcc6IQ-WU

1. vody lehdj.k dh dksfV rFkk ?kkr Kkr dhft,%

(a)

2 42
2

2

d y dy
x 0

dxdx

   + =   
  

(b) xdx ydy 0+ =

lgk;d osclkbV

vkb, vH;kl djsa
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(c)

4

4

d y dy
4 4y 5 cos 3x

dxdx
− + = (d)

dy
cos x

dx
=

(e)

2
2

2

d y dy
x xy y

dxdx
− = (f)

2

2

d y
y 0

dx
+ =

2. Kkr dhft, fd fuEu lehdj.kksa esa dkSu ls jSf[kd rFkk dkSu ls vjSf[kd gSa %

(a)
dy

cos x
dx

= (b)
2dy y

y log x
dx x

+ =

(c)

3 22
2

2

d y dy
x 0

dxdx

   + =   
  

(d)
dy

x 4 x
dx

− =

(e) dx dy 0+ =

3. a dk foyksiu djrs gq, 2 2 2y 2ay x a− + =  ds laxr vody lehdj.k cukb,A bl dh

dksfV rFkk ?kkr fyf[k,A

4. a,b,c dk foyksiu djrs gq, 2y ax bx c= + +  ls vody lehdj.k Kkr dhft,A bldh
dksfV rFkk ?kkr fyf[k,A

5. fuEu ds O;kid gy esa fdrus vpj gksaxs \

(a) f}dksfV dk vody lehdj.kA

(b) r`rh; dksfV dk vody lehdj.k

(c) ikap dksfV dk vody lehdj.k

6. n'kkZb, fd vody lehdj.k 
2

2
2

d y dy
x x y 0

dxdx
+ + =  dk gy

( ) ( )y a cos log x b sin log x= +  gSA

7. fuEufyf[kr vody lehdj.kksa dks gy dhft, %

(a)
2 dy

sin x 3 cos x 4
dx

= + (b)
x y 2 ydy

e x e
dx

− −= +

(c)
dy cos x sin y

0
dx cos y

+ = (d) dy xydx xdx+ =

(e)
mdy

y tan x x cos mx
dx

+ = (f) ( )2 1dx
1 y tan y x

dy

−+ = −

ns[ksa vkius fdruk lh[kk 32.1

1. dksfV 1] ?kkr 1

2. (a) dksfV 2] ?kkr 1 (b) dksfV 2] ?kkr 2

mÙkjekyk
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3. ( a )  ( a )  ( a )  ( a )  vjSf[kd (b) jSf[kd

(c) jSf[kd (d) vjSf[kd

4.

3 22 2
2

2

dy d y
1 r

dx dx

    + =    
     

5. (a)

22

2

d y dy dy
xy x y 0

dx dxdx

 + − = 
 

 (b)   ( )
2

2 2 2dy dy
x 2y 4xy x 0

dx dx

 − − − = 
 

(c)  

2

2

d y dy
6y 0

dxdx
+ − = (d) ( )

dy
y x 3 2

dx
= − +

(e) ( )2 2 dy
x y 2xy 0

dx
− − =

ns[ksa vkius fdruk lh[kk 32.2

1. (i) gk¡ (ii) ugha

2. (i), (ii) rFkk (iv) fof'k"V gy (iiii) fof'k"V gy

3. (ii) (iv) le?kkrh;

5. (a) y = tan x (b)  y tan x 3= +

6. (a) ( ) ( )6 1 3 3 1 31 1 1
y x tan x x tan x c

6 6 6

− −= − + +

(b) ( )5 3 x1 1
y cos x cos x x 1 e c

5 3
= − + − +

(c)
21

y log x 1 c
2

= + + (d)
31 1

y x cos 3x c
3 3

= − +

7. xy 4e 7−= − +

8. (a)
x 1 1

log c
y x y

= + + (b)
2x

log y 1 x c
2

+ = + +

(c) tan x tan y c= (d)
3

y x x
e e c

3
= + +

9. (a) ( )2 2x c x y= −

(b) x cy y log | x |+ =

(c)
1 y

sin log | x | c
x

−   = + 
 

(d)
y

tan cx
2x

=

10. ( )y sec x tan x sec x tan x x c+ = + − +

11. (a) 1 tan xy tan x 1 ce− −= − +

(b) tan xy tan x 1 ce−= − +
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(c)
c

y log x
log x

= +

12. (a) ( )yx ce y 2= − + (b) 2x y cy= +

ns[ksa vkius fdruk lh[kk 32.3

2. (a) ( ) 21
log y 1 x x 4

2
+ = + −

(b) cos xy sin x 5e 7+ =

3.
5x4

y e c
5

= +

4. (a) ( )yx e c tan y−= +

(b) ( )22 13
y 2 log 1 x cot x c

2

−= + − +

(c)
2 2x y

log x 2 log 1 y 2y c
2 2

+ − = − − +

vkb, vH;kl djsa
1. (a) dksfV 2] ?kkr 3 (b) dksfV 1] ?kkr 1

(c) dksfV 4] ?kkr 1 (d) dksfV 1] ?kkr 1

(e) dksfV 2] ?kkr 1 (f) dksfV 2] ?kkr 1

2. (a), (d), (e) jSf[kd, (b), (c) vjSf[kd

3. ( )
2

2 2 2dy dy
x 2y 4xy x 0

dx dx

   − − − =   
   

4. .

3

3

d y
0

dx
= _ dksfV 3] ?kkr 1

5. (a) nks (b)  rhu (c) ik¡p

7. (a) y + 3 cosec x + 4 cot x = c (b)
3

y x x
e e c

3
= + +

(c) sin xsin y ce−= (d) ( )
2x

log 1 y c
2

− + =

(e)
m 1x

y cos x c cos x
m 1

+
= +

+

(f)
11 tan yx tan y 1 ce

−− −= − +



xf.kr 389

f=kfoeh; T;kfefr dk ifjp;

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

33

f=kfoeh; T;kfefr dk ifjp;

fiNys ikBksa esa vkius i<+k gS fd ;fn lery esa ,d fcUnq fn;k x;k gks] rks nks la[;kvksa] tks fcUnq dh
fLFkfr n'kkZrs gSa] dks <wa<uk lEHko gS ftUgsa lery esa fcUnq ds funsZ'kkad dgrs gSaA foykser% ;fn ,d
Øfer ;qXe (x, y) fn;k x;k gS] rks blds laxr lery esa ,d fcUnq gksxk ftl ds funsZ'kkad (x,y) gSaA

vkb;s ,d dejs esa ,d jcj dh xsan dks mèokZ/kj fLFkfr esa fxjk,aA iQ'kZ ds ml fcUnq x,y ftl ij
xasn Vdjkrh gS] dks dejs dh yEckbZ vkSj pkSM+kbZ ds vuqfn'k v{kksa ds lanHkZ eas vf}rh; :i esa Kkr
fd;k tk ldrk gSA ijUrq ;fn xsan mèokZ/kj :i esa okfil mNy dj mij tk,] rks fdlh {k.k ij
vkdk'k esa ml dh fLFkfr dks nks v{kksa ds lanHkZ esa ugha tkuk tk ldrk gSA fdlh {k.k ij xsan dh
fLFkfr dks rHkh tkuk tk ldrk gS ;fn nks v{kksa ds lkFk&lkFk ge iQ'kZ ls xsan dh mQ¡pkbZ Hkh tkurs
gksaA

;fn iQ'kZ ls xsan dh mQ¡pkbZ 2.5 lseh gks rFkk Hkwfe ij Vdjkus ds LFkku okyss fcUnq ds funsZ'kkad (5]4)
gksa] rks vkdk'k esa xsan dh fLFkfr dks fu/kZfjr djus dh ,d fof/] rhu la[;kvksa (5] 4] 2-5) dh
lgk;rk ls ml fcUnq dks fu:fir djuk gSA

vr% vkdk'k esa ,d fcUnq dh fLFkfr dks rhu la[;kvksa
dh lgk;rk ls vf}rh; :i ls fu/kZfjr fd;k tk
ldrk gSA bl ikB esa ge funsZ'kkad fudk; rFkk vkdk'k
esa ,d fcUnq ds funsZ'kkadksa] vkdk'k esa nks fcUnqvksa ds
chp dh nwjh] nks fcUnqvksa dks feykus okys js[kk [k.M
esa fn;s x, vkUrfjd@cká vuqikr esa foHkktu djus
okys fcUnq dh fLFkfr rFkk ,d fcUnq@js[kk vkdk'k esa
iz{ksi ds ckjs esa foLrkj iwoZd vè;;u djsaxsA

   mís';
� bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,axs %

� vkdk'k esa ,d fcUnq ds funsZ'kkad Kkr djuk

� vkdk'k esas nks fcUnqvksa ds chp dh nwjh Kkr djuk

� nks fcUnqvksa dks feykus okys j[kk[k.M dks fn;s x, vuqikr esa vkUrfjd foHkktu] cká
foHkktu djus okys fcUnq ds funsZ'kkad Kkr djuk

� vkdk'k esa fdlh js[kk ds fnd dkslkbu@vuqikr dks ifjHkkf"kr djuk

� vkdk'k esa ,d js[kk ds fnd dkslkbu@vuqikr  Kkr djus esa vkdk'k esa ,d js[kk[k.M dk
nwljh js[kk ij iz{ksi Kkr djukA

 fp=k  33.1

4cm

5 cm

(5, 4)

O

2.5 cm

Ball here
Z
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iwoZ Kku
� f}foe funsZ'kkad T;kfefr

� f=kdks.kfefr ds ewy fl¼kUr

33.1 funsZ'kkad fudk; vkSj vkdk'k esa ,d fcUnq ds funsZ'kkad

mNyrh gqbZ xsan dk mnkgj.k ;kn dhft, ftl
esa dejs dk ,d dksuk ewy fcUnq fy;k x;k FkkA

;g vko';d ugha fd ge dejs ds ,d fo'ks"k
dksus dks ewy fcUnq ysasA ge fdlh Hkh dksus dks
(;gk¡ rd fd dejs esa fdlh Hkh fcUnq dks)
lanHkZ ds fy, ewy fcUnq ys ldrs gSa rFkk bl
ds vuqlkj fcUnq ds funsZ'kkad cny tkrs gSaA
vr% dejs esa fdlh Hkh LoSfPNd fcUnq dks ge
ewy fcUnq ys ldrs gSaA

vkb, ge vkdk'k esa ,d fcUnq O ysa rFkk blesa
ls rhu ikjLifjd yEc js[kk,¡ X'OX,Y'OY

vkSj Z'OZ ysaA bUgsa ge Øe'k% X-v{k] Y-v{k
vkSj Z-v{k dgrs gSaA rhj }kjk v{kksa dh
èkukRed fn[kk,¡ fn[kkbZ xbZ gSaA X-v{k vkSj Y-

v{k  }kjk fu/kkZfjr lery XY lery (XOY

lery ) vkSj blh izdkj YZ lery (YOZ

lery) vkSj ZX lery (ZOX lery) dgs
tkrs gSaA bu rhu leryksa dks funsZ'kkad lery
dgrs gSaA rhu funsZ'kkad lery iwjs vkdk'k dks
vkB Hkkxksa esa foHkkftr djrs gSa ftUgsa v"Vka'kd
dgrs gSaA

eku yhft, fd vkdk'k esa dksbZ fcUnq P gSA P

ls XY lery ij PL yEc [khafp, tks ml
lery dks eku yhft,] L ij feyrk gSA fcUnq
L ls ,d js[kk LA v{k OY ds lekUrj [khafp,
tks OX dks A ij dkVrh gSA ;fn ge OA = x,

AL = y vkSj LP = z fy[ksa rks (x,y,z) fcUnq P ds
funsZ'kkad dgykrs gSaA

iqu% ;fn ge P esa ls ledks.k lekUrj
v"kV~iQyd dks iwjk djsa ftl ds fdukjs OA,OB

vkSj OC gSa tks ,d nwljs dks O ij feyrs gSa

fp=k 33.2

fp=k  33.3

fp=k  33.4

Z

YY′

X
Z′

X′

Ball here

O 2.5 cm

5 cm

4 cm (5, 4)

O

A

Y′ Y
Z

Ly

Z′

Z
X′

P

X

X

A

C

P
z

y
B

YO

x
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rFkk OP bldk eq[; fod.kZ gS rc yEckb;k¡
(OA, OB, OC) vFkkZr~ (x, y, z) fcUnq P ds funsZ'kkad
dgykrs gSaA

fVIi.kh% vki fp=k 33.4 esa voyksdj djsaA

P dk x-funsZ'kkad = OA = P ls YZ lery ij yEc dh yEckbZ

P dk y- funsZ'kkad = OB = P ls ZX lery ij yEc dh yEckbZ

P dk z- funsZ'kkad = OC = P ls XY lery ij yEc dh yEckbZ

vr% vkdk'k esa fdlh fcUnq P ds laxr ,d f=kd (x,y,z) gS tks vkdk'k esa fcUnq ds funsZ'kkad
dgykrs gSaA foykser% fdlh fn;s x, f=kd (x,y,z) ds laxr vkdk'k esa ,d fcUnq P gS ftl ds
funsZ'kkad (x,y,z) gSaA

fVIi.kh

1. tSls lery funsZ'kkad T;kfefr esa funsZ'kkad v{k lery dks pkj prqZFkk'kksa esa foHkkftr djrs
gSa] blh rjg f=kfoe T;kfefr esa] vkdk'k dks funsZ'kkad lery vkB v"Vka'kd esa foHkkftr
djrs gSa ftuds uke gSa

OXYZ, OX'YZ, OXY'Z, OXYZ',OXY'Z', OX'YZ',OX'Y'Z', vkSj  OX'Y'Z

2. ;fn dksbZ fcUnq P izFke v"Vka'kd esaa] rks nwljss izR;sd v"Vka'kd esa ,d ,slk fcUnq gksxk
ftldh funsZ'kkad lery ls nwfj;ka muds fcUnq P  dh nwjh ds cjkcj gksxhA ;fn fcUnq P

(a,b,c) gks rks nwljs fcUnq Øe'k% gkasxs (-a,b,c), (a,b,c), (a,b,-c), (a,-b-c),(-a,b,-c), (-a,-b,c)

vkSj (-a,-b,-c),mlh Øe esa tks Øe mQij (i) esa fn;k x;k gSA

3. ,d fcUnq] tks XY-lery] YZ-lery rFkk ZX-lery esa gS] ds funsZ'kkad Øe'k% (a, b,

o), (o, b, c) rFkk (a, o, c) gSaA

4. X v{k Y-v{k vkSj Z-v{k ij fdlh fcUnq ds funsZ'kkad Øe'k% (a,0,0), (0,b,0) vkSj (0,0,c)

gSA

5. vki ns[k ldrs gSa fd (x,y,z) fcUnq P ds fLFkfr lfn'k ds laxr gS tks lfn'k OP ewy fcUnq
O ds lanHkZ esa gSaA

mnkgj.k 33.1. fuEu fcUnq fdl fdl v"Vka'kd esa fLFkr gS\

(a) (2, 6, 8) (b) (−1, 2, 3) (c) (−2, −5, 1)

(d) (−3, 1, −2) (e) (−6, −1, −2)

gy%

(a) D;ksafd lHkh funsZ'kkad ?kukRed gS

∴  (2, 6, 8) v"Vka'kd OXYZ esa fLFkr gSA

(b) D;ksafd x ½.kkRed gS vkSj y vkSj z /ukRed gSa

∴  (−1, 2, 3)v"Vka'kd OX'YZ esa fLFkr gSA
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(c) D;ksafd x vkSj y ½.kkRed gSa vkSj z /ukRed gS]

∴ (−2, −5, 1) v"Vka'kd OX'Y'Z esa fLFkr gSA

(d) (−3, 1, −2) v"Vka'kd OX'YZ' esa fLFkr gSA

(e) D;ksafd x,y vkSj z lHkh ½.kkRed g

∴ (−6, −1, −2) v"Vka'kd OX'Y'Z' esa fLFkr gSA

  ns[ksa vkius fdruk lh[kk 33.1

1. mu v"Vka'kdksa ds uke fyf[k, ftu esa fuEu fcUnq fLFkr gS%

(a) (−4, 2, 5) (b) (4, 3, −6) (c) (−2, 1, −3)

(d) (1, −1, 1) (f) (8, 9, −10)

33.2 nks fcUnqvksa ds chp nwjh
eku yhft, fd dejs dh nhokj ij ,d fo|qr izsSl ,d est+
ij j[kh gSA fdrus U;wure rkj dh vko';drk gksxh ftlls
izSl Iyx ls tqM tk,\ bl mnkgj.k ls gesa vkdk'k esa nks
fcUnqvksa ds chp dh nwjh dks tkuus dh vko';drk gqbZA

eku yhft, fd fcUnqvksa P vkSj Q ds funsZ'kkad Øe'k

( )1 1 1x , y , z vkSj ( )2 2 2x , y , z  gSaA PQ dks fod.kZ ekudj

lekUrj v"ViQyd PMSNRLKQ iwjk dhft,A PK js[kk
KQ ij yEc gSA

∴ ledks.k PKQ∆  esa K 90∠ = °

∴ 2 2 2PQ PK KQ= +

∴ iqu% ledks.k PKL∆ esa L 90∠ = °

  ∴ 2 2 2 2 2PK KL PL MP PL= + = + ( )KL MP=∵

∴ 2 2 2 2PQ MP PL KQ= + + ...(i)

MP, PL vkSj KQ funsZ'kkad v{kksa ds lekUrj gSaA

∴ fcUnq P  dh lery YOZ ls nwjh 1x=

rFkk Q vkSj M dh lery YOZ ls nwjh 2x=  2 1MP x x= −

blh izdkj 2 1PL y y= −  vkSj 2 1KQ z z= −

∴ ( ) ( ) ( )2 2 22
2 1 2 1 2 1PQ x x y y z z= − + − + −      ....[ (i) ls]

;k (((( )))) (((( )))) (((( ))))2 2 2
2 1 2 1 2 1PQ x x y y z z= − + − + −= − + − + −= − + − + −= − + − + −

fp=k  33.5

fp=k  33.6

Electric iron
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miizes;% ,d fcUnq dh ewy fcUnw ls nwjh

;fn fcUnq ( )2 2 2Q x , y , z  ewy fcUnq  (0, 0, 0) ds laikrh gks] rks 2 2 2x y z 0= = =

∴ewy fcUnq ls P dh nwjh ( ) ( ) ( )2 2 2
1 1 1OP x 0 y 0 z 0= − + − + −

         2 2 2
1 1 1x y z= + +

lkekU;r% fcUnq ( )P x, y, z  dh ewy fcUnq 0 ls nwjh 2 2 2| OP | x y z= + +

mnkgj.k 33.2.  fcUnqvksa ( )2, 5, 4− vkSj ( )8, 2, 6− ds chp nwjh Kkr dhft, A

gy % ekuk ( )P 2, 5, 4−  vkSj ( )Q 8, 2, 6−  fn;s x, fcUnq gSa

∴    ( ) ( ) ( )2 2 2
PQ 8 2 2 5 6 4= − + − + − +

36 9 4= + +

49= 7=

fn;s gq, fcUnqvksa ds chp dh nwjh 7 bdkbZ gSA

mnkgj.k 33.3.   fl¼ dhft,  fd fcUnq ( )2, 4, 3− − , ( )4, 3, 2− −   vkSj ( )3, 2, 4− − ,d

leckgq f=kHkqt ds 'kh"kZ gSaA

gy % ekuk ( )A 2, 4, 3− − , ( )B 4, 3, 2− −  vkSj ( )C 3, 2, 4− −  fn;s x;s fcUnq gSaA

∴    ( ) ( ) ( )2 2 2
AB 4 2 3 4 2 3= + + − − + − +

36 49 1 86= + + =

    ( ) ( ) ( )2 2 2
BC 3 4 2 3 4 2 86= − − + − + + + =

    ( ) ( ) ( )2 2 2
CA 2 3 4 2 3 4 86= − + + + + − − =

∴    AB BC CA= =

ABC∆  ,d leckgq f=kHkqt gSA

mnkgj.k 33.4.  tkap dhft, fd uhps fn;s x, gSaA fcUnq ,d f=kHkqt cukrs gS ;k ugha %

(a) ( )A 1, 2, 3− ( )B 1, 4, 5 vkSj ( )C 5, 4, 0

(b) ( )2, 3, 3− , ( )1, 2, 4 vkSj ( )3, 8, 2−

gy % (a) ( ) ( ) ( )2 2 2
AB 1 1 4 2 5 3= + + − + −

              2 2 22 2 2 2 3= + + = = 3.464 yxHkx
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     ( ) ( ) ( )2 2 2
BC 5 1 4 4 0 5= − + − + −

     16 0 25 41= + + = = 6.4  yxHkx

vkSj      ( ) ( ) ( )2 2 2
AC 5 1 4 2 0 3= + + − + −

              36 4 9 7= + + =

∴ AB BC 3.464 6.4 9.864 AC ,+ = + = >

 blh izdkj AB AC BC+ >

rFkk BC AC AB+ > .

D;ksafd nks Hkqtkvksa dk ;ksx rhljh Hkqtk ls cM+k gS] vr% fcUnq A, B rFkk C ,d f=kHkqt cukrs gSaA

(b) ekuk fcUnq ( ) ( )2, 3, 3 , 1, 2, 4−  vkSj ( )3, 8, 2− Øe'k% P,Q vkSj R }kjk fu:fir gksrs gSaA

∴    ( ) ( ) ( )2 2 2
PQ 1 2 2 3 4 3= − + + + −

1 25 1 3 3= + + =

  ( ) ( ) ( )2 2 2
QR 3 1 8 2 2 4= − + − − + −

4 100 4 6 3= + + =

rFkk    ( ) ( ) ( )2 2 2
PR 3 2 8 3 2 3= − + − + + −

1 25 1= + +

3 3=

bl voLFkk esa PQ PR 3 3 3 3 6 3 QR+ = + = =

vr% fn;s x, fcUnq f=kHkqt ugha cukrsA okLro esa ;s fcUnq ,d js[kk ij fLFkr gSA

mnkgj.k 33.5.  fn[kkb;s fd fcUnq ( ) ( )A 1, 2, 2 , B 2, 3, 4− −  vkSj ( )C 3, 4, 3−  ,d

ledks.k f=kHkqt cukrs gSaA

gy % ( ) ( ) ( )2 2 22AB 2 1 3 2 4 2 1 1 4 6= − + − + − + = + + =

( ) ( ) ( )2 2 22BC 3 2 4 3 3 4 1 1 1 3= − + − + − + = + + =

vkSj ( ) ( ) ( )2 2 22AC 3 1 4 2 3 2 4 4 1 9= − + − + − + = + + =

;gk¡ ij 2 2 2AB BC 6 3 9 AC+ = + = =

fn;s x, fcUnq ledks.k f=kHkqt cukrs gSaA

mnkgj.k 33.6.      fn[kkb;s fd fcUnq ( )A 0, 4, 1 , ( )B 2, 3, 1− , ( )C 4, 5, 0  rFkk ( )D 2, 6, 2

,d oxZ ds 'kh"kZ gSaA

gy% ;gk¡ ( ) ( ) ( )2 2 2
AB 2 0 3 4 1 1= − + − + − − 4 1 4 3= + + =  bdkbZ
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      ( ) ( ) ( )2 2 2
BC 4 2 5 3 0 1= − + − + +

4 4 1 3= + + =  bdkbZ

     ( ) ( ) ( )2 2 2
CD 2 4 6 5 2 0= − + − + −

4 1 4 3= + + =  bdkbZ

rFkk      ( ) ( ) ( )2 2 2
DA 0 2 4 6 1 2= − + − + −

4 4 1 3= + + =  bdkbZ
∴      AB  =  BC  =  CD  =  DA

vc    ( ) ( ) ( )2 2 22AC 4 0 5 4 0 1= − + − + −

16 1 1 18= + + =  bdkbZ

∴            2 2 2 2 2AB BC 3 3 18 AC+ = + = =

∴     B 90∠ = °  prqHkZqt A B C D esa
    AB BC CD DA= = =  rFkk B 90∠ = °

∴ prqHkZqt A B C D ,d oxZ gSA

    ns[ksa vkius fdruk lh[kk 33.2

1. fuEufyf[kr fcUnqvksa ds chp nwjh Kkr dhft, %

(a) ( )4, 3, 6− vkSj ( )2, 1, 3− − (b) ( )3, 1, 2− −  vkSj ( )3, 1, 2− −

(c) ( )0, 0, 0  vkSj ( )1, 1, 1−

2. fn[kkb;s fd ;fn fcUnqvksa ( )5, 1, 7−  vkSj ( )a, 5, 1  ds chp dh nwjh 9 ,dd gks] rks "a"

dk eku 2 ;k 8 gksxkA

3. fn[kkb;s fd fcUnqvksa (a, b, c), (b, c, a) vkSj (c, a, b) }kjk cuk;k x;k f=kHkqt leckgq f=kHkqt gksxkA

4. fn[kkb;s fd fcUnq ( )1, 0, 4− − , ( )0, 1, 6−  vkSj ( )1, 2, 5− ,d ledks.k f=kHkqt cukrs
gSaA

5. fn[kkb;s fd fcUnq ( )0, 7, 10 , ( )1, 6, 6−  vkSj ( )4, 9, 6−  ,d ledks.k lef}ckgq f=kHkqt
cukrs gSaA

6. fn[kkb, fd fcUnq ( )3, 1, 2− , ( )5, 2, 3− − , ( )2, 4, 1−  rFkk ( )4, 5, 6−  ,d lekarj
prqHkqZt cukrs gSaA

7. fn[kkb, fd fcUnq ( )2, 2, 2 , ( )4, 8, 2− , ( )2, 10, 10−  rFkk ( )4, 4, 10  ,d oxZ cukrs
gSaA

8. fn[kkb;s fd izR;sd voLFkk esa rhuksa fn, fcUnq lajs[k gS %

(a) ( )3, 2, 4− , ( )1, 5, 9−  vkSj  ( )1, 8, 14
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(b) ( )5, 4, 2 , ( )6, 2, 1−  vkSj ( )8, 2, 7− −

(c) ( )2, 5, 4− , ( )1, 4, 3−  vkSj  ( )4, 7, 6−

33.3 ,d js[kk[k.M dks foHkkftr djus okys fcUnq ds funsZ'kkad
Z

P
R

Q

OA
C

B

X

M

N

L

 fp=k  33.7

ekuk fcUnq R (x, y, z) js[kk[k.M PQ dks  l : m ds vkUrfjd vuqikr esa foHkkftr djrk gSA

ekuk P ds funsZ'kkad ( )1 1 1x , y , z  gS rFkk Q ds funsZ'kkad ( )2 2 2x , y , z  gSaA

fcUnqvksa P,Q rFkk Q ls  PL, RN vkSj QM lery XY ij yEc [khafp,a

LA, NC vkSj MB v{k OX ij yEc [khfp,
vc 1AC OC OA x x= − = −
vkSj 2BC OB OC x x= − = −

vc
AC LN PR

BC NM RQ m
= = =

l

∴     
1

2

x x

x x m

−
=

−

l

vFkok 1 2mx mx x x− = −l l

vFkok ( ) 2 1m x x mx+ = +l l

vFkok 2 1x mx
x

m

−
=

+

l

l

blh  izdkj ;fn ge Øe'k% OY vkSj OZ ij yEc [khapsa] rks

2 1y my
y

m

+
=

+

l

l
vkSj 2 1z mz

z
m

+
=

+

l

l

R ,d fcUnq 2 1 2 1 2 1x mx y my z mz
, ,

m m m

+ + + 
 

+ + + 

l l l

l l l
 gSA
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;fn
m

λ =
l
 gks] rks : 1λ  ds vuqikr esa js[kk[k.M PQ dks foHkkftr djus okys fcUnq R ds funsZ'kkad

2 1 2 1 2 1x x y y z z
, , , 1 0

1 1 1

λ + λ + λ +  λ + ≠ 
λ + λ + λ + 

 gSA

;g Li"V gh gS fd λ  ds izR;sd eku ds fy,] js[kk PQ ij ,d laxr fcUnq gS rFkk PQ ij izR;sd
fcUnq R ds fy, λ  dk dqN eku gSA ;fn λ  ?kukRed gS rks R js[kk[k.M PQ ij fLFkr gksxk vkSj;fn
λ  dk eku ½.kkRed gS rks R js[kk [k.M PQ ij ugha gksxkA

nwljh voLFkk esa vki dg ldrs gSa fd R js[kk [k.M PQ dks : 1− λ  ds cká vuqikr esa foHkkftr
djrk gSA

miizes; 1 % PQ dks : ml  ds cká vuqikr esa foHkkftr djus okys fcUnq ds funsZ'kkad gSa

2 1 2 1 2 1x mx y my z mz
, ,

m m m

− − − 
 

− − − 

l l l

l l l

miizes; 2 % PQ ds eè; fcUnq ds funsZ'kkad gSa

1 2 1 2 1 2x x y y z z
, ,

2 2 2

+ + + 
 
 

mnkgj.k 33.7.   fcUnqvksa ( )2, 4, 3−  vkSj ( )4, 5, 6− −  dks feykus okys js[kk[k.M dks 2%1 ds
vkUrfjd vuqikr esa foHkktu djus okys fcUnq ds funsZ'kkad Kkr dhft,A

gy % ekuk ( )A 2, 4, 3− vkSj ( )B 4, 5, 6− −  nks fcUnq gSa

ekuk P ( x, y, z) js[kk[k.M AB dks 2%1 ds vkUrfjd vuqikr esa foHkkftr djrk gS

∴
( )2 4 1.2

x 2
2 1

− +
= = −

+
,    

( )2.5 1 4
y 2

2 1

+ −
= =

+

vkSj
( )2 6 1.3

z 3
2 1

− +
= = −

+

P ds funsZ'kkad ( )2, 2, 3− −  gSaA

mnkgj.k 33.8.   fcUnqvksa  ( )1, 3, 2− −  vkSj ( )1, 1, 2− dks feykus okys js[kk[k.M dks 2%3 ds

cká vuqikr esa foHkktu djus okyk fcUnq Kkr dhft,A

gy % ekuk ( )1, 3, 2− −  vkSj ( )1, 1, 2−  nks fcUnq gSa

ekuk R (x, y, z)  js[kk[k.M PQ dks 2:3 ds cká vuqikr esa foHkkft djrk gSA

vc
( ) ( )2 1 3 1

x 5
2 3

− −
= = −

−
,

( ) ( )2 1 3 3
y 7

2 3

− − −
= = −

−

vkSj
( ) ( )2 2 3 2

z 2
2 3

−
= =

−
∴  R ds funsZ'kkad gSa ( )5, 7, 2− − .
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C

A1

% + vkb;s nksgjk,¡

mnkgj.k 33.9.  og vuqikr Kkr dhft, ftl esa fcUnqvksa ( )2, 3, 5−  vkSj ( )7, 1, 3  dks

feykus okyk js[kk [k.M XY lery }kjk foHkkftr gksrk gSA

gy % ekuk vHkh"V vuqikr ftlesa js[kk[kaM foHkkftr gksrk gS = : ml

∴ fcUnq ds funsZ'kkad gSa
7 2m 3m 3 5m

, ,
m m m

+ − + 
 

+ + + 

l l l

l l l

D;ksafd ;g fcUnq XY lery esa gSA

∴ bldk Z- funsZ'kkad 'kwU; gS

vFkkZr 3 5m
0

m

+
=

+

l

l
 vkSj 

5

m 3
= −

l

vr% XY lery dks 5:3 ds cká vuqikr esa foHkkftr djrk gSA

  ns[ksa vkius fdruk lh[kk 33.3

1. ml fcUnq ds funsZ'kkad Kkr dhft, tks fcUnqvksa ( )2, 5, 3−  vkSj ( )3, 5, 2− −  dks feykus

okys js[kk[k.M dks 1:4 ds vkUrfjd vuqikr esa foHkkftr djrk gSA

2. og fcUnq Kkr dhft, tks fcUnqvksa ( )2, 3, 1−  vkSj ( )3, 4, 5−  dks 3:2 ds vkUrfjd rFkk

cká vuqikr esa foHkkftr djrs gSaA

3. og vuqikr Kkr dhft, ftlesa fcUnqvksa ( )2, 4, 5 vkSj ( )3, 5, 4−  dks feykus okyk

js[kk[k.M YZ lery }kjk foHkkftr gksrk gSA

4. fn[kkb;s fd YZ lery fcUnqvksa ( )3, 5, 7−  vkSj ( )2, 1, 8−  dks feykus okys js[kk[k.M

dks fcUnq 13
0, , 2

5

 
 
 

 ij 3:2 ds vuqikr esa foHkkftr djrk gSA

5. fn[kkb;s fd og vuqikr] ftlesa funsZ'kkad lery fcUnqvksa ( )2, 4, 7−  vkSj ( )3, 5, 8−
dks feykus okys js[kk[k.M dks Øe'k% 2 : 3, 4 : 5 esa vkUrfjd vkSj 7 : 8 esa cká vuqikr
foHkktr djrs gSaA

6. ,d fcUnq R ds funsZ'kkad Kkr dhft, tks fcUnqvksa ( )1 1 1P x , y , z  vkSj ( )2 2 2Q x , y , z dks
feykus okys js[kk[k.M dks 2%1 ds cká vuqikr esa foHkkftr djrk gSApkap dhft, fd Q

js[kk[k.M PR dk  eè; fcUnq gSA

� vkdk'k esa vk;rkdkj funsZ'kkad v{kksa ds lanHkZ esa] fn;s x;s fcUnq P(x, y, z) ls ;fn ge rhu
funsZ'kkad leryksa ds lekUrj lery [khaps tks v{kksa dks A, B vkSj C esa feysa (ekuk)] rc OA

= x,OB = y vkSj OC = z tcfd O ewy fcUnq gSA
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� foykser% ;fn rhu la[;k,¡ x, y vkSj z nh xbZ gksa] rks ge vkdk'k esa ,d vf}rh; fcUnq Kkr
dj ldrs gSa] ftl ds funsZ'kkad (x, y, z) gSaA

fcUnqvksa ( )1 1 1P x , y , z  vkSj ( )2 2 2Q x , y , z  ds chp dh nwjh

( ) ( ) ( )2 2 2
2 1 2 1 2 1PQ x x y y z z= − + − + −

fo'ks"kr;k] fcUnq P dh ewy fcUnq ls nwjh 2 2 2
1 1 1x y z+ + .

� fcUnqvksa ( )1 1 1P x , y , z  vkSj ( )2 2 2Q x , y , z  dks feykus okys js[kk[k.M dks  l : mds

vuqikr esa foHkkftr djus okys fcUnq ds funsZ'kkad gSA

(a) (vkUrfjd foHkktu) 2 1 2 1 2 1x mx y my z mz
, ,

+ + + 
 
 

l l l

l + m l + m l + m

(b) (cká foHkktu) 2 1 2 1 2 1x mx y my z mz
, ,

− − − 
 

− − − 

l l l

l m l m l m

fo'ks"k :i ls] PQ ds eè; fcUnq ds funsZ'kkad gS%

1 2 1 2 1 2x x y y z z
, ,

2 2 2

+ + + 
 
 

� http://www.mathguru.com/level3/introduction-to-three-dimensional-geometry-

� http://www.goiit.com/posts/show/0/content-3-d-geometry-804299.htm

� http://www.askiitians.com/iit-jee-3d-geometry

1. fn[kkb;s fd fcUnq (0,7,10), (–1,6,6) vkSj (–4,9,6) ,d lef}ckgq ledks.k f=kHkqt cukrs gSaA

2. fl¼ dhft, fd fcUnq P, Q vkSj R ftu ds funsZ'kkad Øe'k% (3,2,–4), (5,4,–6) vkSj (9,8,–10)

gSaA ljs[k gSa rFkk og vuqikr Hkh Kkr dhft, ftl esa Q js[kk[k.M PR dks foHkkftr djrk gSA

3. fn[kkb;s fd fcUnq (0,4,1), (2,3,–1), (4,5,0) vkSj (2,6,2) ,d oxZ ds 'kh"kZ gSaA

4. fn[kkb;s fd fcUnq (4,7,8),(2,3,4), (–1,–2,1) vkSj (1,2,5) ,d lekUrj prqHkqZt ds 'kh"kZ gSaA

5. ,d lekUrj prqHkqt ds rhu 'kh"kZ (3,–4,7) , B(5,3,–2) rFkk C(1,2,–3) gS] pkSFkk 'kh"kZ Kkr
dhft,A

lgk;d osclkbV

vkb, vH;kl djsa
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ns[ksa vkius fdruk lh[kk 33.1

1. (a) OX' YZ (b) OXYZ'

(c) OX' YZ' (d) OXY'Z

(e) OXYZ'

ns[ksa vkius fdruk lh[kk 33.2

1. (a) 7 (b) 2 5 (c) 3

ns[ksa vkius fdruk lh[kk 33.3

1. ( )1, 3, 2− 2. ( )
13 6 13

, , ; 5, 18, 17
5 5 5

 − − 
 

3. 2 : 3− 6. ( )2 1 2 1 2 12x x , 2y y , 2z z− − −

vkb, vH;kl djsa

5. (–1, –5, –6)

mÙkjekyk
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fp=k 34.1

fp=k 34.2

34

lfn'k

ge nSfud thou dh fLFkfrvksa esa HkkSfrd jkf'k;ksa tSls nwjh] pky] rkieku] vk;ru bR;kfn dk iz;ksx
djrs gSaA ;g ek=kk,¡ fLFkfr ds ifjorZu] fLFkfr ds ifjorZu dh nj] oLrq ;k ,d fo'ks"k LFkku dk
rkieku rFkk ,d fo'ks"k LFkku esa ?ksjs gq, varfj{k dk o.kZu djus ds fy, i;kZIr gSaA gesa ,slh HkkSfrd
jkf'k;k¡& tSls foLFkkiu] osx] Roj.k] laosx bR;kfn Hkh ns[kus dks feyrh gSa] tksfd fHkUu izdkj dh gSaA

vkb, fuEu fLFkfr dk voyksdu djsaA eku yhft, ,d fuf'pr
fcUnq P ls pkj fcUnq A,B,C vkSj D  leku nwjh (ekuk izR;sd      5
fdeh) ij gSaA  ;fn vkidks fuf'pr fcUnq P ls 5 fdeh pyus ds
fy, dgk tk,] rks vki A,B,C ;k D  esa ls fdlh ,d fcUnq ij
igq ¡p ldrs gSaA vr% vkjfEHkd fcUnq vkSj nwjh] xUrO; LFkku dk
o.kZu djus ds fy, i;kZIr ugha gSaA fuf'pr fcUnq ls vUr;% fcUnq
dk fopkj fn'kk dh vko';drk n'kkZrk gSA

,d xfr'khy xsan dk mnkgj.k ysaA ;fn ge fdlh le; ij xsan dh fLFkfr ds ckjs esa lwpuk nsuk
pkgsa] rks gesa fdu ewyHkwr ckrksa dh vko';drk gksxh ftlls ge ;g iwokZuqeku dj ldsa \

eku yhft, vkjEHk esa xsan ,d fo'ks"k fcUnq A ij gSA ;fn ;g irk gks fd xsan ljy js[kk esa 5
lseh@lsfdUM dh pky ls py jgh gS] rks D;k ge 3 lsfdUM ds ckn xsan dh fLFkfr dks crk ldsaxs\
Li"Vr;k ughaA 'kk;n ge ;g dg nsa fd xsan fcUnq A ls 15 lseh dh nwjh ij gksxh rFkk blfy, ;g
dsUnz A rFkk 15 lseh f=kT;k ds o`Ùk ij fdlh fcUnq ij gksxhA

vr% dsoy pky vkSj le; dk Kku xsan dh fLFkfr dk o.kZu djus ds fy, i;kZIr ugha gSA tcfd
;fn ge ;g tkurs gSa fd xsan A ds iwoZ dh fn'kk esa 5 lseh@lsfdUM dh pky ls pyrh gS rks ge
bl fLFkfr esa gksaxs fd ;g crk ldsa fd 3 lsdsUM ds ckn xsan 15 lseh nwj ,d fcUnq P  ij A ds
iwoZ dh fn'kk esa gksxhA

vr% ,d xsan ds t(3) lsfdUM esa foLFkkiu ds v?;;u ds
fy, gesa xfr dk ifjek.k (vFkkZr~ 5 lseh@lsfdUM) rFkk bl
dh fn'kk (A ds iwoZ) dh vko';drk gksxhA bl ikB esa] ge
,slh jkf'k;ksasa ds fo"k; esa ppkZ djsaxs ftudk dsoy ifjek.k
gksrk gS& bUgsa vfn'k dgk tkrk gS rFkk ,slh jkf'k;ksa ds fo"k;
esa Hkh i<+saxs ftudk ifjek.k vkSj fn'kk nksuksa gksrs gS& bUgsa
lfn'k dgrs gSaA lfn'kksa dks ge fn"V js[kk[k.Mksa }kjk n'kkZ;saxs
rFkk muds ifj.kke vkSj fn'kk,¡ fu/kZfjr djsaxsA ge fofHkUu
izdkj ds lfn'kksa dk vè;;u djsaxs vkSj mu ij dqN lafØ;k,¡
djsaxs rFkk muds xq.kksa dk vè;;u djsaxsA ge vius vkidks

P

A

B

C

D

5 fdeh

5 fdeh

5 fdeh

5 fdeh

A

P
EW

S

N
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,d fcUnq ds] fdlh ewyfcUnq dss lkis{k] fLFkfr lfn'k ds ckjs esa voxr djok;saxsA ge nks foekvksa
;k rhu foekvksa esa] nks ;k rhu ;qXer% yfEcd fn'kkvksa dk iz;ksx djrs gq,] ,d lfn'k ds ?kVd
Kkr djsaxsA ge foHkktu lw=k dh Hkh mRifÙk djsaxs rFkk bls leL;kvksa esa iz;ksx djsaxsA ge nks lfn'kksa
ds vfn'k vkSj lfn'k xq.kuiQyksa dks Hkh ifjHkkf"kr djsaxsA

   mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk,axs %

● fn'kk ds Kku dh vko';drk Li"V djuk

● vfn'k vkSj lfn'k dks ifjHkkf"kr djuk

● vfn'kksa vkSj lfn'kksa esa Hksn djuk

● lfn'kksa dks fn"V js[kk[k.Mksa ds :i esa fu:fir djuk

● lfn'k dk ifjek.k vkSj fn'kk Kkr djuk

● fHkUu fHkUu izdkj ds lfn'kksa dk oxhZdj.k djuk] fjDr rFkk ,dd (ek=kd) lfn'k

● nks lfn'kksa dh lekurk ifjHkkf"kr djuk

● ,d fcUnq ds fLFkfr lfn'k dks ifjHkkf"kr djuk

● lfn'kksa dk tksMuk vkSj ?kVkuk

● ,d lfn'k dh ,d vfn'k ls xq.kk djuk

● lfn'kksa ij fofHkUu lafØ;kvksa ds xq.kksa ds dFku nsuk vkSj mudk iz;ksx djuk

● f=kfoeh; vkdk'k dks le>uk

● ,d lfn'k dks nks ;k rhu yfEcd v{kksa ds vuqfn'k fo;ksftr djuk

● foHkktu lw=k dh mRifÙk djuk rFkk bldk iz;ksx djuk

● nks lfn'kksa ds vfn'k (MkV) xq.kuiQy]

rFkk lfn'k (Økl) xq.kuiQy dks ifjHkkf"kr djuk

● lfn'k ds fnd&dkslkbu ,oa fnd vuqikr dks ifjHkkf"kr djuk ,oa le>uk

● lfn'kksa ds f=kd xq.kuiQy dks ifjHkkf"kr djukA

● lfn'kksa ds vfn'k f=kd xq.kuiQy dks le>uk vkSj blds iz;ksx ls lekUrj "kViQyd dk
vk;ru Kkr djukA

● pkj fcUnqvksa ds leryh; gksus dh le>A
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iwoZ Kku
● lery T;kfefr vkSj funsZ'kkad T;kfefr dk Kku

● f=kdks.kfefr dk Kku

34.1 vfn'k rFkk lfn'k
,d HkkSfrd jkf'k ftls dsoy la[;k }kjk O;Dr fd;k tk ldrk gks] vfn'k dgykrh gSA nwljs 'kCnksa
esa og jkf'k ftldk dsoy ifjek.k gksrk gS vfn'k dgykrh gSA le;] nzO;eku] yEckbZ] pky] rkieku]
vk;ru] rki dh ek=kk] fd;k x;k dk;Z vkfn lHkh jkf'k;k¡ vfn'k gSaA

HkkSfrd jkf'k;k¡ tks ifjek.k rFkk fn'kk j[krh gksa] lfn'k dgykrh gSaA foLFkkiu] osx] Roj.k] cy] Hkkj
bR;kfn lfn'kksa ds mnkgj.k gSaA

34.2 lfn'k ,d fn"V js[kk[k.M ds :i esa
vki ;kn dhft, fd ,d js[kk[k.M ,d nh xbZ js[kk dk ,d Hkkx
gksrk gS] ftlds nks vaR;% fcUnq gksrs gSaA dksbZ ,d js[kk l yhft, (tks
fd vk/kkj dgykrk gS)A l dk og Hkkx ftl ds vUr% fcUnq A vkSj
B gSa] ,d js[kk[k.M dgykrk gSA js[kk[k.M AB, A ls B dh fn'kk esa

 }kjk iznf'kZr fd;k tkrk gS rFkk ,d fn"V js[kk[k.M dgykrk gSA
fcUnqvksa A vkSj B dks lfn'k  ds Øe'k% vkfn rFkk vUr% fcUnq
dgrs gSaA

yEckbZ AB, lfn'k  dk ifjek.k ;k ekikad dgykrh gS rFkk bls

| | }kjk n'kkZrs gSaA nwljs 'kCnksa esa] yEckbZ AB AB=
uuur

 gSA

vfn'kksa dks izk;% a,b,c bR;kfn }kjk izdV djrs gSa] tcfd lfn'kksa dks izk;% a, b, c
rr r

 bR;kfn }kjk n'kkZrs

gSaA lfn'k a
r

 ds ifjek.k a
r  dks izk;% izrhd 'a' }kjk fn[kkrs gSaA

34.3 lfn'kksa dk oxhZdj.k
34.3.1 'kwU; lfn'k (fjDr lfn'k)

,d lfn'k ftldk ifjek.k 'kwU; gks] 'kwU; lfn'k dgykrk gSA 'kwU; lfn'k dh dksbZ fuf'pr fn'kk

ugha gksrhA lfn'k ,  'kwU; lfn'k gSaA 'kwU; lfn'k dks izrhd 0
→
 }kjk Hkh izdV djrs gSa] ftlls

blesa rFkk vfn'k 0 esa vUrj Li"V gks ldsA

34.3.2  ,dd lfn'k

,d lfn'k ftldk ifjek.k ,d bdkbZ gks] ,dd lfn'k dgykrk gSA vr% ,dd lfn'k a
→ ds fy,]

| a
→

| = 1 gksrk gSA ,dd lfn'k dks izk;% â  }kjk O;Dr fd;k tkrk gSA vr%] a
→

= | a
→

| â  gSA

34.3.3 leku lfn'k

nks lfn'k a
→ vkSj b

→  leku lfn'k dgykrs gSa ;fn mu ds ifj.kke leku

gksa vFkkZr | a
→

| = | b
→

| rFkk ,d gh fn'kk esa gksa tSlk fd fp=k 34.4 esa
fn[kk;k x;k gSA

fp=k 34.3

fp=k 34.4

l

B

A

l

a

b

a
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ladsr :i esa bls a
→

 = b
→  }kjk n'kkZ;k tkrk gSA

fVIi.kh% nks lfn'k rc Hkh leku gks ldrs gSa] ;fn muds vk/kj dh js[kk,¡ fHkUu gksa ijUrq lekUrj gksaA

34.3.4  lefn'k lfn'k
lfn'k lefn'k dgykrs gSa] ;fn mudh fn'kk,¡ ,d gh gksa] mu dk

ifjek.k pkgs dqN Hkh gksA fp=k 34.5 esa] lfn'k  vkSj lfn'k

 lefn'k gSa ;|fi mu ds ifjek.k leku ugha gSaA
34.3.5  lfn'k dk ½.k

lfn'k  lfn'k  dk ½.k dgykrk gS] tc muds ifjek.k rks
leku gksa ijUrq fn'kk,¡ foijhr gksaA fp=k 34.6

vFkkZr~]

34.3.6 lg&vkfn lfn'k

nks ;k vf/d lfn'k lg&vkfn lfn'k dgykrs gSa] ;fn mudk vkfn
fcUnq ,d gh gksA

layXu fp=k 34.7 esa] ,  vkSj  ,d gh fcUnq A  okys
lg&vkfn lfn'k gSaA

34.3.7 lajs[k lfn'k
lfn'k lajs[k gksrs gSa] ;fn og ,d gh js[kk ds lekUrj gksa] pkgs muds

ifjek.k dqN Hkh gksaA layXu fp=k 34.8 esa] lfn'k ,   vkSj

 lajs[k lfn'k gSaA lfn'k  vkSj  Hkh lajs[k gSaA

A B C D

FE

fp=k 34.8

34.3.8 leryh; lfn'k

os lfn'k leryh; lfn'k dgykrs gSa] tks ,d gh ry ds lekUrj

gksrs gSaA layXu fp=k 34.9 esa] lfn'k a , b , c
→ → →

vkSj d
→

 leryh;

gSaA ;gk¡ ij a , b
→ →

vkSj c
→
 rks ,d gh ry esa gaaS tcfd lfn'k

d
→
] lfn'kksa a , b

→ →
 rFkk c

→
 ds ry ds lekUrj ry esa fLFkr gSA

fVIi.kh% (i)  ,d 'kwU; lfn'k dks fdlh Hkh lfn'k ds lajs[k cuk;k tk ldrk gSA

(ii) dksbZ nks lfn'k lnk leryh; gksrs gSaA

fp=k 34.6

fp=k 34.7

fp=k 34.5

fp=k 34.9

A

B

C

D

A

A

B

B

C

D

BA

a

b

c

d
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mnkgj.k 34.1. fuEu esa ls dkSu&dkSu vfn'k gSa rFkk dkSu&dkSu lfn'k gSa\ dkj.k nhft,A

(a) nzO;eku (b) Hkkj (c) laosx

(d) rkieku (e) cy (f) ?kuRo

gy % (a), (d) vkSj (f) vfn'k gSa] D;ksafd buds dsoy ifjek.k gSaA

(b), (c) vkSj (e) lfn'k gSa] D;ksafd buds ifjek.k vkSj fn'kk nksuksa gSaA

mnkgj.k 34.2.  vkys[k }kjk iznf'kZr dhft, %

(a) 40N dk ,d cy] ftldh fn'kk iwoZ ds mÙkj esa 60° gSA

(b) 30N dk ,d cy] ftldh fn'kk mÙkj ds iwoZ esa 40° gSA

gy %  (a) N
40 N

W E
60°

20N

S

  ( b) N

30 N

W E

40°

S

fp=k 34.10 fp=k 34.11

    ns[ksa vkius fdruk lh[kk 34.1

1. fuEu esa ls dkSu lh jkf'k vfn'k gS\

(a) foLFkkiu (b) osx (c) cy (d) yEckbZ

2. fuEu esa ls dkSu lh jkf'k lfn'k gS\

(a) nzO;eku (b) cy (c) le; (d) rkika'k

3. vkidks ,d 5 lseh dk foLFkkiu lfn'k fn;k x;k gS] tks iwoZ dh vksj gSA fp=k }kjk laxr
½.k lfn'k fn[kkb;sA

4. lefn'k lfn'kksa rFkk leku lfn'kksa esaa vUrj crkb;sA

5. vkys[k }kjk iznf'kZr dhft,%

(a) 60 U;wVu dk ,d cy ftldh fn'kk mÙkj ds if'pe esa 60° gSA

(b) 100  U;wVu dk ,d cy ftldh fn'kk if'pe ds mÙkj esa 45° gSA

34.4 lfn'kksa dk ;ksx
vkius pkj ewy lfØ;k,¡ lh[kh gSaA ;s gSa & la[;kvksa esa (;ksx)] O;odyu] xq.kk vkSj HkkxA lfn'kksa
dk ;ksx (O;odyu)] la[;kvksa ds ;ksx (O;odyu) ls fHkUu gSA

okLro esa] nks lfn'kksa ds ifj.kkeh lfn'k dh ,d ladYiuk gS (;s nks osx ;k nks cy Hkh gks ldrs
gSaa)A ge budks fuEu mnkgj.k }kjk Li"V djsaxs %
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vkb;s ge ,d ukfod dk mnkgj.k ysrs gSa] tks viuh uko esa unh ikj djuk pkgrk gS rFkk vkjfEHkd
LFkku ds Bhd lkeus ,d LFkku ij igqapuk pkgrk gSA ;fn og fdukjs dh ykfEcd fn'kk esa pyuk
'kq: djrk gS] rks ikuh dk osx mls mlds ,sfPNd LFkku ls fHkUu LFkku ij ys tkrk gSA ;g mnkgj.k
nks osxksa ds izHkko ls rhljs osx dh mRifÙk gksuk n'kkZrk gS] ftls ifj.kkeh osx dgrs gSaA

vr% nks lfn'k] ftuds ifjek.k 3 vkSj 4 gSa] ;ksx djus ij laHko gS fd 7 ifjek.k dk ,d lfn'k
u nsaA ;g lfn'kksa dh fn'kkvksa vFkkZr~ muds chp ds dks.k ij fuHkZj djsxkA lfn'kksa esa ;ksx dh lafØ;k
lfn'kksa ds ;ksx ds f=kHkqt fu;e ds vuqlkj gksrh gSA

34.4.1 lfn'kksa ds ;ksx dk f=kHkqt fu;e

,d lfn'k ftldk izHkko nks lfn'kksa ds ifj.kkeh ;k la;qDr izHkko ds
cjkcj gks] bu lfn'kksa dk ;ksx ;k ifj.kkeh dgykrk gSA ;g lfn'kksa
ds ;ksx ds f=kHkqt fu;e }kjk fd;k tkrk gSA layXu fp=k 34.12 esa]

lfn'k  nks lfn'kksa  vkSj  ds ;ksx ;k ifj.kkeh ds leku
gSA bls ge fuEu izdkj ls fy[krs gSa %

 +  = 

;k a b
→ →

+ =  = c
→

vki ;g voyksdu dj ldrs gSaa fd lfn'k a
→

 dk vaO; fcUnq] lfn'k b
→

 dk vkfn fcUnq gS rFkk

lfn'k a b
→ →

+  dk vkfn fcUnq lfn'k a
→

 dk vkfn fcUnq gS vkSj budk vUr% fcUnq lfn'k b
→

 dk
vUr% fcUnq gSA

34.4.2  nks ls vf/d lfn'kksa dk ;ksx

layXu fp=k 34.13 esa] nks ls vf/d lfn'kksa dk ;ksx fn[kk;k x;k gSA

   
a b c d

→→ → →
+ + +

= 

= 

= 

= 

lfn'k  fn;s x;s lfn'kksa dk ;ksx ;k ifj.kkeh dgykrk gSA

34.4.3  lfn'kksa ds ;ksx dk lekUrj prqHkqZt fu;e

;kn dhft, fd nks lfn'k leku gksrs gSa] tc muds ifjek.k vkSj fn'kk ogh gkasA ijUrq ;s lekUrj
Hkh gks ldrs gSa (nsf[k;s fp=k 34.14)A

layXu fp=k esa] lekUrj prqHkqZt OABCls gesa izkIr gksrk gS]

ijUrq

∴

fp=k 34.13

fp=k 34.14

fp=k 34.12

B

O A

c

b

a

E
d

c

b

a
A

D

C

Ba

a

a b+

a b+ c+ d+ a b+ c+

C B

O
A

a
b

b
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tks fd lfn'kksa ds ;ksx dk lekUrj prqHkqZt fu;e gSA ;g fu;e gS %

;fn ,d lekUrj prqHkqZt dh nks vklUu Hkqtk,¡ nks lfn'kksa dks fu/kZfjr djrh gksa] rks muds
ifj.kkeh lfn'k dks vklUu Hkqtkvksa ds mHk;fu"B fcUnq ls gksdj tkus okyk fod.kZ fu/kZfjr
djsxkA

34.4.4  lfn'k dk ½.k

fdlh lfn'k a
→

 =  ds fy,] a
→

 dk ½.k lfn'k  }kjk fu/kZfjr gksrk gSA   dk ½.k ogh

lfn'k  gksxkA vr%] | | = | | = | a
→

| vkSj  = − . gksxkA ifjHkk"kk ls] ge ns[krs gSa fd

fdlh lfn'k a
→
 ds fy,] a ( a ) 0

→→ →
+ − =

34.4.5  nks fn;s x, lfn'kksa dk vUrj

nks fn;s x;s lfn'kksa a
→
vkSj b

→
 ds fy,] vUrj a

→
− b

→

dks lfn'k b
→

 ds ½.k vkSj lfn'k a
→
 dk ;ksx dgk

tkrk gSA vFkkZr~  a
→

− b
→

= a
→

 + (− b
→

) A

layXu fp=k esa] ;fn  = a
→
 rFkk oc b=

uur r

 gks] rks

lekUrj prqHkqZt OABC esa]  = a
→

vkSj  = − b
→

 gksxkA

∴  a
→

− b
→

mnkgj.k 34.3.  nks 'kwU;srj lfn'kksa dk ;ksx 'kwU; dc gksrk gS \

gy % nks 'kwU;srj lfn'kksa dk ;ksx 'kwU; rc gksrk gS] tc muds ifjek.k leku gksa] ijUrq os foijhr
fn'kkvksa esa gksaA

mnkgj.k 34.4.  fp=k }kjk fn[kkb;s fd a b b a
→ → → →

+ = +

gy % layXu fp=k 34.16 ls]

ifj.kkeh lfn'k

       a b
→ →

= + ....(i)

lekUrj prqHkqZt OABC dks iwjk dhft,A

 = b
→

,  = a
→

vkSj

       
b a
→ →

= + .....(ii)

∴      a b b a
→ → → →

+ = +   [(i) vkSj (ii) ls]

fp=k 34.15

fp=k 34.16

C B

O A

b

a

C B

O
A

b
b

a

a
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    ns[ksa vkius fdruk lh[kk 34.2

1. ,d lekUrj prqHkqZt ABCD ds fod.kZ ,d nwljs dks

 fcUnq O ij dkVrs gSaA lfn'kksa , ,  vkSj  dk

;ksx Kkr dhft,A

2. ,d f=kHkqt ABC dh ekfè;dk,¡ fcUnq O ij dkVrh gSaA

lfn'kksa ,  vkSj  dk ;ksx Kkr dhft,A

34.5 ,d fcUnq dk fLFkfr lfn'k

ge varfj{k esa dksbZ fcUnq O ysrs gSaA varfj{k esa fdlh fn;s x, fcUnq P dks O ls feykb, rFkk lfn'k

 izkIr dhft,A ;g lfn'k fcUnq P dk ewyfcUnq O ds lanHkZ esa
fLFkfr lfn'k dgykrk gSA vr%] varfj{k esa izR;sd fcUnq dk
ewyfcUnq ds lanHkZ esa ,d vf}rh; fLFkfr gksrk gSA foykser% ;fn gesa
,d ewyfcUnq O fn;k x;k gks rks O vkfn fcUnq ds izR;sd lfn'k ds
laxr ,d fcUnq gS] tks varfj{k esa bldk vaR; fcUnq gksxkA

,d lfn'k AB
uuur

 yhft,A ekuk O ewyfcUnq gSA

rc ⇒⇒⇒⇒

;k  vaR; fcUnq B dk fLFkfr lfn'k & vkfn fcUnq A  dk fLFkfr lfn'k

34.6 ,d lfn'k dk ,d vfn'k ls xq.ku

,d 'kwU;srj lfn'k a
→

 dk ,d vfn'k x 0≠  ds lkFk xq.kuiQy ,d lfn'k gksrk gS] ftldh yEckbZ

| x | | a |
→

 gksrh gS rFkk ftldh fn'kk ogh gksrh gS tks lfn'k a
→

 dh gS] ;fn x > 0 gS vkSj lfn'k

a
→
ls foijhr fn'kk gksrh gS] ;fn x < 0 gSA  lfn'k a

→
ds vfn'k x ls xq.kuiQy dks x a

→
⋅  ls O;Dr

fd;k tk ldrk gSA lfn'k a
→
vkSj vfn'k 0 dk xq.kuiQy lfn'k 

→
0  gksrk gSA

ifjHkk"kk ls] ;g fu"d"kZ fudyrk gS fd ,d 'kwU; lfn'k dk ,d 'kwU;srj vfn'k ls xq.kuiQy 'kwU;

lfn'k gksrk gSA vFkkZr~ x 0 0
→ →

⋅ =  rFkk 0 a 0
→ →

⋅ = .

lfn'kksa ds xq.ku ds fu;e % ;fn a
→
 vkSj b

→
 lfn'k gksa rFkk x vkSj y vfn'k gksa] rks

(i)     x(y a ) (x y) a
→ →

=

(ii) x a y a (x y) a
→ → →

+ = +

(iii) x a x b x ( a b )
→ → → →

+ = +

(iv) 0 a x 0 0
→ →→

+ =

fp=k 34.18

fp=k 34.17

fp=k 34.19

D C

A B

O

C

E

B
D

A

F

A

BO
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;kn dhft, fd nks lajs[k lfn'kksa dh fn'kk ogh gksrh gS] ijUrq ifjek.k fHkUu gks ldrs gSaA bldk vFkZ

;g gS fd lfn'k a
→
 rFkk 'kwU;srj lfn'k b

→
 lajs[k gSa] ;fn vkSj dsoy ;fn ,d vfn'k la[;k x

,slh gks fd

a x b
→ →

=

 izes; 34.1  nks lfn'kksa a
→

 vkSj b
→
 ds lajs[k gksus ds fy, ,d vko';d vkSj i;kZIr izfrcU/ gS

fd nks ,slh vfn'k la[;k,¡ x vkSj y (nksuksa bdV~Bs 'kwU; ugha) gksa] ftlls fd x a y b 0
→→ →

+ = gksaA
miifÙk % izfrcU/ vko';d gS

ekuk a
→
 vkSj b

→
 laajs[k gSaA

ekuk ,d vfn'k la[;k  l gS] ftlls a b
→ →

= l gSA

vFkkZr~ a ( ) b 0
→→ →

+ − =l

geus nks vfn'k la[;k,¡ ( )x 1=  vkSj ( )y = −l <wa< yh gSaa] ftlls x a y b 0
→→ →

+ =  gSA è;ku nhft,
fd vfn'k 1 'kwU;srj gSA
izfrcU/ i;kZIr gS

vc ;g fn;k x;k gS fd x a y b 0
→→ →

+ =  vkSj bdV~Bs x 0≠ , y 0≠ gSA

eku yhft, y 0≠  gSA

∴
x

y b x a b a
y

→ → → →
= − ⇒ = − ] vFkkZr~ a

→
 vkSj b

→
 lajs[k gSaA

miizes;% nks lfn'k a
→

 vkSj b
→

 vlajs[k gSa] ;fn vkSj dsoy ;fn izR;sd lEcU/ x a y b 0
→→ →

+ = ls
x = 0 vkSj y = 0 izkIr gksaA

[ladsr% ;fn x vkSj y esa ls dksbZ ,d 'kwU;srj gS] *ekuk y', rks 
x

b a
y

→ →
= − , tks fojks/kHkkl gS]

mnkgj.k 34.5.  og la[;k x  Kkr dhft, ftlls 'kwU;srj lfn'k a
→
 dks xq.kk djus ij

(i)  â (ii) â−  izkIr gksA

gy%  (i) ˆx a a
→

= , vFkkZr~     ˆ ˆx | a | a a
→

=

⇒        
1

x
| a |

→=

(ii)     ˆx a a
→

= − , vFkkZr~    ˆ ˆx | a | a a
→

= −

⇒         

1
x

| a |
→= −

mnkgj.k 34.6.  lfn'k a
→
vkSj b

→
 lajs[k ugha gSA ,slh la[;k x Kkr dhft,] ftlls lfn'k

c (x 2) a b
→ → →

= − +  vkSj d (2x 1) a b
→ → →

= + −  lajs[k gks tk;saA

gy % c
→

 'kwU;srj gS] D;ksafd b dk xq.kkad 'kwU;srj gSA

∴ ,d la[;k  y gS] ftlls d y c
→ →

= gksxkA
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vFkkZr~ (2x 1) a b y (x 2) a y b
→ → → →

+ − = − +

∴ (yx 2y 2x 1) a (y 1) b 0
→ →

− − − + + =

a
→
vkSj b

→
 vlajs[k gSaA

∴ yx 2y 2x 1 0− − − =  vkSj  y + 1 = 0

gy djus ij] y 1= −  vkSj 
1

x
3

=  izkIr gksxkA

∴
5

c a b
3

→ → →
= − +  vkSj  

5
d a b

3

→ → →
= −

ge ns[k ldrs gSa fd c
→

 vkSj d
→

 foijhr lfn'k gSaA vr% ;s lajs[k gSaA

mnkgj.k 34.7.   nks fcUnqwvksa A rFkk B ds fLFkfr lfn'k Øe'k% 2 a 3 b
→ →

+  rFkk 3 a b
→ →

+  gSaA 

Kkr dhft,A

gy % ekuk O  lanHkZ dk ewyfcUnq gSA

rc     = B dk fLFkfr lfn'k &A dk fLFkfr lfn'k

=  − 

(3 a b ) (2 a 3 b )
→ → → →

= + − +

(3 2) a (1 3) b
→ →

= − + − a 2 b
→ →

= −

mnkgj.k 34.8.   fn[kkb, fd fcUnq P,Q rFkk R, ftuds fLFkfr lfn'k Øe'k% a 2 b
→ →

− , 2 a 3 b
→ →

+

rFkk 7 b
→

−  gSa] lajs[k gSaA

gy %  = Q dk fLFkfr lfn'k & P dk fLFkfr lfn'k

(2 a 3 b ) ( a 2 b )
→ → → →

= + − −

a 5 b
→ →

= + ....(i)

rFkk  = R dk fLFkfr lfn'k & Q dk fLFkfr lfn'k

7 b (2 a 3 b )
→ → →

= − − +

7 b 2 a 3 b
→ → →

= − − −

2 a 10 b
→ →

= − −

2( a 5 b )
→ →

= − + ....(ii)

(i) rFkk (ii) ls] gesa  QR 2PQ= −
uuur uuur

 feyrk gS] tks  dk ,d vfn'k xq.kt gSA

∴  | | 

ijUrq Q ,d mHk;fu"B fcUnq gSA

∴  rFkk  lajs[k gSaA vr% P,Q ,Q rFkk R lajs[k gSaA
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  ns[ksa vkius fdruk lh[kk 34.3

1. fn, x, ewyfcUnq ds lanHkZ esa nks fcUnqvksa A vkSj B ds fLFkfr lfn'k Øe'k% a
→
 vkSj b

→
 gSaA

lfn'k   Kkr dhft,A

2. fuEufyf[kr esa ls izR;sd dh O;k[;k dhft, %

(i) 3a
→

(ii) 5 b
→

−

3. fcUnqvksa A,B,C rFkk D ds fLFkfr lfn'k Øe'k% 2 a
→

, 3 b
→

, 4 a 3 b
→ →

+  rFkk a 2 b
→ →

+  gSaA

 rFkk  Kkr dhft,A

4. lfn'k n
→

 vkSj vfn'k y ds xq.kuiQy dk ifjek.k Kkr dhft,A

5. crkb;s fd ,d lfn'k dks ,d vfn'k ls xq.kk djus ij lfn'k izkIr gksxk ;k vfn'kA

6. nks lfn'kksa p
→

 vkSj q
→

 ds lajs[k gksus ds fy, izfrcU/ fyf[k,A

7. fn[kkb, fd fcUnq ftuds fLFkfr lfn'k Øe'k% 5 a 6 b
→ →

+ , 7 a 8 b
→ →

−  rFkk 3 a 20 b
→ →

+  gSa]
lajs[k gksaxsaA

34.7 lfn'kksa dh leryh;rk

;fn nks valjs[k lfn'k a
→

 vkSj b
→

 fn;s x, gksa] rks mudks ,d
ry esa j[kk tk ldrk gSA ;gk¡ ij (ry esa) lfn'k ,d nwljs
dks izfrPNsn djassxsA ge mudk mHk;fu"B fcUnq O ysrs gSa rFkk

nksuks lfn'kksa dks   vkSj  ekurs gSaA ;fn a
→

 vkSj b
→
 ds

leryh; rhljk lfn'k c
→  fn;k x;k gks] rks ge bldk vkfn

fcUnq Hkh O dks pqu ldrs gSaA ekuk C bldk vaR; fcUnq gSA

lfn'k  dks fod.kZ ysdj lekUrj prqHkqZt dks iwjk dhft,A

bl dh vklUu Hkqtk,¡ a
→

 vkSj b
→
 gSaA

∴ c a m b
→ → →

= +l

bl izdkj] a
→

 vkSj b
→
 ds leryh; dksbZ lfn'k c

→
, a

→
 vkSj b

→
 ds jSf[kd la;kstu ds :i esa O;Dr

fd;k tkrk gSA  vFkkZr~] c a m b
→ → →

= +l

34.8 ,d lfn'k dk nks ykfEcd v{kksa ds vuqfn'k fo;kstu

nks ijLij yEc ,dd lfn'k î  vkSj ĵ  nks ijLij yEc v{kksa OX vkSj OY ds vuqfn'k yhft,A

geus ns[kk gS fd fdlh lfn'k r
→
 dks tks fd î  vkSj ĵ  ds ry esa gS] ˆ ˆxi yj+  ds :i esa O;Dr

fd;k tk ldrk gSA

∴ ˆ ˆr xi yj
→

= +

fp=k 34.20

B C

AO

la

mb

c

a

b
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;fn O lfn'k r
→
 dk vkfn fcUnq gS] rc OM = x

vkSj ON = Y (fp=k 34.21) A

 vkSj  lfn'k r
→
 ds x-v{k vkSj y-v{k ds

vuqfn'k ?kVd dgykrs gSaA bl fo'ks"k O;oLFkk esa]

 vkSj  dks lfn'k r
→
 ds fo;ksftr Hkkx

Hkh dgrs gSaA

34.9 ,d lfn'k dk rhu foekvksa esa rhu ijLij ykfEcd v{kksa
 ds vuqfn'k fo;kstu

,d lfn'k dh rhu foekvksa esa rhu ijLij ykfEcd v{kksa ds vuqfn'k fo;kstu dh ladYiuk] ,d
lfn'k ds ry esa nks ykfEcd v{kksa ds vuqfn'k fo;kstu dk ,d foLrkj gSA

varfj{k esa fdlh lfn'k r
→
dks rhu ijLij ykfEcd

v{kksa ds vuqfn'k ,dd lfn'kksa î , ĵ  vkSj k̂  ds
jSf[kd la;kstu ds :i esa O;Dr fd;k tk ldrk gS]
tSls fd fp=k 34.22 esa fn[kk;k x;k gSA

ge ledksf.kd lekarj"kViQyd dks iwjk dj ysrs gSaA

blesa fod.kZ  = r
→

rc] ˆ ˆ ˆr xi yj zk
→

= + +

x î , y ĵ  vkSj z k̂  lfn'k r
→
 ds rhu ijLij ykfEcd

v{kksa ds vuqfn'k fo;ksftr Hkkx dgykrs gSaA

bl izdkj] vkdk'k esa fdlh lfn'k r
→
 dks rhu ijLij ykfEcd ,dd lfn'kksa î , ĵ  vkSj k̂ds

jSf[kd la;kstu ds :i esa O;Dr fd;k tk ldrk gSA

fp=k 34.21 esa] 2 2 2OP OM ON= +  (nks foekvksa esa)

vFkkZr~  
2 2 2r x y

→
= + ......(i)

vkSj fp=k 34.22 esa]
2 2 2 2OP OA OB OC= + +

    2 2 2 2r x y z
→

= + + .......(ii)

fLFkfr (i) esa] r
→
 dk ifjek.k 2 2| r | x y

→
= = +

fLFkfr (ii) esa] r
→
 dk ifjek.k 2 2 2| r | x y z

→
= = + +

fp=k 34.21

fp=k 34.22

Y

N

O
M

X

Z

C B′

P

zk

xi xj

X

Y
B

r
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fVIi.kh% ;fn rhu vleryh; lfn'k a
→

, b
→
 vkSj c

→
 (vko';d ugha ;s ykfEcd ,dd lfn'k

gksa) fn;s x, gksa] rks dksbZ lfn'k d
→

  lfn'k a
→

, b
→
 vkSj c

→
 ds jSf[kd la;kstu vFkkZr~

d x a y b z c
→ → → →

= + +  ds :i esa O;Dr fd;k tk ldrk gSA

mnkgj.k 34.9.   10 U;wVu dk ,d lfn'k iwoZ ds 30° mÙkj esa gSA mlds iwoZ vkSj mÙkj fn'kk ds

vuqfn'k ?kVd Kkr dhft,A

gy % ekuk î vkSj ĵ  v{kksa OX vkSj OY (Øe'k%
iwoZ vkSj mÙkj) ds vuqfn'k ,dd lfn'k gSaA

OP dk OX vkSj OY dh fn'kk esa fo;kstu djus ij]

∴     =  + 

    = 10 cos 30° î +10 sin 30° ĵ

    
3 1ˆ ˆ10. i 10. j

2 2
= +

    ˆ ˆ5 3 i 5 j= +

iwoZ fn'kk ds vuqfn'k ?kVd 5 3= U;wVu

vkSj mÙkj fn'kk ds vuqfn'k ?kVd = 5 U;wVu

mnkgj.k 34.10.  fn[kkb;s fd fuEu lfn'k leryh; gSa%

a 2 b
→ →

− , 3 a b
→ →

+  vkSj a 4 b
→ →

+

gy % lfn'k leryh; gksaxs] ;fn nks vfn'k xvkSj y bl izdkj ds gksa fd

a 4 b x( a 2 b ) y(3 a b )
→ → → → → →

+ = − + +

    (x 3y) a ( 2x y) b
→ →

= + + − + .....(i)

(i) ds nksuksa i{kksa esa a
→

 vkSj b
→

 ds xq.kkadkas dh rqyuk djus ij]

x 3y 1+ =  vkSj 2x y 4− + =

x vkSj y ds fy, gy djus ij] 
11

x
7

= −   vkSj 
6

y
7

=  izkIr gksrk gSA

D;ksafd a 4 b
→ →

+  dks a 2 b
→ →

−  rFkk 3 a b
→ →

+  ds jSf[kd la;kstu ds :i esa O;Dr fd;k tk ldrk
gS] blfy, rhuksa lfn'k leryh; gSaA

mnkgj.k 34.11.  fn;k x;k gS 1
ˆ ˆ ˆr i j k

→
= − +  vkSj 2

ˆ ˆ ˆr 2i 4 j 3k
→

= − −  fuEu ds ifjek.k Kkr

dhft, % (a) 1r
→

(b) 2r
→

(c) 1 2r r
→ →

+ (d) 1 2r r
→ →

−

gy % (a) 2 2 2
1

ˆ ˆ ˆ| r | | i j k | 1 ( 1) 1 3
→

= − + = + − + =

fp=k 34.23

30°

O
i M

X iwoZ

P
N

Y mÙkj

^

ĵ
10 U;wVu
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(b) ( )22 2
2| r | 2 ( 4) 3 29

→
= + − + − =

(c)  1 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆr r (i j k) (2i 4 j 3k) 3i 5j 2k

→ →
+ = − + + − − = − −

∴    ( )22 2
1 2

ˆ ˆ ˆ| r r | | 3i 5j 2k | 3 ( 5) 2 38
→ →

+ = − − = + − + − =

(d)  
1 2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆr r (i j k) (2i 4 j 3k) i 3j 4k
→ →

− = − + − − − = − + +

∴     2 2 2
1 2

ˆ ˆ ˆ| r r | | i 3j 4k | ( 1) 3 4 26
→ →

− = − + + = − + + =

mnkgj.k 34.12.  nks lfn'kksa ˆ ˆ ˆa 3i 2 j 4k
→

= + −  vkSj ˆ ˆ ˆb i j 2k
→

= + +  ds ifj.kkeh lfn'k ds

lekUrj ,dd lfn'k Kkr dhft,A

gy % ifj.kkeh lfn'k ˆ ˆ ˆ ˆ ˆ ˆR a b (3i 2 j 4k) (i j 2k)
→ → →

= + = + − + + +

     = ˆ ˆ ˆ4i 3j 2k+ −

ifj.kkeh lfn'k R
→  dk ifjek.k 2 2 2| R | 4 3 ( 2) 29

→
= + + − =

∴ ifj.kkeh lfn'k ds lekUrj ,dd lfn'k

R 1 4 3 2ˆ ˆ ˆ ˆ ˆ ˆ(4i 3j 2k) i j k
29 29 29 29

| R |
→

= = + − = + −

mnkgj.k 34.13.  r s
→ →

−  fn'kk esa ,dd lfn'k Kkr dhft,] tcfd

ˆ ˆ ˆr i 2j 3k
→

= + −  rFkk  ˆ ˆ ˆs 2i j 2k
→

= − +  gSA

gy %      ˆ ˆ ˆ ˆ ˆ ˆr s (i 2 j 3k) (2i j 2k)
→ →

− = + − − − + ˆ ˆ ˆi 3j 5k= − + −

∴          ( ) ( ) ( )2 2 2
| r s | 1 3 5 35

→ →
− = − + + − =

∴  ( r s )
→ →

− dh fn'kk esa ,dd lfn'k
1 ˆ ˆ ˆ( i 3j 5k)
35

= − + −
1 3 5ˆ ˆ ˆi j k
35 35 35

= − + −

mnkgj.k 34.34.  2 a 3 b
→ →

+  dh fn'kk esa ,dd lfn'k Kkr dhft,] tcfd ˆ ˆ ˆa i 3j k
→

= + +

rFkk ˆ ˆ ˆb 3i 2 j k
→

= − −  gSA

gy % ˆ ˆ ˆ ˆ ˆ2 a 3 b 2 (i 3j k) 3 (3i 2 j k)
→ →

+ = + + + − −

     ˆ ˆ ˆ ˆ ˆ(2i 6 j 2k) (9i 6 j 3k)= + + + − − = ˆ ˆ11i k− .

∴       2 2| 2 a 3 b | (11) ( 1) 122
→ →

+ = + − =

∴  (2 a 3 b )
→ →

+   dh fn'kk esa ,dd lfn'k 
11 1ˆ ˆi k
122 122

= −
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mnkgj.k 34.15.  fn[kkb;s fd fuEu lfn'k leryh; gSa %

4 a 2 b 2 c ,
→ → →

− −  2 a 4 b 2 c
→ → →

− + −  vkSj 2 a 2 b 4 c
→ → →

− − + , tcfd a
→

, b
→  vkSj c

→
 rhu

vleryh; lfn'k gSaA

gy % ;fn ;s lfn'k leryh; gSa] rks buesa ls ,d dks vU; nksuks lfn'kksa ds jSf[kd la;kstu ds :i
esa O;Dr fd;k tk ldrk gSA

ekuk 2 a 2 b 4 c x (4 a 2 b 2 c ) y ( 2 a 4 b 2 c )
→ → → → → → → → →

− − + = − − + − + − gSA

tcfd x vkSj y vfn'k gSaA

nksuksa i{kksa esa a
→

, b
→  vkSj c

→
 ds xq.kkadksa dh rqyuk djus ij]

4x 2y 2− = − , 2x 4y 2− + = −  vkSj 2x 2y 4− − =

;s rhuksa lehdj.k x 1, y 1= − = −  ds fy, larq"V gksrs gSaA

bl izdkj 2 a 2 b 4 c ( 1) (4 a 2 b 2 c ) ( 1) ( 2 a 4 b 2 c )
→ → → → → → → → →

− − + = − − − + − − + −

vr% fn;s x;s rhuksa lfn'k leryh; gSaA

  ns[ksa vkius fdruk lh[kk 34.4

1. lfn'k a
→

, b
→  vkSj c

→
 ds leryh; gksus ds fy, izfrcU/ fyf[k,A

2. ifj.kkeh lfn'k r
→
 Kkr dhft, ftlds nks vk;rkdkj dkrhZ; funsZ'kkad v{kksa ds vuqfn'k

?kVd Øe'k% 3 vkSj 4 bdkbZ gksaaA

3. layXu fp=k esa] | OA | = 4,  | OB | = 3 vkSj | OC | = 5

OP dks ?kVd lfn'kksa ds :i esa O;Dr dhft,A

4. ;fn 1
ˆ ˆ ˆr 4i j 4k

→
= + − , 2

ˆ ˆ ˆr 2i 2 j 3k
→

= − + +

vkSj 3
ˆ ˆ ˆr i 3j k

→
= + −  gks] rks fn[kkb;s fd

1 2 3| r r r | 7
→ → →

+ + =

5. lfn'kksa ˆ ˆ ˆa 2i 4j 5k
→

= + −  vkSj ˆ ˆ ˆb i 2j 3k
→

= + +  ds ifj.kkeh lfn'k ds lekUrj ,dd
lfn'k Kkr dhft,A

6. 3 a 2 b
→ →

−  dh fn'kk esa ,d lfn'k Kkr dhft,] tcfd ˆ ˆ ˆa i j k
→

= − −  rFkk
ˆ ˆ ˆb i j k

→
= + + gSA

7. fn[kkb;s fd fuEu lfn'k leryh; gSa%

3 a 7 b 4 c
→ → →

− − , 3 a 2 b c
→ → →

− +  vkSj a b 2 c
→ → →

+ + ] tcfd a
→

, b
→  vkSj c

→
 rhu

vleryh; lfn'k gSaA

fp=k 34.24

Y
B

P

C

Z

O

A

X
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34.10 foHkktu lw=k

;kn dhft, fd varfj{k esa fdlh fcUnq P dk ewyfcUnq O ds lanHkZ esa fLFkfr lfn'k r
→

= gksrk gSA

vkxs vkus okyh iafDr;ksa esa ge ,sls fcUnq dk fLFkfr lfn'k Kkr djus dk iz;kl djsaxss] tks nks fcUnqvksa
dks feykus okys js[kk[k.M dks m : n ds vUr% vuqikr esa foHkkftr djrk gSA

A m P n B

O

b
ra

fp=k 34.25

eku yhft, A vkSj B nks fcUnq gSa rFkk muds ewyfcUnq O ds lanHkZ esa fLFkfr lfn'k Øe'k% a
→
 vkSj

b
→
 gaSA

vr% = a
→  vkSj  = b

→

eku yhft, fd fcUnq P js[kk[k.M AB dks m : n ds vUr% vuqikr esa foHkkftr djrk gSA

vFkkZr~~   
AP m

PB n
= ;k, n   =  m ....(i)

D;ksafd n   =  m

∴ n (  − ) =  m (  − )

;k     (m + n)  =  m  + n

;k        = 

;k m b n a
r

m n

→ →
→ +

=
+

,

tcfd r
→
 fcUnq P dk ewyfcanq O ds lanHkZ esa] fLFkfr lfn'k gSA

miizes; 1% ;fn 
m

1
n

=  ⇒  m = n gS] rc fcUnq P  js[kk[k.M AB dk eè;&fcUnq gks tkrk gSA

∴nks fcUnqvksa dks feykus okys js[kk[k.M ds eè; fcUnq dk fLFkfr lfn'k 
1

2
 ( a

→
+ b

→
) gksrk gS]

tcfd a
→
 vkSj b

→
 mu fcUnqvksa ds Øe'k% fLFkfr lfn'k gSaA

miizes; 2% fcUnq P ds fLFkfr lfn'k dks bl izdkj fy[kk tk ldrk gS]
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m
a b

a k bnr
m 1 k

1
n

→ →
→ →

→
+ +

= =
++

, .....(ii)

tcfd m
k

n
= , k 1≠ − gSA

(ii) ls ge ml fcUnq dk fLFkfr lfn'k ikrs gSa] tks nks fcUnqvksa] ftuds fLFkfr lfn'k a
→
 vkSj b

→

gSa] dks feykus okys js[kk[k.M dks k : 1 ds vuqikr esa foHkkftr djrk gSA

miizes; 3% ml fcUnq P dk fLFkfr lfn'k] tks nks fcUnqvksa dks m : n ds cká vuqikr esa foHkkftr
djrk gS] fuEu gS %

n a m b
r

n m

→ →
→ −

=
−

tcfd a
→
 vkSj b

→
 mu fcUnqvksa ds fLFkfr lfn'k gSaA

ladsr% ;g foHkktu −m : n  ds vuqikr esa gSA

mnkgj.k 34.16.  ml fcUnq dk fLFkfr lfn'k Kkr dhft,] tks nks fcUnqvksa ftuds fLFkfr lfn'k x
→

vkSj y
→ gSa] dks feykus okys js[kk[k.M dks 2 : 3  ds vUr% vuqikr esa foHkkftr djrk gSA

gy % ekuk vHkh"V fcUnq dk fLFkfr lfn'k r
→ gSA

∴
3 x 2 y 1

r (3 x 2 y )
3 2 5

→ →
→ → →+

= = +
+

mnkgj.k 34.17.  js[kk[k.M AB ds eè;&fcUnq dk fLFkfr lfn'k Kkr dhft,] ;fn A rFkk B ds fLFkfr

lfn'k Øe'k% x 2 y
→ →

+  rFkk 2 x y
→ →

−  gSaA

gy % AB ds eè;&fcUnq dk fLFkfr lfn'k

( x 2 y ) (2 x y )

2

→ → → →
+ + −

=
3 1

x y
2 2

→ →
= +

 mnkgj.k 34.18  ,d f=kHkqt ABC ds 'kh"kksZa A,B rFkk C ds fLFkfr lfn'k Øe'k% a
→

, b
→  rFkk c

→

gSaA ABC∆  ds dsUnzd dk fLFkfr lfn'k Kkr dhft,A

gy% ekuk D, ABC∆  dh Hkqtk BC dk eè;&fcUnq gSA

ekuk G, ABC∆  dk dsUnzd gSA rc G js[kk[k.M AD dks 2 : 1 esa

foHkkftr djrk gS] vFkkZr~ AG : GD = 2 : 1.A

vc D dk fLFkfr lfn'k b c

2

→ →
+

=

∴  G dk fLFkfr lfn'k gS
b c

2 1 a
2

2 1

→ →
→+

⋅ + ⋅
=

+
 a b c

3

→ → →
+ +

=

fp=k 34.26

A(  ) a

C(  ) cB(  ) b

2

G

1

D
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  ns[ksa vkius fdruk lh[kk 34.5

1. fcUnq C dk fLFkfr lfn'k Kkr dhft,] ;fn ;g AB dks

(i) 
1 1

:
2 3

 ds vuqikr esa foHkkftr djrk gS] (ii) 2 : 3−  ds vuqikr esa foHkkftr djrk gS]

tcfd ;g fn;k x;k gS fd A vkSj B ds fLFkfr lfn'k Øe'k% a
→
 vkSj b

→
 gSaA

2. og fcUnq Kkr dhft, tks P( p )
→  vkSj Q( q )

→  dks feykus okys js[kk[k.M dks 3 : 4 ds vUr%
vuqikr esa foHkkftr djrk gSA

3. js[kk[k.M CD fcUnqvksa P vkSj Q   ls  lef=kHkkftr gksrk gSA ;fn fcUnqvksa C vkSj D ds fLFkfr

lfn'k Øe'k% c
→
 vkSj d

→
 gksa] rks lef=kHkktu djus okys fcUnqvksa ds fLFkfr lfn'k Kkr

dhft,A
4- lfn'k dh lgk;rk ls fl¼ dhft, fd f=kHkqt dh efè;dk,a laxkeh gksrh gSaA
5- lfn'k dh lgk;rk ls fl¼ dhft, fd fdlh f=kHkqt dh fdUgha nks Hkqtkvksa dk ekè; fcanqvksa

dks feykus okyk js[kk [kaM rhljh Hkqtk ds lekarj o mldk vk/k gksrk gSA

34-11 lfn'k ds fnd&dkslkbu

layXu vkd̀fr esa] AB
uuur

 varfj{k esa ,d lfn'k gS vkSj OP
uuur

, fcUnq P(x, y, z), dk fLFkfr lfn'k bl izdkj

gS fd OP
uuur

 || AB
uuur

. eku yhft, OP
uuur

, x, y ,oa z v{kksa dh /kukRed fn'kkvksa ds lkFk Øe'k% α, β ,oa

γ dks.k cukrk gSA α, β ,oa γ lfn'k OP
uuur

 ds fnd~ dks.k vkSj cos α, cos β ,oa cos γ fnd~ dkslkbu
dgykrs gSaA

AO

γ
β

α

A

By

x

z

P( )x,y,z

fp= 34-27fp= 34-27fp= 34-27fp= 34-27

D;ksafd OP
uuur

 || AB
uuur

gS] blfy, cosα, cosβ ,oa cosγ, AB
uuur

 ds Hkh fnd~&dkslkbu gSA

fdlh lfn'k }kjk x, y ,oa z v{kksa dh /kukRed fn'kkvksa ds lkFk cus dks.kksa ds dkslkbu]
ml lfn'k ds fnd~&dkslkbu dgykrs gSaA

� ;fn OP
uuur

 dh fn'kk dks myVk dj fn;k tk,] rks ge ns[krs gSa fd PO
uuur

, x, y ,oa z

v{kksa dh /kukRed fn'kkvksa ds lkFk Øe'k% π – α, π – β ,oa π – γ dks.k cukrk gSA
blfy, cos(π – α) = –cos α, cos (π – β) = – cos β and cos(π – γ) = –cos γ, PO

uuur

ds fnd~& dkslkbu gSaA okLro esa varfj{k esa fdlh Hkh lfn'k dks nks fn'kkvksa esa c<+k;k
tk ldrk gS blfy, izR;sd lfn'k ds fnd~~&dkslkbu ds nks lewg gksrs gSaA ;fn (cosα,

cosβ, cosγ) fnd~&dkslkbu dk ,d lewg gS rks (–cosα, –cosβ, –cosγ) nwljk lewg
gksxkA fdlh Hkh lfn'k ds fnd~&dkslkbu ds ,d lewg dks ysuk gh i;kZIr gSA
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� lkekU;r% ,d lfn'k ds fnd~&dkslkbu dks l, m ,oa n ls O;Dr fd;k tkrk gSA nwljs
'kCnksa esa l = cos α, m = cos β ,oa n = cos γ.

� D;ksafd OX
uuur

 v{kksa OX
uuur

, OY
uuur

 ,oa OZ
uuur

 ds lkFk Øe'k% 0°, 90°, ,oa 90° dks.k cukrk gS(
blfy, cos 0°, cos 90°, cos 90° vFkkZr 1, 0, 0, x-v{k ds] fn~d&dkslkbu gSaA nh xbZ
vkd`fr esa] eku yhft,

| |OP
uuuur

 = r vkSj PA  ⊥ OX.

vc ledks.k f=Hkqt ∆OAP esa] 
OA

OP
 = cos α

i.e. OA = OP cos α  i.e.  x = r.l  ⇒  x = l r

blh izdkj y ,oa z v{kksa ij yEc [khapdj ge y = mr ,oa z = nr izkIr dj ldrs gSaA

vc x2 + y2 + z2 = 2 2 2 2( )r l m n+ + ...(i)

ijUrq | |OP
uuur

 = 2 2 2
x y z+ +  vFkok 2| |OP

uuur
 = 

2 2 2
x y z+ +  = r2

blfy, (i) l2 + m2 + n2 = 1

blds vfrfjDr] l = 
x

r
, m = 

y

r
, n = 

z

r

vFkkZr~ l = 
2 2 2

x

x y z+ +
, m = 

2 2 2

y

x y z+ +
, n = 

2 2 2

z

x y z+ +

vr%] ;fn P(x, y, z), varfj{k esa ,d fcUnq gS] rks OP
uuur

 ds fnd~&dkslkbu

2 2 2

x

x y z+ +
, 

2 2 2

y

x y z+ +
, 

2 2 2

z

x y z+ +
 gSaA

34-11-1 nks fcUnqvksa dks feykus okys lfn'k ds fnd~&dkslkbu

layXu vkd`fr esa] P(x
1
, y

1
, z

1
) ,oa Q(x

2
, y

2
, z

2
) dks feykdkj lfn'k PQ

uuur
 cuk;k x;k gSA ;fn ge

funsZ'kkad v{kksa dh fn'kk dks ifjofrZr fd, fcuk ewy fcUnq dks fcUnq P(x
1
,y

1
,z

1
) ij LFkkukarfjr dj

nsa] rks fcUnq Q ds funsZ'kkad (x
2
 – x

1
, y

2
 – y

1
, z

2
 – z

1
) gks tkrs gSaA blfy, PQ

uuur
 ds fnd~&dkslkbu

2 1

2 2 2
2 1 2 1 2 1

,
( ) ( ) ( )

x x

x x y y z z

−

− + − + −
 

2 1

2 2 2
2 1 2 1 2 1

,
( ) ( ) ( )

y y

x x y y z z

−

− + − + −

2 1

2 2 2
2 1 2 1 2 1( ) ( ) ( )

z z

x x y y z z

−

− + − + −  gSaA
y

x

z

P

Q

(
,

,
)

x
 y

 z

1
1

1

(
,

,
)

x
 y

 z

2
2

2

fp= 34-28fp= 34-28fp= 34-28fp= 34-28
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34-11-2 lfn'k ds fnd~&vuqikr

,slh rhu okLrfod la[;k,¡ tks lfn'k ds fnd~&dkslkbuksa ds lekuqikrh gSa] lfn'k ds
fnd~&vuqikr dgykrh gSaA eku yhft, l, m, n ,d lfn'k ds fnd~&dkslkbu vkSj a, b, c

fnd~&vuqikr gSa]

rks]  
a b c

l m n
= = = λ  (eku yhft,)

⇒ , ,a l b m c n= λ = λ = λ

∴ 2 2 2 2 2 2 2( )a b c l m n+ + = λ + +

⇒ λ2 = 
2 2 2

a b c+ +

vFkkZr~ λ = 2 2 2
a b c± + +

∴ l = 2 2 2 2 2 2 2 2 2
, ,

a b c
m n

a b c a b c a b c
± = ± = ±

+ + + + + +

� ;fn a, b, c fdlh lfn'k ds fnd~&vuqikr gSa rks izR;sd λ ≠ 0, ds fy, λa, λb ,oa λc

Hkh lfn'k ds fnd~&vuqikr gSaA vr% ,d lfn'k ds vuUr fnd~&vuqikr gksrs gSaA

� ;fn P(x,y,z) varfj{k esa ,d fcUnq gS] rks OP
uuur

 ds fnd~&vuqikr x, y, z gSaA

� ;fn P(x
1
, y

1
, z

1
) rFkk Q(x

2
, y

2
, z

2
) varfj{k esa nks fcUnq gSa] rks PQ

uuur
 ds fnd~&vuqikr

x
2
 – x

1
, y

2
 – y

1
, z

2
 – z

1
 gSaA

�
2 2 2

l m n+ +  = 1 ijUrq] O;kidr% 2 2 2
a b c+ +  ≠ 1.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.19.   eku yhft, varfj{k esa ,d fcUnq P bl izdkj gS fd OP = 3  vkSj OP
uuur

 ,  x, y ,oa

z v{kksa dh /kukRed fn'kkvksa ds lkFk Øe'k% , ,
3 4 3

π π π
 dks.k cukrk gSA fcUnq P ds funsZ'kkad Kkr

dhft,A

gygygygy : OP
uuur

 ds fnd~&dkslkbu cos ,cos ,cos
3 4 3

π π π
 i.e. 

1 1 1
, ,

2 22

∴ fcUnq P ds funsZ'kkad x = 
1 3

3
2 2

lr = × =

y = 
1 3

3
2 2

mr = × =

z = 
1 3

3
2 2

nr = × =  gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 34.20.  ;fn P(1, 2, – 3) varfj{k esa ,d fcUnq gS] rks  OP
uuur

 ds fnd~&dkslkbu Kkr dhft,A
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gy gy gy gy : l =
2 2 2

1

14

x

x y z
=

+ +

m =
2 2 2

2

14

y

x y z
=

+ +

n =
2 2 2

3

14

z

x y z

−
=

+ +

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.21.  D;k 1 1 1
, ,

3 2 2

 
  

 fdlh lfn'k ds fnd~&dkslkbu gks ldrs gSa\

gygygygy : 

2 2 2
1 1 1 4

1
33 2 2

     
+ + = ≠         

blfy,
1 1 1

, ,
3 2 2

 fdlh lfn'k ds fnd~&dkslkbu ugha gks ldrsA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.22.  ;fn P(2, 3, –6) ,oa Q(3, –4, 5) varfj{k esa nks fcUnq gSa] rks ,OP QO
uuur uuur

 rFkk

PQ
uuur

 ds fnd~&dkslkbu Kkr dhft,] tcfd O ewy fcUnq gSA

gygygygy : OP
uuur

 ds fnd~&dkslkbu 
2 2 2 2 2 2 2 2 2

2 3 6
, ,

2 3 ( 6) 2 3 ( 6) 2 3 ( 6)

−

+ + − + + − + + −

i.e.
2 3 6

, ,
7 7 7

−
.

bl izdkj QO
uuur

 ds fnd~&dkslkbZu 
3 4 5

, ,
5 2 5 2 2

− −
 gSaA

PQ
uuur

 ds fnd~&dkslkbu] 
2 2 2

3 2

(3 2) ( 4 3) (5 6)

−

− + − − + +
,

2 2 2

4 3

(3 2) ( 4 3) (5 6)

− −

− + − − + +
, 

2 2 2

5 6

(3 2) ( 4 3) (5 6)

+

− + − − + +
 gSaA

vFkkZr
1 7 11

, ,
171 171 171

−
 gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 34.23.  ,d ,sls lfn'k ds fnd~&dkslkbu Kkr dhft, tks rhuksa v{kksa ds lkFk
leku dks.k cukrk gSA

gygygygy : eku yhft,] og lfn'k ,OX OY
uuur uuur

 rFkk OZ
uuur

 esa ls izR;sd ds lkFk α dks.k cukrk gSA

∴ 2 2 2cos cos cosα + α + α  = 1

vFkkZr cosα =
1

3
±

∴ ml lfn'k ds fnd~&dkslkbu 
1 1 1

, ,
3 3 3

 
  

 gSaA



422

lfn'k

xf.kr

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.24.  ;fn P(1, 2, –3) ,oa Q(4, 3, 5) varfj{k esa nks fcUnq gSa rks] ,OP QO
uuur uuur

 rFkk

PQ
uuur

 ds fnd~&vuqikr Kkr dhft, tcfd O ewy fcanq gSA

gygygygy : OP
uuur

 ds fnd~&vuqikr 1, 2, –3 gSaA

QO
uuur

 ds fnd~&vuqikr (–4, –3, –5) vFkok (4, 3, 5)

PQ
uuur

 ds fnd~&vuqikr 4 –1, 3 –2,  5 – (–3)

vFkkZr~ 3, 1, 8 gSaA

       ns[ksa vkius fdruk lh[kk 34-6

1. fjDr LFkkuksa dh iwfrZ dhft, %

(i) y-v{k ds fnd~&dkslkbu ---------------- gSaA

(ii) ;fn l, m, n fdlh lfn'k ds fnd~&dkslkbu gS] rks l2 + m2 + n2 =  ......... .

(iii) ;fn a, b, c fdlh lfn'k ds fnd~&vuqikr gSa] rks a2 + b2 + c2, 1 ds ......... gSaA

(iv) funsZ'kkad v{kksa ds lkFk leku dks.k cukus okys lfn'k ds fnd~&dkslkbu----------- gSaA

(v) ;fn nks lfn'k ijLij lekUrj gSa] rks muds fnd~&vuqikr ----------------- gSA

(vi) (1, –1, 1) fdlh Hkh lfn'k ds fnd~&dkslkbu ugha gSa D;ksafd-------------

(vii) ,d lfn'k ds fnd~&vuqikrksa dh la[;k --------------- gSa ¼lhfer@vlhfer½

2. ;fn P(3, 4, –5) varfj{k esa ,d fcUnq gS] rks OP
uuur

 ds fnd~&dkslkbu Kkr dhft,A

3. AB
uuur

 ds fnd~&dkslkbu Kkr dhft, tgk¡ A(–2, 4, –5) rFkk B(1, 2, 3) varfj{k esa nks
fcUnq gSaA

4. ;fn dksbZ lfn'k x, y, z v{kksa dh /kukRed fn'kkvksa ds lkFk Øe'k% 90°, 135° rFkk 45°

dks.k cukrk gS] rks lfn'k ds fnd~&vuqikr Kkr dhft,A

34.12 lfn'kksa dk xq.kuiQy
vuqPNsn 34.6 esa] vkius ,d lfn'k dks vfn'k ls xq.kk fd;kA lfn'k dks vfn'k ls xq.kk djus ij]
gesa ,d lfn'k feyrk gSA bl vuqPNsn esa] ge ,d lfn'k dks nwljs lfn'k ls xq.kk djus ds fLFkfr
ij fopkj djsaxsaA blds nks izdkj gSa%

(i) tc nks lfn'kksa dk xq.kuiQy ,d vfn'k gks] rks bls ge vfn'k xq.kuiQy dgrs gSaA ;g MkV
(fcanq) xq.kuiQy Hkh dgykrk gS] D;ksafd blesa lacf/r ladsr ' . ' iz;ksx fd;k tkrk gSA

(ii) tc nks lfn'kksa dk xq.kuiQy ,d lfn'k gks] rks bls ge lfn'k xq.kuiQy dgrs gSa] tks fd
lacfèkr ladsr '×' ds iz;ksx djus ls Økl xq.kuiQy Hkh dgykrk gSA

34.13 lfn'kksa dk vfn'k xq.kuiQy

ekuk a
→  rFkk b

→
 nks ,sls lfn'k gSa] ftuds chp dk dks.k θ  gSA
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vfn'k xq.kuiQy a
→

. b
→
 dks bl izdkj ifjHkkf"kr fd;k tkrk gS %

a b | a | | b | cos
→ → → →

⋅ = θ

Li"Vr% a b
→ →

⋅  ,d vfn'k gS] D;ksafd | a |, | b |
→ →

 rFkk

cos θ  lHkh vfn'k gSaA

fVIi.kh

1. ;fn a
→
 rFkk b

→
 lefn'k lfn'k gks rks] a b ab cos ab

→ →
⋅ = θ =  gksxk] tcfd a rFkk b

Øe'k% a
→
 rFkk b

→
 ds ifjek.k gSaA

2. ;fn a
→
 rFkk b

→
 foijhr fn'kkvksa esa gSa] rks a b ab cos ab

→ →
⋅ = π = − gksxkA

3. lfn'kksa a
→ rFkk b

→
 ds chp dk dks.k θ ] 

a b
cos

|| a | | b

→ →

→ →

⋅
θ = ls izkIr fd;k tk ldrk gSA

4. a b b a
→ → → →

⋅ = ⋅  rFkk a ( b c ) ( a b a c )
→ → → → → → →

⋅ + = ⋅ + ⋅

5. n ( a b ) (n a ) b a (n b )
→ → → → → →

⋅ = ⋅ = ⋅ , tcfd n dksbZ okLrfod la[;k gSA

6. ˆ ˆ ˆ ˆ ˆ ˆi i j j k k 1⋅ = ⋅ = ⋅ =  rFkk ˆ ˆ ˆ ˆ ˆ ˆi j j k k i 0⋅ = ⋅ = ⋅ =  gksrk gS] D;ksafd î , ĵ  rFkk k̂

ijLij ykfEcd ,dd lfn'k gSaA

mnkgj.k 34.25.  ;fn ˆ ˆ ˆa 3i 2 j 6k
→

= + −  rFkk ˆ ˆ ˆb 4i 3j k
→

= − +  gS] rks a b
→ →

⋅  Kkr dhft,A a
→

rFkk b
→
 ds chp dk dks.k Hkh Kkr dhft,A

gy % ˆ ˆ ˆ ˆ ˆ ˆa b (3i 2 j 6k) (4i 3j k)
→ →

⋅ = + − ⋅ − +

3 4 2 ( 3) ( 6) 1= × + × − + − ×

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆi i j j k k 1 i j j k k i 0 ⋅ = ⋅ = ⋅ = ⋅ = ⋅ = ⋅ = Q vkSj

12 6 6= − −  = 0

eku yhft, a
→
 rFkk b

→
 ds chp dk dks.k θ  gSA

rc]
a b

cos
|| a | | b

→ →

→ →

⋅
θ = = 0  ∴  

2

π
θ =

34.14 nks lfn'kksa dk lfn'k xq.kuiQy

blls igys fd ge nks lfn'kksa ds lfn'k xq.kuiQy dks ifjHkkf"kr djsa] ge uhps nf{k.kgLr isap vkSj
okegLr isp ij ppkZ djrs gSa rFkk bls lfn'k f=kd ls lacf/r djrs gSaA

34.14.1 nf{k.kgLr isap

;fn ,d isap fy;k tk, rFkk bls ?kM+h dh lqb;ksa dh foijhr(okeko`r) fn'kk esa ?kqek,a] rks bldk i<+us
okys dh vksj LFkkukUrj.k gksrk gSA bls nf{k.kgLr isap dgrs gSaA

34.14.2 okegLr isap

fp=k 34.29

b

a

θ
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;fn ,d isap fy;k tk, rFkk bls ?kM+h dh lqb;ksa dh fn'kk esa (nf{k.kko`r) ?kqek;k tk,] rks bldk
i<+us okys ls nwj dh vksj LFkkukUrj.k gksrk gSA bls okegLr isap dgrs gSaA

vc ge bl isap dk lacU/ fn, x, Øfer lfn'k f=kd ls tksM+rs gSaA

ekuk a
→

, b
→  rFkk c

→
 rhu lfn'k gSa] ftudk vkfn fcUnq O gSA

c

a

bO
               

c

b

a

O

                      (i) (ii)

fp=k 34.30

vc ;fn ,d nf{k.kgLr isap dks O ij j[k dj a
→
 ls b

→
 dh vksj <180° ds dks.k ij ?kqek;k tk,

rks bldk c
→
 ds vuqfn'k LFkkukUrj.k gksxk (fp=k 34.30 (i))A

blh izdkj] ;fn ,d okegLr isap dks O ij j[k dj a
→
 ls b

→
 dh vksj <180° ?kqek;k tk,] rks

bldk c
→  ds vuqfn'k LFkkukUrj.k gksxk (fp=k 34.30 (ii)) ijUrqw bl ckj LFkkukUrj.k dh fn'kk igyh

fn'kk ls foijhr gksxhA

blkfy, a
→

, b
→

, c
→
 dk ,d Øfer lfn'k f=kd] nf{k.kgLr okegLr dgykrk gS] ;fn og 180° ls

de ds dks.k ij ?kqekus ij c
→
 dh fn'kk essa ;k c

→
 dh foijhr fn'kk esa pyrk gSA

34-14-2 lfn'kksa dk lfn'k xq.kuiQy

;fn a
r

 rFkk b
r

 nks 'kwU;srj lfn'k gSa] rks mudk lfn'k xq.kuQy a b×
r r

 }kjk O;Dr fd;k

tkrk gS vkSj bls a b×
r r

 = $| || | sin .a b nθ
r r

 }kjk ifjHkkf"kr fd;k tkrk gSA

tgk¡ θ, a
r

 rFkk b
r
 ds e/; cuk gqvk dks.k gS] 0 ≤ θ ≤ π vkSj $n  ,d ,slk ek=d lfn'k

gS tks a b
r r
rFkk  nksuksa ij yEc gSA ,a b

r r

 rFkk $n  ,d nf{k.kkorhZ i)fr dks fufeZr djrs gSaA

vFkkZr nf{k.kkorhZ i)fr a
r

 ls b
r

 dh rjQ ?kqekus ij ;g $n  dh fn'kk esa pyrh gSA

� a b×
r r

 ,d lfn'k gS rFkk a b b a× = − ×
r r r r

 gSA

� ;fn 0a =
r r

 vFkok 0b =
r r

gks, rks θ ifjHkkf"kr ugha gS vkSj bl fLFkfr esa 0a b× =
r r r

 ysrs gSaA

� ;fn a
r

 rFkk b
r

 'kwU;rsj lfn'k gSa] rks 0a b× =
r r r

 ;fn vkSj dsoy ;fn gS] tc a
r

 rFkk

b
r

 lajs[k vFkok lekUrj lfn'k gSa vFkkZr 0 ||a b a b× = ⇔
r r r r r

.

� fof'k"Vr% 0b b× =
r r r

 vkSj ( ) 0b b× − =
r r r

 D;ksafd izFke fLFkfr esa θ = 0 vkSj f}rh; fLFkfr

esa θ = π. bl izdkj nksuksa gh fLFkfr;ksa esa sinθ = 0 gks tkrk gSA
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� $ $ $ $ 0i i j j k k× = × = × =
r

$ $

�
$ $ $ $ $ $, ,i j k j k i k i j$ $ $× = × = × =  rFkk $ $j i k× = −$ ,

$ $ $ $,k j i i k j× = − × = −$ $ .

� ( ) .a b c a b a c× + = × + ×
r r r r r r r

� ( ) ( ) ( )a b a b a b
r r r r r r

λ × = λ × = × λ .

� nks lfn'kksa a
r

 rFkk b
r

 ds e/; cuk dks.k θ,

sin θ =
| |

| || |

a b

a b

×
r r

r r  }kjk izkIr gksrk gSA

� ;fn a
r

 rFkk b
r

 fdlh f=Hkqt dh layXu Hkqtkvksa dk fu:fir djrs gSa rks f=Hkqt dk

{ks=Qy 
1

| |
2

a b×
r r

 }kjk iznÙk gSA

� ;fn a
r

 rFkk b
r

 fdlh lekUrj prqHkqZt dh layXu Hkqtkvksa dks fu:fir djrs gSa rks lekUrj
prqHkqZt dk {ks=Qy | |a b×

r r
 }kjk iznÙk gSA

� ;fn a
r

  = $ $
1 2 3a i a j a k+ +$  rFkk $ $

1 2 3b b i b j b k= + +$ $ , rks

$a b× $  =

$ $

1 2 3

1 2 3

i j k

a a a

b b b

$

= $ $
2 3 3 2 1 3 3 1 1 2 2 1( ) ( ) ( )a b a b i a b a b j a b a b k− − − + −$

� a
r

 rFkk b
r

 nksuksa ds yEcor~ ek=d lfn'k 
| |

a b

a b

×

×

r r

r r  gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 34.26.  lfn'k xq.kuQy ds iz;ksx ls] lfn'kksa $ $2 3a i j k= + −
r

$  rFkk b
r

 = $ $3 2i j k− +$

ds chp dk dks.k Kkr dhft,A

gy gy gy gy : a b×
r r

 =

$ $

2 1 3

3 2 1

i j k

−

−

$

 = $ $(1 6) (2 9) ( 4 3)i j k$ − − + + − −

=
$ $5 11 7i j k$− − −

| |a b×
r r

 = 25 121 49 195+ + =

| |a
r

 = 4 1 9 14+ + =

| |b
r

 = 9 4 1 14+ + =

∴ sinθ =
| |

| || |

a b

a b

×
r r

r r  = 
195 195

1414. 14
=

fp=k 34.31

b

a

–n̂

n̂

θ
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⇒ θ =
1 195

sin
14

−  
 
 

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 34.27.  lfn'kksa $ $3 2 3a i j k= + −
r

$  rFkk $ $b i j k= + −
r

$  ds yEcor~ ek=d lfn'k Kkr
dhft,A

gygygygy : a b×
r r

 = 

$ $

3 2 3

1 1 1

i j k

−

−

$

 = $ $( 2 3) ( 3 3) (3 2)i j k− + − − + + −$

a b×
r r

 = $i k+$

| |a b×
r r

 = 1 1 2+ =

∴ a
r

 rFkk b
r
 ds yEcor~ ek=d lfn'k = 

| |

a b

a b

×

×

r r

r r  = 

$
$1 1

2 2 2

i k
i k

+
= +

$
$

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.28. ,d ,sls f=Hkqt dk {ks=Qy Kkr dhft, ftlds 'kh"kZ] A(1, 1, 1), B(1, 2,

3) rFkk C(2, 3, 1) gSaA

gygygygy : AB
uuur

 = $ $(1 1) (2 1) (3 1)i j k− + − + −$  = $ $2j k+

AC
ur

 = $ $(2 1) (3 1) (1 1)i j k− + − + −$  = $2i j+$

AB AC×
uuur uuur

 =

$ $

0 1 2

1 2 0

i j k$

 = $ $(0 4) (0 2) (0 1)i j k− − − + −$

                     = $ $4 2i j k− + −$

∴ | |AB AC×
uuur uuur

 = 2 2 2( 4) (2) ( 1) 16 4 1 21− + + − = + + =

vr% ∆ABC dk {ks=Qy =
1 21

2 2
AB AC× =
uuur uuur

oxZ bdkbZ

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.29.  ,d ,sls lekUrj prqHkqZt dk {ks=Qy Kkr dhft, ftlds 'kh"kZ]  A(5, –

1, 1), B(–1, –3, 4), C(1, –6, 10) rFkk D(7, –4, 7) gSaA

gygygygy : AB
uuur

 = $ $( 1 5) ( 3 1) (4 1)i j k− − + − + + −$  = $ $6 2 3i j k− − +$

AD
uuur

 = $ $(7 5) ( 4 1) (7 1)i j k− + − + + −$  = $ $2 3 6i j k− +$

AB AD×
uuur uuur

 =

$ $

6 2 3

2 3 6

i j k

− −

−

$

 = 
$ $( 12 9) ( 36 6) (18 4)i j k− + − − − + +$

= $ $3 42 22i j k− + +$

∴ lekUrj prqHkqZt ABCD dk {ks=Qy | |AB AD×
uuur uuur

 = 9 1764 484+ +  = 2257  oxZ bdkbZ
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        ns[ksa vkius fdruk lh[kk 34-7

1. (i) ;fn a b×
r r

 ,d ek=d lfn'k gS rFkk 
2

| | 3, | |
3

a b= =
r r

] rks a b
r r
rFkk  ds e/; cuk

gqvk dks.k -------------------- gSA

(ii) ;fn | . | | |a b a b= ×
r r r r

 gS, rks a b
r r
rFkk  ds e/; cuk gqvk dks.k ------------ gSA

(iii) $ $ $ $ $ˆ.( ) . ( ) . ( )i j k j i k k i j× + × + ×$ $ $  dk eku ----------------- gSA

2. ( )a b
r r

+  rFkk ( )a b
r r

−  nksuksa ds yEocr~ ek=d lfn'k Kkr dhft, tgk¡ $ $a i j k
r

$= + +

rFkk $ $2 3b i j k
r

$= + + .

3. ,d ,sls lekUrj prqHkqZt dk {ks=Qy Kkr dhft, ftldh layXu Hkqtk,¡ lfn'kksa

$ $3 4a i j k
r

$= + +  rFkk $ $b i j k
r

$= − +  }kjk fu:fir gSaA

4. ;fn ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 2 2 , 2 , 3= + + = − + + = +
rr r

a i j k b i j k c i j  bl izdkj gSa fd ,+ λ
rr r

a b c

ij yEcor~ gS] rks λ dk eku Kkr dhft,A

34-15 vfn'k f=kd xq.kuiQy

;fn ,a b
r r

 rFkk c
r

 rhu lfn'k gSa rks a b×
r r

 dk c
r

 ds lkFk vfn'k xq.kuQy] vfn'k f=d xq.kuQy

dgykrk gSA ( ).a b c×
r r r

 dks ,a b
r r

 rFkk c
r
 dk vfn'k f=d xq.kuQy dgrs gSaA lkekU;r% bls

[ . ]a bc
r rr

 ls O;Dr fd;k tkrk gSA

� [ ]a b c
r r r

 ,d vfn'k jkf'k gSA

� ( ).a b c×
r r r

 ,d ,sls lekarj "kVQyd ds vk;ru dks O;Dr djrk gS ftlds lgkolkuh

fdukjs ,a b c
r r r

rFkk  }kjk fu:fir gSaA

� ( ). 0a b c× =
r r r

, ;fn ,a b
r r

 rFkk c
r

 leryh; lfn'k gSa vFkok rhuksa esa ls dksbZ nks lfn'k

leku vFkok lekUrj gSaA

� ;fn lfn'kksa dk pØh; Øe cuk, j[kk tk, rks vfn'k f=d xq.kuQy esa MkWV ¼ - ½
vkSj Økl (×) dh fLFkfr dks ijLij ifjofrZr fd;k tk ldrk gSA

( ).a b c×
r r r

 = . ( )a b c×
r r r

( ).b c a×
r r r

 = . ( )b c a×
r r r

( ).c a b×
r r r

 = . ( )c a b×
r r r

� ( ) . ( ) . ( ) .a b c b c a c a b× = × = ×
r r r r r r r r r

� ( ) . ( ) . . ( )a b c b a c c b a
r r r r r r r r r

× = − × = − ×
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( ) . ( ) . . ( )b c a c b a a c b× = − × = − ×
r r r r r r r r r

( ) . ( ) . . ( )c a b a c b b a c× = − × = − ×
r r r r r r r r r

� ;fn $ $ $ $ $ $
1 2 3 1 2 3 1 2 3, ,a a i a j a k b b i b j b k c c i c j c k= + + = + + = + +

r r r
$ $ $  gSa]

rks ( ) .a b c×
r r r

 =

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

� pkj fcUnq A, B, C rFkk D leryh; gksrs gSa ;fn ,AB AC
uuur uuur

 rFkk AD
uuur

 leryh; gSa vFkkZr~

( ) .AB AC AD×
uuur uuur uuur

 = 0

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.30.  ,d ,sls lekUrj "kVQyd dk vk;ru Kkr dhft, ftlds fdukjs

$ $2 3 4a i j k= − +
r

$ , $ $2b i j k= + −
r

$  rFkk $ $3 2c i j k= − +
r

$  }kjk fu:fir gSaA

gygygygy : vk;ru = ( ) .a b c×
r r r

 = 

2 3 4

1 2 1

3 1 2

−

−

−

= 2(4 1) 3(2 3) 4( 1 6)− + + + − −

= 6 15 28 7+ − = −

_.kkRed fpUg dks NksM+rs gq,] vHkh"V vk;ru = 7 ?ku bdkbZ

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.31.  λ dk og eku Kkr dhft, ftlds fy, lfn'k

$ $ $ $ $ $2 , 2 3 , 3 5a i j k b i j k c i j k= − + = + − = + λ +
r

$ $ $  leryh; gSaA

gygygygy : lfn'k ,a b
r r

 rFkk c
r

 leryh; gksaxs] ;fn [ ] 0abc =
r rr

i.e.

2 1 1

1 2 3

3 5

−

−

λ
 = 0

i.e. 2(10 3 ) 1(5 9) 1( 6)+ λ + + + λ −  = 0

i.e. 7 28λ +  = 0

⇒ λ = – 4.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.32.  n'kkZb, fd pkj fcUnq A, B, C rFkk D ftuds fLFkfr lfn'k Øe'k%
$ $ $ $(4 5 ), ( ),i j k j k+ + − −$  $ $(3 9 4 )i j k+ +$  rFkk $ $( 4 4 4 )i j k− + +$  gSa] leryh; gSaA

gygygygy : AB
uuur

 = $ $4 6 2i j k− − −$

AC
uuur

 =
$ $4 3i j k− + +$

AD
uuur

 =
$ $8 3i j k− − +$
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C

A1

% + vkb;s nksgjk,¡

( ) .AB AC AD×
uuur uuur uuur

 = 

4 6 2

1 4 3

8 1 3

− − −

−

− −

 = 4(12 3) 6( 3 24) 2(1 32)− + + − + − +

                  = 60 126 66 0− + − =

vr% fcUnq A, B, C rFkk D leryh; gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.33.  fl) dhft, fd [ , , ] 2[ , , ]a b b c c a a b c+ + + =
r r r r r r r r r

gygygygy :  ck;k¡ i{k = ( ) . [( ) )]a b b c c a+ + × +
r r r r r r

= ( ) . [( ]a b b c b a c c c a
r r r r r r r r r r

+ × + × + × + ×

= ( ) . [( ]a b b c b a c a+ × + × + ×
r r r r r r r r

              0c c× =
r r

Q

= . ( ) . ( ) . ( )a b c a b a a c a× + × + ×
r r r r r r r r r

. ( ) . ( ) . ( )b b c b b a b c a+ × + × + ×
r r r r r r r r r

= . ( ) . ( )a b c b c a× + ×
r r r r r r

 [Q tc nks lfn'k leku gksa] rks

vfn'k f=d xq.kuQy 'kwU; gksrk gS]

= 2[ ]a b c
r r r

 = nk;k¡ i{k

       ns[ksa vkius fdruk lh[kk 34-8

1. ,d ,sls lekUrj "kVQyd dk vk;ru Kkr dhft, ftlds fdukjs $ $2a i j k
r

$= − + ,

$ $ $ $2 3 , 3 2 5b i j k c i j k
r r

$ $= + − = + +  }kjk fu:fir gSaA

2. λ dk og eku Kkr dhft, ftlds fy, lfn'k $ $ $ $4 6 , 4 3a i j k b i j k
r r

$ $= − − + λ = − + +  rFkk
$ $8 3c i j k

r
$= − − +  leryh; gSaA

� og HkkSfrd jkf'k ftls dsoy ,d la[;k }kjk izdV fd;k tk ldrk gS] vfn'k dgykrh gSA

� og jkf'k] ftldk ifjek.k rFkk fn'kk nksuksa gksa] lfn'k dgykrh gSA

� lfn'k] ftldk ifjek.k 'a' rFkk fn'kk A ls B dh vksj gks] dks  }kjk iznf'kZr fd;k tkrk

gS rFkk bldk ifjek.k  |  | = a }kjk izdV fd;k tkrk gSA

� ,d lfn'k ftldk ifjek.k nwljs lfn'k a
→
 ds ifjek.k ds cjkcj gS] ijUrq fn'kk foijhr gS]

fn;s x;s lfn'k dk ½.k dgykrk gS rFkk bls − a
→

 }kjk n'kkZrs gSaA
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� ,dd lfn'k dk ifj.kke 1 bdkbZ gksrk gSA lfn'k a
→
 ds lekUrj ,dd lfn'k dks â  }kjk

n'kkZrs gSa rFkk ;g  
a

| a |

→

→
 ds cjkcj gksrk gSA

� 'kwU; lfn'k 0
→ dk ifjek.k 0 gksrk gS rFkk bldh dksbZ fuf'pr fn'kk ugha gksrhA

� vfn'kksa ds ;ksx ls fHkUu] lfn'kksa dk ;ksx lfn'kksa ds ;ksx ds f=kHkqt fu;e ds vuqlkj gksrk gSA
blh dkj.k nks lfn'kksa ds ;ksx dk ifjek.k muds ifjek.kksa ds ;ksx ls de ;k cjkcj gksrk gSA

� nks ;k vf/d lfn'k lajs[k gksrs gSa] ;fn muds vk/kj ,d gh gksa ;k lekUrj gksaA
� rhu ;k vf/d lfn'k leryh; gksrs gSa] ;fn muds vk/kj ,d gh ry ds lekUrj gksa ;k

,d gh ry esa fLFkr gksaA

� ;fn a
→
 lfn'k  vkSj x vfn'k gks] rc x a

→
 ,d ,slk lfn'k gS] ftldk ifjek.k lfn'k a

→

ds ifjek.k dk x xquk gS rFkk ftldh fn'kk oghs ;k foijhr bl ij fuHkZj djrh gS fd x

> 0 ;k x < 0 gSA
� fdlh lfn'k dks tks nks vlajs[k lfn'kksa ds lkFk leryh; gS] muds ,d jSf[kd la;kstu ds

:i esa O;Dr fd;k tk ldrk gSA
� varfj{k esa fdlh lfn'k dks fn;s x, rhu vleryh; lfn'kksa ds ,d jSf[kd la;kstu ds :i

esa O;Dr fd;k tkr ldrk gSA

� ,d fcUnq dk fLFkfr lfn'k] tks nks fcUnqvksa] ftuds fLFkfr lfn'k a
→
 vkSj b

→
 gS] dks feykus

okys js[kk[k.M dks m : n ds vUr%@ckã vuqikr esa foHkkftr djrk gS] Øe'k% fuEu gSa%

n a m b

m n

→ →
+

+
, 

n a m b

n m

→ →
−

−

� nks fcUnqvksa] ftuds fLFkfr lfn'k a
→
 vkSj b

→
 gSa] dks feykus okys js[kk[k.M ds eè;&fcUnq

dk fLFkfr lfn'k a b

2

→ →
+ gksxkA

� nks lfn'k a
→  vkSj b

→  dk vfn'k xq.kuiQy] a b | a | | b | cos
→ → → →

⋅ = θls izkIr gksrk gS]

tcfd θ ] nksuks lfn'kksa a
→
 vkSj b

→
 ds chp dk dks.k gSA

� nks lfn'k a
→
 vkSj b

→
 dk lfn'k xq.kuiQy ˆa b | a | | b | sin n

→ → → →
× = θ  ls izkIr gksrk gSA

tcfd a
→
 vkSj b

→
 ds chp dk dks.k θ  gS rFkk n̂  ,d ,dd lfn'k gS] tks a

→
 vkSj b

→

ij yEcor~ gSA
� ,d lfn'k }kjk x, y ,oa z v{kksa dh /kukRed fn'kkvksa ds lkFk cus dks.kksa ds dkslkbu

ds eku ml lfn'k ds fnd~&dkslkbu dgykrs gSaA

� ,slh rhu okLrfod la[;k,¡ tks fdlh lfn'k ds fnd~&dkslkbuksa ds lekuqikrh gSa] ml
lfn'k ds fnd~ vuqikr dgykrh gSaA

� lkekU;r% fdlh lfn'k ds fnd~&dkslkbuksa dks l, m, n rFkk fnd~&vuqikrksa dks a, b, c

ls O;Dr djrs gSaA

� l2 + m2 + n2 = 1, ijUrq O;kidr% a2 + b2 + c2 ≠ 1.
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� ;fn $ $AB xi y j zk
uuur

$= + +  gS, rks AB
uuur

 ds fnd~&vuqikr x, y, z gSa rFkk fnd~&dkslkbu

2 2 2 2 2 2 2 2 2
, ,

x y z

x y z x y z x y z

± ± ±

+ + + + + +
gSaA

� ,d lfn'k ds fnd~&dkslkbu vf}rh; gSa rFkk fnd~&vuqikr vuUr gSaA

� nks lfn'kksa a
r

 rFkk b
r

 dk lfn'k xq.kuQy] $| | | | sin .a b a b n× = θ
r r r r

 }kjk ifjHkkf"kr gksrk
gS tgk¡ θ, lfn'kksa a

r
, b
r

 ds chp dk dks.k rFkk $n , a
r

 rFkk b
r

 nksuksa ij yEc ek=d
lfn'k gSaA

� .a b b a
r r r r

× = − ×

� 0a b× =
r r r

 ;fn 0a =
r

 vFkok 0b =
r

 vFkok a
r

 rFkk b
r

 lekUrj gSa vFkok a
r

 rFkk b
r
lajs[k

gS aA

� $ $ $ $ 0i i j j k k× = × = × =
r

$ $

� $ $ $ $ $, ,i j k j k i k i j× = × = × =
r

$ $ $ .

� $ $ $ $ $, ,j i k k j i i k j× = − × = − × = −
r

$ $ $ .

� ( )a b c a b a c× + = × + ×
r r r r r r r

� ( ) ( ) ( )a b a b a bλ × = λ × = × λ
r r r r r r

�

| |
sin

| | | |

a b

a b

×
θ =

r r

r r

� f=Hkqt dk {ks=Qy = 
1

| |
2

a b×
r r

 tgk¡ a
r

 rFkk b
r

 f=Hkqt dh layXu Hkqtkvksa dks fu:fir

djrs gSaA

� lekUrj prqHkqZt dk {ks=Qy = | |a b×
r r

 tgk¡ a
r

 rFkk b
r

 lekUrj prqHkqZt dh layXu Hkqtkvksa
dks fu:fir djrs gSaA

� a
r

 rFkk b
r

  nksuksa ij yEc ek=d lfn'k 
| |

a b

a b

×

×

r r

r r  }kjk izkIr gksrk gSA

� ;fn $ $
1 2 3a a i a j a k= + +

r
$  rFkk $ $

1 2 3b b i b j b k= + +
r

$  rks a b×
r r

 = 

$ $

1 2 3

1 2 3

i j k

a a a

b b b

$

� ;fn ,a b
r r

 rFkk c
r

 dksbZ rhu lfn'k gSa rks ( ) .a b c×
r r r

 vfn'k f=d xq.kuQy dgykrk gS

vkSj lkekU;r% bls [ ]a b c
r r r

 ls O;Dr djrs gSaA

� lekUrj "kV~Qyd dk vk;ru ( ) .a b c= ×
r r r

, tgk¡ , ,a b c
r r r

 lekUrj "kV~Qyd ds lgkolkuh
fdukjs gSaA
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lgk;d osclkbV

� ( ) . 0a b c× =
r r r

, ;fn ,a b
r r

 rFkk c
r
leryh; gSa vFkok rhuksa esa ls dksbZ nks lfn'k leku

gS vFkok lekUrj gSaA

� ( ) . . ( )a b c a b c× = ×
r r r ur r r

� ( ) ( ) .. ( ) .a b c a bc b c a× = ×= ×
r r r r r ur r r r

� ( ) . ( ) .a b c b a c× = − ×
r r r r ur r

� ;fn ,AB AC
uuur uuur

 rFkk AD
uuur

 leryh; gSa rks pkj fcUnq A, B, C rFkk D Hkh leryh; gksaxs

i.e. ;fn ( ) . 0AB AC AD× =
uuur uuur uuur

, rks A, B, C, D leryh; gSaA

� ;fn $ $ $ $ $ $
1 2 3 1 2 3 1 2 3, ,a a i a j a k b b i b j b k c c i c j c k

r r r
$ $ $= + + = + + = + + , rks

( ) .a b c×
r r r

 = 

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

� www.youtube.com/watch?v=ihNZlp7iUHE

� http://emweb.unl.edu/math/mathweb/vectors/vectors.html

� http://www.mathtutor.ac.uk/geometry_vectors

� www.khanacademy.org/.../introduction-to-vectors-and-scalars

1. ekuk a
→

, b
→ vkSj c

→
 rhu ,sls lfn'k gSa fd buesa ls dksbZ nks vlajs[k gSaA ;fn lfn'k a b

→ →
+

vkSj lfn'k c
→
 lajs[k gksa rFkk lfn'k b c

→ →
+  vkSj lfn'k a

→
 lajs[k gksa] rks lfn'kksa a

→
, b

→

vkSj c
→
 dk ;ksx Kkr dhft,A

2. fl¼ dhft, fd dksbZ nks 'kwU;srj lfn'k a
→
 vkSj b

→
 lajs[k gksrs gSa] ;fn vkSj dsoy ;fn]

nks la[;k,¡ x vkSj y (nksuksa bdê~Bs 'kwU; ugha gSa) bl izdkj gaS fd x a y b 0
→ → →

+ =  gksA

3. ABCD ,d lekUrj prqHkqZt gS ftlesa Hkqtk CD dk eè;&fcUnq M gSA lfn'kksa  vkSj 

dks lfn'kksa  vkSj  ds inksa esa O;Dr dhft,A

4. D;k lfn'k a b
→ →

−  dh yEckbZ lfn'kksa a
→
 vkSj b

→
 dh yEckb;ksa ds ;ksx ls  (i) de gks

ldrh gS] (ii) cjkcj gks ldrh gS ;k (iii) vf/d gks ldrh gS\

5. ekuk a
→
 vkSj b

→
 nks vlajs[k lfn'k gSaA la[;k,¡ x vkSj y Kkr dhft,] ;fn lfn'k

(2 x) a b
→ →

− +  vkSj y a (x 3) b
→ →

+ −  cjkcj gSaA

vkb, vH;kl djsa
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6. lfn'k a
→
 vkSj b

→
 vlajs[k gSaA x  Kkr dhft,] ;fn lfn'k 3 a x b

→ →
+  vkSj 2

(1 x) a b
3

→ →
− −

lekUrj gSaA

7. x vkSj y Kkr dhft,] ftlls lfn'k ˆ ˆ ˆa 2i 3j yk
→

= − + +  rFkk lfn'k ˆ ˆ ˆb xi 6 j 2k
→

= − +

lajs[k gksaA a
→
 vkSj b

→
 ds ifjek.k Hkh Kkr dhft,A

8. lfn'kksa a b
→ →

+  vkSj a b
→ →

−  ds ifjek.k Kkr dhft,] ;fn ˆ ˆ ˆa 3i 5j 8k
→

= − +  vkSj

ˆ ˆ ˆb i j 4k
→

= − + −  gSA

9. lfn'k a
→
 dh fn'kk esa ,dd lfn'k Kkr dhft,] tcfd ˆ ˆ ˆa 6i 3j 2k

→
= − + −  gSA

10. lfn'kksa ˆ ˆ ˆ3i 2 j k− +  vkSj ˆ ˆ ˆ2i 4 j k− + +  ds ifj.kkeh lfn'k ds lekUrj ,d ,dd lfn'k

Kkr dhft,A

11. fdlh d.k P ij fuEu cy yxs gSa %

1
ˆ ˆ ˆF 2i j 3k

→
= + − , 2

ˆ ˆ ˆF 3i 2 j 2k
→

= − + +  vkSj  3
ˆ ˆ ˆF 3i 2 j k

→
= − + , ftUgsa U;wVu esa ekik

x;k gSA

(a) ifj.kkeh cy Kkr dhft,A (b) ifj.kkeh cy dk ifjek.k Kkr dhft,A

12. fn[kkb;s fd fuEu lfn'k leryh; gSa%

( a 2 b c )
→ → →

− + , (2 a b 3 c )
→ → →

+ − vkSj ( 3 a b 2 c )
→ → →

− + + , tcfd a
→

, b
→
 vkSj c

→  dksbZ
rhu vleryh; lfn'k gSaA

13. ,d lfn'k OX
uuur

 rFkk OY
uuur

 ds lkFk Øe'k% ,
3 3

π π
 dks.k cukrk gSA bl lfn'k }kjk OZ

uuur

ds lkFk cuk;k gqvk dks.k Kkr dhft,A

14. ;fn varfj{k esa ,d fcUnq ( 3,1, 2 3)P  gS] rks OP
uuur

 ds fnd~&dkslkbu Kkr dhft,
tgk¡ O ewy fcUnq gSA

15. fcUnqvksa ( 4,1,7)−  rFkk (2, –3, 2) dks feykus okys lfn'k ds fnd~&dkslkbu Kkr dhft,A

16. fnd~ vuqikrksa dh vo/kkj.kk ds iz;ksx ls n'kkZb, fd ||PQ RS
uuur uuur

 tgk¡ P, Q, R rFkk S

ds funsZ'kkad Øe'k% (0, 1, 2), (3, 4, 8), 
3

2, , 3
2

 
− −    rFkk 

5
, 6, 6

2

 
    gSaA

17. ;fn fdlh lfn'k ds fnd~&vuqikr 3, 4, 0 gSa] rks blds fnd~&dkslkbu Kkr dhft,A

18. ,d ,sls lekUrj prqHkqZt dk {ks=Qy Kkr dhft, ftldh layXu Hkqtk,¡ $ $2 3i j k+ +$

rFkk $ $3 2i j k− +$  }kjk fu:fir gSaA

19. ,d f=Hkqt ABC dk {ks=Qy Kkr dhft, ;fn A, B, C ds funsZ'kkad Øe'k% (3, –1, 2),

(1, –1, –3) rFkk (4, –3, 1) gSaA

20. lfn'kksa $ $2 3i j k− +$  rFkk $ $3 4i j k− −$  ds yEcor~ ,d ek=d lfn'k Kkr dhft,A

21. ;fn $ $2 3 6A i j k= − −
ur

$  rFkk $ $4 2B i j k= + −
ur

$ , rks ( ) ( )A B A B+ × −
ur ur ur ur

 Kkr dhft,A
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22. fl) dhft, fd % ( ) ( ) 2( )a b a b a b− × + = ×
r r r r r r

.

23. ;fn a b c d× = ×
r r r ur

 vkSj a c b d× = ×
r r r ur

, rks n'kkZb, fd ( )a d−
r ur

 rFkk ( )b c−
r r

 ijLij
lekUrj gSaA

24. ,d ,sls lekUrj "kVQyd dk vk;ru Kkr dhft, ftlds fdukjs] $ $2 4 5 ,a i j k
r

$= − +

$ $ $ $, 3 5 2b i j k c i j k= − + = − +
r r

$ $  }kjk fu:fir gSaA

25. n'kkZb, fd lfn'k] $ $ $ $2 , 3 5a i j k b i j k= − + = − −
r r

$ $  rFkk $ $3 4 4c i j k= − −
r

$  leryh; gSaA

26. ;fn fcUnq A(3, 2, 1), B(4, λ, 5), C(4, 2, –2) rFkk D(6, 5, –1) leryh; gSa] rks λ dk eku Kkr
dhft,A

ns[ksa vkius fdruk lh[kk 34.1

1. (d) 2. (b)

3.

5 cm
A′ B′
A B

5 cm
EW

N

S

fp=k 34.32

4. nks lfn'k lefn'k dgykrs gSa] ;fn mudh fn'kk ogh gks] pkgs muds ifjek.k dqN Hkh gksaA ijUrq
leku lfn'kksa esa ifjek.k vkSj fn'kk nksuksa ogh gksus pkfg;sA

5.

W E

S

N

60°

50N

          

45°
W E

S

N100 N

fp=k 34.33 fp=k 34.34

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 34.2

1. 0
→

2. 0
→

ns[ksa vkius fdruk lh[kk 34.3

1. b a
→ →

−

2. (i) ;g ,d lfn'k gS tks a
→

 dh fn'kk esa gS rFkk ftldk ifjek.k a
→

 ds ifjek.k dk
3 xquk gSA

(ii) ;g b
→
 dh foijhr fn'kk esa ,d lfn'k gS] ftldk ifj.kke b

→
 ds ifjek.k dk 5 xquk

gSA

3.  = b a
→ →

−  rFkk  = 2 a 3 b
→ →

+

4.   | y n | y | n |
→ →

= , ;fn  y > 0 5. lfn'k

y | n |
→

= − , ;fn  y < 0

= 0, ;fn y = 0

6. p x q
→ →

= , x ,d 'kwU;srj lfn'k gSA

ns[ksa vkius fdruk lh[kk 34.4

1. ;fn x vkSj y bl izdkj gksa fd c x a y b
→ → →

= +

2. ˆ ˆr 3i 4j
→

= + 3.  = ˆ ˆ ˆ4i 3j 5k+ +

5. ( )1 ˆ ˆ ˆ3i 6 j 2k
7

+ − 6.
1 5 5ˆ ˆ ˆi j k
51 51 51

− −

ns[ksa vkius fdruk lh[kk 34.5

1. (i) 
1

(2 a 3 b )
5

→ →
+  (ii) (3 a 2 b )

→ →
−

2.
1

(4 p 3 q )
7

→ →
+ 3. 

1
(2 c d )

3

→ →
+ , 

1
( c 2 d )

3

→ →
+

ns[ksa vkius fdruk lh[kk 34.6

1. (i) (0, 1, 0) (ii) 1 (iii) leku ugha

(iv)
1 1 1

, ,
3 3 3

(v) lekuqikrh

(vi) muds oxksZ dk ;ksx 1 ds leku ugha gS (vii) vuUr

2.
3 2 2 1

, ,
55 2 2

−
3.

3 2 8
, ,

77 77 77

−
4. 0, –1, 1

ns[ksa vkius fdruk lh[kk 34.7

1. (i)
4

π
(ii)

4

π
(iii) 1
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2.

$ $2
.

6 6 6

i j k−
+ −

$

3. 42 oxZ bdkbZ 4- 8

ns[ksa vkius fdruk lh[kk 34.8

1. 42 ?ku bdkbZ 2. λ = – 2

vkb, vH;kl djsa

1. 0+ + =
r rr

a b c

3. , 2= − = +
uuur uuuur uuuur uuuur uuuur uuuur
BD BM MC AM BM MC

4. (i) gk¡ ra  vkSj 
r
b  ;k rks vljs[k lfn'k gSa ;k 'kwU;srj lfn'k] ftudh fn'kk ,d gh gSA

(ii) gk¡ r
a  vkSj 

r
b  ;k rks foijhr fn'kkvksa esaa gSa ;k de ls de ,d 'kwU; lfn'k gSA

(iii) gk¡ r
a  vkSj 

r
b  foijhr fn'kkvksa esa gSaA

5. x = 4, y = –2 6. x = 2, –1

7. x = 4, y = 1     | | 14, | | 2 14= =
rr

a b

8. | | 6, | | 14+ = + =
r rr r

a b a b

9.
6 3 2 ˆˆ ˆ
7 7 7

− + −i j k 10.
1 ˆˆ ˆ( 2 2 )
3

± + +i j k

11. ˆ ˆ2 ; 5+i j

13.
4

π
 vFkok 

3

4

π
14.

3 1 3
, ,

4 4 2
15.

6 4 5
, ,

77 77 77

− −

17.
3 4

, , 0
5 5

18. 8 3 oxZ bdkbZ 19.
1

165
2

oxZ bdkbZ

20.
ˆˆ ˆ7 5

75

+ +i j k
21. ˆˆ ˆ60 4 22− + −i j k 24. 8 ?ku bdkbZ

26. λ = 5
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35

lery

vius ?kj esa ,d dejs dks lw{erk ls nsf[k;sA bldh pkj nhokjsa gSa] ,d
Nr rFkk ,d iQ'kZ gSA iQ'kZ rFkk Nr nks lekUrj leryksa ds Hkkx gSa] tks
viuh lhek ls vifjfer :i ls iQSys gq, gSaA vki lekUrj nhokjksa ds
nks ;qXe Hkh n[ksxsa] tks lekUrj leryksa ds Hkkx gSaA blh izdkj] esatksa ds
Vki (Åijh i`"B)] dejksa ds njokts] bR;kfn leryksa ds Hkkxksa ds
mnkgj.k gSaA

;fn ge fdlh lery esa nks fcUnq yas] rks budks feykus okyh js[kk iwjh
dh iwjh lery esa fLFkr gksrh gSA ;g lery dh fo'ks"krk gSA

fp=k 35.1 dks nsf[k;sA vki tkurs gSa fd ;g ,d vk;rkdkj fMCcs dks
iznf'kZr djrk gSA blds 6 iQyd gSa] vkB 'kh"kZ rFkk 12 fdukjs gSaA
foijhr vkSj lekUrj iQydksa ds ;qXe gSa%

(i) ABCD vkSj FGHE

(ii) AFED vkSj BGHC

(iii) ABGF vkSj DCHE

rFkk lekUrj fdukjksa ds leqPp; fuEu gSa%

(i) AB, DC, EH vkSj FG

(ii) AD,BC, GH vkSj FE

(iii) AF, BG, CH vkSj DE

mQij fn;s x, 6 iQydksa esa ls izR;sd lery (ry) dk ,d Hkkx gS vkSj ;gk¡ lekUrj leryksa ds
rhu ;qXe gSa ftUgsa foijhr iQyd fu:fir djrs gSaA

bl ikB esa ge ,d lery dk O;kid lehdj.k fudkysaxss] rhu fcUnqvksa ls gksdj tkus okys lery
dk lehdj.k] lery ds lehdj.k dk vUr%[k.M Lo:i rFkk lery ds lehdj.k dk vfHkyEc
Lo:i Kkr djsaxsA

    mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk,axs %
• ,d lery dks igpkuuk
• ,d lery dk vfHkyac :i esa lehdj.k LFkkfir djuk

• ,d fn, x;s fcUnq ls gksdj tkus okys lery dk O;kid lehdj.k Kkr djuk

fp=k 35.1
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• rhu fn;s x, fcUnqvksa ls gksdj tkus okys lery dk lehdj.k Kkr djuk

• var%[k.M Lo:i vkSj vfHkyac Lo:i esa lery ds lehdj.k djuk

• nks leryksa ds chp dk dks.k Kkr djuk

iwoZ Kku
• f=kfoe (f=kfoeh;) T;kfefr dk ewy Kku

• ,d js[kk dh fnd&dksT;k,¡ vkSj fnd&vuqikr

• ,d js[kk[kaM dk vU; js[kk ij iz{ksi

• vkdk'k esa nks js[kkvksa ds yEc vFkok lekUrj gksus ds fy, izfrcU/

35-1 lery dk lfn'k lehdj.k

, d  ler y  dks vf )r h; : i  ls Kkr  f d ;k tk ldr k gS ;f n  f u E u f y f [kr  esa l s dksb Z , d  Kkr gS %

(i) ler y  dk vf Hky ac  vkSj  ewy  f c Un q ls ler y  dh n wj hA

(ii) ler y  dk vf Hky ac  vkSj  ler y  i j  , d  f c Un q] f n ;k gSA

(iii) ;g f n ,  x,  r hu  vlaj s[k f c Un qvksa ls gksd j  tkr k gSA

35-2 vfHkyac :i esa lery dk lehdj.k

eku  y hf t ,  ewy  f c Un q O ls ler y  dh n wj h (OA) d gS vkSj  $n , ler y  ds vf Hky ac  ek=d
lf n ' k gSA  D;ksaf d  OA, ewy  f c Un q O ls ler y  dh y E c o r ~
n wj h gS vkSj  $n  ler y  i j  y E c  ek=d  lf n ' k gS %

∴ OA
uuur

 = $d n

...(1)

vc AP
uuur

 = $OP OA r d n− = −
uuur uuur r

...(2)

OA
uuur

 ler y  i j  y E c  gS vkSj  AP
uuur

 ler y  esa f L Fkr  gS]

b lf y ,  OA AP⊥
uuur uuur

⇒ .AP OA
uuur uuur

 = 0

i.e. $ $( ).r dn n−
r

 = 0

i.e. $.r n d−
r

 = 0

i.e. $.r n
r

 = d                                               ...(3)

;g ler y  ds lehdj .k dk lf n ' k : i  gSA

35-3 lery ds lehdj.k ds lfn'k :i dks dkrhZ; :i esa
ifjofrZr djuk

eku  y hf t ,  f c Un q P ds f u n sZ' kkad  (x, y, z) gSa vkSj  l, m, n ek=d  lf n ' k $n  d s f n d~&dkslkb u  gSaA

fp=k 35.2

A P(  )r

d n̂ n̂

O



xf.kr 439

lery

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

rc r
r

 =
$ $xi y j zk+ +$

$n  =
$ $li m j nk+ +$

r
r

 r Fkk $n  d k eku  lehdj .k (3) esa i zf r L Fkkf i r  dj u s i j ]

$ $ $ $( ) . ( )xi y j zk li my nk+ + + +$ $  = d

⇒ lx my nz+ +  = d

tks f d  ler y  ds vf Hky ac  : i  lehdj .k dk laxr  dkr hZ; : i  gSA

f V I i . k h %f V I i . k h %f V I i . k h %f V I i . k h %     lehdj .k (3) esa ;f n  .r n d=
r r

 ler y  dk lehdj .k gS] r ks d ler y  dh ewy  f c Un q

ls n wj h u gha gSA  l er y  dh ewy  f c Un q ls n wj h Kkr  d j u s ds f y ,  gesa n ksu ksa i {kksa dks | |n
r

ls f o Hkkf tr  dj ] n
r

 dks $n  esa i f j o f r Zr  dj u k i M +sxkA  b lf y , 
| |

d

n
r  ler y  dh ewy  f c Un q ls

n wj h gSA

m n k g j . km n k g j . km n k g j . km n k g j . k 35.1.  ler y  $ $. (6 3 2 ) 1 0r i j k− − − =
r

$  dh ewy  f c Un q ls n wj h Kkr  dhf t , A  ler y

i j  y E c  ek=d  l f n ' k ds f n d~&dkslkb u  Hkh Kkr  dhf t , A

g yg yg yg y : f n ,  gq,  l ehdj .k dks $ $. (6 3 2 )r i j k
r

$− −  = 1 ds : i  esa f y [kk tk ldr k gSA

$ $| 6 3 2 |i j k− −$  = 36 9 4 7+ + =

f n ,  gq,  lehdj .k ds n ksu ksa i {kksa dks 7  ls Hkkx d j u s i j
$ $. (6 3 2 )

7

r i j k
r

$− −
 =

1

7

i.e.
$ $6 3 2

.
7 7 7

r i j k
 

− −  

r
$

 =
1

7

b lf y ,  ler y  dh ewy  f c Un q ls n wj h = 
1

7
 b dkb Z

ler y  ds vf Hky ac  ek=d  lf n ' k ds f n d~&dkslkb u  
6 3 2

, ,
7 7 7

− −
 gSaA

35-4 fn, gq, fcUnq ls gksdj tkus okys ,oa fn, gq, lfn'k ds
vfHkyEc lery dk lehdj.k

eku  y hf t , ] f n ,  gq,  f c Un q A dk f L Fkf r  lf n ' k a
r

 gS r Fkk

r
r

 ler y  i j  f dl h L o sP N f c Un q P d k f L Fkf r  lf n ' k gSA

n
r

 ler y  i j  y E c  , d  lf n ' k gSA

vc AP
uuur

 = OP OA−
uuur uuur

 = r a−
r r

vc ( )n r a⊥ −
r r r

∴ ( ) .r a n−
r r r

 = 0     ...(4)

;g O;ki d  : i  esa ler y  dk lf n ' k lehdj .k gSA
fp=k 35.3

P(  )r

O

A

n

( a )
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35-5 dkrhZ; :i

eku  y hf t ,  f c Un q A ds f u n sZ' kkad  (x
1
, y

1
, z

1
) r Fkk f c Un q P ds f u n sZ' kkad  (x, y, z) gSaA  b lds

vf r f j Dr  a, b, c vf Hky ac  lf n ' k n
r

 ds f n d~&vu qi kr  gSaA

rc r
r

 = $ $xi y j zk+ +$

a
r

 = $ $
1 1 1x i y j z k+ +$

n
r

 = $ $ai b j ck+ +$

r
r

, a
r

 r Fkk n
r

 ds eku ksa dks l ehdj .k ¼ 4 ½  esa i zf r L Fkkf i r  dj u s i j ]

{ } { }1 1 1( ) ( ) ( ) .x x i y y j z z k ai bj ck− + − + − + +  = 0

⇒ 1 1 1( ) ( ) ( )a x x b y y c z z− + − + −  = 0

⇒ ax + by + cz = ax
1
 + by

1
 + cz

1
 = d ¼ eku  y hf t , ½

tks f d  l er y  dk O;ki d  l ehdj .k gSA

m n k g j . km n k g j . km n k g j . km n k g j . k 35.2.  , d  (5, 5, –4) ls gksdj  tku s o ky s r Fkk 2, 3, –1 f n d~ vu qi kr  o ky h j s[kkvksa
ds y E c o r ~ ler y  dk lf n ' k lehdj .k Kkr  dhf t , A

g yg yg yg y : ;gk¡  i j a
r

 = $ $5 5 4i j k$+ −

r Fkk n
r

 = $ $2 3i j k+ −$

∴ ler y  dk lehdj .k gS $ $( ) $ $(5 5 4 ) . (2 3 )r i j k i j k
r

$ $− + − + −  = 0

35-6 rhu vlajs[k fcUnqvksa ls gksdj tkus okys lery dk lehdj.k
(a) l f n ' k  : i %l f n ' k  : i %l f n ' k  : i %l f n ' k  : i %

eku  y hf t ,  f c Un qvksa Q, R r Fkk S ds f L Fkf r  lf n ' k Ø e' k%  ,a b
r r

 r Fkk c
r

 gSaA  b lds vf r f j Dr
ler y  i j  f dl h L o sP N f c Un q P d k f L Fkf r  lf n ' k r

r
 gSA

lf n ' k ,QR b a QS c a QP r a= − = − = −
uuur r r uuur r r uuur r r

r F k k  , d  gh r y  esa f L Fkr  gSa vkSj  QR QS×
uuur uuur

 , d  , slk

lf n ' k gS tks QR
uuur

 r Fkk QS
uuur

 n ksu ksa i j  y E c  gSA  b lf y ,  QR QS×
uuur uuur

, QP
uuur

 i j  Hkh y E c  gSA

∴ . ( )QP QR QS×
uuur uuur uuur

= 0

{ }( ). ( ) ( )r a b a c a− − × −
r r r r r r

= 0     ...(5)

;g ler y  dk lf n ' k lehd j .k gSA

(b) d k r h Z ;  : i %d k r h Z ;  : i %d k r h Z ;  : i %d k r h Z ;  : i %
eku  y hf t ,  f c Un q P, Q, R r Fkk S ds f u n sZ' kkad  Ø e' k%  (x, y, z), (x

1
, y

1
, z

1
), (x

2
, y

2
,

z
2
) r Fkk (x

3
, y

3
, z

3
) gSaA

fp=k 35.4
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∴ $ $
1 1 1( ) ( ) ( )QP r a x x i y y j z z k= − = − + − + −

uuur r r
$

$ $
2 1 2 1 2 1( ) ( ) ( )QR b a x x i y y j z z k= − = − + − + −

uuur r r
$

$ $
3 1 3 1 3 1( ) ( ) ( )QS c a x x i y y j z z k= − = − + − + −

uuur r r
$

b u ds eku  l ehdj .k ¼ 5 ½  esa i zf r L Fkkf i r  dj u s i j

    

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

x x y y z z

x x y y z z

x x y y z z

− − −

− − −

− − −
 = 0                                         ...(6)

;g ler y  dk dkr hZ; : i  esa lehdj .k gSA

m n k g j . km n k g j . km n k g j . km n k g j . k 35.3.  f c Un qvksa Q(2, 5, –3), R(–2, –3, 5) r Fkk S(5, 3, –3) ls gksdj  tku s o ky s ler y
dk lf n ' k lehd j .k Kkr  dhf t , A

g yg yg yg y : eku  y hf t , ] ,a b
r r

 r Fkk c
r

 Ø e' k%  Q, R r Fkk S ds f L Fkf r  lf n ' k gSa vkSj  r
r

 ler y  i j
f dlh L o sP N f c Un q dk f L Fkf r  lf n ' k gSA

ler y  dk l f n ' k lehdj .k { }{ }. ( ) ( )r a b a c a
r r r r r r

− − × −  = 0

; g k ¡ a
r

 = $ $2 5 3i j k+ −$

b
r

 = $ $2 3 5i j k− − +$

c
r

 = $ $5 3 3i j k+ −$

b a−
r r

 =
$ $4 8 8i j k− − +$

c a−
r r

 =
$3 2i j−$

b lf y ,  $ $ $ $ ${ (2 5 3 )}.{( 4 8 8 ) (3 2 )}r i j k i j k i j− + − − − + × −
r

$ $ $  = 0

ler y  dk vHkh"V  lehdj .k gSA

35.7 lery ds lehdj.k dk vUr%[k.M Lo:i
eku yhft, fd lery ds x, y vkSj z v{kksa ij dkVs x, vUr%[k.Mksa dh yEckb;k¡ Øe'k% a, b vkSj
c gSaA

nwljs 'kCnksa esa] lery fcUnqvksa (a,0,0), (0,b,0) vkSj (0,0,c) ls gksdj tkrk gSA

vr% 1x a= 1y 0= 1z 0=

2x 0= 2y b= 2z 0=

3x 0= 3y 0= 3z c=

lehdj.k (6) esa j[kus ij] lery dk lehdj.k gS%

x a y z

a b 0 0

a 0 c

−

− =

−
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;k bcx acy abz abc 0+ + − =  (ljy djus ij)

;k
x y z

1
a b z

+ + = .....(7)

lehdj.k (7) lery ds lehdj.k dk vUr%[k.M Lo:i dgykrk gSA

mnkgj.k 35.4.  fcUnqvksa (0, 2, 3), (2, 0, 3) vkSj (2, 3, 0) ls gksdj tkus okys lery dk lehdj.k
Kkr dhft,A

gy % (6) dk iz;ksx djrs gq,] lery dk lehdj.k gS%

x 0 y 2 z 3

2 0 0 2 3 3 0

2 0 3 2 0 3

− − −

− − − =

− − −

;k     

x y 2 z 3

2 2 0 0

2 1 3

− −

− =

−

;k ( ) ( ) ( ) ( ) ( )x 6 0 y 2 6 z 3 2 4 0− − − − + − + =

;k ( ) ( )6x 6 y 2 6 z 3 0+ − + − =

;k x y 2 z 3 0+ − + − = ;k x y z 5+ + =

mnkgj.k 35.5.  fn[kkb;s fd fcUnqvksa (2, 2, 0), (2, 0, 2) vkSj (4, 3, 1) ls gksdj tkus okys lery dk

lehdj.k x = y + z gSA

gy % fcUnq (2, 2, 0) ls gksdj tkus okys lery dk lehdj.k gS%

( ) ( )a x 2 b y 2 cz 0− + − + = .....(i)

fcUnq (2,0,2) esa ls gksdj tkrk gS

∴ ( ) ( )a 2 2 b 0 2 2c 0− + − + =

;k c = b .....(ii)

iqu% (i) fcUnq (4,3,1) ls gksdj tkrk gSA

∴ ( ) ( )a 4 2 b 3 2 c 0− + − + =

;k   2a b c 0+ + = ....(iii)

(ii) vkSj (iii) ls] gesa izkIr gksrk gS %

       2a 2b 0+ =    ;k  a b= −

∴ (i) gks tkrk gS %   ( ) ( )b x 2 b y 2 bz 0− − + − + =

;k           ( )x 2 y 2 z 0− − + − + =

;k       y z x 0+ − =

;k        x y z= +

tks fd lery dk vHkh"V lehdj.k gSA
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mnkgj.k 35.6.  lery ds lehdj.k 4x 5y 6z 60 0− + − =  dks vUr%[k.M Lo:i esa O;Dr
dhft,A blds funsZ'kkad v{kksa ij vUr%[k.M Kkr dhft,A

gy % lery dk lehdj.k gS%
4x 5y 6z 60 0− + − = ;k 4x 5y 6z 60− + = ....(i)

(i) dks iqu% fy[kis ij 
4x 5y 6z

1
60 60 60

− + =    ;k ( )
x y z

1
15 12 10

+ + =
−

tks fd lery dk vUr%[k.M Lo:i esa vHkh"V lehdj.k gSA lkFk gh funsZ'kkad v{kksa x, y vkSj z ij
Øe'k% vUr% [k.M 15, 12−  vkSj 10 gSA

mnkgj.k 35.7.  fuEu esa ls izR;sd lery ds lehdj.k dks vfHkyEc Lo:i esa cnfy;s %

(i) 2x 3y 4z 5 0− + − =    (ii)   2x 6y 3z 5 0+ − + =

nksuksa voLFkkvksa esa] ewyfcUnq ls leryksa ij yEc dh yEckb;k¡ Hkh Kkr dhft;sA

gy % (i) lery dh lehdj.k gS% 2x 3y 4z 5 0− + − =                                 .......(A)

(A) dks ( )2 2 22 3 4+ − +  ;k  29  ls Hkkx nsus ij

2x 3y 4z 5
0

29 29 29 29
− + − =

;k   
2x 3y 4z 5

29 29 29 29
− + =

tks fd lery dk vfHkyEc Lo:i esa lehdj.k gSA

 ∴ewyfcUnq ls Mkys x, yEc dh yEckbZ 
5

29
 gSA

(ii) lery dk lehdj.k gS% 2x 6y 3z 5 0+ − + =  .....(B)

(B)  dks ( )22 22 6 3+ + −  ;k 7−  ls Hkkx nsus ij]

2x 6y 3z 5
0

7 7 7 7
− − + − =   ;k   

2x 6y 3z 5

7 7 7 7
− − + =

tks fd lery dk vfHkyEc Lo:i esa lehdj.k gSA

ewyfcUnq ls lery ij [khaps x;s yEc dh yEckbZ  
5

7
gSA

mnkgj.k 35.8.  ewyfcUnq ls fdlh lery ij [khaps x;s yEc ds ikn ds funsZ'kkad (4]&2]&5)

gSA ml lery dk lehdj.k Kkr dhft;sA

gy % ekuk ewyfcUnq O ls lery ij [khaps x;s yEc dk ikn fcUnq P gSA

rc P ds funsZ'kkad (4,–2,–5) gSaA

fcUnq P (4,–2,–5) ls gksdj tkus okys lery dk lehdj.k gS %
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( ) ( ) ( )a x 4 b y 2 c z 5 0− + + + + = .....(i)

vc OP lery ij yEc gS rFkk OP dh fnDdksT;k,¡

fuEu ds lekuqikrh gS %
4 0, 2 0, 5 0− − − − −

;k 4, 2, 5− −

(i) esa]  a, b, c ds LFkku ij 4,–2,–5 j[kus ij gesa izkIr gksrk gS %

( ) ( ) ( )4 x 4 2 y 2 5 z 5 0− − + − + =

;k            4x 16 2y 4 5z 25 0− − − − − =

;k           4x 2y 5z 45− − =

tks fd lery dk vHkh"V lehdj.k gSA

  ns[ksa vkius fdruk lh[kk 35.1

1. lery ds fuEu lehdj.kksa dks vfHkyEc Lo:i esa cnfy;s%

(i) 4x 12y 6z 28 0+ − − = (ii) 3y 4z 3 0+ + =

2. ewyfcUnq ls ,d lery ij [khaps x, yEc dk ikn fcUnq  (1, 3,1)−  gSA ml lery dk
lehdj.k Kkr dhft,A

3. ewyfcUnq ls lery ij [khps x, yEc ds ikn ds funsZ'kkad (1, 2,1).−  gSaA ml lery dk
lehdj.k Kkr dhft,A

4. fuEu fcUnqvksa ls gksdj tkus okys leryksa ds lehdj.k Kkr dhft, %

(a) ( )2, 2, 1− , ( )3, 4, 2  vkSj ( )7, 0, 6

(b) ( )2, 3, 3− , ( )1, 1, 2−  vkSj ( )1, 1, 4−

(c) ( )2, 2, 2 , ( )3, 1, 1  vkSj ( )6, 4, 6− −

5. fn[kkb;s fd fcUnqvksa (3, 3,1) , ( 3, 2 1)− −  vkSj (8, 6, 3)  ls gksdj tkus okys lery dk

lehdj.k  4x 2y 13z 5+ − =  gSA

6- ,d ,sls lery dk lehdj.k Kkr dhft,] ftlds funsZ'kkad v{kksa ij dkVs x, vUr%[k.M
Øe'k% 2] 3 rFkk 4 gSaA

7. lery 2x 3y 4z 24+ + =  }kjk funsZ'kkad v{kksa ij dkVs x, vUr%[k.M Kkr dhft,A

8. fn[kkb;s fd fcUnq ( ) ( ) ( )1, 4, 3 , 3, 2, 5 , 3, 8, 5− − − − −  rFkk ( )3, 2,1−  leryh; gSaA
9. (i) ler y x – 4y + 3z = 7 ds vf Hky ac  ds f n d~&dkslkb u  D;k gSa\

(ii) ler y  2x + 3y – z = 17 dh ewy  f c Un q ls n wj h D;k gS\

(iii) ler y  $ $.( 3 ) 7r i j k− + =
r
$  r Fkk $ $.(3 12 5 )r i j k− −

r
$  = 6, i j L i j  - - - - - - - - - - - - - -  gSaA

fp=k 35.5

P  (4, –2, –5)

O
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10. ler y  ds l ehdj .k $ $.(2 3 4 ) 1r i j k+ − =
r

$  dks dkr hZ; : i  esa i f j o f r Zr  dhf t , A

11. f c Un qvksa (1, 1, 0), (1, 2, 1) r Fkk (–2, 2, –1) ls gksdj  tku s o ky s l er y  dk lf n ' k
lehdj .k Kkr  dhf t , A

12. f c Un q (1, 4, 6) ls gksdj  tku s o ky s r Fkk lf n ' k $ $2i j k− +$  ds vf Hky ac  ler y  dk lf n ' k

lehdj .k Kkr  dhf t , A

35.8 nks leryksa ds chp dk dks.k

ekuk nks lery 1p  vkSj 2p  ds lehdj.k gSa%

1 1 1 1a x b y c z d 0+ + + = ....(i)

vkSj 2 2 2 2a x b y c z d 0+ + + = ....(ii)

ekuk nksuksa lery js[kk l esa izfrPNsn djrs gSaA ekuk nksuksa leryksa ds chp dk dks.k θ  gSA

∴ nksuksa leryksa ds vfHkyEcksa dh fnDdksT;k,¡ gSa %

1

2 2 2
1 1 1

a

a b c

±
+ +

,   
1

2 2 2
1 1 1

b

a b c

±
+ +

,   
1

2 2 2
1 1 1

c

a b c

±
+ +

vkSj 2

2 2 2
2 2 2

a

a b c

±
+ +

, 2

2 2 2
2 2 2

b

a b c

±
+ +

, 2

2 2 2
2 2 2

c

a b c

±
+ +

∴ 1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c
cos

a b c a b c

+ +
θ = ±

+ + + +

fpUg + ;k & dk bl rjg pquko djuk gS fd cos θ  /ukRed gksA

miizes; 1 : tc nks lery ijLij yEc gksa] rks

90θ = ° , vFkkZr~ cos 0θ =

nks leryksa 1 1 1 1a x b y c z d 0+ + + = vkSj 2 2 2 2a x b y c z d 0+ + + =  dk ,d nwljs ij yEc

gksus ds fy, izfrcU/ gS fd 1 2 1 2 1 2a a b b c c 0+ + = gksA

miizes; 2 : ;fn nks lery lekUrj gksa] rks bu leryksa ds vfHkyEc Hkh lekUrj gksxsaA

∴
1 1 1

2 2 2

a b c

a b c
= =

nks lery 1 1 1 1a x b y c z d 0+ + + =  rFkk 2 2 2 2a x b y c z d 0+ + + = ijLij lekUrj gksa] ds

fy, izfrcU/ gS fd 
1 1 1

2 2 2

a b c

a b c
= =  gksA blls ;g vFkZ fudyrk gS fd nks lekUrj leryksa ds

lehdj.kksa dsoy ,d vpj jkf'k gh gksrk gSA

∴ lery ax + by + cz + d = 0 ds lekUrj lery dk lehdj.k ax + by + cz + k = 0 gS] tcfd
k ,d vpj jkf'k gSA
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mnkgj.k 35.9.    fuEu leryksa ds chp dk dks.k Kkr dhft;s %

3x 2y 6z 7 0+ − + = ......(i)

vkSj 2x 3y 2z 5 0+ + − =             ......(ii)

gy % ;gk¡ ij] 1 1 1a 3, b 2, c 6= = = −

vkSj      2 2 2a 2, b 3, c 2= = =

;fn leryksa (i) vkSj (ii) ds chp dk dks.k θ  gS] rks

( )

( )22 2 2 2 2

3.2 2.3 6 .2
cos 0

3 2 6 2 3 2

+ + −
θ = =

+ + − + +

90∴ θ = °

bl izdkj] lery (i) vkSj (ii) ,d nwljs ij yEc gSaA

mnkgj.k 35.10   lery x 3y 4z 1 0− + − =  ds lekUrj ,d lery dk lehdj.k Kkr

dhft;s] ;fn og fcUnq (3, 1, –2) ls gksdj tkrk gksA

gy % ekuk lery x 3y 4z 1 0− + − =  ds lekUrj lery dk lehdj.k gS %

x 3y 4z k 0− + + = ..... (i)

pw¡fd (i) fcUnq ( )3,1, 2− ls gksdj tkrk gS blfy,

∴ ( ) ( )3 3 1 4 2 k 0− + − + =
;k 3 3 8 k 0− − + =  ;k k 8=

 ∴ lery dk vHkh"V lehdj.k x 3y 4z 8 0− + + = gSA

mnkgj.k 35.11.    fcUnqvksa (–1, 2, 3) vkSj (2, –3, 4) ls gksdj tkus okys ml lery dk lehdj.k

Kkr dhft;s] tks lery 3x y z 5 0+ − + =  ij yEc gSA

gy % fcUnq (–1, 2, 3) ls gksdj tkus okys fdlh lery dk lehdj.k gS

 ( ) ( ) ( )a x 1 b y 2 c z 3 0+ + − + − =  .....(i)

fcUnq  (2,–3, 4) lery (i) esa fLFkr gSA

∴ 3a 5b c 0− + = ....(ii)

iqu%] lery (i) lery  3x y z 5 0+ − + =  ij yEc gSA

∴   3a b c 0+ − =     ....(iii)

(ii) vkSj (iii) ls otzxq.ku fof/ }kjk]
a b c

4 6 18
= = ;k

a b c

2 3 9
= =

vr% lery dk vHkh"V lehdj.k gS %
  2(x 1) 3(y 2) 9(z 3) 0+ + − + − = ....[(i) ls]

;k      2x 3y 9z 31+ + =
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mnkgj.k 35.12.  fcUnq (2,–1,5) ls gksj tkus okys ml lery dk lehdj.k Kkr dhft;s] tks

leryksa x + 2y – z = 1 rFkk 3x – 4y + z = 5 esa ls izR;sd ij yEc gks %

gy % fcUnq (2]&1]5) ls gksdj tkus okys lery dk lehdj.k gS

( ) ( ) ( )a x 2 b y 1 c z 5 0− + + + − =   .....(i)

;g lery] leryksa   x 2y z 1+ − = rFkk 3x 4y z 5− + =  ij yEc gSA

∴   a.1 b.2 c.( 1) 0+ + − =

rFkk a.3 b.( 4) c.(1) 0+ − + =

;k     a 2b c 0+ − =     .........(ii)

  3a 4b c 0− + =      ........(iii)

(ii) vkSj (iii) ls] gesa izkIr gksrk gS %
a b c

2 4 3 1 4 6
= =

− − − − −

;k    
a b c

2 4 10
= =

− − −

;k     
a b c

1 2 5
= = = λ  (ekuk)

∴ a , b 2= λ = λ   vkSj c 5= λ

a, b rFkk c ds eku (i) esa j[kus ij] gesa izkIr gksrk gS %

( ) ( ) ( )x 2 2 y 1 5 z 5 0λ − + λ + + λ − =

;k        x 2 2y 2 5z 25 0− + + + − =

;k          x 2y 5z 25 0+ + − =

tks fd lery dk vHkh"V lehdj.k gSA

  ns[ksa vkius fdruk lh[kk 35.2

1. leryksa ds chp dk dks.k Kkr dhft;s %

(i) 2x y z 6− + =  vkSj  x y 2z 3+ + =

(ii) 3x 2y z 17 0− + + = vkSj 4x 3y 6z 25 0+ − + =

2. fl¼ dhft;s fd fuEu lery ,d nwljs ij yEc gSa %

(i) x 2y 2z 0+ + =  vkSj 2x y 2z 0+ − =

(ii) 3x 4y 5z 9+ − =  vkSj 2x 6y 6z 7+ + =

3. fcUnq (2, 3, –1) ls gksdj tkus okys rFkk lery 2x 3y 6z 7 0+ + + =  ds lekUrj lery dk
lehdj.k Kkr dhft;sA
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4. fcUnqvksa (–1,1,1) vkSj (1,–1,1) ls gksdj tkus okys ml lery dk lehdj.k Kkr dhft;s] tks
lery x 2y 2z 5+ + =  ij yEc gSA

5. ewyfcUnq ls gksdj tkus okys ml lery dk lehdj.k Kkr dhft;s] tks fuEu esa izR;sd
lery ij yEc gS% x 2y 2z 0+ + =  vkSj 2x y 2z 0+ + =

35.9 ,d lery ls ,d fcUnq dh nwjh
ekuk lery dk vfHkyEc Lo:i esa lehdj.k gS%

x cos y cos z cos pα + β + γ = ] tcfd   p > 0     .......(i)

voLFkk I : ekuk fcUnq P (x', y', z') lery ds ml vksj fLFkr gS ftl vksj ewyfcUnq gSA

lery (i) ds lekUrj fcUnq P ls gksdj tkus okyk] lery [khafp;sA

bldk lehdj.k gS%
x cos y cos z cos p 'α + β + γ =       .....(ii)

tcfd p', ewyfcUnq ls lery (ii) ij [khaps x, yEc dh yEckbZ gSA

P dh lery (i) ls ykfEcd nwjh = p–p'

D;ksafd lery (ii) fcUnq (x',y',z') ls gksdj tkrk gS] blfy,
x ' cos y ' cos z ' cos p 'α + β + γ =

∴  P dh fn;s x;s lery ls nwjh

( )p p ' p x ' cos y ' cos z ' cos− = − α + β + γ

voLFkk II : ;fn fcUnq P lery ds ml vksj fLFkr u gks ftl vksj ewy fcUnq gS (vFkkZr~ P vkSj
ewyfcUnq lery dh foijhr fn'kkvksa esa gSa)] rks

P dh lery (i) ls nwjh
= p ' p x ' cos y ' cos z ' cos p− = α + β + γ −

fVIi.kh% ;fn lery dk lehdj.k ax by cz d 0,+ + + = fn;k x;k gks] rks igys ge bls
vfHkyEc Lo:i esa cny ysrs gSa vkSj fiQj mQij fn;k x;k lw=k iz;ksx djrs gSaA

mnkgj.k 35.13. fcUnq (1,2,3) dh lery 3x 2y 5z 17 0− + + =  ls nwjh Kkr dhft;sA

gy % vHkh"V nwjh = 2 2 2

3.1 2.2 5.3 17 31

383 ( 2) 5

− + +
=

+ − +  bdkbZ

mnkgj.k 35.14.  leryksa

   x 2y 3z 6 0− + − =

rFkk 2x 4y 6z 17 0− + + =

ds chp dh nwjh Kkr dhft;sA

gy % leryksa ds lehdj.k gSa %
   x 2y 3z 6 0− + − = ....(i)

2x 4y 6z 17 0− + + = ....(ii)
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;gk¡]
( )
( )

21 3

2 4 6

−
= =

−

∴lery (i) rFkk (ii) lekarj gSaA

lery (i) ij dksbZ fcUnq gS% (6,0,0)

∴lery (i) rFkk (ii) ds chp dh nwjh

= fcUnq (6]0]0) ls lery (ii) dh nwjh

( ) ( )2 2 2

2 6 4.0 6.0 17

2 4 6

× − + +
=

+ − +

29

56
=  bdkbZ

29

2 14
= bdkbZ

  ns[ksa vkius fdruk lh[kk 35.3

1. fn;s x;s fcUnq ls lery dh nwjh Kkr dhft, %

(i) ( )2, 3,1− , 5x 2y 3z 11 0− + + =

(ii) ( )3, 4, 5− , 2x 3y 3z 27 0− + + =

2. leryksa 3x y z 7 0+ − − =  rFkk 6x 2y 2z 11 0+ − + =  ds chp dh nwjh Kkr
dhft;sA

• lery ,d ,slk i`"B gS fd ;fn blesa fLFkr dksbZ nks fcUnq fy;s tk,¡] rks budks feykus okyh
iwjh js[kk blesa fLFkr gksrh gSA

• ˆr.n d=
r

 lery dk lfn'k lehdj.k gS tgk¡ n̂  lery ds vfHkyac ek=kd lfn'k gS vkSj

d  lery dh ewy fcUnq ls nwjh gSA

• bldk laxr dkrhZ; :i lx my nz d+ + =  gS] tgk¡ l, m, n  lery ds vfHkyac lfn'k
ds fnd~&dkslkbu gSa vkSj d  lery dh ewy fcUnq ls nwjh gSA

• (r a).n 0− =
r r r  lery dk ,d vU; lfn'k lehdj.k gS tgk¡ a

r
 lery ij fn, gq, fcUnq

dk fLFkfr lfn'k gS vkSj n
r
 lery dk vfHkyac lfn'k gSA

• bldk laxr dkrhZ; :i 1 1 1a(x x ) b(y y ) c(z z ) 0− + − + − =  gSa_ tgk¡ a, b, c

lery ds vfHkyac lfn'k ds fnd~&vuqikr gSa vkSj 1 1 1(x , y , z ) lery ij fn, gq, fcUnq
ds funsZ'kkad gSaA

• (r a).{(b a) (c a)} 0− − × − =
rr r r r r  ,d ,sls lery dk lehdj.k gS tks rhu fcUnqvksa ls

gksdj tkrk gS vkSj mu rhu fcUnqvksa ds fLFkfr lfn'k Øe'k% a, b
rr
 rFkk c

r
 gSaA

C

A1

% + vkb;s nksgjk,¡
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• bldk laxr dkrhZ; lehdj.k 
1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

x x y y z z

x x y y z z 0

x x y y z z

− − −

− − − =

− − −

 gSA

• lery dk O;kid lehdj.k gS % ax + by + cz + d = 0

• lery ds lehdj.k dk vUr%[k.M Lo:i gS% 
x y z

1
a b c

+ + =

tcfd a, b vkSj c lery }kjk Øe'k% x,y vkSj z v{kksa ij vUr%[k.M gSaA

• nks leryksa 1 1 1 1a x b y c z d 0+ + + = vkSj 2 2 2 2a x b y c z d 0+ + + =  ds chp dk

dks.k θ  fuEu lEcU/ ls Kkr gksrk gS%

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c
cos

a b c a b c

+ +
θ = ±

+ + + +

• nks lery ,d nwljs ij yEc gSa] ;fn vkSj dsoy ;fn

1 2 1 2 1 2a a b b c c 0+ + =

• nks lery ijLij lekUrj gSa] ;fn vkSj dsoy ;fn 
1 1 1

2 2 2

a b c

a b c
= =  gksA

• lery x cos y cos z cosα + β + ν  ls ,d fcUnq x ', y ', z '  dh nwjh

( )p x ' cos y ' cos z ' cos− α + β + γ  gS] tcfd fcUnq ( )x ', y ', z '  lery ls ewyfcUnq

dh vksj gh fLFkr gksA

• http://www.mathopenref.com/plane.html

• http://en.wikipedia.org/wiki/Plane_(geometry)

• https://www.youtube.com/watch?v=jNZPcX4lK-8

1- fcUnq (–2, 5, 4) ls gksdj tkus okys lery dk lehdj.k Kkr dhft;sA
2- ml lery dk lehdj.k Kkr dhft;s tks fcUnqvksa (2] 1] 4) vkSj (2] 6] 4) dks feykus

okys js[kk[k.M dks 2 % 3 ds vkUrfjd vuqikr esa foHkkftr djrk gSA
3- fcUnqvksa (1]1]0)](1]2]1) vkSj (&2]2]&1) ls gksdj tkus okys lery dk lehdj.k Kkr

dhft;sA
4- fn[kkb;s fd pkj fcUnq (0, –1, –1), (4, 5, 1), (3, 9, 4) vkSj (–4, 4, 4) leryh; gSaA ml lery

dk lehdj.k Hkh Kkr dhft;s] ftlesa ;s fcUnq fLFkr gSA

lgk;d osclkbV

vkb, vH;kl djsa
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5- fcUnq (1, –2, –3) ls ,d lery ij [khaps x, yEc dk ikn fcUnq (3, 2, –1) gSA ml lery
dk lehdj.k Kkr dhft,A

6- leryksa x + y + 2z = 9 vkSj 2x – y + z = 15 ds chp dk dks.k Kkr dhft;sA
7- fl¼ dhft;s fd lery 3x – 5y + 8z – 2 = 0 vkSj 12x – 20y + 32 z + 9 = 0 lekUrj gSaA
8- k dk og eku Kkr dhft;s ftlds fy, lery 3x – 2y + kz – 1 = 0 vkSj x + ky + 5z + 2

= 0 ,d nwljs ij yEc gksaA
9- fcUnq (3, 2, –5) dh lery 2x – 3y – 5z = 7 ls nwjh Kkr dhft,A
10- fcUnq (3, –1, 5) ls gksdj tkus okys rFkk (2, –3, 1) fnd~&vuqikrksa okyh js[kk ds yEc lery

dk lfn'k lehdj.k Kkr dhft,A
11- ,d ,sls lery dk lfn'k lehdj.k Kkr dhft, tks ewy fcUnq ls 7 bdkbZ dh nwjh ij gS

rFkk lfn'k ˆˆ ˆ3 5 6+ −i j k  ds lkFk yEcor~ gSA

12- fcUnqvksa A(–2, 6, –6), B(–3, 10, –9) rFkk C(–5, 0, –6) ls gksdj tkus okys lery dk lfn'k
lehdj.k Kkr dhft,A

ns[ksa vkius fdruk lh[kk 35.1

1. (i) 
4x 12y 6z

2
14 14 14

+ − = (ii) 
3 4 3

y z
5 5 5

− − =

2. x 3y z 11 0− + − = 3. x 2y z 6 0− + − =

4. (a) 5x 2y 3z 17 0+ − − = (b) 3x y z 0− + =

(c) x 2y z 4+ − =

6.
x y z

1
2 3 4

+ + =

7. x, y vkSj z funsZ'kkad v{kksa ij vUr% [k.M Øe'k% 12]8 vkSj 6 gSaA

9. (i)
1 4 3

, ,
26 26 26

−
(ii)

17

14
b dkb Z (iii) yEc

10. 2 3 4 1x y z+ − = 11. $ $.(2 3 3 ) 5r i j k+ − =
r

$

12. $ $.( 2 ) 1 0r i j k− + + =
r
$

ns[ksa vkius fdruk lh[kk 35.2

1. (i) 
3

π
(ii) 

2

π

3. 2x 3y 6z 7+ + =

mÙkjekyk



452

lery

xf.kr

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

4. 2x 2y 3z 3 0+ − + =

5. 2x 2y z 0− + =

ns[ksa vkius fdruk lh[kk 35.3

1. (i) 
30

38
 bdkbZ (ii) 

6

22
bdkbZ

2.
25

2 11
 bdkbZ

vkb, vH;kl djsa

1. ( ) ( ) ( )a x 2 b y 5 c z 4 0+ + − + − =

2. ( ) ( ) ( )a x 2 b y 3 c z 4 0− + − + − =

3. 2x 3y 3z 5 0+ − − =

4. 5x 7y 11z 4 0− + + = 5. x 2y z 6+ + =

6.
3

π
8. k 1= − 9. 

18

38

10. { }ˆ ˆ ˆ ˆ ˆ ˆr ( 3i j 5k . (2i 3j k) 0− − + + − + =
r

11.

ˆ ˆ ˆ3i 5j 6k
r. 7

70

 + −
= 

 

r

12. { } { }ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆr ( 2i 6 j 6k . ( i 4 j 3k) ( 3i 6 j 0− − + − − + − × − − =
r
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36

ljy js[kk

fp=k 36.1 esa]] ,d vk;rkdkj fMCck gS ftlds N% i`"B gSaA ;s i`"B
N% ryksa ds Hkkx gSaA bl fp=k esa] ABCD rFkk EFGH lekUrj
lery gSaA blh izdkj] ADGH rFkk BCFE lekUrj lery gSa rFkk
ABEH rFkk CFGD Hkh ,sls gh lery gSaA nks lery ABCD rFkk
CFGD ijLij js[kk CD ij dkVrs gSaA ,slk gh fdlh Hkh nks vklUu
leryksa esa gksrk gSA bl izdkj] vki ns[ksaxs fd lery ijLij
js[kkvksa esa feyrs gSa rFkk fdukjs 'kh"kZ fcUnqvksa ij feyrs gSaA

bl ikB esa] ge varfj{k esa js[kk dk lefer :i esa lehdj.k] js[kk
ds O;kid lehdj.k dks lefer :i esa cnyuk] ,d fcUnq dh ,d
js[kk ls yfEcd nwjh rFkk ,d lery vkSj ,d js[kk ds chp dk
dks.k Kkr djus ds ckjs esa i<+asxsA nks js[kkvksa ds leryh; gksus ds
izfrca/ dks Hkh LFkkfir djsaxsA

   mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;sxsa %

• varfj{k esa ,d js[kk dk lefer :i esa lehdj.k Kkr djuk

• ,d js[kk ds O;kid lehdj.k lefer :i esa cnyuk

• ,d fcUnq dh ,d js[kk ls yfEcd nwjh Kkr djuk

• ,d js[kk rFkk ,d lery ds chp dk dks.k Kkr djuk

• nks js[kkvksa ds leryh; gksus dk izfrca/ Kkr djuk

iwoZ Kku
• ,d js[kk dh fnDdksT;k@fnd&vuqikr rFkk ,d js[kk[k.M dk ,d js[kk ij iz{ksi

• nks js[kkvksa ds ijLij lekUrj rFkk yEc gksus dk izfrcU/

36-1 js[kk dk lfn'k lehdj.k

,d js[kk vf}fr;r% fu/kkZfjr gksrh gS] ;fn ;g ,d nh xbZ fn'kk esa ,d fn, gq, fcUnq
ls gksdj tkrh gS vFkok ;g nks fcUnqvksa ls gksdj tkrh gSA

36-1-1 fn, x, fcUnq ls gksdj tkus okyh rFkk fn, x, lfn'k ds lekUrj36-1-1 fn, x, fcUnq ls gksdj tkus okyh rFkk fn, x, lfn'k ds lekUrj36-1-1 fn, x, fcUnq ls gksdj tkus okyh rFkk fn, x, lfn'k ds lekUrj36-1-1 fn, x, fcUnq ls gksdj tkus okyh rFkk fn, x, lfn'k ds lekUrj
js[kk dk lehdj.kjs[kk dk lehdj.kjs[kk dk lehdj.kjs[kk dk lehdj.k %%%%    eku yhft, fd fn, x, fcUnq A ls gksdj tkus okyh rFkk fn,

fp=k 36.1

G F

A B

C
D

E
H
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x, lfn'k b
r

 ds lekUrj js[kk l gSA eku yhft, fcUnq A  dk fLFkfr lfn'k a
r
 vkSj js[kk

ij fdlh LosPN fcUnq P dk fLFkfr lfn'k r
r

 gSA

x
O

z

y b

A
P

l

fp= 36-2fp= 36-2fp= 36-2fp= 36-2

∆OAP esa] OA AP
uuur uuur

+  = OP
uuur

i.e. AP
uuur

 = OP OA r a− = −
uuur uuur r r

ijUrq ||AP b
uuur r

∴ AP b= λ
uuur r

∴ r a−
r r

 = bλ
r

...(1)

⇒ r a b= + λ
r r r

 tks fd js[kk dk lfn'k :i esa vHkh"V lehdj.k gSA

36-1-2 lfn'k :i dks dkrhZ; :i esa ifjofrZr djuk

eku yhft,] (x
1
, y

1
, z

1
), fn, gq, fcUnq A ds funsZ'kkad gSa rFkk b

1
, b

2
, b

3
 lfn'k b

r
 ds

fnd~&vuqikr gSaA blds vfrfjDr fcUnq P ds funsZ'kkad (x, y, z) gSaA

rc r
r

 = $ $ $ $
1 1 1,xi y j zk a x i y j z k

r
$ $+ + = + +

vkSj b
r

 = $ $
1 2 3 .b i b j b k+ +$

bu ekuksa dks lehdj.k ¼1½ esa izfrLFkkfir djus ij]
$ $

1 1 1( ) ( ) ( )x x i y y j z z k− + − + −$  = $ $
1 2 3( )b i b j b kλ + +$

⇒ 1 1 1

1 2 3

, ,
x x y y z z

b b b

− − −
= λ = λ = λ

∴
1 1 1

1 2 3

x x y y z z

b b b

− − −
= = , tks fd js[kk ds lehdj.k dk laxr dkrhZ; :i gSA

;g js[kk ds lehdj.k dk lefer :i gSA

36-1-3 nks fcUnqvksa ls gksdj tkus okyh js[kk dk lehdj.k

eku yhft, fcUnq A rFkk B ls gksdj tkus okyh js[kk l gSA eku yhft, fcUnqvksa A rFkk B

ds fLFkfr lfn'k Øe'k% a
r

 rFkk b
r

 gSaA
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blds vfrfjDr js[kk ij fdlh LosPN fcUnq P dk fLFkfr lfn'k r
r

 gSA

vkd`fr esa]

AP
uuur

 = r a−
r r

vkSj AB
uuur

 = b a−
r r

ijUrq AP
uuur

 rFkk AB
uuur

 lajs[k lfn'k gSa

∴ AP
uuur

 = ABλ
uuur

i.e. r a−
r r

 = ( )b aλ −
r r

...(2)

⇒ r
r

 = ( )a b a+ λ −
r r r

tks fd lfn'k :i esa js[kk dk vHkh"V lehdj.k gSA

36-1-4 lfn'k :i dks dkrhZ; :i esa ifjofrZr djuk

eku yhft, (x
1
, y

1
, z

1
) rFkk (x

2
, y

2
, z

2
) Øe'k% fcUnq A rFkk B ds funsZ'kkad gSaA fcUnq P ds

funsZ'kkad (x, y, z) gSaA

rc a
r

 = $ $ $ $
1 1 1 2 2 2,x i y j z k b x i y j z k+ + = + +

r
$ $

vkSj r
r

 = $ $.xi y j zk+ +$

bu ekuksa dks lehdj.k ¼2½ esa j[kus ij]

$ $
1 1 1( ) ( ) ( )x x i y y j z z k− + − + −$  = $ $

2 1 2 1 2 1( ) ( ) ( ) ]x x i y y j z z kλ − + − + −$

⇒ 1 1 1

2 1 2 1 2 1

, ,
x x y y z z

x x y y z z

− − −
= λ = λ = λ

− − −

∴ 1 1 1

2 1 2 1 2 1

x x y y z z

x x y y z z

− − −
= =

− − −
, js[kk ds lehdj.k dk laxr dkrhZ; :i gSA

;g js[kk ds lehdj.k dk f}&fcUnq izk:i gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 36.1.  fcUnq (2, –3, 5) ls gksdj tkus okyh rFkk lfn'k $ $2 3i j k+ −$  ds lekUrj

js[kk dk lfn'k lehdj.k Kkr dhft,A

gygygygy : ;gk¡ a
r

 = $ $2 3 5i j k− +$

b
r

 = $ $2 3i j k+ −$

∴ r
r

 = $ $ $ $(2 3 5 ) ( 2 3 )i j k i j k− + + λ + −$ $

tks fd js[kk dk vHkh"V lehdj.k gSA

fp=k 36.3

A P
B

l

y

z

x
O
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 36.2.  fcUnqvksa (–1, 5, 2) rFkk (4, 3, –5) ls gksdj tkus okyh js[kk dk lfn'k lehdj.k
Kkr dhft,A

gygygygy : nks fcUnq :i esa js[kk dk lfn'k lehdj.k

r
r

 = ( )a b a
r r r

+ λ −  gSA

;gk¡ a
r

 =
$ $5 2i j k− + +$

rFkk b
r

 =
$ $4 3 5i j k+ −$

∴ b a−
r r

 = $ $5 2 7i j k− −$

vr% js[kk dk vHkh"V lehdj.k gS % r
r

 =
$ $ $ˆ( 5 2 ) (5 2 7 )i j k i j k− + + + λ − −$ $

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 36.3.  js[kk ds lehdj.k 
3 2 5

2 3 7

x y z+ − −
= =

−
 dks lfn'k :i esa fyf[k,A

gy gy gy gy : fn, gq, lehdj.k dh lehdj.k 
1 1 1

1 2 3

x x y y z z

b b b

− − −
= =  ls rqyuk djus ij]

x
1
 = –3, y

1
 = 2, z

1
 = 5

b
1
 = 2, b

2
 = –3, b

3
 = 7

∴ a
r

 = $ $( 3 2 5 )i j k− + +$

vkSj b
r

 = $ $(2 3 7 )i j k− +$

vr% r
r

 = $ $ $ $( 3 2 5 ) (2 3 7 )i j k i j k− + + + λ − +$ $  lfn'k :i esa vHkh"V
lehdj.k gSA

mnkgj.k 36.4.  ml js[kk ds lehdj.k Kkr dhft, tks fcUnq (1] 2]&3) ls gksdj tkrh gS rFkk

ftlds fnDdksT;k,¡ 
1 1 1

, ,
3 3 3

 − 
 

 gSaA

gy % js[kk ds lehdj.k gSa %
x 1 y 2 z 3

1 1 1

3 3 3

− − +
= =

−

vFkkZr~
x 1 y 2 z 3

1 1 1

− − +
= =

−

vFkkZr~ ( )x 1 y 2 z 3− = − = − +

mnkgj.k 36.5.  ml js[kk ds lehdj.k Kkr dhft, tks fcUnq (1]&3] 2) ls gksdj tkrh gS rFkk

ftlds fnd~&vuqikr (1]&2] 3) gSaA

gy % js[kk ds lehdj.k gS %

x 1 y 3 z 2

1 2 3

− + −
= =

−
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mnkgj.k 36.6.  ml js[kk ds lehdj.k Kkr dhft, tks nks fcUnqvksa (1]&3]2) rFkk (4]2]&3) ls

gksdj tkrh gSA

gy % okafNr js[kk ds lehdj.k gS %
x 1 y 3 z 2

4 1 2 3 3 2

− + −
= =

− + − −

vFkkZr~
x 1 y 3 z 2

3 5 5

− + −
= =

−

mnkgj.k 36.7.  fcUnqvksaa (0]2]3) rFkk (&1]3]7) dks feykus okyh js[kk ds lekarj rFkk fcUnq

(1]&5]&6) ls gksdj tkus okyh js[kk ds lehdj.k Kkr dhft;sA

gy % fcUnqvksa (0]2]3) rFkk (&1]3]7) dks feykus okyh js[kk ds fnd~&vuqikr gSa%

&1&0] 3&2] 7&3

;k &1]1]4

vr%] bl js[kk ds lekarj js[kk ds fnd~&vuqikr Hkh &1] 1]4 fy;s tk ldrs gSaA

vr%] nh xbZ js[kk ds lekUrj rFkk (1]&5]&6) ls gksdj tkus okyh js[kk ds lehdj.k gSa %
x 1 y 5 z 6

1 1 4

− + +
= =

−

    ns[ksa vkius fdruk lh[kk 36.1

1. ,d js[kk ds lefer :i esa lehdj.k fyf[k;s] tks fcUnq (1]&2]3) ls gksdj tkrh gS rFkk
ftlds fnd~&vuqikr 3]&4]5 gSaA

2. fcUnq (3]&9]4)rFkk(–9,5,–4) ls gksdj tkus okyh js[kk ds lefer :i esa lehdj.k fyf[k;sA

3. lefer :i esa lehdj.k fyf[k;s] tks fcUnqvksa (–7,5,3) rFkk (2, 6,8) ls gksdj tkrh gSA

4. js[kk ds lefer :i esa lehdj.k fyf[k;s] tks fcUnq (1,2,3) ls gksdj tkrh gS rFkk fcUnqvksa
(–4,7,2) vkSj (5,–3,–2) ls gksdj tkus okyh js[kk ds lekUrj gSA

5. ml js[kk ds lefer :i esa lehdj.k fyf[k;s] tks ewyfcUnq ls xqt+jrh gS rFkk funsZ'kkad v{kksa
ij leku :i esa >qdh gqbZ gSA

6. ewy fcUnq ,oa fcUnq (5, –2, 3) ls gksdj tkus okyh js[kk dk lfn'k lehdj.k fyf[k,A

7. js[kk ds lehdj.k 
5 4 3

3 7 2

x y z− + −
= =  dks lfn'k :i esa fyf[k,A

8. js[kk ds lehdj.k $ $ $ $( 2 3 ) ( 3 2 )r i j k i j k
r

$ $= + + + λ − +  dks dkrhZ; :i esa fyf[k,A

9. fcUnq (2, –1, 4) ls gksdj tkus okyh rFkk lfn'k $ $2i j k+ −$  ds lekUrj js[kk dk lfn'k

lehdj.k Kkr dhft,A

36.2 ,d js[kk ds lehdj.kksa dks lefer :i esa ifjofrZr djuk
vkidks è;ku gksxk fd nks vlekUrj leryksa dk izfrPNsnu ,d js[kk gksrh gSA
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ekuk nks izfrPNsnhr leryksa ds lehdj.k

ax by cz d 0+ + + = ...(i)

rFkk a ' x b ' y c ' z d ' 0+ + + =  gSaA ....(ii)

ekuk ;s nksuks lery js[kk AB ij izfrPNsfnr djrs gSaA AB dk izR;sd fcUnq nksuksa ryksa ij gSA vr%]
js[kk ds izR;sd fcUnq ds funsZ'kkad nksuksa leryksa ds lehdj.kksa dks lUrq"V djrs gSaA vr% lehdj.k
(i) rFkk (ii) nksuksa ,d js[kk ds lehdj.k gSaA

lehdj.k ax by cz 0+ + =  rFkk a ' x b ' y c ' z 0+ + =  ,slh js[kk ds lehdj.k gSa tks ewy
fcUnq ls gksdj tkrh gS rFkk mijksDr js[kk ds lekUrj gS] D;ksafd mijksDr nksuksa lery 'kwU; ls gksdj
tkrs gSaA mijksDr :i esa lehdj.kksa dks js[kk ds O;kid :i (vFkok vlefer :i) esa lehdj.k
dgrs gSaA

(i) rFkk (ii) ds :i esa fn;s x;s js[kk ds lehdj.kksa dks lefer :i esa ifjofrZr djus ds fy,] gesa
js[kk dh fnDdksT;k,¡ rFkk js[kk ij fLFkr ,d fcUnq ds funsZ'kkad Kkr gksus pkfg,A

ekuk js[kk dh fnDdksT;k,¡ l, m rFkk n  gSaA lehdj.k (i) rFkk (ii) }kjk iznf'kZr leryksa ds vfHkyEcksa
ij ;g js[kk yEc gSA
∴ a bm cn 0+ + =l vkSj a ' b ' m c ' n 0+ + =l

otzxq.ku fof/ }kjk ge ikrs gSa %

m n

bc ' b ' c ca ' ac ' ab ' a ' b
= =

− − −

l

vr%] js[kk dh fnDdksT;k,¡ ( ) ( )bc ' b ' c , ca ' ac '− − vkSj ( )ab ' a ' b−  ds lekuqikrh gSaA

lehdj.kksa (i) rFkk (ii) esa] z = 0 j[kus ij] gesa og fcUnq feyrk gS ftl ij xy-js[kk lery  ls feyrh
gSA blls gesa izkIr gksrk gS %

ax by d 0+ + = ....(iii)

a ' x b ' y d ' 0+ + = ....(iv)

(iii) rFkk (iv) dks gy djus ij] gesa izkIr gksrk gS %

bd ' b ' d da ' d ' a
x , y

ab ' a ' b ab ' a ' b

− −
= =

− −

vr%] js[kk dk ,d fcUnq
bd ' b ' d da ' d ' a

, , 0
ab ' a ' b ab ' a ' b

− − 
 

− − 
  gSA

vr%] lefer :i esa js[kk ds lehdj.k gSa %

bd ' b ' d da ' d ' a
x y

zab ' a ' b ab ' a ' b

bc ' b ' c ca ' c ' a ab ' a ' b

− −
− −

− −= =
− − −

fVIi.kh% z = 0 dks ysus ds LFkku ij ge x = 0 ;k y = 0 ;k x, y, z ds fy, dksbZ mfpr eku ys
ldrs gSa] ;fn bl izdkj izkIr nksuksa lehdj.kksa dk ,d vf}rh; gy gksA



xf.kr 459

ljy js[kk

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

mnkgj.k 36.8.  fdlh js[kk ds lehdj.kksa x 2y 3z 4− + =  rFkk 2x 3y 4z 5− + =  dks
lefer :i esa ifjofrZr dhft, rFkk mldh fnddksT;k,¡ Kkr dhft,A

gy % ekuk izR;sd ry ij fdlh fcUnq ds z– funsZ'kkad z = 0 gSaA

vr% leryksa ds ifjofrZr lehdj.k gS %

x 2y 4− =

2x 3y 5− =

gy djus ij] x = –2 rFkk y = –3 vkrk gSA

∴ nksuksa leryksa dk mHk;fu"V fcUnq (–2,–3,0) gSA ekuk l, m, n js[kk dh fnDdksT;k,¡ gSaA D;ksafd ;g
js[kk lery ds vfHkyEc ij yEc gS] blfy,

  2m 3n 0− + =l rFkk 2 3m 4n 0− + =l

∴
m n

8 9 6 4 3 4
= =

− + − − +

l

vFkkZr~           
m n 1

1 2 1 6
= = = ±

l

 vr%] js[kk ds lefer :i esa lehdj.k gS %

  

x 2 y 3 z

1 2 1

6 6 6

+ +
= =

± ± ±

vFkkZr~   
x 2 y 3 z

1 2 1

+ +
= =

rFkk js[kk dh fnDdksT;k,¡ gSa %

1 2 1
, ,

6 6 6
± ± ±  ( + vFkok − dk leku fpUg ysuk gS)

  ns[ksa vkius fdruk lh[kk 36.2

1. fuEu js[kkvksa ds lehdj.kksa dks lefer :i esa fyf[k,%

(i) x 5y z 7+ − = rFkk 2x 5y 3z 1− + = −

(ii) x y z 1 0+ + + = rFkk 4x y 2z 2 0+ − + =

(iii) x y z 5 0− + + = rFkk x 2y z 2 0− − + =

36.3 ,d fcUnq dh ,d js[kk ls yfEcd nwjh

ekuk P ( )1 1 1x , y , z ,d fcUnq gS rFkk AQ nh xbZ js[kk gS] ftlds lehdj.k

x y z

m n

− α − β − γ
= =

l
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gS] tcfd js[kk AQ dh fnDdksT;k,¡ l, m vkSj n gSaA fcUnq P ls js[kk AQ ij yEc dk ikn Q  gS rFkk

A dksbZ fcUnq ( ), ,α β γ  gSA

∴ 2 2 2PQ AP AQ= −

vc] ( ) ( ) ( )2 2 22
1 1 1AP x y z= − α + − β + − γ

AQ js[kk ij AP dk iz{ksi

      = ( ) ( ) ( )1 1 1x y m z n− α + − β + − γl

∴      ( ) ( ) ( ){ }2 2 22
1 1 1PQ x y z= − α + − β + − γ

   ( ) ( ) ( ){ }2
1 1 1x y m z n− − α + − β + − γl

tks fcUnq P ls js[kk ij yEc PQ dh nwjh n'kkZrk gSA

mnkgj.k 36.9.  fcUnq (2]3]1) dh js[kk

y z 1 0 2x 3y 2z 4+ − = = − − +  ls nwjh Kkr dhft,A

gy % ekuk z = 0 nksuksa leryksa ds mHk;fu"B fcUnq dk z funsZ'kkad gSA

∴ vr%] lehdj.k y=1 rFkk 2x 3y 4 0− + =  cu tkrs gSa ftuls 1
x

2
= −  izkIr gksrk gSA

∴ nksuksa leryksa dk mHk;fu"B fcUnq 
1

,1, 0
2

 − 
 

 gSA

ekuk l, m, n js[kk dh fnDdksT;k,¡ gSaA

0 m n 0+ + =l  rFkk 2 3m 2n 0− − =l

;k
m n 1

1 2 2 3
= = =

− ±

l

;k
1 2 2

, m , n
3 3 3

= ± = ± = ml

;fn fcUnq (2]3]1) ls js[kk ij yEc dh yEckbZ PQ gks] rks

  ( ) ( )
2 2

2 22
1 5 1 2 2

PQ 2 3 1 1 0 2 1
2 2 3 3 3

    = + + − + − − × + × − ×         
2

25 5 4 2
4 1

4 6 3 3

   = + + − + −   
   

45 9
9

4 4
= − =

∴   PQ = 3

vFkkZr~ okafNr ykfEcd nwjh 3 bdkbZ gSA

    ns[ksa vkius fdruk lh[kk 36.3

1. fuEu esa ls izR;sd ds fy,] ,d fcUnq dh nh xbZ js[kk ls nwjh Kkr dhft, %

(i)  fcUnq (0, 2, 3), js[kk 
x 3 y 1 z 4

3 2 3

+ − +
= =

fp=k 36.4

P( , , )x y z1 1 1

A Q
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(ii) fcUnq ( )1, 3, 9− , js[kk 
x 13 y 8 z 31

5 6 1

− + −
= =

−

(iii) fcUnq  (4, 1, 1), js[kk x y z 4+ + = , x 2y z 4− − =

(iv) fcUnq  (3, 2, 1), js[kk  x y z 4+ + =  rFkk x 2y z 4− − =

36.4 ,d js[kk rFkk ,d lery ds chp dk dks.k
,d js[kk rFkk ,d lery ds chp dk dks.k lery ds vfHkyEc rFkk js[kk ds chp ds dks.k dk
iwjd gksrk gSA ekuk js[kk ds lehdj.k

x x ' y y ' z z '

m n

− − −
= =

l
.....(i)

gSa rFkk lery dk lehdj.k gS %

ax by cz d 0+ + + = ....(ii)

;fn (i) rFkk (ii) ds chp dk dks.k θ  gS] rks

   ( )sin cos 90θ = ° − θ

2 2 2 2 2 2

a bm cn

m n a b c

+ +
=

+ + + +

l

l

mnkgj.k 36.10.   js[kk 
x 2 y 3 z 1

3 3 1

− + −
= =  rFkk lery 2x 3y 4z 7 0− + − =  ds chp

dk dks.k Kkr dhft;sA

gy % eku yhft, fd lery rFkk js[kk ds chp dk dks.k θ  gSA

    ( )22 2 2 2 2

2 3 3 3 4 1 1
sin

19 293 3 1 2 3 4

× − × + ×
θ = =

+ + + − +

1

551
=

vFkkZr~
1 1

sin
551

−  θ =  
 

   ns[ksa vkius fdruk lh[kk 36.4

1. fuEu js[kkvksa rFkk leryksa ds chp ds dks.k Kkr dhft, %

(i) js[kk : 
x 4 y 2 z 3

1 4 1

− + −
= =

−
rFkk lery : 3x 4y 5z 5− + =

(ii) js[kk : 
x 2 z 3 y 2

2 3 1

− − +
= = rFkk lery : 2x 4y 5z 20− + − =

(iii) js[kk : 
x y 2 y 2

4 3 5

− +
= =

−
rFkk lery : x 4y 6z 11− + =

(iv) js[kk : 
x 2 y 3 z 4

4 5 1

+ − +
= = rFkk lery : 4x 3y z 7 0− − − =

fp=k 36.5

Z

Y

X 

O

90° – θ

θ
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36.5 nks js[kkvksa ds leryh; gksus dk izfrca/
;fn nks js[kk;sa

1 1 1

1 1 1

x x y y z z

l m n

− − −
= =    ......(i)

rFkk
2 2 2

2 2 2

x x y y z z

l m n

− − −
= = .....(ii)

izfrPNsn djrh gSa rks ;s ,d gh lery esa gksrh gSaA

js[kk (i) ftl lery esa gS] ml lery dk lehdj.k gS %

( ) ( ) ( )1 1 1A x x B y y C z z 0− + − + − =   ......(iii)

tcfd      1 1 1Al Bm Cn 0+ + =   .....(iv)

;fn js[kk (ii) ry (iii) esa gS] rks fcUnq ( )2 2 2x , y , z  ml lery ij fLFkr gksuk pkfg,A

∴ ( ) ( ) ( )2 1 2 1 2 1A x x B y y C z z 0− + − + − =    .....(v)

tcfd     2 2 2A Bm Cn 0+ + =l   ....(vi)

(iv), (v) , (vi) esa ls A, B vkSj C dk foyksiu djus ij] gesa izkIr gksrk gS %

2 1 2 1 2 1

1 1 1

2 2 2

x x y y z z

m n 0

m n

− − −

=l

l
.....(vii)  feyrk gSA

;gh js[kkvksa (i) rFkk (ii) ds leryh; gksus dk ,d vko';d izfrca/ gSA

iqu% (iii), (iv) , (vi) esa ls A, B vkSj C dk foyksiu djus ij]  gesa izkIr gksrk gS %

1 1 1

1 1 1

2 2 2

x x y y z z

m n 0

m n

− − −

=l

l

.....(viii)

(viii) nks ijLij izfrPNsnh js[kkvksa dks varfuZfgr djus okys lery dks n'kkZrk gSA vc ge fl¼ djsaxs
fd ;fn izfrca/ (vii) lR; gS rks js[kk,a (i) rFkk (ii) leryh; gSaA

lery 1 1 1

1 1 1

2 2 2

x x y y z z

m n 0

m n

− − −

=l

l

  ....(ix)

ij fopkj dhft,A

vFkkZr~ ( ) ( ) ( ) ( )1 1 2 2 1 1 1 2 2 1x x m n m n y y n n− − + − −l l

( ) ( )1 2 2 1z z m m 0+ − − =1l l
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dksbZ js[kk lery esa fLFkr gksxh ;fn lery dk vfHkyac ml js[kk ij yEc gS rFkk js[kk ij fLFkr
dksbZ Hkh fcUnq lery ij gSA vki ns[k ldrs gSa fd

( ) ( ) ( )1 1 2 2 1 1 1 2 2 1 1 1 2 2 1m n m n m n n n m m 0− + − + − =l l l l l

vr% js[kk (i) lery (ix) ij fLFkr gSA

blh izdkj] ge ns[krs gSa fd js[kk (ii) lery (ix) ij fLFkr gS] vr% nksuksa js[kk,¡ leryh; gSaA vr%]
izfrca/ (vii) nks js[kkvksa ds leryh; gksus ds fy, iz;kZIr gSA

miizes; % js[kk;sa (i) rFkk (ii) ijLij izfrPNsn djsaxh] ;fn rFkk dsoy ;fn (vii) lR; gSa rFkk js[kk;sa
lekUrj ugha gSaA

fVIi.kh% (i) varfj{k esa nks js[kk;sa tks fd u rks lekUrj gSa rFkk u gh izfrPNsnh gSa ,d gh lery
esa ugha gksrhA ,slh js[kkvksa dks fo"keryh; js[kk;sa dgrs gSaA

(ii) ;fn ,d js[kk lefer :i esa rFkk nwljh O;kid :i esa gksa] rks fuEu izdkj ls vkxs c<+rs gSaA

ekuk ,d js[kk

1 1 1x x y y z z

m n

− − −
= =

l
    .... (i)

rFkk nwljh js[kk ax by cz d 0+ + + =  rFkk a ' x b ' y c ' z d ' 0+ + + =  gSA  .....(ii)

;fn nksuksa js[kk;sa leryh; gSa rc izFke js[kk dk ,d fcUnq nwljh js[kk ds lehdj.k dks lUrq"V djrk gSA

js[kk (i) ij fLFkr ,d O;kid fcUnq ( )1 1 1x r, y mr, z nr+ + +l  gSA

;g fcUnq ax by cz d 0+ + + =  ij Hkh fLFkr gS] ;fn

( ) ( ) ( )1 1 1a x r b y mr c z nr d 0+ + + + + + =l gksA

∴
1 1 1ax by cz d

r
a bm cn

+ + +
= −

+ +l

blh izdkj] ;g fcUnq a ' x b ' y c ' z d ' 0+ + + =  ij Hkh fLFkr gSA

∴
1 1 1a ' x b ' y c ' z d '

r
a ' b ' m c ' n

+ + +
= −

+ +l

ds eku cjkcj djus ij] ge fuEu ok¡fNr izfrca/ izkIr djrs gSa %

1 1 1 1 1 1ax by cz d a ' x b ' y c ' z d '

a bm cn a ' b ' m c ' n

+ + + + + +
=

+ + + +l l

fVIi.kh% ;fn nksuksa js[kk;sa O;kid :i esa gSa] rks ,d js[kk ds lehdj.k dks lefer :i esa cnfy;s
rFkk mijksDr fof/ ls gh izfrca/ Kkr dhft;sA

mnkgj.k 36.11.  fl¼ dhft, fd js[kk;sa

x 5 y 7 z 3

4 4 5

− − +
= =

−
 rFkk x 8 y 4 z 5

7 1 3

− − −
= =  leryh; gSaA

gy % js[kk,¡ x 5 y 7 z 3

4 4 5

− − +
= =

−
......(i)

rFkk
x 8 y 4 z 5

7 1 3

− − −
= = .... (ii)
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leryh; gksaxh ;fn

8 5 4 7 5 3

4 4 5 0

7 1 3

− − +

− = , vFkkZr~

3 3 8

4 4 5 0

7 1 3

−

− =  gksA

;k ( ) ( ) ( )3 12 5 3 12 35 8 4 28 0+ + + + − =

;k 51 141 192 0+ − =

;k 0 0= ,  tks fd lR; gSA

vr%] js[kk;sa (i) rFkk (ii) leryh; gSaA

mnkgj.k 36.12.  fl¼ dhft;s fd js[kk,¡

x 1 y 3 z 5

3 5 7

+ + +
= =  rFkk  

x 2 y 4 z 6

1 4 7

− − −
= =

leryh; gSaA lkFk gh ml lery dk lehdj.k Hkh Kkr dhft;s ftlesa ;s js[kk,¡ fLFkr gSaA

gy % js[kk,¡

x 1 y 3 z 5

3 5 7

+ + +
= =   rFkk

x 2 y 4 z 6

1 4 7

− − −
= =

leryh; gksaxh] ;fn

2 1 4 3 6 5

3 5 7 0

1 4 7

+ + +

= vFkkZr~

3 7 11

3 5 7 0

1 4 7

=   gksA

;k ( ) ( ) ( )3 35 28 7 21 7 11 12 5 0− − − + − =

;k 21 98 77 0− + =

;k 0  = 0. tks fd lR; gSA

∴ nh xbZ js[kk,¡ lekarj gSaA

ml lery dk lehdj.k] ftuesa ;s js[kk,¡ fLFkr gSa] fuEu gS %

x 1 y 3 z 5

3 5 7 0

1 4 7

+ + +

=

;k ( ) ( ) ( ) ( ) ( ) ( )x 1 35 28 y 3 21 7 z 5 12 5 0+ − − + − + + − =

;k 7x 7 14y 42 7z 35 0+ − − + + =

;k 7x 14y 7z 0− + =

;k x 2y z 0− + =
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C

A1

% + vkb;s nksgjk,¡

   ns[ksa vkius fdruk lh[kk 36.5

1. fl¼ dhft;s fd fuEu js[kk;sa leryh; gSa %

(i) 
x 3 y 2 z 1

3 4 1

− − +
= =

−
 rFkk x 2y 3z 0 2x 4y 3z 3+ + = = + + +

(ii) 
x 1 y 2 z 3

2 3 4

− − −
= =  rFkk 4x 3y 1 0 5x 3z 2− + = = − +

2. fn[kkb;s fd js[kk,¡ 
x 1 y 3 z 2

3 2 1

+ − +
= =

−
rFkk 

x y 7 z 7

1 3 2

− +
= =

−
 leryh; gSaA ml

lery dk lehdj.k Kkr dhft;s] ftuesa ;s js[kk,¡ fLFkr gSaA

• nks vlekUrj leryksa dk izfrPNsnu ,d js[kk gksrk gSA

• js[kk dk lfn'k lehdj.k r a b= + λ
r r r

 gS] tgk¡ a
r

 js[kk ij fn, gq, fcUnq dk fLFkfr

lfn'k vkSj b
r

 js[kk ds lekUrj ,d lfn'k gSA

• bldk laxr dkrhZ; :i 1 1 1

1 2 3

x x y y z z

b b b

− − −
= =  gS( tgk¡ (x

1
, y

1
, z

1
) js[kk ij fn, gq,

fcUnq ds funsZ'kkad gSa vkSj b
1
, b

2
, b

3
 lfn'k b

r
 ds fnd~&vuqikr gSaA

• ( )r a b a= + λ −
r r r r

 js[kk dk ,d vU; lfn'k lehdj.k gS tgk¡ a
r

 rFkk b
r

 js[kk ij nks
fofHkUu fcUnqvksa ds fLFkfr lfn'k gSaA

• bldk laxr dkrhZ; :i 
1 1 1

2 1 2 1 2 1

x x y y z z

x x y y z z

− − −
= =

− − −  gS ( tgk ¡ (x
1
, y

1
, z

1
) rFkk

(x
2
, y

2
, z

2
) js[kk ij fn, gq, nks fofHkUu fcUnqvksa ds funsZ'kkad gSaA

• js[kk 1 1 1x x y y z z

m n

− − −
= =

l
 rFkk lery ax by cz d 0+ + + =  ds chp dk dks.k θ

2 2 2 2 2 2

a bm cn
sin

m n a b c

+
θ =

+ + + +

l +

l
 }kjk izkIr gksrk gSA

• nks js[kk,¡ 1 1 1

1 1

x x y y z z

m n

− − −
= =

l
 rFkk 

2 2 2

2 2 2

x x y y z z

m n

− − −
= =

l
 leryh; gksaxh]

;fn

2 1 2 1 2 1

1 1 1

2 2 2

x x y y z z

m n 0

m n

− − −

=l

l

 gksA
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rFkk ml lery dk lehdj.k] ftlesa ;s nksuksa js[kk,¡ fLFkr gSa] fuEu gS %

1 1 1

1 1 1

2 2 2

x x y y z z

m n 0

m n

− − −

=l

l

• http://www.regentsprep.org/regents/math/algebra/ac1/eqlines.htm

• http://www.purplemath.com/modules/strtlneq.htm

• http://www.mathsteacher.com.au/year10/ch03_linear_graphs/02_gradient/line.htm

1. ml js[kk ds lehdj.k Kkr dhft;s tks fcUnq (1,4,7) rFkk (3,–2,5) ls gksdj tkrh gSA
2. ml js[kk ds lehdj.k Kkr dhft;s tks fcUnq (–1,–2,–3) ls gksdj tkrh gS rFkk lery

3x 4y 5z 11 0− + − =  ij yEc gSA

3. ml js[kk dh fnDdksT;k,¡ Kkr dhft;s] tks mu js[kkvksa ij yEc gS ftuds fnd~&vuqikr
1, 1, 2− , rFkk 2,1, 1−  gSaA

4. fn[kkb, fd fcUnqvksa (1,2,3) rFkk (4,5,7) dks feykus okyk js[kk[k.M fcUnqvksa (–4,3,–6) rFkk
(2,9,2) dks feykus okys js[kk[k.M ds lekUrj gSA

5. nks js[kkvksa 
x 1 y 2 z 5

2 4 5

− − +
= =

−
 rFkk 

x 1 y 1 z

3 4 2

+ +
= =  ds chp dk dks.k Kkr

dhft,A
6. ml js[kk ds lehdj.k Kkr dhft,] tks fcUnq (1,2,–4) ls gksdj tkrh gS rFkk fuEu nksuksa

js[kkvksa esa ls izR;sd ij yEc gS%

x 8 y 19 z 10

3 16 7

− + −
= =

−
rFkk

x 15 y 29 z 5

3 8 5

− − −
= =

−

7. js[kk x y 2z 5 0− + − =  rFkk 3x y z 6 0+ + − =  ds lehdj.kksa dks lefer :i esa
ifjofrZr dhft,A

8. fn[kkb;s fd js[kk,¡ 
x 1 y 3 z

2 4 1

− −
= =

−
 rFkk  

x 4 y 1 z 1

3 2 1

− − −
= =

−

leryh; gSaA ml lery dk lehdj.k Kkr dhft;s ftlesa ;s js[kk,¡ fLFkr gSaA
9. ml lery dk lehdj.k Kkr dhft;s ftuesa fuEu js[kk,¡ fLFkr gSa%

x 5 y 7 z 3

4 4 5

− − +
= =

−
rFkk

x 8 y 4 z 5

7 1 3

− − −
= =

10. fcUnqvksa (2,3,1) rFkk (5,8,7) dks feykus okys js[kk[k.M dk js[kk 
x y 4 z 1

2 3 6

+ +
= =  ij

iz{ksi Kkr dhft,A

lgk;d osclkbV

vkb, vH;kl djsa
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11. fcUnq (1, 2, –4) ls gksdj tkus okyh rFkk lfn'k $ $(2 3 5 )i j k+ −$  ds lekUrj js[kk dk
lfn'k lehdj.k Kkr dhft,A

12. ,d js[kk dk dkrhZ; lehdj.k 5 4

3 5

x y
z

+ −
= =

−
 gSA bldk lfn'k lehdj.k D;k gksxk\

13. fcUnqvksa (3, –2, –5) rFkk (3, –2, 6) ls gksdj tkus okyh js[kk dk lfn'k lehdj.k
Kkr dhft,A

14. fcUnq (–2, 4, –5) ls gksdj tkus okyh rFkk js[kk 3 4 8

3 5 2

x y z− + −
= =  ds lekUrj

js[kk dk lfn'k lehdj.k Kkr dhft,A

ns[ksa vkius fdruk lh[kk 36.1

1.
x 1 y 2 z 3

3 4 5

− + −
= =

−
2.

x 3 y 9 z 4

6 7 4

− + −
= =

− −

3.
x 7 y 5 z 3

9 1 5

+ − −
= = 4.

x 1 y 2 z 3

9 10 4

− − −
= =

− −

5.
x y z

1 1 1
= = 6. $ $(5 2 3 )r i j k

r
$= λ − +

7. $ $ $ $5 4 3 (3 7 2 )r i j k i j k
r

$ $= − + + λ + + 8.
1 2 3

1 3 2

x y z− − −
= =

−

9. $ $ $ $(2 4 ) ( 2 )r i j k i j k
r

$ $= − + + λ + −

ns[ksa vkius fdruk lh[kk 36.2

1. (i)
x 2 y 1 z

2 1 3

− −
= =

− −
(ii)

1 2
x y

z3 3

1 2 1

+ +
= =

−

(iii)
x 1 y 3 z 3

3 2 1

− − +
= =

ns[ksa vkius fdruk lh[kk 36.3

1. (i) 21  bdkbZ (ii) 21 bdkbZ

(iii) 
27

14
bdkbZ (iv) 6  bdkbZ

ns[ksa vkius fdruk lh[kk 36.4

1. (i) 
1 3

sin
5

−  − 
 

(ii) 
1 1

sin
70

−  
 
 

(iii) 
1 46

sin
2650

−  
 
 

(iv) 0°

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 36.5

2. x + y + z = 0

vkb, vH;kl djsa

1.
x 1 y 4 z 7

2 6 2

− − −
= =

− −
2.

x 1 y 2 z 3

3 4 5

+ + +
= =

−

3.
1

35
− ,

5

35
,

3

35
5. 90°

6.
x 1 y 2 z 4

2 3 6

− − +
= = 7.

11 9
x y

z4 4

3 5 4

− +
= =

−

8. 2x 5y 16z 13 0− − + = 9. 17x 47y 24z 172 0− − + =

10.
57

7
bdkbZ 11. $ $ $ $( 2 4 ) (2 3 5 )r i j k i j k= + − + λ + −

r
$ $

12. $ $ $( 5 4 ) (3 5 )r i j i j k= − + + λ − +
r

$ $ 13. $ $ $(3 2 5 ) (11 )r i j k k= − − + λ
r

$

14. $ $ $ $( 2 4 5 ) (3 5 2 )r i j k i j k= − + − + λ + +
r

$ $
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37

jSf[kd izksxzkeujSf[kd izksxzkeujSf[kd izksxzkeujSf[kd izksxzkeu

  37.1  jSf[kd izksxzkeu leL;kvksa dk ifjp;jSf[kd izksxzkeu leL;kvksa dk ifjp;jSf[kd izksxzkeu leL;kvksa dk ifjp;jSf[kd izksxzkeu leL;kvksa dk ifjp;

,d f[kykSuk foØsrk 1500 #i;s ysdj f[kYkkSus [kjhnus ds fy, cktkj tkrk gSA cktkj esa fofHkUu

izdkj ds f[kykSus miyC/k gSaA fo'ks"krk ds vk/kkj ij] og A rFkk B izdkj ds f[kykSuksa dks vuq:i

ikrk gSA A izdkj ds izR;sd f[kykSusa dk Ø; ewY; 300 #i;s rFkk B izdkj ds izR;sd f[kykSus dk

Ø;ewY; 250 #i;s gSA og A izdkj ds izR;sd f[kykSus dks 325 #i;s esa rFkk B izdkj ds izR;sd

f[kykSus dks 265 #i;s esa csp ldrk gSA vius ikl miyC/k /ku ls og vf/kdre ykHk izkIr djuk
pkgrk gSA mldh leL;k ;g gS fd og A rFkk B izdkj ds fdrus&fdrus f[kykSus [kjhns rkfd
mUgsa cspus ij mls vf/kdre ykHk izkIr gksA

og ykxr dh lhek dks /;ku esa j[kdj A rFk B izdkj ds f[kykSuksa ds lHkh lEHko Øep;ksa
(combinations) ds fy, fuEufyf[kr rkfydk cuk ldrk gSA

 ‘A’ izdkj ‘B’ izdkj ykxr cspus ds ckn  ykxr ij ykHk
¼#- esa½ jkf'k ¼#- esa½ ¼#- esa½

¼fcuk iz;qDr jkf'k ;fn gks½

0 6   1500.00 1590.00 90.00

1 4   1300.00 1385.00 85.00

2 3   1350.00 1445.00 95.00

3 2   1400.00 1505.00 105.00

4 1   1450.00 1565.00 115.00

5 0   1500.00 1625.00 125.00



470

jSf[kd izksxzkeu

xf.kr

ekWM~;wy - X

jSf[kd izksxzkeu
,oa xf.krh;

foospu

fVIi.kh

vc] vf/kdre ykHk izkIr djus ds fy, fu.kZ; Li"V gSA A izdkj ds ik¡p f[kykSus [kjhns tkus
pkfg,A mi;qDr leL;k dk gy vklku Fkk D;ksafd p;u dsoy nks fdLeksa rd lhfer Fkk rFkk
[kjhnh xbZ oLrqvksa dh la[;k Hkh de FkhA ;gk¡] lHkh lEHko Øep;ksa ds ckjs esa lkspk x;k rFkk
muls lacfU/kr ykHk dh x.kuk dh xbZA ysfdu ;g fuf'pr djuk gksxk fd mlus lHkh
laHkkoukvksa dks /;ku esa j[kk gSA

Åij of.kZr leL;k ds leku ,d jsfM;ks QqVdj foØsrk }kjk ,d leL;k dk lkeuk fd;k
x;kA bl dk o.kZu uhps fn;k x;k gSA

,d jsfM;ks QqVdj foØsrk ,d Fkksd foØsrk ls jsfM;ks VªkaftLVj [kjhnuk pkgrk gSA nks izdkj (A rFkk
B izzdkj) ds jsfM;ks gSaA A izdkj ds izR;sd jsfM;ks dk Ø; ewY; 360 #i;s rFkk B izdkj ds izR;sd jsfM;ks
dk Ø; ewY; 240 #- gSA foØsrk 5760 #- rd [kpZ dj ldrk gSA og A izdkj ds izR;sd jsfM;ks dks
cspsus ij 50 #i;s ykHk rFkk B izdkj ds izR;sd jsfM;ks dks cspus ij 40 #i;s ykHk izkIr dj ldrk
gSA vf/kdre ykHk izkIr djus ds fy, mls izR;sd izdkj ds fdrus jsfM;ks [kjhnus pkfg,¡\

;gk¡ ge ykHk dks vf/kdre djrs gSaA dqN leL;kvksa esa dher dks U;wure djrs gSaA fuEufyf[kr
leL;k dks yhft,A

nks nthZ A rFkk B izR;sd fnu Øe'k% 150 #i;s rFkk 200 #i;s dekrs gSaA nthZ A izfrfnu 6 deht]
4 iSaV rFkk nthZ B izfrfnu 4 deht rFkk 7 iSaV dh flykbZ djrk gSA ;fn os U;wure Jfed ewY;
ij de&ls&de 60 deht rFkk 72 iSaV cukuk pkgsa rks izR;sd dks fdrus fnu dk;Z djuk gksxkA

bl leL;k esa gesa Jfed ewY; dks U;wure djuk gSA

vf/kdre rFkk U;wure djus dh bl izdkj dh leL;kvksa dks b"Vre leL;k (Optimization

Problems) dgrs gSaA

bl izdkj dh leL;kvksa dks gy djus ds fy, xf.krKksa }kjk viukbZ xbZ fof/k dks jSf[kd&izksxzkeu
(Linear Programming) dgrs gSaA

37-1-1  ,sfrgkfld vk/kkj
jSf[kd izksxzkeu (Linear Programming) fof/k gy dh uohu mRifÙk gSA ;g f}rh; fo'o ;q) ds
nkSjku 'kq: gqbZ tc ;q) fØ;kvksa ds [kpsZ dks de djus] gkfu dks U;wure djus rFkk 'k=q ds
uqdlku dks vf/kdre djus ds fy, ;kstukc) djuk iM+kA

1941 esa :l ds xf.krK ,y- dUVksjksfop rFkk vesfjdk ds vFkZ'kkL=h ,Q-,y- fgYdksd us
jSf[kd izksxzkeu esa igyh leL;k dks lw=c) fd;kA nksuksa us vyx&vyx dk;Z fd;kA ;g ,d
lqfo[;kr ifjogu leL;k (Transportation Problem) gS tks jSf[kd izksxzkeu (Linear Programming)

dh gh ,d 'kk[kk cukrh gSA

1945 esa ,d vaxszt vFkZ'kkL=h th- fLVXyj us ,d nwljh jSf[kd izksxzkeu leL;k dk o.kZu fd;k]
ftlesa larqfyr vkgkj ds fy, x.kuk dh xbZA eq[;r;k ;g leL;k 77 izdkj ds vkgkjksa ds xq.kksa
dh x.kuk ds fy, Fkh] ftUgsa fuEure ewY; ij gh ugha cfYd ukS ikSf"Vd rRoksa dh t:jr dks
iwjk djus ds fy, [kjhnk tkuk FkkA

1947 esa ,d vesfjdh vFkZ'kkL=h th-ch- MkfUtx us izfl) if=dk ^bdksuksesfVªdk* esa ,d ys[k
izdkf'kr fd;k ftlesa mlus jSf[kd izksxzkeu leL;k dks lw=c) fd;kA MkfUtx dks in ^jSf[kd
izksxzkeu* iz;ksx djus rFkk leL;k dk fof/k ls gy djus dk Js; Hkh fn;k tkrk gSA
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1974 esa ,y- dUVksjksfop dks ,d nwljs izfl) vesfjdh xf.krK&vFkZ'kkL=h Vh-lh- dwiekUl ds
lkFk bu leL;kvksa ij dke djus ds fy, vFkZ'kkL= esa ukscsy iqjLdkj fn;k x;k FkkA

    mís'; mís'; mís'; mís';

bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,axs%
• jSf[kd izksxzkeu esa iz;qDr 'kCnkoyh dk Kku

• O;ogkfjd leL;kvksa dks jSf[kd izksxzkeu leL;kvksa esa cnyuk

• vkys[kh; fof/k }kjk jSf[kd izksxzkeu leL;kvksa dks gy djuk

 iwoZ Kku iwoZ Kku iwoZ Kku iwoZ Kku

• fofHkUu lwpukvksa dks jSf[kd vlfedkvksa esa cnyuk

• vkys[kh; fof/k ls jSf[kd vlfedkvksa dks gy djuk

 37.2  jSf[kd izksxzkeu esa iz;qDr fofHkUu inksa dh ifjHkk"kk,¡jSf[kd izksxzkeu esa iz;qDr fofHkUu inksa dh ifjHkk"kk,¡jSf[kd izksxzkeu esa iz;qDr fofHkUu inksa dh ifjHkk"kk,¡jSf[kd izksxzkeu esa iz;qDr fofHkUu inksa dh ifjHkk"kk,¡

Hkwfedk esa fn, x, mnkgj.kksa ds lw{e ijh{k.k ls ,d eq[; y{k.k fpfUgr gksrk gS tks lHkh
leL;kvksa ds fy, mHk;fu"B gS vFkkZr~ izR;sd mngj.k esa] ge fdlh jkf'k dk vf/kdre ;k
U;wure eku Kkr djrs gSaA

ifjp; esa fn, x, mnkgj.k 1 rFkk 2 esa ge yxk, x, /ku dh vf/kdre okilh pkgrs gSaA
mnkgj.k 3 esa ge Jfed ewY; dks U;wure cukuk pkgrs gSaA jS[kh; izksxzkeu 'kCnkoyh esa fdlh
jkf'k dks vfèkdre ;k U;wure cukuk ml leL;k ds mn~ns'; dks fu:fir djrk gSA

37.2.1 oLrqfu"B QyuoLrqfu"B QyuoLrqfu"B QyuoLrqfu"B Qyu (Objective Functions)

jSf[kd izksxzkeu leL;k esa pjksa dk jSf[kd Qyu] z ftldk b"Vre (Optimal) eku Kkr djuk gS oLrqfu"B
Qyu dgykrk gSA ;gk¡] jS[kh; fLFkfr ls eryc gS fd fuEu izdkj dk xf.krh; O;atd fy[kuk

1 1 2 2 .....
n n

a x a x a x+ + + , tgk¡ 1 2, .....,,
n

a a a  fLFkjkad rFkk 1 2, .....,,
n

x x x  pj gSaA

jSf[kd izksxzkeu leL;kvksa esa mRikn] lsok,¡] vuqla/kku vkfn tks fn, x, lhfer lk/kuksa dhlk/kuksa dhlk/kuksa dhlk/kuksa dh
fgLlsnkjh fgLlsnkjh fgLlsnkjh fgLlsnkjh ds fy, ,d&nwljs ls Li/kkZ djrs gSa] pj ;k fu.kkZ;d pj dgykrs gSaA

37. 2.2  izfrcU/kizfrcU/kizfrcU/kizfrcU/k

lalk/kuksa ij lhek,¡ ¼tSls udn&jkf'k] mRiknu {kerk] ekuo'kfDr] le;] e'khu vkfn½ tks
fofHkUu LièkkZRed pjksa esa lEcU/k n'kkZrh gSa] izfrcU/k gksrh gSaA ;s lhek,¡ jSf[kd&lehdj.k ;k
vlfedk ds :i esa gksrh gS] bUgsa izfrcU/k (constraints) dgrs gSaA

37.2.3  _.ksrj izfrcU/k_.ksrj izfrcU/k_.ksrj izfrcU/k_.ksrj izfrcU/k

lHkh pjksa dk _.ksrj eku fy;k tkrk gS D;ksafd HkkSfrdh; jkf'k;ksa dk eku _.kkRed gksuk
vlEHko gSA
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 37.3  jSf[kd izksxzkeu leL;k dks lw=c) djukjSf[kd izksxzkeu leL;k dks lw=c) djukjSf[kd izksxzkeu leL;k dks lw=c) djukjSf[kd izksxzkeu leL;k dks lw=c) djuk

jSf[kd izksxzkeu leL;k dks xf.krh; ekWMy :i esa O;oLFkkfir djus ds fy, fuEufyf[kr pj.kksa
dks è;ku esa j[krs gSaA

pj.kpj.kpj.kpj.k 1 : mu fu.kkZ;d pjksa dks igpkfu, ftudh x.kuk dh tkuh gS rFkk mUgsa chth; fpUgksa ds

:i esa fyf[k, tSls 1, 2, 3,x x x ..........

pj.kpj.kpj.kpj.k 2 : nh xbZ leL;k esa lHkh lhekvksa dks igpkfu, rFkk mUgsa mi;qZDr ifjHkkf"kr pjksa ds inksa
esa jSf[kd lehdj.k ;k vlfedkvksa ds :i esa iznf'kZr dhft,A

pj.kpj.kpj.kpj.k 3 : oLrqfu"B Qyu ftldk b"Vre (Optimum) eku Kkr djuk gS dks igpkfu, rFkk bls
mi;qZDr ifjHkkf"kr pjksa ds jSf[kd Qyu ds :i esa iznf'kZr dhft,A

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 37.1.  ,d QqVdj foØsrk A rFkk B izdkj ds jsfM;ks VªkaftLVj [kjhnuk pkgrk gSA
A izdkj ds izR;sd jsfM;ks dk ewY; 360.00 #i;s rFkk B izdkj ds izR;sd jsfM;ks dk ewY; 240.00 #i;s
gSA QqVdj foØsrk ;g tkurk gS fd og 20 lsV ls vf/kd ugha csp ldrk blfy, og 20 lsV ls
vf/kd ugha [kjhnrk gSA og 5760.00 #i;s rd gh [kpZ dj ldrk gSA og A izdkj ds lsV ij
50.00 #i;s ykHk rFkk B izdkj ds lsV ij 40.00 #i, ykHk izkIr djuk pkgrk gSA vf/kdre ykHk
izkIr djus ds fy, bl leL;k dk xf.krh; lw=.k dhft,A

gygygygy : ekuk fd QqVdj foØsrk A izdkj ds 1x  lsV rFkk B  izdkj ds 2x  lsV [kjhnrk gSA D;ksafd

izR;sd izdkj ds lsV dh la[;k _.kkRed ugha gks ldrh gSA

1 0,x ≥ L (1)

2 0,x ≥ L (2)

A izdkj ds 1x  lsV rFkk B izdkj ds 2x  lsV dk ewY; 360 1x  + 240 2x  gS tks 5760.00 #i;s ds

cjkcj ;k blls de gksuk pkfg,A vr%

1 2360 240 5760x x+ ≤

;k 1 23 2 48x x+ ≤ L (3)

nksuksa izdkj ds lsV dh dqy la[;k 20 ls vf/kd ugha gksuh pkfg,A

vr% 1 2 20x x+ ≤ L (4)

D;ksafd dqy ykHk A izdkj ds 1x  lsV rFkk B izdkj ds 2x  lsV cspus ij izkIr gksrk gSA vr% QqVdj

foØsrk A izdkj ds lsVksa ij 50 1x  rFkk B izdkj ds lsVksa ij 40 2x  ykHk dekrk gSA vr% dqy ykHk

fuEufyf[kr gksxk %

1 250 40z x x= + L (5)
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vr% nh xbZ jSf[kd izksxzkeu leL;k dk xf.krh; lw=.k fuEufyf[kr gksxk%

1, 2x x  dk eku Kkr dhft, ftlls

fuEu 'krks± ds vUrxZr]

1 2

1 2

1 2

3 2 48

20

0, 0

x x

x x

x x

+ ≤ 


+ ≤ 
≥ ≥ 

izfrcU/ki zfrcU/ki zfrcU/ki zfrcU/k

z = 1 250 40x x+  (oLrqfu"B QyuoLrqfu"B QyuoLrqfu"B QyuoLrqfu"B Qyu) dk eku vf/kdre gks tk,A

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 37.2.    B.Mk is; cukus okyh ,d dEiuh cksry Hkjus ds nks ;U= yxkrh gSA ,d ;U=
LFkku P ij rFkk nwljk LFkku Q ij fLFkr gSA izR;sd ;U= fofHkUu rhu izdkj ds B.Ms is; A, B

rFkk C cukrk gSA nksuksa ;U=ksa dh izR;sd fnu cksry Hkjus dh {kerk fuEu izdkj gS %

   ;U=   ;U=   ;U=   ;U=

     mRikn     mRikn     mRikn     mRikn P Q

A 3000 1000

B 1000 1000

C 2000 6000

,d ckt+kj dk fujh{k.k djus ij ;g Li"V gksrk gS fd ebZ eghus ds nkSjku A izdkj dh de ls
de 24000 cksryksa] B izdkj dh de ls de 16000 cksryksa rFkk C izdkj dh de ls de 48000

cksryksa dh ek¡x gksxhA P rFkk Q ;U=ksa dks izfrfnu pykus ds fy, Øe'k% 6000.00 #i;s rFkk
4000.00 #i;s [kpZ vkrk gSA ebZ eghus esa dEiuh dks izR;sd ;U= fdrus fnu pykuk pkfg,]
ftlls mRiknu ewY; U;wure gks rFkk cktkj dh ek¡x iwjh gks tk,A leL;k dk xf.krh; lw=.k
dhft,A

gy % gy % gy % gy % ekuk fd cktkj dh ek¡x dh iwfrZ ds fy, dEiuh ebZ eghus esa ;U= P dks 1x  fnu rFkk

;U= Q dks 2x  fnu pykrh gSA

;U= P dks izfrfnu pykus dk [kpkZ 6000.00 #i;s gS

vr% bls 1x  fnu pykus dk [kpkZ 6000 1x  #i;s gksxkA

;U= Q dks izfrfnu pykus dk [kpkZ 4000 #i;s gS

vr% bls 2x  fnu pykus dk [kpkZ 4000 2x  #i;s gksxkA

vr% nksuksa ;U=ksa dks pykus dk dqy [kpkZ gksxk %

1 26000 4000z x x= + L (1)

;U= P izR;sd fnu A izdkj ds is; dh 3000 cksrysa cukrk gSA

vr% 1x  fnuksa esa ;U= P, AA izdkj ds is; dh 3000 1x  cksrysa cuk,xkA

;U= Q izR;sd fnu A izdkj ds is; dh 1000 cksrysa cukrk gSA
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vr% x
2

 fnuksa esa ;U= Q, A izdkj ds is; dh 1000 x
2 
cksrysa cuk,xkA

fu/kkZfjr le; esa A izdkj ds is; dk dqy mRiknu fuEu gksxk %

3000 1x  + 1000 2x

ysfdu bl izdkj ds is; dh de ls de 24000 cksryksa dh ek¡x gksxhA vr% bl izdkj ds is;
dk dqy mRiknu bl ek¡x ds cjkcj ;k blls vf/kd gksuk pkfg,A

∴ 1 23000 1000 24000x x+ ≥

;k 1 23 24x x+ ≥ L (2)

blh izdkj] vU; nks is; ds fy,]

1 21000 1000 16000x x+ ≥

;k 1 2 16x x+ ≥ L (3)

rFkk

1 22000 6000 48000x x+ ≥

;k 1 23 24x x+ ≥ L (4)

1x  vkSj 2x  D;ksafd fnuksa dh la[;k gS vr% ;g _.ksrj gSA

1 20, 0x x≥ ≥ L(5)

bl izdkj gekjh leL;k gS % 1x  rFkk 2x  dk eku Kkr djuk tks z dks U;wure cukrs gSaA

1 26000 4000z x x= + (oLrqfu"B QyuoLrqfu"B QyuoLrqfu"B QyuoLrqfu"B Qyu)

fuEu 'krks± ds vUrxZr

1 2

1 2

1 2

3 24

16

3 24

x x

x x

x x

+ ≥ 


+ ≥ 
+ ≥ 

(izfrcU/k)

rFkk  1 20, 0x x≥ ≥

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 37.3.    ,d dkj[kkuk A rFkk B nks izdkj dh oLrqvksa dk mRiknu djrk gS vkSj A

izdkj dh oLrq dks 2.00 #i;s ykHk rFkk B izdkj dh oLrq dks 3.00 #i;s ykHk ij csprk gSA
izR;sd oLrq ij e'khuksa G rFkk H }kjk dk;Z gksrk gSA A izdkj dh oLrq dks mRikfnr djus esa G
ij ,d feuV rFkk H ij nks feuV dk;Z djus dh t:jr gksrh gSA B izdkj dh oLrq dks mRikfnr
djus esa G ij ,d feuV rFkk  H ij ,d feuV dk;Z djus dh t:jr gksrh gSA ,d dk;Zfnol ds
nkSjku e'khu G, 6 ?k.Vs 40 feuV ls vf/kd le; miyC/k ugha gksrh gS tcfd e'khu H, vf/kdre
10 ?k.Vs miyCèk gksrh gSA bl leL;k dks jSf[kd izksxzkeu leL;k ds :i esa lw=c) dhft,A

gy %gy %gy %gy % ekuk fd A izdkj dh oLrqvksa dh la[;k 1x  rFkk B izdkj dh oLrqvksa dh la[;k 2x  gSA

leL;k esa nh xbZ lwpukvksa dks fuEufyf[kr rkfydk ds :i esa O;oLFkkfir dj ldrs gSa %
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e'khue'khue'khue'khu      oLrqvksa ij dk;Z le;     oLrqvksa ij dk;Z le;     oLrqvksa ij dk;Z le;     oLrqvksa ij dk;Z le; miyC/k le;miyC/k le;miyC/k le;miyC/k le;
       (feuV esafeuV esafeuV esafeuV esa)               (feuV esafeuV esafeuV esafeuV esa)

A izdkj ( 1x  bdkbZ)    B izdkj ( 2x  bdkbZ)

G 1 1     400

H 2 1     600

izfr bdkbZ ykHk 2.00 #i;s 3.00 #i;s

D;ksafd] A izdkj dh izR;sd oLrq ij ykHk 2 -00 #i;s gSaA vr% A izdkj dh 1x  oLrqvksa dks cspus ij

ykHk 1.2x  gksxkA blh izdkj B izdkj dh 2x  oLrqvksa dks cspus ij ykHk 2.3x  gksxkA vr% A izdkj

dh 1x  oLrqvksa rFkk B izdkj dh 2x  oLrqvksa dks cspus ij dqy ykHk fuEufyf[kr gksxk %

1 22 3z x x= + (oLrqfu"B Qyu) L (1)

D;ksafd e'khu G, A izdkj ij ,d feuV rFkk B izdkj ij ,d feuV ysrh gS vr% e'khu G ij dqy

vko';d feuV 1 2x x+  gksxhA

ysfdu e'khu G, 6 ?kaVs 40 feuV (400 feuV) ls vf/kd le; ds fy, miyC/k ugha gSA vr%

1 2 400x x+ ≤ L(2)

blh izdkj e'khu H ij dqy vko';drk 1 22x x+  feuV gksaxhA ysfdu e'khu H,10 ?kaVs ds fy,

miyCèk gSA vr%

1 22 600x x+ ≤ L(3)

D;ksafd _.kkRed oLrq,¡ mRiUu djuk lEHko ugha gS vr%

1 20, 0x x≥ ≥ L(4)

vr% leL;k gS 1x  rFkk 2x  ds eku Kkr djuk tks z dks vf/kdre cuk,a tcfd 1 22 3z x x= +

¼oLrqfu"B Qyu½

fuEu 'krks± ds vUrxZr

1 2

1 2

1 2

400

2 600

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  37.4.    ,d QuhZpj fuekZrk nks izdkj& A rFkk B izdkj ds lksQs cukrk gSA ljyrk ds fy,
og mRiknu fØ;k dks rhu fofHkUu fØ;kvksa&c<+bZxhjh] ifj"d̀r djuk] xn~snkj cukuk] esa ck¡V ysrk gSA
A izdkj ds lksQs ds fuekZ.k esa 6 ?kaVs c<+bZxhjh esa] 1 ?kaVk ifj"d̀r djus esa rFkk 2 ?kaVs xn~snkj cukus esa yxrs
gSaA B izdkj ds lksQs ds fuekZ.k esa 3 ?kaVs c<+bZxhjh esa] 1 ?kaVk ifj"d̀r djus esa rFkk 6 ?kaVs xn~snkj cukus
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esa yxrs gSaA dq'ky dkjhxjksa] vkStkjksa rFkk lqfo/kkvksa dh lhfer miyC/krkvksa dh otg ls dkj[kkus esa
izR;sd fnu 96 ekuo ?kaVs c<+bZxhjh ds fy,] 18 ekuo ?kaVs ifj"d̀r djus rFkk 72 ekuo ?kaVs xn~snkj cukus
ds fy, miyC/k gSA A izdkj ds izR;sd lksQk ij 80 #i;s ykHk rFkk B izdkj ds izR;sd lksQk ij 70 #i;s
ykHk gksrk gSA vf/kdre ykHk izkIr djus ds fy, izR;sd fnu A rFkk B izdkj ds fdrus lksQs cukus
pkfg,¡\A bl leL;k dks jSf[kd izksxzkeu leL;k ds :i esa lw=&c) dhft,A

gy %gy %gy %gy % fofHkUu fØ;kvksa rFkk izR;sd fØ;k ds fy, vko';d ekuo le; dks fuEu rkfydk ds :i
esa n'kkZ;k x;k gS %

fØ;k,¡fØ;k,¡fØ;k,¡fØ;k,¡ lksQk lksQk lksQk lksQk A izdkjizdkjizdkjizdkj lksQk lksQk lksQk lksQk B izdkjizdkjizdkjizdkj miyC/k JemiyC/k JemiyC/k JemiyC/k Je

c<+bZxhjh 6 ?kaVs 3 ?kaVs 96 ekuo ?kaVs

ifj"Ñr djuk 1 ?kaVk 1 ?kaVk 18 ekuo ?kaVs

xn~nsnkj cukuk 2 ?kaVs 6 ?kaVs 72 ekuo ?kaVs

ykHk 80.00 #i;s 70.00 #i;s

ekuk fd A izdkj ds lksQksa dh la[;k 1x  rFkk B izdkj ds lksQksa dh la[;k 2x  gSA

rkfydk dh izR;sd iafDr ,d izfrcU/k cukrh gSA

igyh iafDr n'kkZrh gS fd c<+bZxhjh ds A izdkj ds izR;sd lksQk ds fy, 6 ?kaVs rFkk B izdkj ds
izR;sd lksQs ds fy, 3 ?kaVs vko';d gSaa izR;sd fnu c<+bZxhjh ds fy, dsoy 96 ekuo ?kaVs miyC/

k gSaaA izR;sd fnu A izdkj ds 1x  lksQs rFkk B izdkj ds 2x  lksQs cukus ds fy, dqy ekuo ?kaVksa dh

x.kuk fuEu izdkj dj ldrs gSa %
c<+bZfxjh ds fy, izR;sd fnu ekuo ?kaVksa dh la[;k = { (c<+bZxhjh ds fy, A izdkj ds izR;sd
lksQk ds fy, vko';d ?kaVs)× (A izdkj ds lksQksa dh la[;k) } + { (c<+bZxhjh ds fy, B

izdkj ds izR;sd lksQk ds fy, vko';d ?kaVs)× (B izdkj ds lksQksa dh la[;k) }

1 26 3x x= +

ysfdu izR;sd fnu c<+bZxhjh ds fy, vf/kdre 96 ekuo ?kaVs miyC/k gSaA vr%

1 26 3 96x x+ ≤

;k 2x
1
 + x

2
 < 32 L(1)

blh izdkj rkfydk dh f}rh; rFkk rr̀h; iafDr Øe'k% ifj"Ñr djus rFkk xn~nsnkj cukus dh
lhekvksa dks n'kkZrh gSA vr%

x
1
 + x

2
 < 18 L(2)

rFkk 1 22 6 72x x+ ≤

;k x
1
 + 3x

2
 < 36 L (3)
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D;ksafd lksQksa dh la[;k _.kkRed ugha gks ldrh

x
1
 > 0, x

2
 > 0 L (4)

vc] ykHk nks lzksrksa A izdkj ds lksQk rFkk B izdkj ds lksQk] ls izkIr gksrk gSA vr%

ykHk = (A izdkj ds lksQksa ls ykHk) + (B izdkj ds lksQksa ls ykHk)

= { (A izdkj ds izR;sd lksQs ij ykHk) ×  (A izdkj ds lksQksa dh la[;k) }

+ { (B izdkj ds izR;sd lksQs ij ykHk) ×  (B izdkj ds lksQksa dh la[;k) }

1 280 70z x x= +  (oLrqfu"B Qyu) L(5)

vc] leL;k gS fd 1x  rFkk 2x  dk eku Kkr djuk gS ftlls z dk vf/kdre eku izkIr gksA

tcfd z = 80 x
1
 + 70 x

2
(oLrqfu"B QyuoLrqfu"B QyuoLrqfu"B QyuoLrqfu"B Qyu)

fuEu 'krks± ds vUrxZr]

1 2

1 2

1 2

1 2

2 32

18

3 36

0, 0

x x

x x

x x

x x

+ ≤ 
+ ≤ 


+ ≤ 
≥ ≥ 

(izfrcU/kizfrcU/kizfrcU/kizfrcU/k)

      ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 37.1

1. ,d dEiuh nks oLrq,¡ A rFkk B cukrh gSA izR;sd oLrq ij nks e'khuksa G rFkk H ls dk;Z gksrk
gSA oLrq A dks mRikfnr djus ds fy, e'khu G ij 3 ?kaVs rFkk e'khu H ij 4 ?kaVs rFkk
oLrq B dks mRikfnr djus ds fy, e'khu G ij 4 ?kaVs rFkk e'khu  H ij 5 ?kaVs dk;Z djus
dh t:jr gksrh gSA e'khu G rFkk H ij dk;Z djus ds fy, miyC/k le; Øe'k% 18 ?kaVs
rFkk 21 ?kaVs gSA oLrq,¡ A rFkk B Øe'k% 3.00 #i;s rFkk 8.00 #i;s izfr bdkbZ ds ykHk ij
csph tk ldrh gaSA bl leL;k dks jSf[kd izksxzkeu leL;k ds :i esa lw=c) dhft,A

2. ,d QuhZpj O;kikjh nks oLrqvksa est rFkk dqlhZ dk O;kikj djrk gSA O;kikj esa mi;skx djus
ds fy, mlds ikl 5000 #i;s gSa rFkk vf/kdre 60 oLrqvksa dks j[kus ds fy, txg gSA ,d
est dk ewY; 250 #i;s rFkk ,d dqlhZ dk ewY; 50 #i;s gS og ,d est dks 50 #i;s ykHk
ij rFkk ,d dqlhZ dks 15 #i;s ykHk ij csprk gSA ;g ekudj fd og [kjhnh xbZ lHkh oLrq,¡
csp ldrk gS] vf/kdre ykHk izkIr djus ds fy, mls viuk /ku fdl izdkj O;kikj esa yxkuk
pkfg,\ bl leL;k dks jSf[kd izksxzkeu leL;k ds :i esa lw=c) dhft,A

3. LFkku P rFkk LFkku Q ij ,d nXq/k'kkyk ds nks ;a= yxs gSa aA izR;sd ;a= ,d fdxzk- iSfdV
esa nks izdkj ds mRikn A rFkk B cukrs gSa aA izR;sd fnu iSfdV cukus dh nksuska ;a=ksa dh
{kerk bl izdkj gS %
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   ;a=

     mRikn P Q

A 2000 1500

B 4000 6000

cktkj esa ,d fujh{k.k djus ij Kkr gqvk fd vizSy eghus esa A izdkj ds de ls de 20000

iSfdV rFkk B izdkj ds de ls de 16000 iSfdV dh ek¡x gksxhA P rFkk Q ;a=ksa dks izfrfnu
pykus ds fy, Øe'k% 4000 #i;s rFkk 7500 #i;s [kpZ gksaxsA vizSy eghus esa dEiuh dks
izR;sd ;a= fdrus fnu pykuk pkfg, ftlls mRiknu ewY; U;wure gks rFkk cktkj dh ek¡x
Hkh iwjh gks tk,A bl leL;k dks jSf[kd izksxzkeu leL;k ds :i esa lw=c) dhft,A

4. ,d dkj[kkus esa nks oLrqvksa A rFkk B dk fuekZ.k gksrk gSA oLrq A dks cukus ds fy, e'khu ij 1
?kaVk 30 feuV dk;Z djuk iM+rk gS rFkk blds vfrfjDr ,d f'kYidkj dks 2 ?kaVs dk;Z djuk
iM+rk gSA oLrq B dks cukus ds fy, e'khu ij 2 ?kaVs 30 feuV dk;Z djuk iM+rk gS rFkk blds
vfrfjDr ,d f'kYidkj dks 1 ?kaVk 30 feuV dk;Z djuk iM+rk gSA ,d lIrkg esa dkj[kkus esa
80 ?kaVs e'khu ij le; rFkk 70 ?kaVs f'kYidkj dk le; miyC/k gks ldrk gSA izR;sd A oLrq
ij 5.00 #i;s ykHk rFkk izR;sd B oLrq ij 4.00 #i;s ykHk gksrk gSA ;fn cukbZ xbZ lHkh oLrq,¡
csp nh tk,¡ rks crkb, izR;sd izdkj dh fdruh oLrq,¡ cukbZ tk,¡ ftl ls gj lIrkg vf/kdre
ykHk izkIr gksA leL;k dks jSf[kd izksxzkeu leL;k ds :i esa lw=c) dhft,A

 37.4  jSf[kd izksxzkeu leL;k&T;kferh; fof/k jSf[kd izksxzkeu leL;k&T;kferh; fof/k jSf[kd izksxzkeu leL;k&T;kferh; fof/k jSf[kd izksxzkeu leL;k&T;kferh; fof/k

nks pjksa x rFkk y esa ,d ljy iz'u ysrs gSaA x rFkk y ds eku Kkr dhft,] tks fuEufyf[kr
lehdj.kksa dks larq"V djrs gSa %

4

3 4 14

x y

x y

+ =

+ =

bu lehdj.kksa dks gy djus ij x = 2 rFkk y = 2 izkIr gksrk gSA tc lehdj.kksa rFkk pjksa dh la[;k
vf/kd gks rks D;k gksrk gS\

bl izdkj ds lehdj.k fudk;ksa ds fy,] D;k ge vf}rh; gy izkIr dj ldrs gSa\

rFkkfi] n pjksa esa lehdj.k fudk;ksa ds fy, vf}rh; gy rHkh izkIr fd;k tk ldrk gS tcfd Bhd
n laca/k ¼lehdj.k½ fn, gksaA tc laca/kksa ¼lehdj.kksa½ dh la[;k n ls vf/kd ;k de gks rks D;k gksxk\

vf}rh; gy laHko ugha gksaxs ysfdu ijh{k.kh; gy (Trial solution) izkIr fd, tk ldrs gSaaA fQj]
;fn laca/kksa dh la[;k pjksa dh la[;k ls vf/kd ;k de gks rFkk laca/k vlfedk (Inequation) ds
:i esa gSa] D;k ge bl izdkj ds fudk;ksa dk gy izkIr dj ldrs gSa\

tc dHkh ,d leL;k dk fo'ys"k.k] ftlesa pj dks dbZ jSf[kd vlfedkvksa dk ikyu djrs gq,
,d jSf[kd O;atd dks U;wure ;k vf/kdre cukus dks vxzlj gksrk gks rks mldk gy jSf[kd
izksxzkeu dyk dk mi;skx djds izkIr fd;k tk ldrk gSA jSf[kd izksxzkeu leL;kvksa ftuesa dsoy
nks pj gksrs gSa dks gy djus dk rjhdk T;kferh; rjhdk gS] ftls jSf[kd izksxzkeu leL;k dkjSf[kd izksxzkeu leL;k dkjSf[kd izksxzkeu leL;k dkjSf[kd izksxzkeu leL;k dk
vkys[kh; gy dgrs gSaAvkys[kh; gy dgrs gSaAvkys[kh; gy dgrs gSaAvkys[kh; gy dgrs gSaA
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 37.5     jSf[kd izksxzkeu leL;k dk gyjSf[kd izksxzkeu leL;k dk gyjSf[kd izksxzkeu leL;k dk gyjSf[kd izksxzkeu leL;k dk gy

fiNys vuqPNsn esa geus ,slh leL;kvksa dks
ns[kk gS ftuesa laca/kksa dh la[;k pjksa dh
la[;k ds cjkcj ugha gS rFkk cgqr ls lacaèkksa
dks vlfedk ¼vFkkZr~ ≤  ;k ≥ ½ ds :i esa
n'kkZ;k x;k gS ftuesa nh xbZ 'krks± ds
vUrxZr pjksa ds Qyu dks vf/kdre ¼;k
U;wure½ djuk gksrk gSA

ge tkurs gSa fd x ≥ 0, y-v{k lfgr y-v{k
ds nkb± vksj ds Hkkx dks n'kkZrk gS ¼fp= 37-
1½ blh izdkj y ≥ 0, x-v{k ds mij ds Hkkx
dks n'kkZrk gS ¼fp= 37-2½

feasible region

x2

x

x
1 

2 

– 
= 0

(0, 1)

O

– +5  = 5x x1 2

x1

A
5    5

4    4
,

vc iz'u ;g gS fd ,slh leL;kvksa dk gy dSls izkIr fd;k tk ldrk gS\

vc iz'u mBrk gS fd ,d lkFk x > 0, rFkk y > 0 fdl Hkkx dks iznf'kZr djrs gSaA Li"Vr% x >

0 rFkk y > 0 }kjk iznf'kZr Hkkx esa os lHkh fcUnq gksrs gSa tks nksuksa x > 0 rFkk y > 0 esa mHk;fu"B
gksrs gSaA ;g ry esa izFke prqFkk±'k gksxkA ¼fp= 37-3½

x y  0,  0≥ ≥ 

y′

x′ x

y

fp= 37-3fp= 37-3fp= 37-3fp= 37-3

fp= 37-1fp= 37-1fp= 37-1fp= 37-1

fp= 37-2fp= 37-2fp= 37-2fp= 37-2

B(0, 1)

O A(1, 0)
x1

x2

x

x
1

2

 + 
 = 1
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vkxs] ge vlfedk x + 2y < 8 dk vkys[k ysrs gSaA blds fy,] igys js[kk x + 2y = 8 [khaprs gSa
vkSj rc og Hkkx ekywe djrs gSa tks x + 2y < 8 dks lUrq"V djrk gSA

lkekU;r;k] eku izkIr djus ds fy,] ge x = 0 ysrs gSa rFkk y dk blds rqY; eku Kkr djrs gSaA
blh izdkj ge y = 0 ysrs gSa rFkk blds rqY; x dk eku Kkr djrs gSaA ¼;fn js[kk nksuksa v{kksa esa
ls fdlh ,d ds lekUrj gS ;k ewy fcUnq ls xqtjrh gS rks ;g fof/k mi;qDr ugha gSA bl fLFkfr
esa ge x rFkk y ds dksbZ Hkh ,sls lEHkkfor eku ysrs gSa] tks lehdj.k dks lUrq"V djrs gSaA½

fcUnqvksa (0,4) rFkk (8,0) dks xzkQ ij n'kkZdj] mUgsa lh/kh js[kk ls feykus ij gesa js[kk dk vkys[k
izkIr gksrk gS tSlkfd fp= 37.4 esa n'kkZ;k x;k gSA

y′

x′ x

y

B(0, 4)

x
y

 + 2  = 8

A(8, 0)

O

ge igys gh ns[k pqds gSa fd x ≥  0 rFkk y ≥  0 izFke prqFkk±'k dks n'kkZrs gaSA x + 2y < 8 }kjk

iznf'kZr vkys[k js[kk x + 2y = 8 ds ml rjQ gksrk gS ftl vksj ewy fcUnq gksrk gS D;skafd bl

Hkkx dk dksbZ Hkh fcUnq vlfedk dks lUrq"V djrk gSA vr% fp= 37.5 esa Nk;kafdr Hkkx x ≥  0,

y ≥  0 rFk k

x + 2y ≤  8 dks iznf'kZr djrk gSA

y′

x′
O

x
(8, 0)

x 
y

+ 2  = 8

(0, 4)

y

blh izdkj ;fn ge x ≥  0, y ≥  0 rFkk x + 2y ≥  8, ls f?kjk Hkkx ysrs gSa rks ;g izFke prqFkk±'k

esa gksxk rFkk js[kk x + 2y = 8 ds ml rjQ gksxk] ftl rjQ ewyfcUnq fLFkr ugha gSA fp= 37.6

esa Nk;kafdr Hkkx vkys[k dks iznf'kZr djrk gSA

fp= 37-4fp= 37-4fp= 37-4fp= 37-4

fp= 37-5fp= 37-5fp= 37-5fp= 37-5
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(0, 4)

(8, 0)O
x

x
y

 + 2
= 8
 

x′

y′

y

Nk;kafdr Hkkx ftlesa fn, x, lHkh izfrcU/k lUrq"V gks tkrs gSa laHkkO; (Feasible) {ks= dgykrk gSA

37.5.1  laHkkO; ¼lqlaxr½ laHkkO; ¼lqlaxr½ laHkkO; ¼lqlaxr½ laHkkO; ¼lqlaxr½ (Feasible) gy gy gy gy

jSf[kd izksxzkeu&leL;k ds pjksa ds os eku tks lHkh izfrcU/kksa rFkk _.ksrj izfrcU/k dks lUrq"V

djrs gSa leL;k ds laHkkO; laHkkO; laHkkO; laHkkO;  (feasible) gy dgykrs gSaA

37.5.2  b"Vreb"Vreb"Vreb"Vre (Optimal) gygygygy

jSf[kd izksxzkeu leL;k ds os laHkkO; gy tks vius oLrqfu"B Qyu dks vf/kdre ;k U;wure

cukrs gSa] leL;k ds b"Vre (optimal) gy dgykrs gSaA

fVIi.khfVIi.khfVIi.khfVIi.kh : ;fn dksbZ Hkh laHkkO; gy oLrqfu"B Qyu dks vf/kdre ¼;k U;wure½ ugha cukrk
gS ;k leL;k dk laHkkO; gy ugha gS rks jSf[kd izksxzkeu leL;k dk dksbZ gy ugha gksrk gSA

jSf[kd izksxzkeu leL;k dk vkys[k&fof/k ls gy izkIr djus ds fy, fuEufyf[krjSf[kd izksxzkeu leL;k dk vkys[k&fof/k ls gy izkIr djus ds fy, fuEufyf[krjSf[kd izksxzkeu leL;k dk vkys[k&fof/k ls gy izkIr djus ds fy, fuEufyf[krjSf[kd izksxzkeu leL;k dk vkys[k&fof/k ls gy izkIr djus ds fy, fuEufyf[kr
pj.k gSa %pj.k gSa %pj.k gSa %pj.k gSa %

pj.kpj.kpj.kpj.k 1 : jSf[kd izksxzkeu leL;k dk xf.krh; lw=.k djukA

pj.kpj.kpj.kpj.k 2 : izfrcfU/kr vlfedkvksa dk vkys[k cukuk ¼mi;qZDr crkbZ xbZ fof/k ls½A

pj.kpj.kpj.kpj.k 3 : lEHkkfor {ks= dks igpkuuk tks ,d lkFk lHkh izfrcU/kksa dks lUrq"V djrk gksA NksVk ;k
cjkcj ¼<½ izfrcU/kksa ds fy, lekU;r;k Hkkx js[kk ds uhps gksrk gSA cM+k ;k cjkcj ¼>½
izfrcUèkksa ds fy, Hkkx lekU;r;k js[kkvksa ls Åij gksrk gSA

pj.kpj.kpj.kpj.k 4 : lEHkkfor {ks= esa gy fcUnqvksa dks LFkkfir dhft,A ;s fcUnq lEHkkfor {ks= ds dksuksa ij
gksrs gSaA

pj.kpj.kpj.kpj.k 5 : izR;sd dksus ij fcUnq ds fy, oLrqfu"B Qyu dh x.kuk dhft,A

pj.kpj.kpj.kpj.k 6 : oLrqfu"B Qyu ds b"Vre ekuksa dh igpku dhft;sA

fp= 37-6fp= 37-6fp= 37-6fp= 37-6
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 37.5.     jkf'k z dk U;wure eku Kkr dhft, %

1 22z x x= +

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1

0, 0

x x

x x

+ ≥

≥ ≥

gygygygy : 1 22z x x= +  oLrqfu"B Qyu

gS] ftldk U;wure eku Kkr
djuk gSA fuEu izfrcU/kksa ds
vUrxZr

1 2

1 2

1

0, 0

x x

x x

+ ≥

≥ ≥

loZizFke ge bu vlfedkvksa ds fy, vkys[k [khaprs gSa tks bl izdkj gS %

tSlkfd ge igys crk pqds gSa fd og Hkkx tks 1 0x ≥  rFkk 2 0x ≥  dks lUrq"V djrk gS izFke

prqFkk±'k gksrk gS vkSj og Hkkx tks 1 2 1x x+ ≥ ds lkFk&lkFk 1 20, 0x x≥ ≥  dks larq"V djrk gS]

js[kk 1 2 1x x+ =  ds ml vksj gS ftl vksj ewy fcUnq ugha gSA vr% Nk;kafdr Hkkx lEHkkfor gy

gksxk D;ksafd bl Hkkx dk izR;sd fcUnq lHkh izfrcU/kksa dks lUrq"V djrk gSA vc] gedks b"Vre
gy izkIr djuk gSA lEHkkfor {ks= ds dksus A (1,0) rFkk B (0,1) gSaA

A ij z dk eku = 1

B ij z  dk eku = 2

lEHkkfor Hkkx esa dksbZ nwljs fcUnq ekuk fd (1,1), (2,0), (0,2) ysus ij ge ns[krs gSa fd A  (1, 0.)

ij z dk U;wure eku gksrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  37.6.   jkf'k z dk U;wure eku
 Kkr dhft;s %

1 22z x x= +

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

1

2 4 3

0, 0

x x

x x

x x

+ ≥

+ ≥

≥ ≥

fp= 37-7fp= 37-7fp= 37-7fp= 37-7

fp= 37-8fp= 37-8fp= 37-8fp= 37-8

B(0, 1)

O A(1, 0)
x1

x2

x

x
1

2

 + 
 = 1

O A(1, 0)
B(1.5, 0)

x1

x

 x

1 

2
+

 = 1

E(0, 1)

D(0, 0.75)

x2

C(0.5, 0.5)

2  + 4  = 3x x1 2
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gy %gy %gy %gy % 1 22z x x= +   oLrqfu"B Qyu gS] ftldk U;wure eku Kkr djuk gSA

 fuEu izfrcU/kksa ds varxZr

1 2

1 2

1 2

1

2 4 3

0, 0

x x

x x

x x

+ ≥

+ ≥

≥ ≥

loZizFke ge bu vlfedkvksa dk vkys[k [khaprs gSa ¼tSlk igys o.kZu fd;k x;k gS½ tks bl izdkj gS%

Nk;kafdr Hkkx lEHkkfor {ks= gSA bl {ks= dk izR;sd fcUnq lHkh xf.krh; vlfedkvksa dks lUrq"V
djrk gS vkSj  vr% ;s gh lEHkkfor gy gSaA

vc gesa b"Vre gy izkIr djus gSaA

B ( )1.5,0  ij z dk eku 1.5  gSA

C ( ),0.5 0.5  ij z dk eku 1.5  gSA

E (0,1) ij z dk eku 2 gSA

;fn ge js[kk 1 22 4 3x x+ =  ij B rFkk C ds chp dksbZ fcUnq ysrs gSa rks gesa 
3

2
 izkIr gksrk gS vkSj

vU; dgha Hkh lEHkkfor {ks= esa 
3

2
 ls vf/kd izkIr gksxkA 1 22 4 3x x+ =  ij dksbZ Hkh lEHkkfor

fcUnq (B rFkk C ds chp) oLrqfu"B Qyu 1 22z x x= +  dks U;wure cukrk gS] bldk dkj.k gS fd

nksuksa js[kk,¡ lekUrj gSa ¼nksuksa dh izo.krk
1

2
−  gS)A bl izdkj jSf[kd izksxzkeu leL;k ds vuUr gy

gksaxs ftuesa ls nks gy dksuksa ij izkIr gksrs gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 37.7.  1 20.25 0.45z x x= + dk vf/kdre eku Kkr dhft;s

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

2 300

3 2 480

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

gy % gy % gy % gy % 1 20.25 0.45z x x= +  oLrqfu"B

Qyu gS ftldk vf/kdre eku
izkIr djuk gSA

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

2 300

3 2 480

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥ fp= 37-9fp= 37-9fp= 37-9fp= 37-9

x2

x1
O A(160, 0)

E(300, 0)

x x1 2 + 2 = 300

3  + 2  = 480 x x1 2

D(0, 240)

C(0, 150)
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loZizFke ge bu vlfedkvksa dk vkys[k [khaprs gSa tks bl izdkj gS %

N k ; k af d r  H k k xN k ; k af d r  H k k xN k ; k af d r  H k k xN k ; k af d r  H k k x  OABC lEHkkfor {ks= gSA bl Hkkx esa izR;sd fcUnq lHkh xf.krh; vlfedkvksa dks
lUrq"V djrk gS] vr% ;s gh lEHkkfor gy gSaA

vc gesa b"Vre gy izkIr djuk gSA

A (160, 0) ij z dk eku 40.00 gSA

B (90, 105) ij z dk eku 69.75 gSA

C (0, 150) ij z dk eku 67.50 gSA

O (0, 0) ij z dk eku 0 gSA

;fn ge lEHkkfor {ks= ls dksbZ nwljs eku tSls fd (60, 120), (80, 80) vkfn ysrs gSa fQj Hkh
lEHkkfor {ks= ds dksus B (90, 105) ij izkIr eku 69.75 vf/kdre eku gSA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    fdlh jSf[kd izksxzkeu leL;k ds fy, ftldk gy lEHko gS] fuEufyf[kr
lkekU; fu;e lR; gSA

;fn jSf[kd izksxzkeu leL;k dk ,d gy gS rks ;g lEHkkfor gyksa ds lewg ds ,d;fn jSf[kd izksxzkeu leL;k dk ,d gy gS rks ;g lEHkkfor gyksa ds lewg ds ,d;fn jSf[kd izksxzkeu leL;k dk ,d gy gS rks ;g lEHkkfor gyksa ds lewg ds ,d;fn jSf[kd izksxzkeu leL;k dk ,d gy gS rks ;g lEHkkfor gyksa ds lewg ds ,d
'kh"kZ ij fLFkr gksrk gS] ;fn jSf[kd izksxzkeu leL;k ds vusd gy gksa rks muesa ls'kh"kZ ij fLFkr gksrk gS] ;fn jSf[kd izksxzkeu leL;k ds vusd gy gksa rks muesa ls'kh"kZ ij fLFkr gksrk gS] ;fn jSf[kd izksxzkeu leL;k ds vusd gy gksa rks muesa ls'kh"kZ ij fLFkr gksrk gS] ;fn jSf[kd izksxzkeu leL;k ds vusd gy gksa rks muesa ls
de&ls&de ,d lEHkkfor gy] gyksa ds lewg ds ,d 'kh"kZ ij fLFkr gksrk gSA nksuksade&ls&de ,d lEHkkfor gy] gyksa ds lewg ds ,d 'kh"kZ ij fLFkr gksrk gSA nksuksade&ls&de ,d lEHkkfor gy] gyksa ds lewg ds ,d 'kh"kZ ij fLFkr gksrk gSA nksuksade&ls&de ,d lEHkkfor gy] gyksa ds lewg ds ,d 'kh"kZ ij fLFkr gksrk gSA nksuksa
fLFkfr esa oLrqfu"B Qyu dk vf}rh; eku gksrk gSAfLFkfr esa oLrqfu"B Qyu dk vf}rh; eku gksrk gSAfLFkfr esa oLrqfu"B Qyu dk vf}rh; eku gksrk gSAfLFkfr esa oLrqfu"B Qyu dk vf}rh; eku gksrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  37.8.   ,d y?kq m|ksx esa ,d fuekZrk nks izdkj dh iqLrd vyekjh cukrk gSA igys
izdkj dh iqLrd vyekjh dks iw.kZ cukus ds fy, e'khu A ij 3 ?kaVs rFkk e'khu B ij 2 ?kaVs
vko';d gksrs gSaA nwljs izdkj dh iqLrd vyekjh ds fy, e'khu A ij 3 ?kaVs rFkk e'khu B ij
3 ?kaVs vko';d gksrs gSaA izfrfnu e'khu A vf/kdre 18 ?kaVs rFkk e'khu B vf/kdre 14 ?kaVs py
ldrh gSA igys izdkj dh izR;sd iqLrd vyekjh ij og 30 #i;s ykHk rFkk nwljs izdkj dh
izR;sd iqLrd vyekjh ij 40 #i;s ykHk dekrk gSA izR;sd fnu og izR;sd izdkj dh fdruh
iqLrd vyekjh cuk, ftlls mls vfèkdre ykHk izkIr gks\

gy % gy % gy % gy % ekuk fd fuekZrk izR;sd fnu igys izdkj dh 1x  iqLrd vyekjh rFkk nwljs izdkj dh 2x

iqLrd vyekjh cukrk gSA D;ksafd 1x  rFkk 2x  iqLrd vyekfj;ksa dh la[;k gS] blfy,

1 20, 0x x≥ ≥ L  (1)

D;ksafd igys izdkj dh iqLrd vyekjh ds fy, e'khu A ij 3 ?kaVs vko';d gSA vr% 1x  iqLrd

vyekfj;ksa ds fy, e'khu A ij 13x  ?kaVs vko';d gksaxsA nwljs izdkj dh iqLrd vyekfj;ksa ds fy,

e'khu A ij 3 ?kaVs vko';d gSA vr% 2x  iqLrd vyekfj;ksa ds fy, e'khu A  ij 23x  ?kaVs

vko';d gksaxsA ysfdu e'khu A dh izfrfnu dk;Z {kerk vf/kd&ls&vf/kd 18 ?kaVs gSaA vr%

1 23 3 18x x+ ≤
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;k x
1
 + x

2
 < 6 L  (2)

blh izdkj] e'khu B ij igys izdkj dh iqLrd vyekjh 2 ?kaVs rFkk nwljs izdkj dh iqLrd
vyekjh 3 ?kaVs ysrh gSA e'khu dh izfrfnu dk;Z{kerk vf/kd&ls&vf/kd 14 ?kaVs gSaA vr%

2x
1
 + 3x

2
 < 14 L  (3)

izfrfnu dk ykHk

1 230 40z x x= + L  (4)

vc gesa 1x rFkk 2x  ds eku Kkr djus gSa ftlls fd z dk vf/kdre eku izkIr gksA

vf/kdre 1 230 40z x x= +  (oLrqfu"B Qyu)

fuEu 'krks± ds vUrxZr %

1 2

1 2

1 2

6

2 3 14

0, 0

x x

x x

x x

+ ≤ 


+ ≤ 
≥ ≥ 

 izfrcU/k

bl leL;k dk gy izkIr djus ds fy, ge vkys[kh; fof/k iz;ksx djrs gSaaA loZizFke ge bu
vlfedkvksa ds vkys[k [khaprs gSa tks fuEu izdkj gSa %

x2

(0, 6)

B(4, 2)

(7, 0)
x1

2  + 3  = 14x x1 2
A(6, 0)

(0, 0)
O

C(0,    )
14

3

x x1 2 + = 6

Nk;kafdr Hkkx OABC lEHkkfor {ks= gSA bl {ks= esa izR;sd fcUnq lHkh xf.krh; vlfedkvksa dks
lUrq"V djrk gS vr% ;s gh lEHkkfor gy gSaA

ge tkurs gSa fd dksuksa O (0, 0), A (6, 0). rFkk B (4,2) ij b"Vre gy izkIr fd, tk ldrs gSaA
D;ksafd C ds funsZ'kkad iw.kkZad ugha gSa] vr% ge bl fcUnq ij fopkj ugha djrs gSaA js[kkvksa ds
izfrPNsn fcUnq B ds funsZ'kkadksa dh x.kuk dh tk ldrh gSA

fcUnq O ij ykHk 'kwU; gSA

fp= 37-10fp= 37-10fp= 37-10fp= 37-10
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A ij ykHk = 30 × 6 + 40 × 0

        = 180

B ij ykHk = 30 × 4 + 40 × 2

        = 120 + 80

        = 200

bl izdkj] ;fn fuekZrk igys izdkj dh 4 iqLrd vyekfj;k¡ rFkk nwljs izdkj dh 2 iqLrd
vyekfj;k¡ cukrk gS rks og 200 #i;s dk vf/kdre ykHk izkIr djrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 37.9.   mnkgj.k 37.2 dks vkys[kh; fof/k ls gy dhft,A

gygygygy : mnkgj.k 37.2 ls]

U;wure 1 26000 4000z x x= + (oLrqfu"B Qyu)

fuEu 'krks± ds vUrxZr %

1 2

1 2

1 2

1 2

3 24

16

3 24

0, 0

x x

x x

x x

x x

+ ≥ 
+ ≥ 


+ ≥ 
≥ ≥ 

(izfrcU/k)

Li"Vr;k] izFke prqFkk±'k esa dksbZ fcUnq ( )1, 2x x

izfrcUèk 1 0,x ≥  rFkk 2 0,x ≥  dks lUrq"V djrk gSA

vc] ge js[kkvksa dks xzkQ ij [khaprs gSa %

1 23 24x x+ =

;k 1 2 1
8 24

x x
+ =

js[kk 1 23 24x x+ =  ij dksbZ Hkh fcUnq izfrcU/k 1 23 24x x+ ≥ dks lUrq"V djrk gS (fp= 37.11)1)

blh izdkj dksbZ Hkh fcUnq tks js[kk 1 2 16x x+ =  ij gks ;k blds Åij gks] izfrcU/k 1 2 16x x+ ≥

dks lUrq"V djrk gS (fp= 37.12)

iqu% dksbZ Hkh fcUnq tks js[kk 1 23 24x x+ =  ij ;k blds Åij gS izfrcU/k 1 23 24x x+ ≥ dks

lUrq"V djrk gS (fp= 37.13)

fp= 37-11fp= 37-11fp= 37-11fp= 37-11

x2

B(0, 24)

A(8, 0)

O
x1



xf.kr 487

jSf[kd izksxzkeu

ekWM~;wy - X

jSf[kd izksxzkeu
,oa xf.krh;

foospu

fVIi.kh
x1

A(16, 0)O

B(0, 16)

x2

     

O
x1

x2

B(0, 8)

A(24, 0)

vr% mijksDr lHkh fp=ksa dks feykdj
ge mHk;fu"B Nk;kafdr vlhfer {ks=
izkIr djrs gSaA (fp=  37.14)

fcUnqvksa A (24,0), B(12,4), C(4,12)

rFkk D(0,24) esa ls ,d fcUnq ij

1 26000 4000z x x= +  dk U;wure

eku gksxkA

A ij] z = 6000 × 24 + 0

  = 144000

B ij] z = 6000 × 12 + 4000 × 4

  = 88000

C ij] z = 6000 ×     4 + 4000 × 12 = 72000

D ij] z =       0 +     4000 ×      24 = 96000

vr% ge ns[krs gSa fd C (4, 12) ij z dk U;wure eku gS tgk¡ 1 4x =  rFkk 2 12x = .

vr% U;wure ewY; ds fy,] dEiuh dks ;a= P, 4 fnu rFkk ;a= Q, 12 fnu pykuk pkfg,A U;wure
ewY; 72000 #- gksxkA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 37.10.   jkf'k 1 22z x x= +  dk vf/kdre eku Kkr dhft, %

fuEu izfrcU/kksa ds vUrxZr

1 2 1 21, 0, 0x x x x+ ≥ ≥ ≥

gy % gy % gy % gy % loZizFke ge izfrcU/kksa

1 2 1 21, 0, 0x x x x+ ≥ ≥ ≥

ds vkys[k [khaprs gSaA

fp= 37-12fp= 37-12fp= 37-12fp= 37-12 fp= 37-13fp= 37-13fp= 37-13fp= 37-13

fp= 37-14fp= 37-14fp= 37-14fp= 37-14

x2

D(0, 24)

(0, 16)

(0, 8)

fe
asib

le
 reg

io
n

O (8, 0) (16, 0) A(24, 0)
x1

x x1 2+ 3  = 24
x x1 2 +  = 16

3  +  = 24x x1 2

(0, 1)

(1, 0)

x
1  + 

 = 1

x
2



488

jSf[kd izksxzkeu

xf.kr

ekWM~;wy - X

jSf[kd izksxzkeu
,oa xf.krh;

foospu

fVIi.kh

Nk;kafdr {ks= lEHkkfor gy dk leqPp; gSA vc gesa oLrqfu"B Qyu dks vf/kdre djuk gSA

A(1, 0) ij z dk eku 1 gSA

B(0, 1) ij z dk eku 2 gSA

;fn ge lEHkkfor {ks= ls dksbZ nwljs fcUnq tSls (1, 1) ;k (2, 3) ;k (5, 4) vkfn ysa vkSj buds fy,
z ds eku Kkr djsa rks gesa ekywe gksrk gS fd gj ckj ,d fcUnq ds fy, igys okys fcUnq dh vis{kk
cM+k eku izkIr gksrk gSA vr% dksbZ Hkh lEHkkfor fcUnq z dk vf/kdre eku ugha cukrk gSA D;ksafd
,slk dksbZ lEHkkfor fcUnq ugha gS tks z dk eku vf/kdre cuk,A vr% ge ;g eku ysrs gSa fd bl
jSf[kd izksxzkeu leL;k dk dksbZ gy ugha gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 37.11.  fuEufyf[kr iz'u dks vkys[kh; fof/k ls gy dhft, %

 1 22 10z x x= −  dk U;wure eku Kkr dhft,]

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

0

5 5

0, 0

x x

x x

x x

− ≥

− ≤ −

≥ ≥

gygygygy : igys ge fuEu izfrcU/kksa ds vkys[k [khaprs gSa %

1 2

1 2

1 2

0

5 5

0, 0

x x

x x

x x

− ≥

− ≤ −

≥ ≥
;k

2 1

2 1

1 2

0,

5 5

0

x x

x x

x x

− ≤

− ≥

− =

Nk;kafdr Hkkx lEHkkfor {ks= gSA

;gk¡ ge ns[krs gSa fd lEHkkfor {ks= ,d rjQ ls vlhfer gSA

ijUrq fp= ls ;g Li"V gS fd oLrqQyu fcUnq A ij U;wure eku izkIr djrk gS tks nks

js[kkvksa 1 2 0x x− =  rFkk 1 25 5.x x− + = dk izfrPNsn fcUnq gSA bUgsa gy djus ij 1 2

5

4
x x= =

izkIr gksrk gSA

vr% tc 1 2

5 5
, ,

4 4
x x= =  rc z dk eku U;wure gksrk gSA

U;wure eku  = 
5 5

2 10 10
4 4

× − × = −  gSA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    bu izfrcU/kksa ls ;fn ge z dk vf/kdre eku izkIr djuk pkgsa] rks ;g lEHko ugha
gS D;ksaafd lEHkkfor {ks= ,d rjQ ls [kqyk ¼vlhfer½ gSA

(0, 1)

5
 –

 
 =

 5

x 1

x 2

x 1
 –

 
 =

 0
x 2

(–5, 0)

O
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                         ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 37.2

fuEufyf[kr iz'uksa dks vkys[kh; fof/k ls gy dhft, %fuEufyf[kr iz'uksa dks vkys[kh; fof/k ls gy dhft, %fuEufyf[kr iz'uksa dks vkys[kh; fof/k ls gy dhft, %fuEufyf[kr iz'uksa dks vkys[kh; fof/k ls gy dhft, %

1. 1 23 4z x x= + dk vf/kdre eku 2. 1 22 3z x x= +  dk vf/kdre eku Kkr

Kkr dhft, fuEu izfrcU/kksa ds vUrxZr dhft, fuEu izfrcU/kksa ds vUrxZr

          

1 2

1 2

1 2

40

2 60

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

1 2

1 2

1 2

400

2 600

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

3. 1 260 40z x x= +  dk U;wure eku Kkr 4. 1 220 30z x x= +  dk vf/kdre eku

dhft,] fuEu izfrcU/kksa ds vUxZr Kkr dhft, fuEu izfrcU/kksa ds vUxZr

1 2

1 2

1 2

1 2

3 24

16

3 24

0, 0

x x

x x

x x

x x

+ ≥

+ ≥

+ ≥

≥ ≥

1 2

1 2

1 2

1 2

12,

5 2 50

3 30,

0, 0

x x

x x

x x

x x

+ ≤

+ ≤

+ ≤

≥ ≥

5. 1 250 15z x x= +  dk vf/kdre eku Kkr         6.  1 24000 7500z x x= +  dk U;wure

dhft, fuEu izfrcU/kksa ds vUrxZr eku Kkr dhft, fuEu izfrcU/kksa ds

vUrxZr

1 2

1 2

1 2

5 100

60

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

1 2

1 2

1 2

4 3 40

2 3 8

0, 0

x x

x x

x x

+ ≥

+ ≥

≥ ≥

• jSf[kd izksxzkeu&xf.krKksa }kjk b"Vre iz'uksa dks gy djus ds fy, viukbZ xbZ rduhd gSA

• jSf[kd izksxzkeu leL;k ds pjksa ds ekuksa dk ,d leqPp; tks fn, x, izfrcU/kksa vkSj _.ksrj
izfrcU/k dks larq"V djrk gS] lEHkkfor gy lEHkkfor gy lEHkkfor gy lEHkkfor gy dgykrk gSA

• jSf[kd izksxzkeu leL;k dk ,d lEHkkfor eku tks vius oLrqfu"B Qyu dk b"Vre eku
nsrk gS leL;k dk b"Vre gyb"Vre gyb"Vre gyb"Vre gy dgykrk gSA

• ;fn dksbZ Hkh lEHkkfor gy oLrqfu"B Qyu dk vf/kdre ¼;k U;wure½ eku ugha gS ;k
mlds lEHkkfor gy ugha gSa rks jSf[kd izksxzkeu leL;k dk dksbZ Hkh gy ugha gksxkA

• ;fn jSf[kd izksxzkeu leL;k dk ,d gy gS rks ;g lEHkkfor {ks= ds dksus ij fLFkr gksrk gSA

C

A1

% + vkb;s nksgjk,¡
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• ;fn jSf[kd izksxzkeu leL;k ds vusd gy gSa rks muesa ls de&ls&de ,d gy lEHkkfor {ks=
ds dksus ij fLFkr gksrk gSA ysfdu lHkh fLFkfr;ksa esa oLrqfu"B Qyu dk eku ogh jgrk gSA

• http://people.brunel.ac.uk/~mastjjb/jeb/or/morelp.html

• http://en.wikipedia.org/wiki/Simplex_algorithm

• http://www.youtube.com/watch?v=XbGM4LjM52k

1. ,d O;kikjh ds ikl pkoy vkSj xsgw¡ [kjhnus ds fy, dsoy ̀  15,000 gSaA pkoy ds ,d cksjs dk

ewY; ̀  1,500 rFkk xsgw¡ ds ,d cksjs dk ewY; ̀  1,200 gSA mlds ikl dsoy 10 cksjs j[kus ds fy,

txg miyC/k gSA O;kikjh pkoy vkSj xsgw¡ ds izR;sd cksjs ij Øe'k% ` 100 rFkk ` 80 ykHk izkIr

djrk gSA vf/kdre ykHk izkIr djus ds fy, leL;k dks jSf[kd izksxzkeu leL;k cukb,A

2. ,d O;kikjh ds ikl ` 6,00,000 gSaA O;kikj pkyw djus ds fy, og xk; rFkk HkSal [kjhnuk

pkgrk gSA ,d xk; dk ewY; ` 20,000 rFkk ,d HkSal dk ewY; ` 60,000 gSA og vkneh

izR;sd lIrkg 40 fDoaVy rd i'kqvksa ds fy, pkjk ,df=r dj ldrk gSA ,d xk; izfr fnu

10 yhVj nwèk rFkk ,d HkSal izfrfnu 20 yhVj nw/k nsrh gSA xk; ds izR;sd yhVj nw/k ij `

5 ykHk rFkk HkSal ds izR;sd yhVj nw/k ij ` 7 ykHk gksrk gSA izR;sd lIrkg ,d xk; ij ,d

fDoaVy pkjk rFkk ,d HkSal ij 2 fDoaVy pkjk iz;qDr gksrk gSA vf/kdre ykHk izkIr djus ds

fy, ml O;fDr }kjk [kjhns x, izR;sd izdkj ds i'kqvksa dh la[;k Kkr djus ds fy, jSf[kd

izksxzkeu leL;k cukb,A eku yhft, fd i'kqvksa ls izkIr iwjs nw/k dks og csp ldrk gSA

3. ,d dkj[kkus esa nks izdkj ds lkcqu curs gSa ftuesa izR;sd nks e'khuksa A rFkk B ls curk gSA

igys izdkj ds lkcqu dks cukus ds fy, e'khu A nks feuV rFkk e'khu B rhu feuV pykbZ

tkrh gSA nwljs izdkj ds lkcqu dks cukus ds fy, e'khu A rhu feuV rFkk e'khu B ik¡p

feuV pykbZ tkrh gSA izR;sd e'khu ,d fnu esa vf/kd&ls&vf/kd 8 ?kaVs pykbZ tk ldrh

gSA nksuska izdkj ds lkcqu Øe'k% 25 iSls rFkk 50 iSls ds ykHk ij csps tkrs gSaaA eku yhft,

fd fuekZrk lHkh cus gq, lkcquksa dks csp ldrk gSA dkj[kkus esa izfrfnu izR;sd izdkj ds

fdrus lkcqu cuk, tkus pkfg,¡] ftlls fd vf/kdre ykHk izkIr gksA leL;k dks jSf[kd

izksxzkeu leL;k cukb,A

4. nks ,slh _.ksrj ifjes; la[;k,¡ Kkr dhft;s] ftudk ;skx vf/kdre gks ;fn mudk vUrj

pkj gS rFkk igyh la[;k ds rhu xqus vkSj nwljh la[;k dk ;ksx 9 ds cjkcj ;k mlls de

gSA leL;k dks jSf[kd izksxzkeu leL;k cukb,A

lgk;d osclkbV

vkb, vH;kl djsa
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5. nks fofHkUu izdkj ds vkgkjksa E rFkk F esa foVkfeu A rFkk B ik;s tkrs gSaA vkgkj E dh

izR;sd bdkbZ esa 2 bdkbZ foVkfeu A rFkk 3 bdkbZ foVkfeu B dh gSaA vkgkj F dh izR;sd

bdkbZ esa 4 bdkbZ foVkfeu A rFkk 2 bdkbZ foVkfeu B dh gSA vkgkj E rFkk F dh izR;sd

bdkbZ dk ewY; Øe'k% 5.00 #i;s rFkk 2.50 #i;s gSA ,d O;fDr ds fy, izR;sd fnu

foVkfeu A rFkk B dh Øe'k% U;wure 40 bdkbZ rFkk 50 bdkbZ dh vko';drk gksrh gSA

eku yhft, fd foVkfeu A rFkk B dh izfrfnu dh U;wure vko';drk ls vf/kdrk

gkfudkjd ugha gSA U;wure ewY; ij vkgkj E rFkk F dk mfpr feJ.k Kkr dhft, ftlls

foVkfeu A rFkk B dh izfrfnu dh U;wure vko';drk dh iwfrZ gksrh gksA bls jSf[kd

izksxzkeu leL;k cukb,A

6. ,d e'khu mRiknksa A rFkk B esa ls izR;sd dk mRiknu dj ldrh gSA A ds mRiknu ds fy,
2 bdkbZ jlk;u rFkk 1 bdkbZ ;kSfxd iz;qDr gksrs gSa vkSj B ds mRiknu ds fy, 1 bdkbZ
jlk;u rFkk 2 bdkbZ ;kSfxd iz;qDr gksrs gSaA dsoy 800 bdkbZ jlk;u rFkk 1000 bdkbZ
;kSfxd miyCèk gSaaA mRiknksa A rFkk B dh izfr bdkbZ ij Øe'k% 30 #i;s rFkk 20 #i;s ykHk
feyrk gSA dqy ykHk dks vf/kdre cukus ds fy, A rFkk B ds chp bdkb;ksa dk b"Vre
fu;ru izkIr dhft,A

7. fuEufyf[kr iz'uksa dks vkys[kh; fof/k ls gy dhft, %

(a) vf/kdre 1 225 20z x x= +

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

3 6 50

2 10

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

(b) vf/kdre 1 29 10z x x= +

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

1 2

11 9 9900

7 12 8400

3 8 4800

0, 0

x x

x x

x x

x x

+ ≤

+ ≤

+ ≤

≥ ≥

(c) vf/kdre 1 222 18z x x= +

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

20,

3 2 48

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥
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ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 37.1

1. 1 23 8z x x= +  dk vf/kdre eku Kkr dhft;s

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

3 4 18

4 5 21

0, 0.

x x

x x

x x

+ ≤

+ ≤

≥ ≥

2. 1 250 15z x x= +  dk vf/kdre eku Kkr dhft;s

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

5 100

60

0, 0.

x x

x x

x x

+ ≤

+ ≤

≥ ≥

3. 1 24000 7500z x x= +  dk U;wure eku Kkr dhft;s

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

4 3 40

2 3 8

0, 0

x x

x x

x x

+ ≥

+ ≥

≥ ≥

4. 1 25 4z x x= +  dk vf/kdre eku Kkr dhft;s

fuEu izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

1.5 2.5 80

2 1.5 70

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

ns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kkns[ksa vkius fdruk lh[kk 37.2

1. x2

(0, 40)

C(0, 30)

B(20, 20)

O A(40, 0) (60, 0)
x1

x x1 2 + = 40 x x1 2 + 2 = 60

laH
kkO;

 u
s=k

fp= 37-17fp= 37-17fp= 37-17fp= 37-17

mÙkjekyk
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B(20,20) ij vf/kdre z = 140

2.

laHkkO; us=k

O

C(0, 400)

B(200, 200)

(400, 0)

x2

(0, 600)

A(300, 0)
x  x1 2 +  = 400

2  +  = 600x x1 2

C(0,400) ij vf/kdre z = 1200

3. x2

D(0, 24)

(0, 16)

(0, 8)

l
aHkkO;

 us=k

O (8, 0) (16, 0) A(24, 0)
x1

x x1 2+ 3  = 24
x x1 2 +  = 16

3  +  = 24x x1 2

(4,12)C  ij U;wure 720.z = 1 24, 12x x= =

fp= 37-18fp= 37-18fp= 37-18fp= 37-18

fp= 37-19fp= 37-19fp= 37-19fp= 37-19
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4.

x1

x x1 2 +3  = 30
O

(300, 0)

x  x1 2 +  = 12

5  + 2  = 50x  x1 2

A(10, 0)

D(0, 10)

x2

(0, 25)

laHkkO; us=k

B
26 10

3 3
,

(3,9)C  ij vf/kdre 330z = ; 1 23, 9x x= =

5.            

laHkkO; us=k

x2

C(0, 60)
B(10, 50)

A(20, 0) (60, 0)
x1

5  +  = 100x x1 2 x x1 2 +  = 60
O

(10,50)B  ij vf/kdre 1250z =  1 210, 50x x= =

fp= 37-20fp= 37-20fp= 37-20fp= 37-20

fp= 37-21fp= 37-21fp= 37-21fp= 37-21
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6.                             

O
2  + 3  = 8x x1 2

4  + 3  = 40x x1 2

A(10, 0)
x1

B(0,    )
10

3

laHkkO; us=k

x2

A (10,0) ij vf/kdre  z  =  40,000; 1 210, 0x x= =

vkb, vH;kl djsa

1. 1 2100 80= +z x x dk vf/kdre eku Kkr dhft,

fuEu 'krks± ds vUrxZr

1 2

1 2

1 2

5 4 50

10

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

2. 1 2150 980= +z x x dk vf/kdre eku Kkr dhft,

fuEu 'krks± ds vUrxZr

1 2

1 2

1 2

3 30

7 14 40

0, 0

+ ≤

+ ≤

≥ ≥

x x

x x

x x

3. 1 225 50z x x= + dk vf/kdre eku Kkr dhft,

fp= 37-22fp= 37-22fp= 37-22fp= 37-22
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fuEu 'krks± ds vUrxZr

1 2

1 2

1 2

2 3 480

3 5 480

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

4. 1 2z x x= + dk vf/kdre eku Kkr dhft,

fuEu 'krks± ds vUrxZr

1 2

1 2

1 2

4

3 9

0, 0

x x

x x

x x

− ≥

+ ≤

≥ ≥

5. 1 25 2.5z x x= + dk U;wure eku Kkr dhft,

fuEu 'krks± ds vUrxZr

1 2

1 2

1 2

2 20

3 2 50

0, 0

x x

x x

x x

+ ≥

+ ≥

≥ ≥

6. 1 230 20z x x= +  dk vf/kdre eku Kkr dhft,

izfrcU/kksa ds vUrxZr

1 2

1 2

1 2

2 800

2 1000

0, 0

x x

x x

x x

+ ≤

+ ≤

≥ ≥

B (200, 400) ij vf/kdre  z = 14000; 1 2200, 400x x= =

fp= 37-23fp= 37-23fp= 37-23fp= 37-23

(0, 800)

B(200, 400)
laHkkO; us=k OABC

A(400, 0) (1000, 0)
x1O

2  +  = 800x x1 2

C(0, 500)

x2

x x1 2 + 2  = 1000
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7. (a)

x2

x1

x x1 2 + 2  = 10

4  + 3  = 25x x1 2

(100, 0)

O

C(0, 5)

laHkkO; us=k

B(4, 3)

(0,     )
25

3

A
25

4
, 0

B (4, 3) ij vf/kdre z = 160, x
1
 = 4 x

2
 = 3

(b)

 

laHkkO; us=k

B(626, 335)
C(480, 420)

(0, 1100)

x2

(0, 700)

D(0, 600)

A(900, 0)O

3  + 8  = 4800x x1 2

x1

11  + 9  = 9900x x1 2

7  + 12  = 8400x x1 2

A (900,0)     D(0,600)     B (626, 335), O(0, 0) rFkk C (480, 420)

B (626, 335) ij vf/kdre z = 8984; x
1
 = 626, x

2
 = 335

fp= 37-24fp= 37-24fp= 37-24fp= 37-24

laHkkO; {ks=

fp= 37-25fp= 37-25fp= 37-25fp= 37-25



498

jSf[kd izksxzkeu

xf.kr

ekWM~;wy - X

jSf[kd izksxzkeu
,oa xf.krh;

foospu

fVIi.kh

(c)

laHkkO; us=k OABC

(0, 24)

C(0, 20)

x2

B(8, 12)

(20, 0)

A(16, 0)
x x1 2+  = 20

3 + 2  = 48x x1 2

O
x1

B (8, 12) ij vf/kdre z = 392, x
1
 = 8, x

2
 = 12

fp= 37-26fp= 37-26fp= 37-26fp= 37-26
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38

xf.krh; foospu

38-1 xf.krh; foospu

bl v/;k; esa ge xf.krh; foospu ls lacaf/kr dqN ekSfyd /kkj.kkvksa dks lh[ksaxs vksj foospu
dh izfØ;k dh ppkZ fo'ks"k :i ls xf.kr ds lanHkZ esa djsaxsA xf.krh; Hkk"kk esa foospu nks
izdkj ds gksrs gSa (i) vkxeukRed ¼vkxfed½ foospu (ii) fuxeukRed ¼fuxefud½ foospu

vkxeukRed foospu dh ppkZ ge xf.krh; vkxeu esa igys gh dj pqds gSaA izLrqr vè;k;
esa ge dqN ewyHkwr fuxeukRed foospu ij ppkZ djsaxsA

38-2 dFku (vFkok lkè;)

xf.krh; foospu dh ekSfyd bdkbZ xf.krh; dFku dh ladYiuk gSA

,d okD; xf.krkuqlkj dFku dgykrk gS] ;fn og ;k rks lR; gS vFkok vlR; gS ijUrq
nksuksa ¼lR; ,oa vlR;½ u gksA

;fn dksbZ dFku lR; gS] rks og oS/k dFku dgykrk gS vkSj vlR; dFku dks vekU;
dFku dgrs gSaA

l fuEufyf[kr nks okD;ksa ij fopkj dhft, %

3 vkSj 4 dk ;ksx 6 gS

2 vkSj 3 dk ;ksx 5 gSA

bu okD;ksa dks i<+dj ge rqjUr fu.kZ; dj ldrs gSa fd izFke okD; xyr gS vkSj f}rh;
lgh gSA buds ckjs esa dksbZ Hkze ugha gSA bl rjg ds okD;ksa dks xf.kr esa dFku dgrs
gSaA

l vc fuEufyf[kr okD;ksa ij ppkZ djrs gSa %

xf.kr ,d dkSrqd gSA

tks O;fDr xf.kr dks ilUn djrs gSa muds fy, ;g ,d dkSrqd gS tcfd vU; fdlh
O;fDr ds fy, ;g vlR; gks ldrk gSA blfy, fn;k gqvk okD; lR; vkSj vlR;
nksuksa izdkj dk gSA blfy, ;g okD; dFku ugha gSA

l fuEufyf[kr okD;ksa dh ppkZ djrs gSa %

(i) pUnzek] i`Foh ds bnZ&fxnZ ?kwerk gSA

(ii) izR;sd oxZ vk;r gksrk gSA
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(iii) lw;Z ,d rkjk gSA

(iv) izR;sd vk;r ,d oxZ gSA

(v) ubZ fnYyh ikfdLrku esa gSA

bu lHkh okD;ksa dks i<+dj ge dg ldrs gSa fd izFke] f}rh; ,oa rr̀h; okD; lR;
gSaA tcfd pkSFkk vkSj ik¡pok okD; vlR; gSaA blfy, buesa ls izR;sd okD; ,d dFku gSA

• fuEufyf[kr okD;ksa ij ppkZ djrs gSa %

(i) eq>s ,d fxykl ikuh nhft,

(ii) fctyh 'kq: dj nhft,

(iii) vki dgka tk jgs gSa\

(iv) vki dSls gSa\

(v) fdruk lqUnjA

(vi) Hkxoku~ vkidks yEch vk;q iznku djsaA

(vii) dy cq/kokj gSA

mi;qZDr okD;ksa esa ls fdlh dh Hkh lR;rk ds fo"k; esa fu.kZ; ugha fy;k tk ldrk]
blfy, ;s okD; dFku ugha gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 38.1. tk¡fp, fd D;k fuEufyf[kr okD; dFku gSa\ vius mÙkj ds fy, dkj.k crkb,A

(i) 12] 16 ls NksVk gSA

(ii) izR;sd leqPp; ifjfer gksrk gSA

(iii) x + 5 = 11.

(iv) cknyksa ds fcuk dHkh Hkh o"kkZ ugha gksrh

(v) lHkh iw.kkZad izkdr̀ la[;k,a Hkh gSaA

(vi) ;gk¡ ls vkxjk fdruh nqjh ij gS\

(vii) D;k vki dkuiqj tk jgs gSa\

(viii) lHkh xqykc lQsn gksrs gSa\

gygygygy : (i) ;g okD; lR; gS D;ksafd 12 < 16 gS blfy, ;g okD; ,d dFku gSA

(ii) ;g okD; vlR; gS D;ksafd lHkh leqPp; ifjfer ugha gksrsA vr% ;g okD; ,d
dFku gSA

(iii) x + 5 = 11 ,d eqDr okD; gSA bldh lR;rk rc rd ugha tk¡ph tk ldrh tc
rd x dk eku u fn;k gqvk gksA blfy, ;g okD; dFku ugha gSA

(iv) ;g oSKkfud :i ls izekf.kr izkd`frd rF; gS fd o"kkZ gksus ls igys ckny curs
gSaA blfy, ;g okD; lnSo lR; gSA blfy, ;g ,d dFku gSA

(v) ;g okD; vlR; gS D;ksafd lHkh iw.kkZad] izkdr̀ la[;k,a ugha gksrhA blfy, ;g
,d dFku gSA

(vi) ;g iz'uokpd okD; gSaA vr% ;g dFku ugha gSA

(vii) bl okD; ds fy, gekjs ikl dksbZ fuf'pr mÙkj ugha gks ldrkA blfy, ;g okD;
dFku ugha gSA

(viii) ;g okD; vlR; gS D;ksafd lHkh xqykc lQsn ugha gksrsA vr% ;g ,d dFku gSA
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       ns[ksa vkius fdruk lh[kk 38-1

1. fuEufyf[kr esa ls dkSu&lk okD; dFku gSA vius mÙkj dk dkj.k Hkh fyf[k,A

(i) vkt ,d rwQkuh fnu gSA

(ii) ,d eghus esa 40 fnu gksrs gSaA

(iii) 6 rFkk 8 dk ;ksx 12 ls cM+k gSA

(iv) ,d la[;k dk oxZ le la[;k gksrh gSA

(v) xf.kr ,d dfBu fo"k; gSA

(vi) lHkh okLrfod la[;k,a lfEeJ la[;k,a gksrh gSa

(vii) –2 vkSj –5 dk xq.kuQy –10 gSA

(viii) ,d o"kZ esa 14 eghus gksrs gSaA

(ix) okLrfod la[;k 4] x ls NksVh gSA

(x) eksgu] esjh ckr lqfu,!

(xi) D;k lHkh o`Ùk xksy gksrs gSa\

(xii) lHkh f=Hkqtksa dh rhu Hkqtk,a gksrh gSaA

38-3 fdlh dFku dk fu"ks/u

fdlh dFku dks udkjuk ml dFku dk fu"ks/ku dgykrk gSA

vkb, fuEufyf[kr dFku dh ppkZ djrs gSa %

P : ubZ fnYyh ,d 'kgj gSA

bl dFku dk fu"ks/ku fuEufyf[kr izdkj gks ldrk gSA

;g oLrq fLFkfr ugha gS fd ubZ fnYyh ,d 'kgj gS

vFkok

;g vlR; gS fd ubZ fnYyh ,d 'kgj gS

vFkok

ubZ fnYyh ,d 'kgj ugha gSA

;fn p ,d dFku gS rks p dk fu"ks/ku Hkh ,d dFku gS vkSj bls ~p ls O;Dr fd;k
tkrk gS vkSj bls “p ugha” i<+rs gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 38.2. fuEufyf[kr dFkuksa dk fu"ks/ku fyf[k,A

(i) 2 rFkk 3 dk ;ksx 6 gSSA

(ii) 7  ,d ifjes; l[;k gS

(iii) vkLVªsfy;k ,d egk}hi gS

(iv) la[;k 8 la[;k 5 ls NksVh gS

gygygygy :  (i) P : 2 rFkk 3 dk ;ksx 6 gSA

 ~P : 2 rFkk 3 dk ;ksx 6 ugha gSA



502

xf.krh; foospu

xf.kr

ekWM~;wy - X

jSf[kd izksxzkeu
,oa xf.krh;

foospu

fVIi.kh

(ii)  q : 7  ,d ifjes; la[;k gSA

~q : 7  ,d ifjes; la[;k ugha gSA

(iii) r : vkLVªsfy;k ,d egk}hi gSA

~r : vkLVªsfy;k ,d egk}hi ugha gSA

(iv) S : la[;k 8 la[;k 5 ls NksVh gSA

~S : la[;k 8 la[;k 5 ls NksVh ugha gSA

vFkok

;g vlR; gS fd la[;k 8 la[;k 5 ls NksVh gSA

38-4 feJ dFku (la;qDr dFku) %

xf.krh; foospu esa] O;kidr% nks izdkj ds dFku gksrs gSaA

(1) lk/kkj.k dFku%lk/kkj.k dFku%lk/kkj.k dFku%lk/kkj.k dFku%    ,slk dFku ftls nks vFkok vf/kd dFkuksa esa foHkkftr ugha fd;k tk
ldrk] lk/kkj.k dFku dgykrk gSA mnkgj.k ds fy, %

(i) izR;sd leqPp; ifjfer gksrk gSA

(ii) ubZ fnYyh] Hkkjr dh jkt/kkuh gSA

(iii) xqykc lQsn gksrs gSaA

(iv) 2  ,d vifjes; la[;k gSA

(v) okLrfod la[;kvksa dk leqPp; ,d vifjfer leqPp; gSA

(2) feJ dFku%feJ dFku%feJ dFku%feJ dFku%    ,slk dFku tks nks vFkok vf/kd lk/kkj.k dFkuksa ds la;kstu ls curk gS]
feJ dFku dgykrk gSA

mnkgj.k ds fy, %

(i) eksgu cgqr prqj gS vFkok og cgqr HkkX;'kkyh gSA okLro esa ;g dFku nks
fuEufyf[kr dFkuksa dks ^^vFkok** la;kstd }kjk tksM+dj cuk;k x;k gSA

p : eksgu cgqr prqj gS

q : eksgu cgqr HkkX;'kkyh gS

(ii) lw;Z i`Foh ls cM+k gS vkSj i`Foh pk¡n ls cM+h gSA

;g dFku fuEufyf[kr nks dFkuksa dks vkSj la;kstd }kjk tksM+dj cuk;k x;k gSA

p : lw;Z i`Foh ls cM+k gSA

q : i`Foh pk¡n ls cM+h gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 38.3.  fuEufyf[kr feJ dFkuksa ds ?kVd dFku Kkr dhft,A

(i) vkdk'k uhyk gS vkSj ?kkl gjh gSA

(ii) lHkh ifjes; la[;k,a okLrfod la[;k,a gSa vkSj lHkh okLrfod la[;k,a lfEeJ la[;k,a
gSaA

(iii) o"kkZ gks jgh gS vkSj B.M gSA

(iv) 2  ,d ifjes; la[;k gS vFkok vifjes; la[;k gSA
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gygygygy : (i) ?kVd dFku fuEufyf[kr gSa

p : vkdk'k uhyk gS

q : ?kkl gjh gS

^^vkSj** la;kstd gSA

(ii) p : lHkh ifjes; la[;k,a okLrfod gSa

q : lHkh okLrfod la[;k, lfEeJ la[;k,a gSa

?kVd dFku gSa rFkk la;kstd ^^vkSj** gSA

(iii)  p : o"kkZ gks jgh gSA

q : B.M gSA

?kVd dFku gS rFkk ^^vkSj** la;kstd gSA

(iv) p : 2  ,d ifjes; la[;k gSA

q : 2  ,d vifjes; la[;k gSA

?kVd dFku gSa rFkk ^^vFkok** la;kstd gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 38.4.  fuEufyf[kr feJ dFkuksa ds ?kVd dFku Kkr dhft,A

(i) 'kwU; ,d /kukRed la[;k gS vFkok _.kkRed la[;k

(ii) lHkh vHkkT; la[;k,a ;k rks le gS vFkok fo"ke

(iii) paMhx<+ iatkc vkSj m-iz- dh jkt/kkuh gSA

(iv) la[;k 12] la[;kvksa 2] 3 vkSj 4 dh xq.kt gSA

gygygygy : (i)P : 0 ,d /kukRed la[;k gSA

q : 0 ,d _.kkRed la[;k gS

?kVd dFku gSa rFkk ^^vFkok** la;kstd gSA

(ii) p : lHkh vHkkT; la[;k,a le la[;k,a gSaA

q : lHkh vHkkT; la[;k,a fo"ke la[;k,a gSaA

?kVd dFku gSa rFkk ^^vFkok** la;kstd gSA

(iii) p : p.Mhx<+ iatkc dh jkt/kkuh gSA

q : p.Mhx<+ mÙkj izns'k dh jkt/kkuh gSA

?kVd dFku gSa rFkk ^^vkSj** la;kstd gSA

(iv) p : la[;k 12 la[;k 2 dk xq.kt gSA

q : la[;k 12 la[;k 3 dk xq.kt gSA

r : la[;k 12 la[;k 4 dk xq.kt gSA

?kVd dFku gSa vkSj rhuksa ?kVd dFku lR; gSaA ;gk¡ ij ^^vkSj** la;kstd gSA
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38-5 varHkkZo

bl [k.M esa] ge ^^;fn&rks**] ^^dsoy ;fn** vkSj ^^;fn vkSj dsoy ;fn** ij fopkj&foe'kZ djsaxsA

^^;fn&rks** ls ;qDr dFkuksa dk iz;ksx cgqr lkekU; gSA mnkgj.k ds fy, uhps fy[ksa
dFkuksa ij fopkj dhft, %

r : ;fn vkidk tUe fdlh ns'k esa gqvk gS] rks vki ml ns'k ds ukxfjd gSaA ge ns[krs
gSa fd ;g dFku fuEufyf[kr nks dFkuksa ds ln`'k gSA

p : vkidk tUe fdlh ns'k esa gqvk gSA

q : vki ml ns'k ds ukxfjd gSaA

;fn p rFkk q, varHkkZo ^^;fn p rks q”, dks cukus okys nks dFku gSa] rks bl varHkkZo dks
“p ⇒ q” ds :i esa O;Dr fd;k tkrk gSA

varHkkZo ^^;fn p rks q” dks fuEu izdkj Hkh le>k tk ldrk gSA

(i) ;fn p vkSj q nksuks lR; gSa rks

p ⇒ q Hkh lR; gSA

(ii) ;fn p lR; gS vkSj q vlR; gS] rks

p ⇒ q Hkh vlR; gSA

(iii) ;fn p vlR; gS vkSj q lR; gS] rks

p ⇒ q Hkh lR; gSA

(iv) ;fn p vkSj q nksuksa vlR; gSa] rks

p ⇒ q lR; gSA

fuEufyf[kr dFkuksa ij fopkj dhft, %fuEufyf[kr dFkuksa ij fopkj dhft, %fuEufyf[kr dFkuksa ij fopkj dhft, %fuEufyf[kr dFkuksa ij fopkj dhft, %

;fn dksbZ la[;k 9 dh xq.kt gS] rks og 3 dh Hkh xq.kt gS ;g ,d ,slk varHkkZo gS ftldk
iwoZin (p) rFkk ijin (q) fuEufyf[kr izdkj gSa %

p : a ,d la[;k 9 dh xq.kt gSA

q : a ,d la[;k 3 dh xq.kt gSA

mi;qZDr dFku ds vuqlkj

(i) p i;kZIr izfrca/k gS q ds fy,A bldk vFkZ ;g gqvk fd ;g Kkr gksuk fd la[;k
9 dh xq.kt gS] i;kZIr gS ;g fu"d"kZ fudkyus ds fy, fd og la[;k 3 dh Hkh xq.kt gSA

(ii) p dsoy ;fn q.

bldk vFkZ gqvk fd dksbZ la[;k 9 dh xq.kt gS] dsoy ;fn og la[;k 3 dh Hkh
xq.kt gSA

(iii) 'q vfuok;Z izfrca/k gS p ds fy,*

bldk vFkZ ;g gqvk fd tc dksbZ la[;k 9 dh xq.kt gS] rks og la[;k vfuok;Z
:i ls 3 dh Hkh xq.kt gSA

(iv) ~q varHkkZo ~p.

bldk vFkZ ;g gqvk fd ;fn dksbZ la[;k 3 dh xq.kt ugha gS] rks og la[;k 9
dh Hkh xq.kt ugha gSA
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38-6 izfr/ukRed vkSj foykse

izfr/kukRed% izfr/kukRed% izfr/kukRed% izfr/kukRed% ;fn p vkSj q nks dFku gSa&rks ^^;fn p rks q” varHkkZo dk izfr/kukRed ^^;fn
~q rks ~p” gSA

foykse%foykse%foykse%foykse%    ;fn p vkSj q nks dFku gSa] rks ^^;fn p rks q” varHkkZo dk foykse ^^;fn q rks p”.

mnkgj.k ds fy, %

;fn ,d la[;k 9 ls foHkkftr gksrh gS] rks og 3 ls Hkh foHkkftr gksrh gSA

bldk varHkkZo fuEu izdkj gS %

p : la[;k 9 ls foHkkftr gS

q : la[;k 3 ls foHkkftr gS

bl dFku dk izfr/kukRed bl izdkj gS %

;fn dksbZ la[;k 3 ls foHkkftr ugha gS] rks og 9 ls Hkh foHkkftr ugha gSA

bl dFku dk foykse bl izdkj gS %

;fn dksbZ la[;k 9 ls foHkkftr gS] rks og 3 ls Hkh foHkkftr gSA

38-7 ;fn vkSj dsoy ;fn varHkkZo

;fn p vkSj q nks dFku gSa] rks feJ dFku p ⇒ q rFkk q ⇒ p, ;fn vkSj dsoy ;fn varHkkZo
dgykrk gS vksj bls p ⇔ q ls O;Dr djrs gSaA

mnkgj.k ds fy,

,d f=Hkqt leckgq gS ;fn vkSj dsoy ;fn ;g lekudks.kh; gSA ;g ,d ;fn vkSj dsoy
;fn varHkkZo gS ftlds ?kVd dFku bl izdkj gSa %

p : ,d f=Hkqt leckgq gSA

q : ,d f=Hkqt lekudks.kh; gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 38.5.  fuEufyf[kr dFkuksa dks ^^;fn rks** ds :i esa fyf[k,A

(i) vkidks ukSdjh feyus dk rkRi;Z gSa vkidk izR;;&i= vPNk gSA

(ii) dsys ds isM esa vPNs Qwy yxsaxs ;fn okrkoj.k ,d ekg rd xje cuk jgsA

(iii) ,d prqHkqZt lekUrj prqHkqZt gSa ;fn mlds fod.kZ ,d nwljs dks lef}Hkkftr djrs gSaA

gygygygy : (i) ge tkurs gSa fd ^^;fn p rks q”, “p ⇒ q” ds lerqY; gSA blfy, fn;k gqvk dFku
bl izdkj fy[kk tk ldrk gSA

^^;fn vkidks ukSdjh feyrh gS] rks vkidk izR;;&i= vPNk gSA**

(ii) ge tkurs gSa fd ^^;fn p rks q”, “p ⇒ q” ds lerqY; gSA blfy, fn;k gqvk dFku
fuEu izdkj fy[kk tk ldrk gSA

^^;fn ,d eghus rd xje ekSle jgrk gS] rks dsys ds isM+ksa esa vPNs Qwy yxsaxsA**

(iii) fn;k gqvk dFku bl izdkj fy[kk tk ldrk gS %

^^;fn fdlh prqHkqZt ds fod.kZ ,d nwljs dks lef}Hkkftr djrs gSa] rks ;g ,d lekUrj
prqHkqZt gSA**
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 38.6. fuEufyf[kr dFkuksa ds izfr/kukRed fyf[k, %

(i) ;fn ,d f=Hkqt leckgq gS] rks ;g lef}ckgq gSA

(ii) ;fn vkidk tUe Hkkjr esa gqvk gS] rks vki Hkkjr ds ukxfjd gSaA

(iii) ;fn x le la[;k gS] rks bldk rkRi;Z gS fd x, 4 ls foHkkftr gksrh gSA

gy gy gy gy : bu dFkuksa ds izfr/kukRed bl izdkj gSa %

(i) ;fn ,d f=Hkqt lef}ckgq ugha gS] rks og leckgq ugha gSA

(ii) ;fn vki Hkkjr ds ukxfjd ugha gS] rks vkidk tUe Hkkjr esa ugha gqvk gSA

(iii) ;fn x, 4 ls foHkkftr ugha gksrk gS] rks x ,d le la[;k ugha gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 38.7.  fuEufyf[kr dFkuksa ds foykse fyf[k, %

(i) ;fn ,d la[;k n] le la[;k gS] rks n2 le la[;k gSA

(ii) ;fn x ,d le la[;k gS] rks x, 4 ls foHkkftr gksrk gSA

gygygygy : bu dFkuksa ds foykse bl izdkj gSa %

(i) ;fn n2 ,d le la[;k gS] rks n ,d le la[;k gSA

(ii) ;fn x, 4 ls foHkkftr gksrk gS] rks x le la[;k gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 38.8.  uhps dFkuksa ds nks ;qXe fn, gq, gSA ^^;fn vkSj dsoy ;fn** dh lgk;rk
ls izR;sd ;qXe ds dFkuksa dks tksfM+,A

(i) p : ;fn ,d vk;r oxZ gS] rks bldh pkjksa Hkqtk,a leku gksrh gSaA

q : ;fn vk;r dh pkjksa Hkqtk,a leku gSa] rks vk;r ,d oxZ gksrk gSA

(ii) p : ;fn fdlh la[;k ds vadksa dk ;ksx 3 ls foHkkftr gksrk gS] rks og la[;k 3 ls
foHkkftr gksrh gSA

q : ;fn ,d la[;k 3 ls foHkkftr gS] rks ml la[;k ds vadksa dk ;ksx Hkh 3 ls foHkkftr
gSA

gygygygy : (i) ,d vk;r oxZ gS ;fn vkSj dsoy ;fn mldh pkjksa Hkqtkvksa dh yEckbZ leku gSA

(ii) ,d la[;k 3 ls foHkkftr gS ;fn vkSj dsoy ;fn mlds vadksa dk ;ksxQy 3 ls foHkkftr
gSA

        ns[ksa vkius fdruk lh[kk 38-2

1. fuEufyf[kr dFku dks ^^;fn&rks** ds iz;ksx ls ik¡p fofHkUu :iksa esa bl izdkj fyf[k,
fd izR;sd :i dk vFkZ ,d tSlk gksA

;fn ,d izkdr̀ la[;k fo"ke gS] rks bldk oxZ Hkh fo"ke gSA

2. fuEufyf[kr dFkuksa dk izfr/kukRed vkSj foykse fyf[k, %

(i) ;fn vki dkuiqj esa jgrs gSa] rks vkids ikl lnhZ ds diM+s gSaA

(ii) ;fn x ,d vHkkT; la[;k gS] rks x fo"ke la[;k gSA

(iii) ;fn nks js[kk,a lekUrj gS] rks os ,d gh ry esa izfrPNsn ugha djrhA

(iv) x le la[;k gksus dk rkRi;Z gS fd x; 4 ls foHkkftr gSA

(v) BaM gksus dk rkRi;Z gS fd rkieku de gSA
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3. fuEufyf[kr esa ls izR;sd dFku dks ^^;fn&rks** ds :i esa fyf[k, %

(i) d{kk esa A+ izkIr djus ds fy, ;g vko';d gS fd vki iqLrd dh iz'ukofy;ksa
ds lHkh iz'uksa dks gy dj ysaA

(ii) [ksy rHkh jn~n gksxk ;fn o"kkZ gks jgh gSA

(iii) tc BaM gksrh gS rks dHkh o"kkZ ugha gksrhA

4. fuEufyf[kr dFkuksa dks ^^;fn vkSj dsoy ;fn** ds :i esa fyf[k, %

(i) ;fn vki Vsyhfotu ns[krs gSa vkidk fnekx Lora= gS vkSj ;fn vkidk fnekx Lora=
gS rks vki Vsyhfotu ns[krs gSaA

(ii) vkidks A xzsM izkIr djus ds fy, ;g vko';d ,oa i;kZIr gS fd viuk x̀gdk;Z
fu;fer :i ls djsaA

38-8 dFkuksa dh oS/rk dks izekf.kr djuk

bl vuqPNsn esaa ge dFkuksa dh oS/krk dh ppkZ djsaxsA dFku dh oS/krk tk¡pus ls vfHkizk;
gS fd dFku dc lR; gS vkSj dc vlR; gSA bl iz'u dk mÙkj bl ckr ij fuHkZj djrk
gS fd iznÙk&dFku esa ^^vkSj** rFkk ^;k* esa ls la;kstd 'kCn dk vFkok ^^;fn vkSj dsoy ;fn**
rFkk ^^;fn&rks** esa ls fdl izfrca/k dk vFkok ^^izR;sd ds fy,** rFkk ^^,d ,slk dk vfLrRo
gS** esa ls fdl ifj.kkeokpd okD;ka'k dk iz;ksx fd;k x;k gSA

;gk¡ ge fdlh dFku dh oS/krk Kkr djus ds fy, dqN rduhdksa vFkok fu;eksa dh ppkZ djsaxsA
fu;e fu;e fu;e fu;e 1: ^^vkSj** lfgr dFku
;fn p vkSj q xf.krh; dFku gSa] rks ;g n'kkZus ds fy, fd dFku “p vkSj q” lR; gS

ge fuEufyf[kr pj.kksa dk vuqlj.k djrs gSaA
pj.kpj.kpj.kpj.k 1 : n'kkZb, fd dFku p lR; gSA
pj.kpj.kpj.kpj.k 2 : n'kkZb, fd dFku q lR; gSA
fu;e fu;e fu;e fu;e 2: ^^vFkok** lfgr dFku
;fn p vkSj q xf.krh; dFku gSa] rks ;g n'kkZus ds fy, fd dFku “p vFkok q” lR;

gS] ge fuEufyf[kr fLFkfr;ksa esa ls fdlh ,d dks lR; izekf.kr djrs gSaA
fLFkfr fLFkfr fLFkfr fLFkfr 1 : ge ekurs gq, fd p vlR; gS] q dks vfuok;Zr% lR; izekf.kr dhft,A
fLFkfr fLFkfr fLFkfr fLFkfr 2 : ge ekurs gq, fd q vlR; gS] p dks vfuok;Zr% lR; izekf.kr dhft,A
fu;e fu;e fu;e fu;e 3: ^^;fn&rks** lfgr dFkuksa dh oS/krk
;fn p vkSj q nks xf.krh; dFku gSa] rks ;g fl) djus ds fy, fd dFku ^^;fn p

rks q” lR; gS ge fuEufyf[kr fLFkfr;ksa esa ls fdlh ,d dks lR; izekf.kr djrs gSaA
fLFkfr fLFkfr fLFkfr fLFkfr 1 : izR;; fof/k %
;g ekurs gq, fd p lR; gS] q dks vfuok;Zr% lR; izekf.kr dhft,A
fLFkfr fLFkfr fLFkfr fLFkfr 2 : izfr/kukRed fof/k %
;g ekurs gq, fd q vlR; gS] p dks Hkh vfuok;Zr% lR; izekf.kr dhft,A
fu;e fu;e fu;e fu;e 4: ^^;fn vkSj dsoy ;fn** lfgr dFku %
dFku “p ;fn vkSj dsoy ;fn q” dks lR; fl) djus ds fy, gesa ;g izekf.kr djus

dh vko';drk gS fd
(i) ;fn p lR; gks rks q lR; gSA
(ii) ;fn q lR; gS rks p lR; gSA
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mnkg.kmnkg.kmnkg.kmnkg.k 38.9.  ;fn p vkSj q nks dFku bl izdkj gSa fd

p : 35, 5 dk xq.kt gS

q : 35, 6 dk xq.kt gS

bu nks dFkuksa dks ̂ ^vkSj** la;kstd ls tksM+dj feJ dFku fyf[k, vkSj oS|rk dh tk¡p dhft,A

gygygygy : feJ dFku bl izdkj gS % “35, 5 vkSj 6 nksuksa dk xq.kt gS** D;ksafd 35, 5 dk xq.kt
gS vkSj 6 dk xq.kt ugha gSA blfy, p lR; gS ysfdu q vlR; gSA blfy, feJ dFku oSèk
ugha gSA

mnkg.kmnkg.kmnkg.kmnkg.k 38.10.  ;fn p vkSj q nks dFku bl izdkj gSa fd

p : 35, 5 dk xq.kt gSA

q : 35, 6 dk xq.kt gSA

bu nks dFkuksa dks ^^vFkok** la;kstd ls tksM+dj ,d feJ dFku fyf[k, vkSj oS|rk
dh tk¡p dhft,A

gygygygy : feJ dFku bl izdkj gS % “35, 5 vFkok 6 dk xq.kt gSA**

;g ekurs gq, fd dFku q vlR; gS] rks p lR; gS

feJ dFku lR; gS vFkkZr oS/k gSA

mnkg.kmnkg.kmnkg.kmnkg.k 38.11.  tk¡p dhft, fd fuEufyf[kr dFku lR; gS vFkok ughaA

^^;fn x vkSj y fo"ke iw.kkZad gSa] rks xy ,d fo"ke iw.kkZad gSA

gy gy gy gy : eku yhft, dFku p vkSj q fuEu izdkj gSa

p : x vkSj y fo"ke iw.kkZad gSaA

q : xy ,d fo"ke iw.kkZad gS] rks fn;k gqvk dFku

^^;fn p rks q** ds tSlk gSA

izR;{k fof/k % p lR; gS] rks p lR; gSA

⇒ x vkSj y fo"ke la[;k,a gSa

⇒ x = 2m + 1, y = 2n + 1, iw.kkZad m, n ds fy,

⇒ xy = (2m + 1) (2n + 1)

⇒ xy = 2 (2mn + m + n) + 1

⇒ xy ,d fo"ke iw.kkZad gSA

⇒ q lR; gSA

bl izdkj] p lR; gS ⇒ q lR; gS

vr% “;fn p, rks q” ,d lR; dFku gSA

38-8-1 izfr/ukRed fof/

eku yhft, q lR; ugha gS] rks q lR; ugha gSA

⇒ xy ,d le la[;k gS

⇒ x le la[;k gS vFkok y le la[;k gS vFkok x vkSj y nksuks le la[;k gSA

⇒ p lR; ugha gSA

bl izdkj q vlR; ⇒ p vlR; gS

vr% ^^;fn p-rks q” ,d lR; dFku gSA
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38-8-2 fojks/ksfDr }kjk dFkuksa dh oS/rk

bl fof/k esa ;g fl) djus ds fy, dksbZ dFku p lR; gS ge ;g eku ysrs gSa fd p lR;
ugha gS vFkkZr  ~p lR; gSA bl izdkj ge ,d ,sls fu"d"kZ ij igaqprs gS tks gekjh ekU;rk
dk [kaMu djrk gSA ifj.kker% p dks lR; gksuk pkfg,A

mnkg.kmnkg.kmnkg.kmnkg.k 38.12.  fojks/kksfDr }kjk fuEufyf[kr dFku dks lR;kfir dhft, %

p : 7  ,d vifjes; la[;k gSA

gy gy gy gy : eku yhft, ,d dFku p bl izdkj gS %

p : 7  ,d vifjes; la[;k gSA

ge eku ysrs gSa fd 7  ,d ifjes; la[;k gSA

⇒ 7
a

b
=  tgk¡ a vkSj b ,sls iw.kkZad gSa ftudk dksbZ mHk;fu"B xq.ku[k.M ugha gSA

⇒ 7 = 

2

2

a

b

⇒ 2 27a b=

⇒ 7, a2 dks foHkkftr djrk gSA

⇒ 7, a dks foHkkftr djrk gSA

⇒ a = 7c fdlh iw.kkZad c ds fy,

⇒ 2 249a c=

⇒ 2 27 49b c=

⇒ 2 27b c=

⇒ 7, b2 dks foHkkftr djrk gSA

⇒ 7, b dks foHkkftr djrk gSA

vr% 7, a rFkk b dk ,d mHk;fu"B xq.ku[k.M gSA ;g bl ckr dk [kaMu djrk gS
fd a vkSj b dk dksbZ mHk;fu"B xq.ku[k.M ugha gSA vr% gekjh ;g ekU;rk xyr gS fd 7

,d ifjes; la[;k gSA vr% dFku ^^ 7  ,d vifjes; la[;k gS** lR; gSA

      ns[ksa vkius fdruk lh[kk 38-3

1. fuEufyf[kr dFkuksa dh oS/krk dh tk¡p dhft, %

(i) p : 80, 4 rFkk 5 dk xq.kt gSA

(ii) q : 115, 5 rFkk 7 dk xq.kt gSA

(iii) r : 60, 2 rFkk 3 dk xq.kt gSA
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2. (i) izR;{k fof/k (ii) fojks/kksfDr fof/k (iii) izfr/kukRed fof/k ls n'kkZb, fd fuEufyf[kr dFku
lR; gS %

p : “,d okLrfod la[;k x bl izdkj gS fd

3 2 0x x+ = , rks x dk eku 0 gSA**

3. izfr/kukRed fof/k ls n'kkZb, fd fuEufyf[kr dFku lR; gS %

p : “;fn x ,d iw.kkZad gS vkSj x2 fo"ke gS] rks x Hkh fo"ke gS**

4. n'kkZb, fd fuEufyf[kr dFku lR; gS %

^^iw.kkZad x le gS ;fn vkSj dsoy ;fn x2 le gS**

5. fuEufyf[kr dFkuksa esa dkSu&lk dFku lR; gS vkSj dkSu&lk dFku vlR; gSA izR;sd
ds fy, vius mÙkj dh oS/krk ds fy, mfpr dkj.k crkb,A

(i) p : o`Ùk dh izR;sd f=T;k mldh thok gksrh gSA

(ii) q : fdlh o`Ùk dk dsUnz o`Ùk dh izR;sd thok dks lef}Hkkftr djrk gSA

(iii) r : ,d o`Ùk] fdlh nh?kZo`Ùk dh ,d fo'ks"k fLFkfr gSA

(iv) s : ;fn x vkSj y ,sls iw.kkZaad gSa fd x > y, rks –x < –y.

(v) t : 11  ,d ifjes; la[;k gSA

• http://www.cs.odu.edu/~toida/nerzic/content/set/math_reasoning.html

• http://www.freencertsolutions.com/mathematical-reasoning

• www.basic-mathematics.com/examples-of-inductive-reasoning.html

1. ,sls pkj okD; fyf[k, tks dFku ugha gSA

2. D;k dFkuksa ds fuEufyf[kr ;qXe ,d nwljs ds fu"ks/ku gSa\

(i) la[;k x ,d ifjes; la[;k ugha gSA

la[;k x ,d vifjes; la[;k ugha gSA

(ii) la[;k x ,d ifjes; la[;k gSA

la[;k x ,d vifjes; la[;k gSA

3. fuEufyf[kr dFkuksa ds izfr/kukRed ,oa foykse fyf[k, %

(i) ;fn nks js[kk,a lekUrj gSa] rks os ,d gh ry esa izfrPNsn ugha djrhA

(ii) ;fn x ,d vHkkT; la[;k gS] rks x fo"ke gSA

4. izR;qnkgj.k }kjk fl) dhft, fd fuEufyf[kr dFku lR; ugha gSa

(i) p : ;fn fdlh f=Hkqt ds lHkh dks.k leku gS] rks f=Hkqt ,d vf/kd dks.k f=Hkqt
gSA

vkb, vH;kl djsa

lgk;d osclkbV
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(ii) q : lehdj.k x2 – 1 = 0 ds ewy 0 vkSj 2 ds chp fLFkr ugha gSA

5. eku yhft,, p : 25, 5 dk xq.kt gSA

q : 25, 8 dk xq.kt gSA nks dFku gSaA

la;kstd ^^vkSj** rFkk ^^vFkok** }kjk feJ dFku fyf[k,A nksuksa n'kkvksa esa izkIr feJ dFkuksa
dh oS/krk tk¡fp,A

ns[ksa vkius fdruk lh[kk 38-1

1. (i), (ii), (iii), (iv), (vi), (vii), (viii), (xii) dFku gSaA

ns[ksa vkius fdruk lh[kk 38-2

1. (i) p ⇒ q i.e., n ,d fo"ke izkdr̀ la[;k gS ⇒ x2 ,d fo"ke izkdr̀ la[;k gSA

(ii) p, q ds fy, i;kZIr izfrca/k gSA

(iii) p dsoy ;fn q i.e ,d izkdr̀ la[;k fo"ke gS dsoy ;fn mldk oxZ fo"ke gSA

(iv) q, p dk vko';d izfrca/k gSA

(v) ~q ⇒ ~ p i.e. ;fn fdlh izkdr̀ la[;k dk oxZ fo"ke ugha gS] rks izkdr̀ la[;k
fo"ke ugha gSA

2. (i) izfr/kukRed % ;fn vkids ikl lnhZ ds diM+s ugha gSa] rks vki dkuiqj esa ugha jgrs
gSaA

foykse % ;fn vkids ikl lnhZ ds diM+s gSa] rks vki dkuiqj esa jgrs gSaA

(ii) izfr/kukRed % ;fn ,d la[;k x fo"ke ugha gS] rks x vHkkT; ugha gSA

foykse % ;fn ,d la[;k x fo"ke gS] rks x vHkkT; la[;k gSA

(iii) izfr/kukRed % ;fn nks js[kk,a ijLij ,d gh lery esa izfrPNsn ugha djrha] rks
os lekUrj ugha gSaA

foykse % ;fn nks js[kk,a ,d gh lery ds ijLij izfrPNsn ugha djrh] rks os lekUrj
gSaA

(iv) izfr/kukRed % ;fn x, 4 ls foHkkftr ugha gksrk] rks x ,d le la[;k ugha gSA

foykse % ;fn x, 4 ls foHkkftr gS] rks x ,d le la[;k gSA

(v) izfr/kukRed % ;fn fdlh oLrq dk rkieku de ugha gS] rks og oLrq BaMh ugha gSA

foykse % ;fn fdlh oLrq dk rkieku de gS] rks oLrq BaMh gSA

3. (i) ^^;fn vki d{kk esa A+ izkIr djrs gSa] rks vki iqLrd ds lHkh iz'uksa dks gy djrs
gSaA**

(ii) ;fn o"kkZ gks jgh gS rks [ksy jn~n gSA

(iii) ;fn BaM gS rks o"kkZ ugha gksrhA

mÙkjekyk
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xf.krh; foospu

xf.kr

ekWM~;wy - X

jSf[kd izksxzkeu
,oa xf.krh;

foospu

fVIi.kh

4. (i) vki Vsyhfotu ns[krs gSa ;fn vkSj dsoy ;fn vkidk fnekx Lora= gSA

(ii) vkidks A xzsM feyrk gS ;fn vkSj dsoy ;fn vki lEiw.kZ x̀gdk;Z fu;fer :i
ls djrs gSaA

ns[ksa vkius fdruk lh[kk 38-3

1. (i) lR; (ii) vlR; (iii) lR;

5. (i) vlR; (ii) vlR; (iii) lR; (iv) lR; (v) vlR;

vkb, vH;kl djsa

1. (i) bl dejs esa izR;sd O;fDr xatk gS

(ii) “cos2θ dk eku lnSo 
1

2
 ls cM+k gksrk gSA

(iii) xf.kr eqf'kdy gSA

(iv) lksgu] esjh ckr lqfu,A

2. (i) gk¡ (ii) gk¡

3. (i) izfr/kukRed : ;fn nks js[kk,a ,d gh lery esa ijLij izfrPNsn djrh gSa rks
os lekUrj ugha gSA

foykse : ;fn nks js[kk,a ,d gh ry esa izfrPNsn ugha djrha] rks os lekUrj
gSaA

(ii) izfr/kukRed : ;fn ,d la[;k x fo"ke ugha gS] rks x ,d vHkkT; la[;k ugha
gSA

foykse : ;fn ,d la[;k x fo"ke gS rks ;g vHkkT; la[;k gSA

5. ^^vkSj** lfgr feJ dFku % 25, 5 rFkk 8 dk xq.kt gSA ;g ,d vlR; dFku gSA

^^vFkok** lfgr feJ dFku % 25, 5 vFkok 8 dk xq.kt gSA ;g ,d lR; dFku gSA



xf.kr (311) i

uewuk iz'u i=k iz'u i=k dk izk:i
fo"k;% xf.kr (311)

mPprj ekè;fed ikB~;Øe

vf/dre vad% 100 le;% 3 ?kaVs

1- mn~ns';ksa ds vk/kj ij Hkkfjrk

Øe la[;k mn~ns'; vad dqy vadks dk izfr'kr

1- Kku 30 30%

2- Ckks/ 40 40%

3- vuqiz;ksx 22 22%

4- dkS'ky 08 8%

2- ekWM;wyokj le; ,oa vad forj.k

Øe la[;k iz'uksa dk izdkj iz'uksa dh la[;k vad vuqekfur le; (feuVksa esa)

1- nh?kZ mÙkjh; iz'u (6 vadh; iz'u) 5 30 5 × 10 = 50

2- y?kq mÙkjh; iz'u   (4 vadh; iz'u) 12 48 12 × 6 = 72

3- vfry?kq mÙkjh; iz'u (2 vadh; iz'u) 6 12 6 × 3 = 18

4- cgqfodYih; iz'u  (1 vadh; iz'u) 10 10 10 × 2 = 20

dqy 33 100 160 feuV

  * nksgjkus ds fy, 20 feuV fu/kZfjr gSaA

3- fo"k; oLrqq ds vk/kj ij Hkkfjrk

Øe la[;k ekWM;wy dk uke ikB dh la[;k vad

1- chtxf.kr -II 03 17

2- laca/ ,oa iQyu -II 02 12

3- dyu 08 45

4- lfn'k ,oa f=kfoeh; T;kfefr 04 17

5- jSf[kd izksxzkeu ,oa xf.krh; foospu 02 09

dqy 19 100

4- iz'uksa dh dfBukbZ ds Lrj ds vk/kj ij Hkkfjrk

vuqekfur Lrj vad vadksa dk izfr'kr

dfBu 20 20

vkSlr 50 50

vklku 30 30

dqy 100 100



ii xf.kr (311)

uewuk iz'u i=kuewuk iz'u iz=k
xf.kr (311)

vf/dre vad% 100 le;% 3 ?kaVs

funsZ'k%

• bl iz'u i=k esa oqQy 33 iz'u gSa] tks pkj [k.Mksa A, B, C rFkk D esa foHkkftr gSaA

• [k.M A esa 1 ls ysdj 10 rd cgqfodYih; iz'u gSaA ftuesa ls izR;sd osQ fy, 1 vad fu/kZfjr gSA izR;sd iz'u esa

mÙkj ds :i esa A, B, C rFkk D pkj fodYi fn, gSa ftuesa ls dksbZ ,d lgh gSA vkidks lgh fodYi pquuk gS rFkk

viuh mÙkj iqfLrdk esa A, B, C rFkk D esa tks lgh gks mÙkj ds :i esa fy[kuk gSA

• [k.M B easa iz'u la[;k 11 ls 16 rd vfr y?kqmÙkjh; iz'u gSa rFkk izR;sd osQ 2 vad fu/kZfjr gSaA

• [k.M C esa iz'u la[;k 17 ls 28 rd y?kqmÙkjh; iz'u gSa rFkk izR;sd osQ 4 vad fu/kZfjr gSaA

• [k.M D esa iz'u la[;k 29 ls 33 rd nh?kZmÙkjh; iz'u gSa rFkk izR;sd osQ 6 vad fu/kZfjr gSaA

• lHkh iz'u vfuok;Z gSaA iw.kZ iz'u i=k esa fodYi ugha gS fiQj Hkh oqQN iz'uksa esa vkarfjd fodYi gSaA ,sls lHkh iz'uksa

esa ls vkidks ,d gh fodYi gy djuk gSA

[k.M – A

1- ;fn A ,d 3 × 3 ozQe dk oxZ vkO;wg gS] rc |KA| cjkcj gksxk%

(a) K|A| (b) 3.K|A| (c) K2|A| (d) K3|A|

2- ;fn tan–1 x = y] x ∈ R,  rc

(a) 0 ≤ y ≤ π (b) 0 < y < π (c)
2 2

π π
− ≤ ≤y (d)

2 2

π π
− < <y

3- ewy fcUnq ls lery ˆˆ ˆ( ) 3⋅ + + =r i j k  dh nwjh gS%

(a) 3 (b) 3 (c)
1

3
(d) 0

4- fuEu esa ls dkSu lk okD; dFku ugha gS%

(a) 5] 12 ls cM+k gSA (b) izR;sd leqPp; ,d ijfer gksrk gSA

(c) lw;Z ,d rkjk gSA (d) ;gk¡ ls vkxjk fdruh nwj gS\

5- ;fn leqPp; {1, 2, 3, 4} ij laca/ R = {(1, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)} ifjHkkf"kr gS] rc%

(a) R LorqY; rFkk lefer gS ijUrq laozQed ughaA (b) R lefer ,oa laozQed gS ijUrq LorqY; ughaA

(c) R LorqY; ,oa laozQed gS ijUrq lefer ughaA (d) R ,d rqY;rk laca/ gSA

6- x osQ eku] ftuosQ fy,] iQyu f(x) = |x| + |x + 5| + |x – 6|] vodfyr ugha gS] gS%

(a) 0, 5, 6 (b) 0, –5, –6 (c) 0, –5, 6 (d) 0, 5, –6

7- ;fn y = log (x⋅ex)] rc 
dy

dx
 dk eku gS%



xf.kr (311) iii

uewuk iz'u i=k

(a)
1+x

x
(b)

1+

⋅ x

x

x e
(c) ex(x + 1) (d)

1

⋅ x
x e

8- ;fn  ex(cosec2 x – cot x)dx = P⋅ex + c] rc P dk eku gS%

(a) cosec2 x (b) cot x (c) –cot x (d) cosec x⋅cot x

9-
/2

/2
| sin |

π

−π∫ x dx  dk eku gS%

(a) –2 (b) 0 (c) 1 (d) 2

10- vodyu lehdj.k 
2 32

2
3 4 0

   + + =  
  

dyd y
y

dxdx
 dh fMxzh gS%

(a) 3 (b) 2 (c) 1 (d) ifjHkkf"kr ugha

[k.M&B

11- ;fn 
5 2

0 9

 
+ =  

 
X Y  rFkk 

3 6
,

0 –1

 
− =  

 
X Y  rc X rFkk Y dk eku Kkr dhft,A

vFkok

,d 2 × 2 vkO;wg dh jpuk dhft, ftlosQ ith iafDr ,oa jth LrEHk dk eku 
3

2

−
=ij

i j
a  gSA

12- ;fn f : R → R rFkk g : R → R iQyu f(x) = x + 1 rFkk g(x) = x – 1] ij ifjHkkf"kr gS rc fn[kkb, fd fog = gof

13- eku Kkr dhft,%

0

1 1
lim
→

+ − −
x

x x

x

14- ;fn y = sin–1 x, rc fn[kkb, fd 
2

2 2 3/2(1 )
=

−

d y x

dx x

15- ml lekUrj prqHkqZt dk {ks=kiQy Kkr dhft, ftldh vklUu Hkqtk,a ˆˆ ˆ2 4 5− +i j k  rFkk ˆˆ ˆ2 3+ +i j k  gSaA

16- tkap dhft, fd fuEu dFku lR; gS ;k vlR;A

¶;fn x, y ∈ Z bl izdkj gSa fd x rFkk y fo"ke gSa] rc xy Hkh fo"ke gSA¸

[k.M&C

17- uhps fn, x, vkO;wg dks lefer vkO;wg ,oa fo"ke lefer vkO;wg osQ ;ksx osQ :i esa O;Dr dhft,%

1 3 5

6 8 3

4 6 5

 
 − 
 − 

18- ;fn ˆˆ ˆ2 3= + −
r
a i j k  rFkk ˆˆ ˆ3 2= − +

r
b i j k  gS] rc fuEu dk eku Kkr dhft,%

(i) a b+
r r

(ii) a b−
r r

∫



iv xf.kr (311)

uewuk iz'u i=k

(iii) ( ) ( ).a b a b+ −
r r r r

(iv) +
rr

a b  rFkk −
rr

a b  osQ chp dks.k

19- lkjf.kd osQ xq.kksa dk mi;ksx djosQ fl¼ dhft,%

2

2

2

1

( )( )( )1

1

= − − −

a a

a b b c c ab b

c c

vFkok

;fn A = 

1 2 2

2 1 2

2 2 1

 
 
 
  

 rFkk A2 + kA – 5I = 0] tgka k ,d okLrfod la[;k gS] rc k dk eku Kkr dhft,A

20- fl¼ dhft,%    1 1 112 4 63
sin cos tan

13 5 16

− − −+ + = π

21- ;fn f : R → R iQyu f(x) = 4x + 3 ij ifjHkkf"kr gS rks fl¼ dhft, fd iQyu f  ,oSQdh ,oa vkPNknd gSA iQyu f dk
izfrykse Hkh Kkr dhft,A

22- a rFkk b osQ eku Kkr dhft, ftuosQ fy, iQyu

   
5 2

( ) 2 10

21 10

≤ 
 

= + < < 
 ≥ 

x

f x ax b x

x

;fn

;fn

;fn

  ,d lrr iQyu gSA

23- ;fn 
2

cos

2

1
,

1

+
= +

−
x x

y x
x

 rc 
dy

dx
 dk eku Kkr dhft,A

24- mu varjkyksa dks Kkr dhft, ftuosQ fy, fn;k x;k iQyu f(x) = –2x3 – 9x2 – 12x + 1, (i) vkjksgh ;k o/Zeku gS (ii)

vojksgh ;k ßkleku gSaA

vFkok

x = 3 ij oozQ y = x2 + 4x + 1 osQ fy, Li'kZ js[kk dk lehdj.k Kkr dhft,A og fcUnq Hkh dhft, tgka oozQ dh Li'kZ
js[kk x-v{k osQ lekUrj gSA

25- eku Kkr dhft,% 
/2

0 1 tan

π

+∫
dx

dx
x

26- nh xbZ vody lehdj.k dks gy dhft,%

( ) 3− = +
dy

x y x y
dx

27- lfn'k ˆˆ ˆ+ +i j k  dk lfn'kksa ˆˆ ˆ2 4 5+ −i j k  rFkk ˆˆ ˆ2 3λ + +i j k  osQ ;ksx osQ lkis{k bdkbZ lfn'k osQ xq.kuiQy dk ifjek.k

2 26  osQ cjkcj gS rks λ dk eku Kkr dhft,A

28- eku Kkr dhft,%

( 1)(2 3)− −∫
dx

x x



xf.kr (311) v

uewuk iz'u i=k

vFkok
eku Kkr dhft,%

3 2

( 1)(2 3)

+

− +∫
x

dx
x x

[k.M&D

29- vkO;wg fof/ dk iz;ksx djosQ fuEu jSf[kd lehdj.kksa osQ fudk; dks gy dhft,A

x – y + 2z = 7,    3x + 4y – 5z = – 5,    2x – y + 3z = 12

vFkok

izkjafHkd LFkkukarj.k fof/ (Elementary Transformation Method) dk iz;ksx djosQ vkO;wg 
2 3 1

2 8 1

3 7 2

 
 
 
  

 dk izfrykse Kkr

dhft,A

30- n'kkZb, fd ,d oÙ̀k osQ vUrxZr ftrus Hkh vk;r cuk, tk ldrs gSa] muesa oxZ dk {ks=kiQy vf/dre gksrk gSA

vFkok

45 lseh- × 24 lseh- vk;rkdkj Vhu dh 'khV osQ dksuksa esa ls oxkZdkj VqdM+s dkVdj 'ks"k Hkqtkvksa dks bl izdkj eksM+k x;k
gS fd ,d [kqyk cDlk cu tk,A dkVs x, oxZ dh Hkqtk Kkr dhft, rkfd cDls dk vk;ru vf/dre gksA

31- lekdyu dk iz;ksx djosQ] nh?kZoÙ̀k 
2 2

1
16 9

+ =
x y

 }kjk f?kjs {ks=k dk {ks=kiQy Kkr dhft,A

32- fcUnq (1, 2, –4) ls xqtjus okyh rFkk js[kkvksa 
1 2 4

2 3 6

− − +
= =

x y z
 ,oa 

1 3 5

1 1 1

− + −
= =

x y z
 osQ lekarj lery dk

lehdj.k Kkr dhft,A

33- ,d mRikn dEiuh uV ,oa cksYV dk mRiknu djrh gSA oaQiuh 1 ?kaVk e'khu A rFkk 3 ?kaVk e'khu B osQ lkFk dk;Z djus
ij uV dk ,d iSosQt dk mRiknu djrh gSA oaQiuh 3 ?kaVk e'khu A rFkk 1 ?kaVk e'khu B osQ lkFk dk;Z djus ij cksYV dk
,d iSosQt mRiknu djrh gSA oaQiuh uV osQ ,d iSosQt ij `20 rFkk cksYV osQ ,d iSosQt ij `10 dk ykHk dekrh gSA ,d
fnu esa 12 ?kaVs osQ fy, nksuksa e'khuksa dk pykdj izR;sd osQ fdrus iSosQtksa dk mRiknu izfrfnu fd;k tk, rkfd ykHk vf/
dre gksA mijksDr ls ,d jSf[kd izksxzkfeax leL;k dk fuekZ.k dhft, rFkk vkys[ku fof/ }kjk gy dhft,A



xf.kr (311) vii

vad fu/kZj.k ;kstuk

vad fu/kZj.k ;kstuk (Marking Scheme)

 iz'u la-   Value Points vad forj.k dqy
vad

 1 D 1

 2 D 1

 3 B 1

 4 D 1

 5 C 1

 6 C 1

 7 A 1

 8 C 1

 9 D 1

10 B 1

11
4 4

0 4
X

 
=  
 

1

1 2

0 5
Y

− 
=  
 

1

or

11
2

5 2
2

A

 
 =
 
 

         izR;sd lgh vo;o ds fy,

1

2
vad 2

12 fog ( ) ( )( ) ( )1 1 1x f g x f x x x= = − = − + = 1

gof ( ) ( )( ) ( )1 1 1x g f x g x x x= = + = + − = 1 2

13
10

lim
x→

1 1 1 1

1 1

x x x x

x x x

+ − − + + −
×

+ + −

1

2

=
10

lim
x→ ( )

1 1

1 1

x x

x x x

+ − +

+ + −  =
10

lim
x→

2

1 1x x+ + −
1

2
1

1 1
= =

+

1

2
2



viii

vad fu/kZj.k ;kstuk

xf.kr (311)

14. ( ) 1/ 2
2

2

1
1

1

dy
x

dx x

−
= = −

−
1

( ) ( )
12

1
2 2

2

1
1 2

2

d y
x x

dx

− −
= − − −

( )3/ 2
21

x

x
=

− 1 2

15.

$ $

2 4 5

1 2 3

i j k

a b× = −
r r

$ $22 8i j k= − − +$ 1

( ) ( ) ( )2 2 2
22 1 8a b× = − + − +

r r

549 3 61= =
1

2

∴    lekarj prqHkZqt dk {ks=kiQy 3 61=  oxZ bdkbZ
1

2
2

16. eku yhft, p: x . y ∈  Z bl izdkj gSa fd x rFkk y fo"ke gSA
1

2

q:  xy fo"ke gSaA

eku yhft, fd ;fn p lR; gSa] rks q Hkh lR; gSA p lR; gksus dk

rkRi;Z gS eku yhft, x = 2m + 1, y = 2n + 1 tgka m, n iw.kk±d gSaA
1

2

∴ ( ) ( )2 1 2 1xy m n= + +

( )2 2 1mn m n= + + +

;g n'kkZrk gS fd xy fo"ke gS i.e., q lR; gSA 1 2

17. eku yhft,     

1 3 5

6 8 3

4 6 5

A

 
 = − 
 − 

  

1 6 4

3 8 6

5 3 5

− − 
 ∴ ′ =  
  

A
1

2 3 1

' 3 16 9

1 9 10

A A

− 
 + = − 
  

1

2



xf.kr (311) ix

vad fu/kZj.k ;kstuk

1

3 11
2 2

3 98
2 22

91 5
2 2

A A

− 
 

+  −=
 
 
  

1

2

1

0 9 9

9 0 3

9 3 0

A A

 
 − = − − 
 − 

1

2

1

9 90
2 2

9 30
2 22

9 3 0
2 2

A A

 
 

−  − −=
 
 −
  

1

2

ge tkurs gSa fd 
1

2

A A+
 lefer gS rFkk 

1

2

A A−
 izfrlfer gSA

1

2

3 9 911 0
2 2 2 2

3 9 9 38 0
2 2 2 2

9 9 31 5 0
2 2 2 2

A

−   
   
   − − −∴ = +
   
   −
      

1

2
4

18. (i) $ $4 .a b i j k+ = + −
r r

$ 1

(ii) $ $2 3 5a b i j k+ = − + −
r r

$ 1

(iii) ( ) ( ). 8 3 5 0a b a b+ − = − + + =
r rrr

1

(iv) ( ) ( ). 0a b a b+ − =
rr rr

a b⇒ +
rr , a b−

r r
 ij yEcor~ gSA 1 4

19. ck;k¡ i{k 

2

2

2

1

1

1

a a

LHS b b

c c

=

1 1 2 2 2 3&R R R R R R→ − → −  dk iz;ksx djus ij

 nk;k¡ i{k 

2 2

2 2

2

0

0

1

a b a b

LHS b c b c

c c

− −

= − −
1

1
2



x

vad fu/kZj.k ;kstuk

xf.kr (311)

R
1
 esa ls a – b rFkk R

2
 esa ls (b – c) ckgj fudkyus ij ge izkIr djrs gSa

LHS = (a-b) (b-c) 
2

0 1

0 1

1

a b

b c

c c

+

+
 

1
1

2

vc 1c  dh lgk;rk ls izlkfjr djus ij

ck;k¡ i{k = (a-b) (b-c) ( )0 0 1 b c a b− + + − −  

= (a - b) (b - c) (c - a) = RHS 1

vFkok

2

1 2 2 1 2 2 9 8 8

. 2 1 2 2 1 2 8 9 8

2 2 1 2 2 1 8 8 9

A A A

     
     = = =     
          

1

KA = K 

1 2 2 2 2

2 1 2 2 2

2 2 1 2 2

k k k

k k k

k k k

   
   =   
      

1

51 = 5   

1 0 0 5 0 0

0 1 0 0 5 0

0 0 1 0 0 5

   
   =   
      

1

2

vc  2 5 0A KA I+ − =

9 8 8 2 2 5 0 0 0 0 0

8 9 8 2 2 0 5 0 0 0 0

8 8 9 2 2 0 0 5 0 0 0

k k k

k k k

k k k

       
       ⇒ + − =       
              

4 8 2 8 2 0 0 0

8 2 4 8 2 0 0 0

8 2 8 2 4 0 0 0

k k k

k k k

k k k

+ + +   
   ⇒ + + + =   
   + + +   

1

4 0k⇒ + = i.e k = - 4
1

2
4
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vad fu/kZj.k ;kstuk

20 ( )1 1 1
cos 5 2 tan

7
ec

−  =  
 

1

∴ ck;k¡ i{k = ( )1 1 15 16
tan cos 5 2 tan

12 63
ec

− − −   + +   
   

1 1 15 1 16
tan tan tan

12 7 63

− − −     = + +     
     

1 1

5 1

1612 7tan tan
5 1 63

1 .
12 7

− −

 +   = +   
  −

 

1

1 147 16
tan tan

79 63

− −   = +   
   

1

2

1

47 16

79 63tan
47 16

1 .
79 63

−

 + 
=  

 −
 

1

( )1tan 1
4

π−= = = nk;k¡ i{k
1

2
4

21 (i) eku yhft, fd 1 2,x x  izkUr osQ ,sls nks vo;o gS fd

 f ( ) ( )1 2x f x=

1 24 3 4 3x x⇒ + = +

1 2x x⇒ =

∴ f ,dSdh iQyu gSA
1

1
2

(ii) eku yhft, fd y ifjlj dk ,d ,slk vo;o gS fd f(x) = y

4 3x y⇒ + = , 
3

4

y
x

−
⇒ =

Li"Vr% izR;sd y ∈ ifjlj ds fy, ges'kk x ∈ izkUr gSA

∴  izR;sd y ∈ ifjlj ds fy, ,d&,d iwoZ izfrfcEc dk

3

4

y
x

−
=  ∈  izkUr gSA

∴  f vkPNknd iQyu gSA
1

1
2
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(iii)  D;ksafd f ,dSdh vkSj vkPNknkd iQyu gS blfy, bldk izfrykse
     Kkr fd;k tk ldrk gSA

∴ 1
f

−  : R R→  gksxk vkSj 1
f

−  (y) = 
3

4

y −
 }kjk ifjHkkf"kr gSA 1 4

22
2

lim
x −→

f (x) = 
2

lim5
x

−→
 = 5

2
lim
x

+→
f (x) = 

2
lim
x

+→
(ax + b) =  2a + b.

D;ksafd f ,d lrr iQyu gSA

∴ 2a + b = 5 ...(i)
1

1
2

vc
10

lim
x

−→
f (x) = 

10
lim

x
−→
( ax + b) = 10 a + b

10
lim

x +→
f (x) =

10
lim 21

x +→
 = 21

D;ksafd f ,d lrr iQyu gSA

∴ 10a + b = 21 ...(ii)
1

1
2

(i) rFkk (ii) gy djus ij

a = 2 and b = 1 1 4

23.

2
cos

2

1

1

x x
y x

x

+
= +

−

∴ ( )
2

cos

2

1

1

xdy d d x
x

dx dx dx x

 +
= +  − 

...(i)
1

2

eku yhft, u = cos x
x

∴ log u = cos x . log x

( )1 1
. cos . log sin
du

x x x
u dx x

= + −

⇒
cos cos

sin .logxdu x
x x x

dx x

 = −  
...(ii) 2

2

2

1

1

d x

dx x

 +
 − 

( )( ) ( )( )

( )

2 2

2
2

1 2 1 2

1

x x x x

x

− − +
=

−

( )2
2

4

1

x

x
=

− ...(iii) 1
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(i), (ii) rFkk (iii) ls ge izkIr djrs gSa%

( )
cos

2
2

cos 4
sin .log .

1

xdy x x
x x x

dx x x

 = − −   −
1

2
4

24. ( ) 2' 6 18 12f x x x= − − −

( ) ( ) ( )26 3 2 6 2 1x x x x= − + + = − + +
1

2

o/Zeku rFkk gzkleku iQyu ds fy,

( )' 0 2, 1.f x x= ⇒ = − −
1

2

∴ vUrjky gSa ( , 2], ( 2, 1], ( 1, ]−∞ − − − − ∞ 1

vUrjky ( )'f x  dk fpUg fu"d"kZ

]( , 2−∞ − ( )( )( ) ve− − − = − f ßkleku gS

[–2, –1) ( )( )( ) ve− + − = + f o/Zeku gS

[–1, ∞) ( )( )( ) ve− + + = − f ßkleku gS
1

1
2

∴ f [ 2, 1)− −  esa o/Zeku gS rFkk

 ( , 2] [ 1, )−∞ − ∪ − ∞  esa gzkleku
1

2

vFkok

tc x = 3, y = 22.
1

2

2 4.
dy

x
dx

= +
1

2

dy

dt
 at x = 3 ij = 10

∴ Li'kZ js[kk dk lehdj.k gSa%
1

2

( ) ( )22 10 3y x− = −

10 8.x y⇒ − = 1

Li'kZ js[kk dks x -v{k ds lekarj gksus ds fy,
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( )' 0f x =
1

2

2 4 0x⇒ + =

2⇒ = −x
1

2

tc x = -2, y = –3

∴ vHkh"V fcUnq gSa ( )2, 3− −
1

2
4

25.

/ 2

0 1 tan

dx
I

x

π

=
+∫ , 

/ 2

0

cos

cos sin

x
I dx

x x

π
=

+
∫      ...(i) 1

/ 2

0

sin

sin cos

x
I dx

x x

π

=
+

∫ ,     ...(ii)

                                       ( ) ( )
0 0

a a

f x dx f a x dx
 
∴ = − 
 
∫ ∫ 1

(i) rFkk (ii) dks tksM+us ij ge izkIr djrs gSa

/ 2 / 2

0 0

cos sin
2 1.

cos sin

x x
I dx dx

x x

π π+
= =

+∫ ∫ 1

[ ] / 2

0
0

2 2
x

π π π
= = − =

∴
4

I
π

= 1 4

26. fn, gq, vody lehdj.k dks fuEu izdkj fy[kk tk ldrk gS

3

3

dy x y

dx x y

+
=

− ...(i)
1

2

;g ,d le?kkrh; vody lehdj.k gSaA

∴  y = vx izfrLFkkfir djus ij
1

2

.
dy dv

v x
dx dx

= +

( )i∴  fuEu :i esa ifjofrZr gks tkrk gSA

v + x
dv

dx

3x vx

x vx

+
=

−
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1 3

1

dv v
v x

dx v

+
⇒ + =

−

1 3

1

dv v
x v

dx v

+
⇒ = −

−
 

( )2
1

1

v

v

+
=

−

( )2

1

1

v dx
dv

xv

−
⇒ =

+ 1

( )2

1

1

v dx
dv

xv

−
∴ =

+∫ ∫

( ) ( ) 1

1 1
2 log

1 2 1
dv dv x c

v v
⇒ − = +

+ +∫ ∫

1

2
log .1 log

1
v x c

v

−
⇒ − + = +

+
1

1

2
log log

x x y
x c

x y x

− +
− − =

+

2
log .

x x y
x c

x y x

−  + 
− = +  

( )
11

2
log =−⇒ + + =

+ c c

x
x y c

x y
tgka 1 4

27. eku yhft, $ $a i j k= + +
r

$

$ $2 4 5b i j k= + −
r

$

$ $2 3c i j kλ= + +
r

$

( ) $ $2 6 2 .b c i j kλ∴ + = + + −
r r

$
1

2

( )
$ $

1 1 1

2 6 2

i j k

a b c

λ

× + =

+ −

$

r r r

( ) $ ( ) $ ( )2 6 2 2 6 2i j kλ λ= − − − − − − + − −$

( ) ( ) ˆˆ ˆ8 4 4= − + + + −i y kλ λ 1
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( )a b c× +
r r r

 ( ) ( ) ( )2 2 2
8 4 4 1x= − + + + −

22 96.λ= + 1

vc   22 96 2 26.λ + =

22 96λ⇒ + = 104

22 8λ⇒ =

2 4λ⇒ = 1

2λ⇒ = ±
1

2
4

28. 2

1

2 5 3
I dx

x x
=

− +
∫

2

1 1

2 5 3

2 2

dx

x x

=

− +
∫ 1

2

( ) ( )2 2

1 1
.

2 5 / 4 1/ 4

dx

x

=
− −

∫ 1
1

2

2

1

1 5 5
.log 3 / 2

4 22
x x x c
 = − + − + + 
 

1

21
log 4 5 2 2 2 5 3

2
x x x C= − + − + +

tgk¡ C = 1c -log 4 1

vFkok

( ) ( )
3 2

1 2 3

x
I

x x

+
=

− +∫

iqu% eku yhft, ( ) ( )
3 2

1 2 3 1 2 3

x A B

x x x x

+
= +

− + − + 1

( ) ( )3 2 2 3 1x A x B x⇒ + = + + −

x = - 3/2  j[kus ij gesa B = 1 izkIr gksrk gSA

vkSj x = 1, j[kus ij A = 1 izkIr gksrk gSA 1

1 1

1 2 3
I dx dx

x x
∴ = +

− +∫ ∫
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log 2 3
log 1 .

2

x
x c

+
= − + + 2 4

29. eku yhft, A = 

1 1 2

3 4 5

2 1 3

− 
 − 
 − 

x

x y

z

 
 =  
  

, 

7

5

12

B

 
 = − 
  

AX B∴ =

i.e        1 .X A B
−= (i) 1

( ) ( ) ( )
1 1 2

3 4 5 1 12 5 1 9 10 2 3 8

2 1 3

A

−

= − = − + + + − −

−

    7 19 22 4 0.= + − = ≠
1

A exists
−∴  dk vfLrRo gSA 1

A dk lg[kaMt = 

7 1 3

19 1 11

11 1 7

− 
 − − 
 − − 

2

1

7 1 3
1

19 1 11
4

11 1 7

A
−

− 
 ∴ = − − 
 − − 

1

2

7 1 3
1

19 1 11
4

11 1 7

x

y

z

−   
   ∴ = − −   
   − −   

2

1

3

 
 
 
  

8 2
1

4 1
4

12 3

   
   = =   
      

1

2, 1, 3,x y z⇒ = = =
1

2

vFkok

eku yhft,  

2 3 1

2 8 1

3 7 2

A

 
 =  
  

eku yhft, =A IA
1

2
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i.e

2 3 1 1 0 0

2 8 1 0 1 0 .

3 7 2 0 0 1

A

   
   =   
      

1 1

1

2
R R→  dk mi;ksx djus ij

3 1 11 0 0
2 2 2

2 8 1 0 1 0

3 7 2 0 0 1

A

   
   
   =
   
     

1

2

2 2 1 3 3 12 3→ − → −R R R R R RvkjS  dk iz;ksx djrs gq,

3 1 11 0 0
2 2 2

0 5 0 1 1 0

5 310 0 1
2 2 2

   
   
   = −
   

−     

A
1

2 2

1

5
R R→  ds iz;ksx ls

1
0 0

3 1 21
2 2

1 1
0 1 0 0

5 5
5 10 32 2 0 1

2

A

 
  
   −   =
  
   −   
  

1

1 1 2

3

2
R R R→ −  vkSj 3 3 2

5

2
R R R→ −  ds iz;ksx ls

34 011 0 5 102
1 10 1 0 0

5 5
10 0 1

2 1 1
2

A

 −   
   

−  =  
   

−     −  

1

3 32→R R  ds iz;ksx ls

1
2

34 0
5 101 0

1 10 1 0 0
5 5

0 0 1 2 1 2

A

− 
   
   −=   
     − −

  

1
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1 1 3

1

2
R R R→ −  ds iz;ksx ls

9 1 1
5 51 0 0

1 10 1 0 0
5 5

0 0 1 2 1 2

A

 −
   
   −=   
     − −

  

vr%  1

9 1 1
5 5

1 1 0
5 5

2 1 2

A
−

 −
 
 −=
 
 − −
  

1 6

lgh

30. vkd̀fr ds fy,

1

2
 vad

A (vk;r dk {ks=kiQy) = x . y ...(i)
1

2

∆P Q R esa , 2 2 24x y r+ =

2 24y r x⇒ = − ...(ii)
1

2

2 24A x r x∴ = −
1

2

eku yhft,  ( )2 2 2 24Z A x r x= = −

i.e 2 2 44Z r x x= −

2 38 4
dZ

r x x
dx

= − 1

mfPp"B ,oa fufEu"B osQ fy,

2 38 4 0r x x− =

( )2 24 2 0x r x− =

0 2.⇒ = =x or x r

x = 0 lEHko ugha gSa 1

RS

r

r

QP x

yO
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2
2 2

2
8 12

d Z
r x

dx
= −

2.x r=  ds fy, 
2

2

d Z

dx
 ½.kkRed gSA 1

2.=x r  ds fy, 2
Z A∴ =  vf/dre (mfPp"B) gSA

(ii) ls ge izkIr djrs gSa 2 24 2 2.= − =y r r r
1

2

vr% {ks=kiQy vf/dre gksxk ;fn x = y
1

2

vFkok

eku yhft, fd lhV ds izR;sd dksus ls dVs tkus okys oxZ dh Hkqtk x gSA

V (ckWDl dk vk;ru) = ( ) ( ) ( )45 2 24 2x x x− − 1

V 3 24 138 1080 .x x x= − +
1

2

212 276 1080
dV

x x
dx

= − + 1

vf/dre vFkok U;wure ds fy,

0
dV

dx
=

212 276 1080 0x x⇒ − + =

2 23 90 0x x⇒ − + = 1

( ) ( )18 5 0x x⇒ − − =

5 18x or x notpossible⇒ = =  (lEHko ugha gSa) 1

2

2
24 276

d V
x

dx
= −

 x = 5 ds fy, 
2

2

d V

dx
 ½.kkRed gSA

∴   x = 5 ds fy, V vf/dre gSA 1

vr% dkVs tkus okys oxZ dh vHkh"V Hkqtk 5 lseh gSA
1

2
6
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31.

1

okafNr {ks=kiQy = 4 × {ks=kiQy OAB 1

4
2

0

3
4 16 .

4
x dx= −∫ 1

4

2 1

0

3 16 8sin
2 4

x x
x

−  = − +   
  

1

( ) ( )1 13 0 8sin 1 0 8sin 0− − = + − +  1

8
3

2

π =   

12= oxZ bdkbZπ 1 6

32. eku yhft, ( ) ( ) ( ). 1 2 4 0a x b y c z− + − + + =  (1) ...(i) 2

okafNr lery dh lehdj.k gS] D;ksafd lery nh gqbZ js[kkvksa
ds lkFk yEcor~ gSA

2 3 6 0a b c∴ + + = ...(ii) 1

a + b - c = 0 ...(iii) 1

3 6 6 2 2 3

a b c
= =

− − + −

9 8 1

a b c
⇒ = =

− −

9 8 1

a b c
λ= = =

−
 (eku yhft,)

9 , 8 ,a b cλ λ λ∴ = = − = 1

a, b, c dk eku (i) esa izfrLFkkfir djus ij

( ) ( ) ( )9 1 8 2 4 0x y zλ λ λ− − − + + =

9 8 11 0.x y z⇒ − + + = 1 6

33. eku yhft, fd x uVksa ds iSdsVksa vkSj 4 cksYVksa ds iSdsVksa dh la[;k
dks n'kkZrk gSA

Y

Y'

X' X
O

B(0, 3)

(0, –3)

A(4, 0)(–4, 0)
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fuEu izfrca/ksa ds vUrxZr, z = 20 x + 10 y
1

2

dk vf/dre eku Kkr dhft,A

3 12x y+ ≤

3 12x y+ ≤

, 0, ,0.x y> >
1

1
2

lgh xzkiQ 2 vad

lqlaxr {ks=k ds dksuksa ds fcUnq gSaA

( ) ( ) ( ) ( )0,0 , 4,0 , 3,3 , 0,4O A B C
1

2

O (0,0) ij Z = 0 + 0 = 0

A(4, 0) ij Z = 4,0 20 4 10 0 80= × + × =

B(3, 3) ij Z = 20 3 10 3 60 30 90.× + × = + =

Z at (0,4) = 20 .0 10 4 0 40 40× + × = + = 1

vr% vf/dre ykHk ds fy, uV vkSj cksYV nksuksa ds rhu&rhu

iSdsV cukus pkfg, A
1

2
6

Y

5

4

3

2

1

O

Y'

1 2 5 6
X

C(0, 4)

3
x
 +

 y =
 1

2

x + 3y = 12

A(4, 0)

3
X'

B(3, 3)

4
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